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Abstract

A new class of bivariate distributions is presented in this paper. The procedure used in this paper is based
on a latent random variable with exponential distribution. The model introduced here is of Marshall-Olkin
type. A mixture of the proposed bivariate distributions is also discussed. The results obtained here generalize
those of the bivariate exponential distribution present in the literature.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The generalized exponential distribution was introduced recently by Gupta and Kundu [1].
They observed that it can be used quite effectively in analyzing many lifetime data, especially
in place of gamma and Weibull distributions. The primary reason for this is that the family of
generalized exponential distributions does include models with increasing and decreasing failure
rates. Gupta and Kundu [2] studied the maximum likelihood estimation of the parameters of
generalized exponential distribution. These maximum likelihood estimates have been compared
with other estimators by Gupta and Kundu [3]. Ragab and Ahsanullah [10] used order statistics
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to estimate the location and scale parameters of generalized exponential distribution. Recently,
the ratio of the maximized likelihoods was used by Gupta et al. [5] to discriminate between
two overlapping families of distributions, viz. gamma versus generalized exponential or Weibull
versus generalized exponential; see also Gupta and Kundu [4].

In many practical problems, multivariate lifetime data arise frequently, and in these situations it
is important to consider different multivariate models that could be used to model such multivariate
lifetime data. For an encyclopedia treatment on various multivariate models and their properties
and applications, one may refer to the book by Kotz et al. [7]. In this paper, we propose a class of
bivariate distributions and also discuss their mixtures.

The construction of the new bivariate distribution is given in Section 2. The derivation of the
probability density function of this distribution is also given in this section. The marginal and
conditional probability density functions are obtained in Section 3. We also present in this section
the expectations of the marginal distributions, the conditional expectations and the joint moment
generating function. We show that the marginal and conditional expectations and the joint moment
generating function for the case of the bivariate exponential distribution can be derived as special
cases of the results presented in this section. Finally, the mixture of the new bivariate distributions
is discussed in Section 4.

2. The new bivariate distribution

In this section, we define a new version of bivariate distributions, shortly denoted by NBD. We
start with the joint survival function of the distribution and then derive the corresponding joint
probability density function.

2.1. The joint survival function

In what follows, we present the model that produces the NBD. Let Uj, U, and U3 be mutually
independent random variables with the following distributions:

U; ~GED(1,0;), i =1,2 and U~ E(0),

where GED(1, 0;) denotes the generalized exponential distribution with parameters (1, 6;), while
E(0p) denotes the exponential distribution with parameter 0. That is, the random variable U;
(i =1, 2) has a generalized exponential distribution with distribution function

Gity=(1—-e")" 120, 0,>0 (=12

and the variable Uz has an exponential distribution with a constant failure rate 0y > 0 with
distribution function

Gy(t)=1—e% t>0, 0y>0.
The survival functions of U; (i = 1, 2, 3) are
G,-(t):l—(l—e_’)ef, t>20, 0; >03G =1,2), (2.1)
Gy(t)=e P t>0, 0y >0. (2.2)
Define the random variables X and X» as

X; = min(U;, Us), i=1,2. 2.3)
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It is evident that the random variables X and X in (2.3) are dependent because of the common
random (latent) variable Us.

We now study the joint distribution of the random variables X| and X;. The following lemma
gives the joint survival function of X and X5, which is the survival function of the NBD.

Lemma 2.1. The joint survival function of X and X» is
FXI,XZ(XI, X2) = e~ toz {1 — (1 — e_xl)gl} {1 — (1 — €_x2)92} ) (2.4)
where 7z = max(xy, x2).

Proof. Since
Fx, x,(x1, x2) = P<X1 > x1, Xp > x2>,

we have

Fx, x,(x1, x2) = P(min(Ul, U3) > x1, min(U, U3) > xz)
=P(U1 > x1,Uz > x1,Upy > xp, U3z > xz)

= P(U] > x1, Uz > x2, Uz > max(xl,xz)).

As U; (i = 1,2, 3) are mutually independent, we readily obtain

Fx, x,(x1, x2) = P(Uy > x1)P(Us > x2) P(U3 > max(xy, x2))

=G1(x1)G2(x2)G3(2).

Substituting from (2.2) and (2.1) into the above equation, we obtain (2.4), which completes the
proof of the lemma. [J

2.2. The joint probability density function
The following theorem gives the joint probability density function of the NBD.

Theorem 2.1. Ifthe joint survival function of (X1, X2) is as in (2.4), the joint probability density
function of (X1, X2) is given by
Silxr,x2)  ifxp > x2 >0,
Ix,x, (1, x2) = § falxr, x2)  ifxo > x1 >0, (2.5
fo(xi, x1) ifx1=x2>0,
where

fi(x1, x2) = Ope~Pox1+22) (1- e—xZ)(')z—l

X {00 — by (1 — e_xl)(-)l +01e™ (1 . e—xl)f)lfl} 7
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fz(,xl s xz) = 0]6_(00x2+x1) (1 _ e—xl)gl—l

X {00 — by (l — eixz)az + Ore 2 (1 _ efo)b'zfl}

and

2

Jolx1, x1) = 9()6760’61 1_[ [1 _ (1 _ efxl)oiil .

i=1
Proof. Let us first assume that x; > x». In this case, F X1,X, (X1, x2) in (2.4) becomes
Fy, x,(x1, x2) = ¢~ %% {1 —(1- e‘“)e‘} {1 —(1- e_x2)92} .

52Fx1,x2 (x1,x2)
ne, © be

f1(x1, x2) given above. Similarly, we find the expression of fx, x,(x1, x2) to be f2(x1, x2) when
X1 < x3. But, fo(x1, x1) cannot be derived in a similar way. For this reason, we use the identity

Then, upon differentiation, we obtain the expression of fx, x,(x1,x2) =

o0 [ee] X1 oo X2
/ Jo(x1, x1) dx; +/ / fi(x1, x2) dxz dxy +f / Hrx1, x2)dx1dxy = 1.
0 o Jo o Jo

(2.6)
One can verify that
00 pxq
I =/ / S1(x1, x2) dx2 dx;
o Jo
o0
=/ {90 (1 _ e—xl)(’z e—()g}q — 0 (1 _ e—x1)91+92 e—()oxl
0
0 (1= em) T o gy @.7)
and
00 px
12=/ / f2(x1, x2) dxy dxa
o Jo
o0
_ / [0 (1= e72) 2 et g (1 = e722) 102 -0
0
+0, (1 — e7x2)01+02_1 e7(90+1)x2} dxs. (2.8)

Using the transformation u = ¢ (i = 1, 2) in (2.7) and (2.8), respectively, we can see that
I +1,=—00{B(0y, 01 +0,+1)— B0y, 01 +1) — By, 02 + 1)}, 2.9)

where B(m, n) denotes the complete beta function defined by

1
B(m,n):/ WA —w)Vdu, m,n > 0. (2.10)
0
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From (2.6) and (2.9), we then get

o
/ Sfolx1,x1)dx1 =14 00 {B(09, 01 + 02 + 1) — B(0p, 01 + 1) — B(0p, 02 + D)} .
0

(2.11)
Since (using the transformation u = e™*) we can write (2.10) as
o 1
B(m,n) = / e (1 - e_s)n_ ds, m,n >0, (2.12)
0
we obtain from (2.11) and (2.12) that
/ folxr, x1) dxy =90/ e~ o {1 — (=) = (1 —e)™
0 0
+ (1= )" g (2.13)
which readily yields

foter, 1) = 0pe= 0 {1 — (1= =) 1= (1= o)}
This completes the proof of the theorem. [l

Lemma 2.2. The joint probability density function of the bivariate exponential distribution is

(14 Op)e~Coxitxitxa) ey, 5 xy > 0,

Fx1,x2) = 4 (14 Op)eCoxatxitxa) gy, 5 x> 0, (2.14)
Ope~Go+2)x1 ifx; = x2 > 0.
Proof. The result is obtained immediately from Theorem 2.1 upon setting 0; = 0>
=1 0

3. Marginal and conditional probability density functions
In this section, we derive the marginal density functions of X; and the conditional density
functions of X;|X;, i # j = 1,2. We then present the marginal expectations of X; and the

conditional expectations of X;|X;, i # j = 1,2. We also present the joint moment generating
function of X and X>.

3.1. Marginal probability density functions
Theorem 3.1. The marginal pdf of X; (i =1, 2) is given by

Fr ey = e fo — 00 (1= )" e (1 )",

x>0, i=12. 3.1)
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Proof. First, we shall derive fx, (x1). From the fact that

o0
Ix, (x1) =/ Ix.x, (X1, x2) dxa,
0
we can CXPI'CSS

fx, (1) = @(x1) +¥(x1) + folxi, x1), (3.2)

where
X1 00
P(x1) = /0 fi(x1, x2)dxy and  Y(x)) = / falxr, x2) dxa.
X1
Using the expressions of f1(xy, x2) and fj(x, x2) given in Theorem 2.1, we can show that

o(x1) = e~ loxi (l - e_’”)gz {90 ) (l - e_’”)e1

+0e (1 — e—ﬂ)‘“*l} (3.3)
and
—x —x\01—1
l//(x1)=()1€ ! (1 —e ])
X {6’_90)” — 00B,— (00, 02 + 1) + 02 B, (Op + 1, 92)} , (3.4)
where B, (p, q) is the incomplete beta function defined by
X
By(p,q) = / A =09 dr, (0<x<).
0
Upon considering B,-x; (0g + 1, 0») and integrating by parts, we have
1 0
By (0o + 1, 05) = —O—e*%“ (1—e1)" 4 0—0367.\-1 (0o, 02 + 1). (3.5)
2 2
Now using the expression in (3.5) into (3.4) and simplifying, we get
Yxr) = e (1— 1) {1 — (- e*xl)‘)z] . (3.6)
Substituting for (3.3) and (3.6) into (3.2) and using the form of fy(x1, x1), we obtain fx, (x1)
givenin (3.1). Proceeding similarly, we can derive fx, (x2) as given in (3.1), which completes the

proof of the theorem. [

Note that the marginal pdf of X; can be derived in another way. For this, we first derive the
marginal survival function of X;, say Fy;, (x;), as follows:

in(xi) = P(X,' > x,~> = P(min(Ui, Usz) > x,-) = P(U,’ > x;, U3 > x,-)
and since U; is independent of U3, we simply have
Fx, (x;) = e~ loxi {1 — (1 - e_xi)ei}

from which we readily derive the pdf of X;, fx,(x;) = — J in (xj),asin (3.1).

=
OXj
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Based on the above theorem, we can prove the following lemma.

Lemma 3.1. The marginal pdf of X; in the case of the bivariate exponential distribution, with
joint pdf as in (2.14), is

fxi i) = (0o + De” Pty > 0, 3.7)
3.2. Conditional probability density functions

Having obtained the marginal probability density functions of X| and X;, we can now derive
the conditional probability density functions as presented in the following theorem.

Theorem 3.2. The conditional pdf of X;, given X ; = x;, denoted by f;;(xi|x;) (i # j =1,2),
is given by

£ Gilxp x> xj,
fujGealxpy = £ Gilx)) ifxi < xj, (3.8)
f,|j (xilxj) if xi = xj,
where
£17 il
Hje*(eoxf”.i) (l—e”‘f')e"_1 {90—90 (l—e*x")g[ + Oje™i (1_e—x,~)95—1]

e~ lox; {(90 — 6o (1 — e_xj)g'/ +0je% (1 — e_xf)ejq]

Fi2Gxilxg) = Ore ™ (1— )

{1~ (1- ) Hl_ e

and

£ Gilxj) = |

Proof. The theorem follows readily upon substituting for the joint pdf of (X, X») in (2.5) and
the marginal pdf of X; (i = 1, 2) in (3.1), in the relation
Ixix; (i, xj)

filj(ilxj) = Fx, ()

Lemma 3.2. For the case of the bivariate exponential distribution, we obtain upon setting 0; =
0, =1in(3.8)

e~ OotDxitloxj ey > Xj,
—Xi I . .
Jij (xilxj) = ¢ fxi <xj, (3.9)
0o
0o+ 1

e i ifxi = xj.
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3.3. Mathematical expectations
Based on the results presented in the last two subsections, we can derive the mathematical
expectations of X;, the second moments of X;, and the conditional expectations of X|X> and of
X7 X1.
Theorem 3.3. The expectation of X; (i = 1,2) is given by
1
E[X;] = ot Oorc(0o, 0;) — (0o + 0))x(00 + 1, 0;), (3.10)
0
where

k(2 f) = B, H{Y(@ — y(a+ B},

_d ')
Y(x) = I InT'(x) = )

is the digamma function, and
o
I'(x) :/ wWle™du, x>0
0
is the complete gamma function.
Proof. Starting with
o
E[X;] = / xi fx; (x;) dx;
0

and substituting for fx, (x;) from (3.1), we get

o]

1 )
E[Xi]= o 00/ xe0ox (1 — e_x)o’ dx
0 0

o0
+0i/ xe~(IH00x (1 —ef’f)”"‘1 dx. (3.11)
0
Since
o0 0 o0 0;—1
/ xe0ox (1 —efx) ! dx:/ xe lox (1 —efx) " dx
0 0
o 0i—1
—/ xe~Gothx (1 —efx) " dx,
0
we have
1 00 .
E[X{]=— — 00/ xe 0% (1= )71 gy
) 0

o 0;—1
+(0 + Gi)/ xe~(+00)x (1—e™)" dx.
0
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Setting u = ¢™* in the above integrals, we get

1 1
E[X;]= 0—0 + 90/0 u()"_](l — 14)0"_l Inudu

1
—(00+0i)/ w1 — )’V inudu. (3.12)
0
Let
1
k(a, f) = / A — P nudu.
0

Using the Euler’s psi function (see Gradshteyn and Ryzhik [6, p. 538; 4.253.1]), we have
k(o B) = Ble, H[Y (@) — Y@+ p)], o f>0.

Upon using this expression for the integrals in (3.12), we derive the expression in (3.10), which
completes the proof of this theorem. [

Theorem 3.4. The second moment of X; (i = 1,2) is given by

E [X2] = 0% — Oop(0o, 0;) + (Op + 0:) (0o + 1, 0;), (3.13)
0
where
w ) = B V'@ =¥/ @+ P+ [y — v+ P} (3.14)

Proof. Starting with
o
E[Xzz] =/ X7 fx, (xi) dxi.
0

substituting for fy, (x;) from (3.1) and setting u = e=/, we get

2 1
E[X.Z]:_ —00/ w11 — )0V nu)? du
N 0

+(60+6,~)/01 w1 — )’ 1(nu)? du. (3.15)
Denoting
(e, B) = /01 w11 —wh =" nu)? du
and using the trigamma function (see Gradshteyn and Ryzhik [6, p. 541; 4.261.17]), we have

ue ) = B p{ V@ — v+ P +v' 0 — v @+ p.

Upon using this expression for the integrals in (3.15), we derive the expression in (3.13), which
completes the proof of this theorem. [
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Lemma 3.3. For the bivariate exponential distribution, we have

1
E[Xi]=——.
[Xi] dor1

Proof. By setting 6; = 6, = 1in (3.10), E[X;] becomes
1

E[X;]= o 4+ 0pr(0g, 1) — (6p + D6y + 1, 1).
0

Now, using the recurrence relation y(z) = y(z — 1) + z—Ll we get

1

K(H(), 1) = — —m.

—. K(o+1.1) =
90

1517

(3.16)

(3.17)

(3.18)

When the expressions in (3.18) are substituted into (3.17) and simplified, we obtain the expression

in 3.16). O

The conditional expectation of X;, given X ; = x; (i # j = 1, 2), are presented in the following

theorem.

Theorem 3.5. The conditional expectation of X;, given X; = x; (i # j =1, 2), is given by

_xiL(x))

E[Xi|X; =x;]= e — 1 (xj)

—Opx;
e Vox;
+kj(xj) !9—0 - Hoﬁxj(eo, 0;) 4+ (0o + Hj)ﬁxj(go +1,0) ¢,

where

o0
B, (m, n) :f ue M (1 — e_“)n_1 du,
X

Ij()Cj):/O ! (1 —e_x)gj dx,

Lj(xj) =00 — 0o (1 - e_x-/)()j +0je" (1 - e_x-/)Oj_l ,

L)) =Lj(xj) + 0;e (1 — =) 10!

’

gje—(l—oo)xj (1- e—x,—)(’j—l
Ej(xj)

kj(xj)=
Proof. Starting with

o0
E[X;|X; = x;] :/o x; figj (xilxj) dxi,

(3.19)

(3.20)
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substituting for f;);(x;|x;) from (3.8) into (3.20) and simplifying the resulting expression, we
obtain (3.19). O

If we assume that 6 and 6, are positive integers, then using integration by parts and binomial
expansion, we can derive the expression

= H-j -1 (_])i 1 —(t+i)x
Box.0p) =" i — [x+r—+l}e , (3.21)

i=0

where 7 = 0 and 0y + 1 for f,(0p, 0;) and S, (0p + 1, 0;), respectively, and I;(x;) in this case
becomes

0.
i (0 1

1,»(x,-)=x,-+2< l'/)%[l—e_l"f]. (3.22)
=1

Lemma 3.4. For the bivariate exponential distribution, we have

0000 +2) _,.
——e Y.

ELX;|X; = x;1=1—
XilXg =l O+ 1)?

(3.23)

Proof. Setting 0; = 0, = 1, we readily have

1

Li(xj)=(Op+ e ™, kjxj))=—""—7¥7-+—,
j(xj) = (0o + De (X)) (0o + 1)6—90xj-

Lj(xj)= e i {60 +2— eij} )

From (3.21), we have

Xj 1
(00, 0) =1 =L + =1 e Y,
ﬁx](o i) {()O+0(2)}e J

Xj 1
(0 1.0:) = J —(90+1)xj'.
:8)(_,(0+ s /) {HO+1+(00+1)2}6

Also, from (3.22), we have I;(x;) = xj + e~/ — 1. Substituting for all these in (3.19), we get
E[X;|X; = x;]as givenin (3.23). O

3.4. Moment generating functions

In this subsection, we present the joint moment generating function of (X, X») and the marginal
moment generating function of X; (i = 1, 2).

Lemma 3.5. The moment generating function of X; (i = 1, 2) is given by

0
My, (1) = —— — 00B(00 + 11, 0;) + (0o + 0:) B(0o + 1; + 1, 0)). (3.24)

90+tz
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Proof. Starting with
o0
Mx,(t;)) = E [e*tixf] = / e fx (xi) dx;
0
and substituting for fx, (x;) from (3.1), we get
> —(0o+1;)x —x\0i —x —x\0i—1
Mx,(t;) = e i {60—00(1—6 ) + O;e (1—e ) }dx
0

from which we readily derive the expression of My, (#;) givenin (3.24). [

Note that the moment generating function My, (#;) can be used, instead of the marginal pdf
fx; (x;), to derive the marginal expectation of X; as

d
E[Xi] = _EMX,-(H)M:(%
i

From (3.24), we obtain

d 0o
——Mx.(t;) = ——= + Opx(0 t, 0;
i x; () G0t 1)2 + Oox (0o + )
—(0o + 0:)rc(0p +1; + 1, 0;) (3.25)

in which if we set #; = 0, we obtain E[X;] as given in (3.10).

Similarly, the second moment of X;, given in (3.13), can be derived from My, (z;) as its second
derivative at t; = 0.

For the special case when 0 and 0, are positive integers, the following lemma gives the marginal
moment generating functions.

Lemma 3.6. When 01 and 0, are positive integers, then fori = 1,2

0;—1
90 0;—1 EL Hi 1
My. i) = + —1)"
X ([) 00 f ( ) P (

N R R N G V)
0i+00+1t—k 0i+00+86—1—k|’

(3.26)

Proof. The proof of this lemma follows from (3.24) with the use of the following relation (see
Gradshteyn and Ryzhik [6, p. 333; 3.432])

n—1 n—1 (_1)k
B(m, n) = (_1))‘1—1 k n_i_}n—_l_k’ n = 1, 2, e D (327)
k=0

The expression for the function My, (#;) in (3.26) can be used to derive the rth moment of X;
as given below.
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Lemma 3.7. If 01 and 0, are positive integers, then forr = 1,2, ...

0;—1
0()"! 0. —1 . 91_1 k
e NS (1)
" (")

E[X]]=

0o + 0; 0
y (0o + 0;) _ o . (3.28)
0; + 0o — k)t (0; +0g—1—k)rt!
The following theorem gives the joint moment generating function of (X1, X»).
Theorem 3.6. The joint moment generating function of (X1, X2) is given by
1
M(l‘],tz):@o{E—B(a,01+1)—B(a,92+1)+3(a,91+02+1)}
1008+ 1,00 ] % 0080y + 12, 02)
1 1 > Ul 00+12 0 0 2, U2
+(00+92)B(90+t2+1,02)}
+0,B(ty + 1 9){ b0 0oB@+ 11, 01)
2 2 > U2 00+l1 0 0 1, V1
+(00+91)B(90+t1+1,01)}
0 0o Pa+1,0+1,1—0;t+2,a+2:1)
- 7 I a b 9 - ; 9 ;
tl—i—l Cl+1 312 1 1,41 a
—0gB(a+1,0))3F(a+ 1,61 +1,1 —01;61 +2,a+ 0, + 1; 1)
+(o + 02)Ba+2,02)3F(a+2,t +1,1 =0y
th+2.a+0,+2; 1)}
02 o Pa+l,o+1,1—0nn+2,a+2:1)
t2+1 a+l32a s 12 s 2,12 ,a s
—0oBa+1,01)3Fa+ 1, + 1,1 =00 +2,a+0; +1;1)
4+ +0)B(a+2,00)3Fa+2,h+1,1—0y1n
+2,a+ 01 +2; 1)}, (3.29)
where
o )
b1)i ... (bp)i u'
a=00+1+n, F,(by,....,bp;c1,...,cqsu) = -_—
P r 1 2 (c1)i---(cq)i i

i=0
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and (b); =b(b+1)...(b+i—1) = F}b(;)r)i) (b#0,i=1,2,...),and p and q are nonnegative
integers.

Proof. The joint moment generating function of (X1, X7) is given by

o0 o0
M(ty, 1) = E [e 1177222 ] =/ / eI fr %, (x1, x2) dxy dxp
0
00 X
=/ / eI 1 (xy, xp) dxp dxy
o Jo
00 pxp
+/ / e TR (xq, x2) dxy dxo
o Jo

S
+[ e_(tl_HZ)xlfo(xl,xl)dxl. (3.30)
0

Upon substituting from (2.5), using the fact that

O(

By (o, ) = —2F1(:x1 Bio+1; x),

and the identity (see Mathai [8, p. 119])

1
/ W (= w3 Fi(e, d; psu)du = B, f)sFa(a, o, d; p, o+ B 1),
0
fore, >0 and d+f—a—c>0,
we can derive the expression for M (¢, t2) given in (3.29). [

The following lemma gives the joint moment generating function for the case when 01 and 0,
are positive integers.

Lemma 3.8. If 0| and 0, are positive integers, then

. ) ! (- 1)’()
h) = —_— O L+ )
(t1,2) =0o (00+t1+tz) 020}12(; (O +i+1 +1)

0140, (- 1)’(01+92) 2 0, 0¢—1 (- 1)] (915 1)

+
; Oo+i+1+1) Z()o—l—l‘( ]XZ:O O+t +6+j+1

0,—10,—1

e (M)

j=0 i=0 J
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1@
S
= Oo+i+j+2+t+16—10)

x|: 02(00 + (1 — 0)01) 0100 + (1 — £)02) i“
OGo+t1+j+1—-8 (OBo+tr+i+1-—12)

(3.31)

Proof. The proof follows from (3.29) upon using the relation in (3.27) and the known properties
of hypergeometric functions. [J

Lemma 3.9. For the bivariate exponential distribution, we have

M, 1) =

1 1
0o + 0o + } (332)

0o +
90+t1+t2+2{0 Op +1+1) 0o +1+n)

Proof. Setting 0; = 0, = 1in (3.29), we get

0o 0o+ 1 n 0o+ 1
(h+DO+n+1) @ +D+n+1)

0o+ 1 1

Ca+2 {t +1

M(ti, )=

sFa+2, 61+ 1,01 +1,a+3;1)

+ 3F2(a+2,t2+1,0;t2+1,a+3;1)}.

H+1
Since
3Fh@+2,t+1,0;t+1,a+3;1) =1,

the above expression for M (¢1, t>) reduces to the form in (3.32). [

Note that Lemma 3.9 can also be proved by setting §; = 6> = 1 in (3.31).
It needs to be mentioned here that the joint moment generating function of the bivariate expo-
nential distribution in formula (2.8) of Patra and Dey [9] seems to be in error.

Lemma 3.10. If 01 and 0, are positive integers, then

) ¢ 01460, (—1)i 01+0,
E[X1X2]—9—%—200 > Z (00+<) 0o Z ( )

3 T 0. L3
telf 0y} =0 i) (0o + 1)

2 01 (—1)]’(9@ l)eg(300+]+1)

33 (O +j+ 17

(=1 j=0
(_1)i+j+l (91;1> (92 1) 3 —k)
Oo+i+j+2—10)3*
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§ [ 0200 + (1 — 0)01) 0,0+ (1 —5)92)} (3.33)

(O +j+1=0T " (Bo+i+1- 0!

Proof. Calculating the second partial derivative of M (t1, 1) from (3.31), with respect to #; and
t> and then setting #; = #, = 0, we readily obtain (3.33). O

4. Mixture of the new bivariate distributions

Let us now assume that X;; (i =1, 2, and j = 1, 2) are independent random variables having
generalized exponential distributions with shape parameter 0;;, viz. GED(1, 0;;). That is, the
probability density function of X;; is
fx;;(x) = Ojje™" (1 — e_x)eij_l , 0;;>0, x>0.

Consider Y; as a mixture of two generalized exponential random variables X;; and X;» (i = 1, 2),
viz.

Y; ~a; GED(1, 0;1) + (1 — a;) GED(1, 0i2), 0<a;<1.

Let W be a random variable independent of X;; for all i and j. Then, ¥; (i = 1, 2) are independent
of W. Let us also assume that the random variable W has an exponential distribution with pdf

fz(2) = Ope="%, 0y >0, z>0.
Let us now define new random variables W; as

W; =min(Y;, Z), i=1,2.
Then, in the random vector W = (W, W»), W; and W, are dependent because of the common
latent variable Z.

The following theorem gives the joint survival function of Wy and W5.

Theorem 4.1. The joint survival function of W1 and W5 is

I — —wp 911 —wy 921 7007110

Fyywy (wi, wa) = poo {1 — (1 —e™") 1—(1—e2)?te
{l —(1- efw')gn} {1 —(1- efwz)ezz} e~ fowo

—w 012 —w 921 —Oow,

+P10{1—(1—e D }{1—(1—e 2) }e owo
== i— (e fetom @
where wy = max(wy, wa) and p;j = ail_iajl._-j(l —a)'(1— aj)j, i,je{0,1}.

Proof. Since

Fw, w,(wi, w2) = P(Wy > wy, Wa > wn),
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we have

Fw,,wy(wi, wa) = P(min(Yy, Z) > wy, min(Y2, Z) > wy)
=P(Y| > w, Y2 > wy, Z > max(wy, wy)).

Since Y1, Y and Z are mutually independent, we readily have

Fw, . wy(wi, wa) = P(Y1 > w))P(Ya > wy) P(Z > max(wy, 7))

2

= ¢~ towo 1_[ [ail {1 - (1 — e*w")()”]

i=1

+(1 —ajy) {1 —(1- e_wf)o“]]

which can be expressed as in (4.1). [

Note that, since poo, po1, P10, P11 20, poo + po1 + p1o + p11 = 1 and each function in (4.1)

is a survival function of the new bivariate distribution, the function Fyw, w, (w1, wy) is a survival
function of a mixture of the new bivariate distributions. Consequently, it can be rewritten as

4
Fwy wy(wi, wp) = Zbigi(;bi’gia 0o), 4.2)

i=1

where S; is the survival function of a NBD(J;, &, 6o), and by = poo, br = por, b3 = pio, bs =
pi, A=/l ="011, 23 =74 =012, &1 =¢3="02,and &2 = &4 = 0.

The following theorem presents the bivariate probability density function fw, w, (w1, w2) of
(W1, W2).

Theorem 4.2. The joint density function of (W1, Wa) is
Si(wr, wo)  ifwi > wo,
Jwiwy (wi, wa2) = fa(wr, w2)  ifwy < wa, (4.3)
Jo(wi, wi)  ifwi = ws,

where
4
fl (wy, wp) = Zbisie_(60w1+w2) (1 _ e—w2)€1 {00 _ 00 (1 _ e—wl)li
i=1
47" (1 — e_“”)iii1 }
4
F(wy, wy) = Zbiiie—(ﬂowﬁwz) (1 _ e—wz)li {90 s (1 _ e—wl)&'
i=1

+egje ™! (l — efw‘)s"il }
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and

4 ,
Jowy, wy) =" bilge™ v {1 - (1= e_wl)M} 1= (=)™}

i=1
Proof. The proof follows along the same lines as of Theorem 2.1. O

The marginal probability density functions of W; and W; can be derived from
Swi,w, (wr, wp) in (4.3) as follows.

Lemma 4.1. The marginal density functions of Wi and W are, respectively,
_ —9011)1 —w] 011 —w —w] 011*]
fwl(wl)—ale Oy — 09 (l—e ) + 0q1e (l—e )
—Opw) —wp\012 —w) —w;\0—1
+(1 —aj)e 0y — Op (1 —e ) + O12e (1 —e ) ,

wy > 0, “4.4)

and
Sw, (w2) = aze~low2 {90 — 0o (1 - e—w2)92‘ +021e"2 (1 — e—wz)ezn—l}
+(1—ap)e~ {Ho — 0o (l—e—wz)022 + O (1 — e—wz)()zz—l] ’
wy > 0. @.5)

From the marginal densities, we can derive the marginal moment generating functions of W;
as follows.

Lemma 4.2. The moment generating functions of Wi and W» are, respectively,

My, () =1 +a1{(90 +011)B(Oo + 11+ 1,011) — 0B + 11, 911)}

+(1 = ap @+ 012) B0 + 11 +1,012) = 0B +11, 012)} (46)

and
My (12) = 1+ a2 { (00 + 021) B0 + 12 + 1. 021) = 0B (0o + 12, 021) |
+(1—an{ @+ 0BG + 1 +1,00) — 0BGy +1, 00} @7
Lemma 4.3. From (4.6) and (4.7), we readily have
E[Wi]=1+ a1{90K(90, 011) — (0o + 011K (0o + 1, 911)}

+(1 = an{0or(bo, 012) = (O + Or2)x(00 + 1, 012)} (48)
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and

EIW21 =1+ a2{00rc(6, 021) — (0 + 020)(00 + 1. 021)}
+(1 - az){eoK(eo, 022) — (o + 022) (00 + 1, 922)]. (4.9)

Lemma 4.4. From (4.6) and (4.7), we also have

E [le] =1 +al{(90 + 01D (0o + 11 + 1, 011) — Oou(Oo + 11, 911)}
(1= an{ @ + 00O + 11 + 1, 012) — oG + 11, 012 (4.10)

and

E [sz] =1+ az{(90 + )0 + 12 + 1, 021) — Oou(bo + 12, 921)}
+(1 = a0 + 02l + 12 + 1, 00) = OO + 12, 0) | (A1)

The following lemma presents the joint moment generating function of W and W», denoted
b)’ MW1,W2(t19 IZ)'

Lemma 4.5. The joint moment generating function of (W1, W) is given by

4
My, wy (11, ) =Y biMi(t1, 12), (4.12)
i=1

where M;(t1, ty) can be obtained from (3.29) by replacing 01, 0, by ;, &, respectively.
Proof. One can establish this lemma from (4.2) and (3.29). [
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