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Banach space

1. Introduction

Let E be a real Banach space with the dual E* and C be a nonempty closed convex subset of E. We denote by & and R
the sets of nonnegative integers and real numbers, respectively. Also, we denote by J the normalized duality mapping from
E to 25" defined by

Jx=1{x" € E*: (x,x*) = |x|I> = IX"II”}, Vx€E,

where (-, -) denotes the generalized duality pairing. Recall that if E is smooth then ] is single-valued and norm-to-weak*
continuous, and that if E is uniformly smooth, then J is uniformly norm-to-norm continuous on bounded subsets of E. We
shall still denote by J the single-valued duality mapping. Let A : C — E* be a nonlinear mapping andf : C x C — R be a
bifunction. Then, consider the following generalized equilibrium problem:

Findu € C such thatf(u,y) + (Au,y —u) >0, VyeC. (1.1)
The set of solutions of (1.1) is denoted by EP, i.e.,

EP={ueC:f(uy)+ (Au,y —u) >0, Vy € C}.
Whenever E = H a Hilbert space, problem (1.1) was introduced and studied by Takahashi and Takahashi [1].
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Whenever A = 0, problem (1.1) is equivalent to finding u € C such that
flu,y) =0, VyeCc,

which is called the equilibrium problem. The set of its solutions is denoted by EP(f).
Whenever f = 0, problem (1.1) is equivalent to finding u € C such that

(Au,y —u) >0, Vyec,

which is called the variational inequality of Browder type. The set of its solutions is denoted by VI(C, A).

Problem (1.1)is very general in the sense that it includes, as spacial cases, optimization problems, variational inequalities,
minimax problems, the Nash equilibrium problem in noncooperative games and others; see, e.g.,[2,3]. AmappingS : C — E
is called nonexpansive if [|Sx — Sy|| < |lx — y|| for all x,y € C. Denote by F(S) the set of fixed points of S, that is,
F(S) = {x € C : Sx = x}. Amapping A : C — E* is called a-inverse-strongly monotone, if there exists an ¢ > 0
such that

(Ax — Ay, x —y) > a|Ax — Ay|>, Vx,y e C.

It is easy to see that if A : C — E* is an «-inverse-strongly monotone mapping, then it is 1/«-Lipschitzian.

Very recently, motivated by Takahashi and Zembayashi [4], Chang [5] has been proved the following strong convergence
theorem for finding a common element of the set of solutions to the generalized equilibrium problem (1.1) and the set of
common fixed points of a pair of relatively nonexpansive mappings in a Banach space.

Theorem SSC (See [5, Theorem 3.1]). Let E be a uniformly smooth and uniformly convex Banach space, and C be a nonempty
closed convex subset of E. Let A : C — E* be an a-inverse-strongly monotone mapping and f : C x C — R be a bifunction
satisfying the following conditions (A1)-(A4):

(A1) f(x,x) =0 forallx € C,

(A2) f is monotone, i.e., f(x,y) +f(y,x) <0, forallx,y € C,

(A3) forallx,y,z € C, limsup; o f(tz + (1 — )x,y) < f(x,¥),

(A4) forallx € C, f(x, -) is convex and lower semicontinuous.

LetS,S : C — C be two relatively nonexpansive mappings such that F(S) N F(S) N EP # . Let {x,} be the sequence
generated by
Xo € C, G =C;
zn =] (et + (1 = an)JSxn).
Yo =17 (Bl + (1 = BriSz0), ]
up € C suchthatf(up, y) + (Aun,y — un) + — (¥ —un, Jun —Jyn) 20, VyeC,
T

Cir1={veC:0ow u) < Bud(v, x;) + (1 _n,Bn)(p(Uszn) < ¢, x)};
Xnt1 = g, ,%0, Yn=>0,

(1.2)

where ¢(x,y) = ||x[|> — 2(x,Jy) + |lyll?>, Vx,y € E, I[Ic : E — C is the generalized projection operator, J : E — E* is the
single-valued normalized duality mapping, {«;} and {8,} are sequences in [0, 1] and {r,} C [a, co) for some a > 0. If the
following conditions are satisfied:

(i) liminf, & oty (1 — ay) > 0,

(ii) liminfy— oo Ba(1 — Bn) > 0,

then {x,} converges strongly to ITgs)nr&)nepXo, Where ITrs~r@)nep 1S the generalized projection of E onto F(S) N F (S) NEP.
Let E be a real Banach space with the dual E*. A multivalued operator T : E — 2E" with domain D(T) ={z € E : Tz # 0}

is called monotone if (x; — X, y1 — y2) > 0 foreachx; € D(T) and y; € Tx;, i = 1, 2. A monotone operator T is called

maximal if its graph G(T) = {(x,y) : y € Tx} is not properly contained in the graph of any other monotone operator. A

method for solving the inclusion 0 € Tx is the proximal point algorithm. Denote by I the identity operatoron E = H a

Hilbert space. The proximal point algorithm generates, for any initial point X, = x € H, a sequence {x,} in H, by the iterative

scheme

X1 =T +1T) %, n=0,1,2,...,
where {r,} is a sequence in the interval (0, c0). Note that this iteration is equivalent to

1
0 € Txp4q +r—(x,,+1 —Xxy), n=20,1,2,....

n
This algorithm was first introduced by Martinet [2] and generally studied by Rockafellar [6] in the framework of a Hilbert

space. Later many authors studied its convergence in a Hilbert space or a Banach space. See for instance, [7-12] and the
references therein. Kamimura and Takahashi [13] have been recently introduced and studied the proximal-type algorithm
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for finding an element of T~'0 in a uniformly smooth and uniformly convex Banach space E, which is an extension of Solodov
and Svaiter’s proximal-type algorithm. They derived a strong convergence theorem which extends and improves Solodov
and Svaiter’s result [14].

Recently, utilizing Nakajo and Takahashi’s idea [15], Qin and Su [16] have been introduced one iterative algorithm
(i.e., modified Ishikawa iteration) for a relatively nonexpansive mapping S : C — C, with C a closed convex subset of a
uniformly smooth and uniformly convex Banach space E

Xo € C arbitrarily chosen,

2o =] 7 (Bufxn + (1 — Bu)JSxn),

Yo =] ewftn + (1 — an)JSzn), (13)
G = {U eC: ¢(v,y,,) < oc,,¢(v, Xn) + (1 - an)d’(vs Zn)}7

Qn={veC:(x;—v,Jxo —Jxy) >0},

Xny1 = Hcyng,Xo-

They proved that under appropriate conditions the sequence {x,} generated by algorithm (1.3), converges strongly to /T s)Xo.

Let E be a real Banach space with the dual E*. Assume thatT : E — 2E" is a maximal monotone operatorandS : E — Eis
a relatively nonexpansive mapping. Very recently, by combining Kamimura and Takahashi’s idea [13] with Qin and Su [16],
Ceng et al. [17] have been introduced a hybrid proximal-type algorithm for finding an element of F(S) N T~'0 in a uniformly
smooth and uniformly convex Banach space E. The authors proved that under appropriate conditions the sequence {x,}
generated by the algorithm, converges strongly to ITgs)nr—10Xo.

Let E be a reflexive, strictly convex, and smooth Banach space with the dual E* and C be a nonempty closed convex subset
of E.Let T : E — 2&" be a maximal monotone operator, and {S,};2, be a countable family of relatively nonexpansive self-
mappings on C. Let A : C — E* be an a-inverse-strongly monotone mapping and f : C x C — R be a bifunction satisfying
(A1)-(A4). The purpose of this paper is to introduce and investigate a hybrid shrinking projection method for finding an
elementof EP N T™' N (M F(Sn)), i.e., the following iterative algorithm

Xo € Cp arbitrarily chosen,
2y =] (afxn + (1 — 0n)JSuXn),
Yn :J_](ﬁn]xn + (1 - ,Bn)jjrnzn)v

ty € C. such thatf iy, ) + (A, ¥ — ) + (7 — ti Jiy — ) =0, ¥y € C,
Cop1 = (U € G (. Uy) < Bup(v. %) + (1= B)B(v. 20) < P(v. %)),

xn+1:17¢n+1x0, n=0,1,2,...,

(1.4)

where o = C, J;, = (J + 1, T)"Y,¥n > 0, {rn}n2, is a sequence in (0, 00) and {a,}52,, {Bn}ac, are sequences in [0, 1].

In this paper, a strong convergence result for our hybrid shrinking projection method is established in a uniformly smooth
and uniformly convex Banach space; that is, under appropriate conditions, the sequence {x,} generated by algorithm (1.4),
converges strongly to HMgprr-10n(n22,, Fisp)Xo- OUr result improves and extends some well-known results in [5,13,14,16,17].

Throughout this paper, the symbol — stands for weak convergence and — for strong convergence.

2. Preliminaries

Let E be a real Banach space with the dual E*. We denote by J the normalized duality mapping from E to 25" defined by
K= e E* (1) = x| = [X|I*), VxeX,

where (-, -) denotes the generalized duality pairing. A Banach space E is called strictly convex if || % | < 1forallx,y € E
with ||x|| = |ly]l = 1and x # y. It is said to be uniformly convex if x, — y, — 0 for any two sequences {x,}, {y,} C E such
that ||x,|| = llynll = 1and lim,_, ||@|| = 1.LetU = {x € E : ||x|]| = 1} be a unit sphere of E. Then the Banach space E
is called smooth if

i x4 tyll — [Ix]|
m-——
t—0 t

exists for each x, y € U.If E is smooth then ] is single-valued. We shall still denote the single-valued duality mapping by J.

Itis also said to be uniformly smooth if the limit is attained uniformly for x, y € U.Recall also thatif E is uniformly smooth,
then J is uniformly norm-to-norm continuous on bounded subsets of E. A Banach space E is said to have the Kadec-Klee
property if for any sequence {x,} C E, wheneverx, — x € E and ||x,|| — ||x||, we have x, — x. It is known that if E is
uniformly convex, then E has the Kadec-Klee property; see [18,19] for more details.

Let C be a nonempty closed convex subset of a real Hilbert space H and Pc : H — C be the metric projection of H onto C.
Then P¢ is nonexpansive. This fact actually characterizes Hilbert spaces and hence, it is not available in more general Banach
spaces. Nevertheless, Alber [20] has been recently introduced a generalized projection operator Il in a Banach space E
which is an analogue of the metric projection in Hilbert spaces.
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Next, we assume that E is a smooth Banach space. Consider the functional defined as in [20,21] by

o(x,y) = lIxI” = 2(x, Jy) + llyl®, Vx,y € E. (2.1)

It is clear that in a Hilbert space H, (2.1) reduces to ¢(x, y) = [|x — y||?, Vx,y € H.
The generalized projection I1- : E — C is a mapping that assigns to an arbitrary point x € E the minimum point of the
functional ¢ (y, x); that is, ITcx = X, where X is the solution to the minimization problem

PX,x) = ryneigl dy, x). (2.2)

The existence and uniqueness of the operator /1. follows from the properties of the functional ¢ (x, y) and strict monotonicity
of the mappingJ (see, e.g., [22]). In a Hilbert space H, I1c = Pc. From [2], in uniformly smooth and uniformly convex Banach
spaces, we have

(Xl = llyD? < ¢(x.y) < (Xl + llyID?, Vx,y € E. (2.3)

Let C be a nonempty closed convex subset of E, and let S be a mapping from C into itself. A point p € C is called an
asymptotically fixed point of S [23] if C contains a sequence {x,} which converges weakly to p such that Sx, — x, — 0.The
set of asymptotical fixed points of S will be denoted by F(S). A mapping S from C into itself is called relatively nonexpansive
[24-26]if F(S) = F(S) and ¢(p, Sx) < ¢(p, x) forallx € Cand p € F(S).

We remark that if E is a reflexive, strictly convex and smooth Banach space, then for any x,y € E, ¢(x,y) = 0if and
only if x = y. It is sufficient to show that if ¢(x,y) = 0 then x = y. From (2.3), we have || x|| = ||y||. This implies that
(x,Jy) = ||lx|I> = |ly||>. From the definition of J, we have Jx = Jy. Therefore, we have x = y; see [18,19] for more details.

We need the following lemmas for the proof of our main results.

Lemma 2.1 (See [13]). Let E be a smooth and uniformly convex Banach space and let {x,} and {y,} be two sequences of E. If
¢ (X, yn) — 0and either {x,} or {y,} is bounded, then x,, — y, — O.

Lemma 2.2 (See [13,20]). Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive Banach space E,
letx € Eandlet z € C. Then

z=Ilcx& (y—2z,Jx—Jz) <0, VyeC.

Lemma 2.3 (See [13,20]). Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive Banach space E.
Then

o, IIcy) + ¢y, y) < ¢p(x,y), VxeCandy €E.

Lemma 2.4 (See [27]). Let C be a nonempty closed convex subset of a reflexive, strictly convex and smooth Banach space E, and
let S : C — C be a relatively nonexpansive mapping. Then F(S) is closed and convex.

The following result is due to Blum and Oettli [28].

Lemma 2.5 (See [28]). Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive Banach space E, let f
be a bifunction from C x C to R satisfying (A1)-(A4). Then

f@z,y)+ %(y—z,]z —Jx) >0, forallyeC.

Motivated by Combettes and Hirstoaga [29] in a Hilbert space, Takahashi and Zembayashi [11] established the following
lemma.

Lemma 2.6 (See [4]). Let C be a nonempty closed convex subset of a uniformly smooth, strictly convex and reflexive Banach space
E, and let f be a bifunction from C x C to R satisfying (A1)-(A4). For r > 0 and x € E, define a mapping T, : E — C as follows:

T (x) = {zeC:f(z,y)—k:(y—z,Jz—]x) >0, forallyeC}

for all x € E. Then, the following statements hold.

(i) T, is single-valued.
(ii) T is a firmly nonexpansive-type mapping, i.e., for allx, y € E,

(Tix — T,y JT.x — JT.y) < (Tix — Ty, Jx — Jy).
(iii) F(T,) = F(T,) = EP(f).
(iv) EP(f) is closed and convex.

Using Lemma 2.6, one has the following result.
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Lemma 2.7 (See [4]). Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive Banach space E, let f
be a bifunction from C x C to R satisfying (A1)-(A4), and let r > 0. Then, for x € E and q € F(T,),

(g, Trx) + ¢(Trx, %) < ¢(q, %).
Utilizing Lemmas 2.5-2.7 as above, Chang [5] derived the following result.

Proposition 2.1 (See [5, Lemma 2.5]). Let E be a smooth, strictly convex and reflexive Banach space and C be a nonempty closed
convex subset of E. Let A : C — E* be an «-inverse-strongly monotone mapping, let f be a bifunction from C x C to R
satisfying (A1)-(A4), and let r > 0. Then the following statements hold.

(I) for x € E, there exists u € C such that
1
fw,y)+ A,y —u) + ;(y —u,Ju—Jx) >0, Vyec

(I) if E is additionally uniformly smooth and K, : E — C is defined as

K (x) = {ueC:f(u,y)+(Au,y—u)+%(y—u,]u—]x) >0, VyeC}, Vx € E, (2.4)

then the mapping K, has the following properties.

(i) K; is single-valued,
(ii) K; is a firmly nonexpansive-type mapping, i.e.,
(Krx — Kpy, JKox — JKiy) < (Kex — Koy, Jx — Jy),  Vx,y € E,
(iii) F(K,) = F(K,) = EP,
(iv) EP is a closed convex subset of C,
(V) ¢(p» er) + ¢(ers X) 5 ¢(p7 x)v Vp € F(I<T)

Proof. Define a bifunction F : C x C — R as follows:
F(x,y) =f(xy) + (Ax,y —x), Vx,yeC.

Then it is easy to verify that F satisfies conditions (A1)-(A4). Therefore, statements (I) and (II) of Proposition 2.1 follow
immediately from Lemmas 2.5-2.7. O

Let T : E — 2F° be a maximal monotone operator in a smooth Banach space E. We denote the resolvent of T by
Jr == ( +rT) Y foreachr > 0.ThenJ, : E — D(T) is a single-valued mapping. Also, T~'0 = F(J,) for eachr > 0,
where F(J,) is the set of fixed points of J,. For each r > 0, the Yosida approximation of T is defined by A, = (J — JJ;)/r.Itis
known that

Ax € T(J;x), foreachr > 0andx €E. (2.5)

Lemma 2.8 (Rockafellar [30]). Let E be a reflexive, strictly convex, and smooth Banach space and let T : E — 25" bea
multivalued operator. Then the following statements hold.

(i) T~'01s closed and convex if T is maximal monotone such that T~'0 # ¢.

(ii) T is maximal monotone if and only if T is monotone with R(J + 1T) = E* forallr > 0.

Lemma 2.9. Let E be a reflexive, strictly convex, and smooth Banach space, and let T : E — 2E* be a maximal monotone operator
with T~'0 ## (. Then the following statements hold.

(i) (see[3]) d(z,J)rx) + ¢ (rx,X) < ¢d(z,%) forallr >0, ze T~ '0and x € E.
(ii) (see [5])]; : E — D(T) is a relatively nonexpansive mapping.

3. Main results

Throughout this section, unless otherwise stated, we assume that {S,}7° ; is a countable family of relatively nonexpansive

self-mappingson C, T : E — 2F is a maximal monotone operator, A : C — E* is an a-inverse-strongly monotone mapping
andf : C x C — R is a bifunction satisfying (A1)-(A4), where C is a nonempty closed convex subset of a reflexive, strictly



L.-C. Ceng et al. / Computers and Mathematics with Applications 61 (2011) 2468-2479 2473

convex, and smooth Banach space E. Let EP N T~10 N (ﬂ;’io F(Sp)) # @.1In this section, we study the following algorithm
for finding an element of EP N T~10 N (2, F(Sn))-

Xo € Cp arbitrarily chosen,

Zn =]7](anlxn + (1 - Oln)]snxn)y

Yn :jil(ﬂn]xn + (1= Bl rnzn)a ’

up € C such that f(uy, y) + (Aun, y — up) + r—(y — Up, Jup —Jyn) =0, VyeC,

Cir1={veC:o u) < Bud(v,x,) + (1 _nﬂn)¢(v,zn) < ¢, x)},

Xn41 :ch+lxo’ n=0, 1,2,...,

(3.1)

where Gy = C, {ry}52 is a sequence in (0, 00) and {an};2,, {Bn}ae are sequences in [0, 1].
First we investigate the condition under which algorithm (3.1) is well defined.

Lemma 3.1. Let E be a reflexive, strictly convex, and smooth Banach space. If EPNT~10N (ﬂ;io F(Sp)) # @, then the sequence
{x,,} generated by algorithm (3.1) is well defined.
Proof. First, let us show that G, is a closed and convex subset of C for all n > 0. Indeed, observe that

O, up) < Bnd(v, X) + (1 — Br)P(v, z4)
©2(v, (1 = Bu)lzn + Bufxn — Jup) < (1 — ﬂn)”znnz - ||Ll,1||2 + ﬁn”xnnz
and

ﬂn¢(vv Xn) + (1 - ﬁn)(p(v’ Zn) S ¢(v5 Xn)
S0, 2) < PV, X,)
S2(v, Jxn — Jzn) < lIxall> — llzall®.

Hence C, is closed and convex for eachn > 0.
Second, let us show that EP N T~'0 N (2, F(Sy)) C C, foreachn > 0.

Indeed, it is clear that EPNT 10N ()72, F(Sn)) C Co = C.Suppose that EPNT'0N (e, F(Sn)) C C, forsomen € .
Letw € EP NT~'0 N (N F(Sx)) be arbitrarily chosen. Then w € EP, w € T~'0and w € [),2, F(Sn). Since u, = K, yn,
utilizing (3.1) and Proposition 2.1 we have

d(w, up) = p(w, Ky, yn) < ¢(w, yn)
= ¢(w, ]~ (Buxa + (1 = Bu)lr,20))
= |wl® = 2(w, Bufxn + (1 = Bu)llzn) + | Bufn + (1 = Bl Zall?
< lwll? = 2Ba{w, Jxn) — 2(1 = Bu)(w, Jryza) + Buallxall* + (1 = Bo) Uryzal?
= Bnp(w, xn) + (1 — Br)d(w, J1,2n)
< Bnp(w, Xp) + (1 — fr)¢p(w,zy) (using Lemma 2.9)
= Bap(w, X)) + (1= B)p(w, ]~  (@nftn + (1 — an)JSpxn))
= Bad(w, xa) + (1 = Bo)llwl* — 2(w, oty + (1 — €)JSnXn) + llefxn + (1 — &n)JSpXn1*]
< Bugp(w, %) + (1= B)lllwl® — 2an (w, Jxa) — 2(1 — n) (W, JSpxa) + ullXull* + (1 = o) [Suxa|*]
= Bud(w, xp) + (1 — B)[and(w, xp) + (1 — ay)Pp(w, Spxp)]
< Budp(w, x3) + (1 — B)[and(w, X;) + (1 — ap)d(w, X,)]
= ¢(w, xp).
This implies that w € Cy4 1. This shows that EP N T~'0 N (ﬂﬁio F(Sp)) C G, foralln > 0. Therefore x;,41 = Ic,, X0 is well
defined. Then, by induction, the sequence {x,} generated by (3.1) is well defined for each integern > 0. O

Remark 3.1. From the above proof, we obtain that

o0
EPNT'0ON (ﬂ F(Sn)> c G
n=0

for each integer n > 0.

We are now in a position to prove the main theorem.

Theorem 3.1. Let E be a uniformly smooth and uniformly convex Banach space. Let {r,};2, be a sequence in (0, co) and
{an}o o, {Bnloc be sequences in [0, 1] such that

liminfr, > 0, limsupa, <1 and limsupf, < 1. (3.2)

n—o00 n—o00 n—o00
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Let EPNT'0N (o2, F(Sn)) # . If for each integer m > 0,
lim [|SpXq — SmXall = O, (UARC)
n—oo

then the sequence {x,} generated by algorithm (3.1) converges strongly to IT, EPAT=10N(N2 F(Sm)X0-

Proof. We divide the proof into several steps.

Step 1. We claim that {x,} is bounded, and ¢ (x;+1, x,) — 0.
Indeed, by the definition of C,, we have x, = Il Xy, Yn > 0. Hence from Lemma 2.3 it follows that for each
ueEPNT'0N (M, F(Sy)) and eachn > 0,

& (xn, X0) = dI1c, X0, X0) < P(U, Xo) — ¢(u, I, x0) < P(u, Xo).

This implies that {¢(x,, Xo)} is bounded, and so {x,}, {Saxn}, {J,xn} all are bounded. Furthermore, noticing that x, = IT¢,Xo
and X,y = Ic,, %o € Gir1 C Gy, we have

¢ (xn, X0) < ¢(Xnt1,X0), VYn > 0.
Thus, {¢ (x,, X9)} is nondecreasing, and so the limit lim,_, o, ¢ (x,, Xg) exists. From Lemma 2.3 we have
¢ (Xnt1, Xn) = @K1, Mg, Xo0) < (X1, Xo) — (I, Xo, Xo)
= ¢(Xnt1,%0) — (Xn, X0), Vn >0,
which leads to limy_, oo ¢ (Xp+1, X;) = 0. So from Lemma 2.1 it follows that ||x,+1 — x,|| — O.

Step 2. We claim that ||z, — J;,,z4|| = 0 and |[x, — SpmX,|| — O for each integer m > 0.
Indeed, since X1 = Ic, X0 € Chr1 C G, from the definition of Cyy 1 we have

¢(Xn+1» un) < ¢(XH+17 Xﬂ)? vn = 05
and

¢ Xnt1,2n) < ¢(Xnt1,X1), Vn > 0.

Hence from ¢ (X411, X,) — 0 it follows that ¢ (x,+1, u,) — 0and ¢ (X,+1, z,) — 0. Utilizing Lemma 2.1, we conclude that

lim [|[Xp41 — %ol = Im [|Xp41 — upll = lim |IXp4q — 2] = 0, (3.3)
n—oo n—o0o n—oo

and so
lim ||x, — u,|| = lim ||x, — z,|| = lim ||u, — z,|| = 0. (3.4)
n—oo n—oo n—oo

Again since u, = K;,yn, as in the proof of Lemma 3.1 we can deduce that

n=0

Pp(w, uy) < p(w,yn) < p(w,x,), YweEPNT'ON (ﬂ F(Sn)) . (3.5)

Now observe that
@ (Un, Yn) = ¢(KYn, Yn) < ¢(w, yn) — d(w, K, yn) (using Proposition 2.1)
< ¢(w, x;) — ¢(w, KrnJ’n)
= ¢(w, xp) — ¢(w, uy)
= ||Xn||2 — [lug ||2 — 2{w, Jxn — Jun)
=< %0 — tnll(llxall + lunll) + 2wl Uxa — Jugll-

Since ||x, — u,|| — 0and] is uniformly norm-to-norm continuous on bounded subsets of E, it follows that ||Jx,, — Ju,|| — 0
and so ¢(uy, y,) — 0. Since E is smooth and uniformly convex, from Lemma 2.1 and (3.4), we have

llun — ynll = 0, andso |lx, — ynll — O. (36)

Note that E is uniformly smooth and uniformly convex. Thus J and J~! are uniformly norm-to-norm continuous on bounded
subsets of E and E*, respectively. Hence from (3.1) and (3.6) we have

(1 = B Wrza — Jxall = 1Jyn — Jxull — O,

and so ||Jy,zn — x|l — 0. This together with ||x, — z,|| — 0 yields

lim ||z, _Jrnzn” = lim ||Jz, _]Jrnzn” =0. (3.7)
n—oo n—oo
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Again from (3.1) and (3.4) we have
(1 = an) Snxn — Jxnll = IUzn — Jxull — 0.
This implies that ||JS,x, — Jx,|| — 0, and so

lim [|Xn — Suall = O. (3.8)
n—oo

Note that for each integer m > 0,
xn — SmXall < lIXn — SnXnll + [|SnXn — SmXn |- (3.9)
Thus, from (3.8) and condition (UARC) we infer that for each integer m > 0,

m [|xy — Sm¥all = 0. (3.10)
n—oo

Step 3. We claim that w,, ({x,}) C EPNT~10 N (72, F(Sn)), where
wy({X,}) == {X € C : x,, — X for some subsequence {n;} C {n} withn, 1 oo}.

Indeed, for any X € w,,({x,}), there exists a subsequence {x,,} C {x,} such that x,, — X. Since S is relatively
nonexpansive for each integer m > 0, from (3.10) and x,, — X we have

% € E(Sy) = F(Sp).

Now let us show that X € T~'0. Since x,, — %, from (3.4) and (3.7) it follows that z,, — % and J;,, zy, — X. Also, from
(3.7)and liminf,_, o, 1, > 0 we derive

. . 1
lim ”ArnZn” = lim *”]Zn _]]rnzn” =0.
n— 00 n—0oo Iy

If z* € Tz, then it follows from (2.5) and the monotonicity of the operator T that for all integers k > 0

(z _Jrnkznkv z* _Arnkznk> > 0.
Letting k — oo, we obtain (z — X, z*) > 0. Then the maximality of the operator T yields X € T~'0.

Next, let us show that X € EP. Since x,, — X, from (3.4) and (3.6) it follows that u,, — Xand y,, — X.Since] is uniformly
norm-to-norm continuous on bounded subsets of E, from (3.6) we have lim,_, » |[Jus — Jyx|| = 0. From lim inf,,_, . 1, > O,
it follows that

i Jun — Jyall i
im ——— =

n—o00 T

0. (3.11)

By the definition of u, := K, yn, we have

1
F(ug, y) + 7(}/ —Up, Jun —Jyn) 20, VyeC,
n
where

F(un,y) = f(un, y) + (Atn, y — tp).
Replacing n by ny, we have from (A2) that
1
T(y - unks.]unk _]Ynk) = _F(unk,Y) = FOC unk)» Vy e C.
ng

Sincey — f(x, y)+ (Ax, y—x) is convex and lower semicontinuous, it is also weakly lower semicontinuous. Letting ny — oo
in the last inequality, from (3.11) and (A4) we have

F(y,%) <0, VyeC.

Fort,withO <t < 1,andy € C,lety, =ty + (1 — t)X.Since y € C and X € C, theny; € C and hence F(y,, X) < 0. So, from
(A1) we have

0=FQy:,yo) <tFy,y) + (1= OF e, %) < tFy, y).
Dividing by t, we have
F(yt,y) 20, VyeC.
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Letting t | 0O, from (A3) it follows that

F(x,y) >0, VyeC.
So, X € EP. Therefore, we obtain that w,, ({x,}) C EP N T~'0 N (7, F(Sx)) by the arbitrariness of .
Step 4. We claim that @y, ({xn}) = {ITgpnr-10n(22 Fsp)Xo} a0 Xa = Tgprr—10n2, F(sa)-

Indeed, put X = Igprr—1on2, F(sp)Xo- FIOM Xny1 = I, X0 and X € EP N T7'0 N ((heo F(Sn)) C Cup1, we have
@ (Xni1, X0) < @ (X, Xo). Now from weakly lower semicontinuity of the norm, we derive for each X € w,, ({x,})

PR, x0) = IR — 2(%, Jxo) + lIx0l?
< likrl_i)ioglf(llxnk||2 — 2(Xn J%0) + IIx011%)

= liminf ¢ (x,,, Xo)
k— o0

IA

lim sup ¢ (X, , Xo)

k— o0
=< ¢(X, Xo).

It follows from the definition of ITgprr—19n22  F(s,)) %o that % = x and hence
lim ¢(xnkv XO) = ¢(iv XO)'
k— o0

So we have limy_, [|Xy, | = |Ix]|. Utilizing the Kadec-Klee property of E, we conclude that {x, } converges strongly to
prmrflom(mgiof(sn))xo- Since {x,,} is an arbitrary weakly convergent subsequence of {x,}, we know that {x,} converges
strongly to Hgpar-10n(22. 4 F(S))X0- This completes the proof. O

The following corollaries can be obtained from Theorem 3.1 immediately.

Corollary 3.1. Let E and C be the same as in Theorem 3.1. Let T : E — 2E" be a maximal monotone operator,f : C x C —> R
be a bifunction satisfying (A1)-(A4), and {S,};2, be a countable family of relatively nonexpansive self-mappings on C. Let
EP(f)NT10N (Moo F(Sn)) # . Let {x,} be the sequence generated by

X0 € C, G=¢C,

Zn =] (onfxn + (1 — a)JSuxn),
Yo =17 Bufxa + (1 — Bu)llraZn)s

u, € C such that f (u,, y) + rl(y — Up, Ju, —Jyn) 20, VyeC,
Cor1 = (v € Gy (v, ) < Badp(v, %) + (1 = B)b(v, 20) < P(v, %)},

Xnty1 = ch+1xo, n=0,12,...,

(3.12)

where {r,} C (0, co) and {a,}, {8z} C [0, 1] satisfy (3.2). If the condition (UARC) is satisfied, then {x,} converges strongly to
HEP(f)ﬁT—loﬂ(ﬂn"io F(Sn))X0-

Proof. Put A = 0 in Theorem 3.1. Then EP = EP(f). Hence from Theorem 3.1 we immediately obtain the desired
conclusion. 0O

Corollary 3.2. Let E and C be the same as in Theorem 3.1. Let T : E — 2£* be a maximal monotone operator, A : C — E* be
an o-inverse-strongly monotone mapping, and {S;};°, be a countable family of relatively nonexpansive self-mappings on C. Let
VI(C,A) NT710N (Moo F(Sn)) # 9. Let {x,} be the sequence generated by

X0 € C, Gh=¢C,

zy = ] 7 (tnfxn + (1 — n)JSnXn),
Yo =] Bulxn + (1 = Bl Zn).

u, € C such that (Au,,y — u,) + rl(y — Up, Ju, —Jyn) =0, VyeC,
Cor1 = (v € Gy (v, ) < Bup(v, %) + (1 = B)b(v, 20) < P(v, x0)},

Xn+1:HCn+1X0, n=0,12,...,

(3.13)

where {r,} C (0, 00) and {ay}, {Ba} C [0, 1] satisfy (3.2). If the condition (UARC) is satisfied, then {x,} converges strongly to
Hw(c,A)mT—lom(ﬂ,?‘;o F(Sp))X0-

Proof. Put f = 0 in Theorem 3.1. Then EP = VI(C, A). Hence from Theorem 3.1 we immediately obtain the desired
conclusion. O
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Corollary 3.3. Let E and C be the same as in Theorem 3.1. Let A : C — E* be an a-inverse-strongly monotone mapping,
f: CxC — R bea bifunction satisfying (A1)-(A4), and {S,}52 , be a countable family of relatively nonexpansive self-mappings
onC. Let EP N (ﬂ;"’zo F(Sp)) # 0. Let {x,} be the sequence generated by

X0 € C, G =C,

Zn =.]71(0[n.lxn + (1 — op)JSuxn),
Yn =.171(13n.lxn + (- ,Bn)]zn)a

u, € C such that f (u,,y) + (Aup, y — uy) + (y — Up, Jup, — Jyn) >0, VyeC,
Cri={veC o, u) < ,3n¢(v Xn) + (] - ﬂn)d)(v Zp) < ¢ (v, Xp)},

X”+1=ch+10 n_012

(3.14)

where {r,} C (0, 00) and {«,}, {Bs} C [0, 1] satisfy (3.2). If the condition (UARC) is satisfied, then {x,} converges strongly to
HEPn(ﬂﬁiO F(Sp))Xo-

Proof. Put T = 0 in Theorem 3.1. Then EP N T~'0 N (o2, F(Sn)) = EP N (e F(Sy)) and J; = (J + rT)~'J = I. Hence
from Theorem 3.1 we immediately obtain the desired conclusion. O

Corollary 3.4. Let E and C be the same as in Theorem 3.1. Let T : E — 2" be a maximal monotone operator, and {Sp}52, be a

countable family of relatively nonexpansive self-mappings on C such that T~10 N (ﬂ;’io F(Sp)) # 0. Let {x,} be the sequence
generated by

XQEC, Co=C,

Zn :]_1(anjxn + (1 — ap)JSuxn),

i zj};;;ﬂn]xn + (1= Bllruzn) (3.15)

Cri={veC o uy) < B, x) + (1 = B (v, z;) < d(v, xp)},

Xn+1 :ch-HXO’ n=0,1,2,...,
where {r,} C (0, 0o0) and {«y,}, {Bs} C [0, 1] satisfy (3.2). If the condition (UARC) is satisfied, then {x,} converges strongly to
10032 Fs)Xo-

Proof. PutA = 0 and f = 0in Theorem 3.1. Then u,, = I1cy,, Vn > 0. Hence from Theorem 3.1 we immediately obtain the
desired conclusion. 0O

4. Applications

Let E be a reflexive, strictly convex, and smooth Banach space. Let T, T:E— 2E" be two maximal monotone operators.
For r > 0, define the resolvent of T and T by J, = (J —i—NrT)*]] and J, = (J + rT)~Y, respectively. Then, J, (resp. J,) is a
single-valued mapping from E to D(T) (resp. from E to D(T)). Also, for r > 0,

770 =F(,) (resp.T 0 =F(},)), (4.1)
where F(J;) (resp. F@)) is the set of fixed points of J; (resp.fr). We can define, for r > 0, the Yosida approximation of T

(resp.T)by A, = (J — JJy)/r (resp. A, = (J —JJ:)/r).Forr > 0 and x € E, we know that A;x € TJ,x and A;x € TJx.
We are now in a position to apply Theorem 3.1 to prove the following result.

Theorem 4.1. Let E be a uniformly smooth and uniformly convex Banach space, r > 0 be a positive constant, A : E — E* be an
a-inverse-strongly monotone mapping, and f : E x E_— R be a bifunction satisfying (A1)-(A4). Let T, T:E — 2E betwo
maximal monotone operators such that EP N T~10 N T-10 % (. Let {x,} be the sequence generated by

Xo € E, CO =E, -
Zn :]_1(an.]Xn + (1 = an)f)iXn),
Yo =17 Bufxn + (1 = Bl z0),

g € B Such that [y, ) + (A, ¥ — ) + -y — tn Juy —Iyn) = 0, ¥y € E,
Cop1 = (V€ Gy (v, ) < Badp(v, %) + (1 = B)p(v, 20) < D(v, %)}

Xnp1 = ¢, X0, n=0,1,2,...,
where {r,} C (0, co) and {a}, {Bn} C [0, 1] satisfy (3.2). Then {x,} converges strongly to ITgpnr—19~7—10Xo-

Proof. From (4.1) and Lemma 2.9 it follows thatTr E — D(?) is a relatively nonexpansive mapping and T-10 = F(Tr).
Now, in Theorem 3.1, put S;, = J; for each integer n > 0. Then it is easy to see that for allm > 0,

lim ||Spxp — Spxpll = lim ||J;x, — JiXall = 0,
n— o0 n—o0

that is, the condition (UARC) is satisfied. Then from Theorem 3.1 we immediately obtain the desired conclusion. O
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From Theorem 4.1, we can derive the following corollaries.

Corollary 4.1. Let E and r > 0 be the same as in Theorem 4.1. Let A : E — E* be an a-inverse-strongly monotone mapping and
T,T : E — 25 be two maximal monotone operators such that VI(E, A)NT~10N T-10 # . Let {x,} be the sequence generated

by
X0 €E, Co =E, _
Zn =]71(O‘nfxn + (1 —ap)))rxn),
Yo =] Bufxn + (1 = Bu)llr2n). :
u, € E such that (Au,,y — u,) + r—(y — Uy, Ju, —Jyn) >0, VyE€E,
Ciri={veC o, u) < ﬂnfl’(Usan) + (=B, zy) < (v, xn)},

Xnt1 =TI, %0, n=0,1,2,...,

(4.3)

where {rp} C (0, 00) and {an}, {Ba} C [0, 1] satisfy (3.2). Then {x,} converges strongly to 1y, aynr—1007-10%o0-
Proof. Put f = 0 in Theorem 4.1. Then from Theorem 4.1 we immediately obtain the desired conclusion. O

Corollary 4.2. Let E and r > 0 be the same as in Theorem 4.1. Let f : E x E — R be a bifunction satisfying (A1)-(A4) and
T,T : E — 25 be two maximal monotone operators such that EP(f)NT~'0N T-10 # (. Let {x,} be the sequence generated by

X0 € E, Co =E, _

zy =] (otnfxn + (1 — an)]JXn),

Yo =] (Bufxa + (1 — ﬂn)ﬂrﬂz]n),

u, € E such that f(u,,y) + r—(y — Up, Ju, —Jy,) >0, Vye€E,

Cor1 = (v € Gy (v, ) < Fudp(v, %) + (1 = B)p(v, 20) < P(v, X)),

Xnp1 = Ilg, 1%, n1=0,1,2,...,

(4.4)

where {rp} C (0, 00) and {ax}, {Ba} C [0, 1] satisfy (3.2). Then {x,} converges strongly to ITgp~r—10nF-19%o0-

Proof. Put A = 0 in Theorem 4.1. Then from Theorem 4.1 we immediately obtain the desired conclusion. O
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