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Let X denote a uniformly convex (real) vector space and let M denote a
closed subset of M. Then from the work of Efimov and Stechkin |1] it is
known that if M is also approximatively compact, then each x € X will have
a unique closest point in M if and only if M is convex. Thus for the usual
nonlinear approximating families such as the rational or exponential families,
there will exist functions with more than one best approximation (if we are
approximating in an L, space with 1 <p < o0).

Specific examples of such functions were given in |2} by Lamprecht for
approximation by polynomial rational functions and in |3]| by Rice for
nonlinear unisolvent families. In these cases and to our knowledge in all the
other published examples, a symmetry argument was used to produce a
function with two best approximations. Wolfe in [4] showed that for each
positive integer k there is an f& L,[0, 1] having at least k best local approx-
imations from

n n

R0, 1= 1p/gipx)= Y a;x'.q(x)= Y bx'.q(x) >0

i.0 i

for 0 <xg I

————

provided that m > n. Braess in [5] (among other things) removed the
restriction m > n and asked if it was possible to find a function f having at
least three best approximations (not just local best approximations) from one
of the standard nonlinear approximating families.
An affirmative answer to this question assuming “three” could be replaced
111
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by a diverging sequence of positive integers would show that there is no
uniform upper bound on the number of best approximations that a function
can have. This is in contrast to the situation using the uniform norm |6].

In this paper we shall give a straightforward technique that can explicitly
produce functions with any specified number (call it N) of global approx-
imations from a class of nonlinear families (with one nonlinear parameter)
that includes many of the so called Ifamilies of Hobby and Rice |7].

We are not able at this time to prove rigorously that the N approximants
formed by our procedure are always best approximations to the function
produced, though all our empirical evidence indicates this is so. However, we
are able to give sufficient conditions for the approximations produced to be
(global) best approximations and we are able to check these conditions
numerically for the cases N =3 and N = 5.

APPROXIMATING FAMILY

The approximating family we shall use is defined by a continuous real-
valued kernel function K(-.:) of two real variables defined on
(—d, d) X |a, b| for some a > b and d > 0 which satisfies the following con-
ditions:

(i) (6K/8B)(B, x) exists and is continuous on (—d, d) X |a, b|,

(i) KB, )yees KBy +)s (OK/OBY B, s sy (CK/OB) (B, -) are linearly
independent on |a, b| for any N distinct s, N=1,2,....

ExaMPLE 1. (a) K,(f.x)=e" on (o0, ) X [0, 1]

(b) K,(B.x)=1/(1~pfx)on (—1.1)x |~1, 1].

Given fe& L,la,b] we shall consider approximations of the form (*)
aK(f. x). That is, given f, we seek ¢* € R and B* € (—d. d) such that

1 f— a*K(B*. )| = inf IS~ ak (@, -l

aeR,Bel  d.d)

where || || is the L, norm on |a, b| with respect to Lebesgue measure. For
notational simplicity let

1
w2 = g oy KO

denote the normalized version of K{(f,x) and let u'(f,x) denote
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(¢u/6f)B. x). Also, |-, -| will denote the usual inner product in L,|a. b]
defined by

b
lg.hl=| glt)h(t)ydr  for g h€L,|a bl

Our goal is to construct a function f'€ L,|a,b| that has many best
approximations of the form (*). To do this we shall consider functions of the
form

@)= N au(Bx) + b (B )L, (1)
where f_ ... 8y, By, By .s B, are 2 + 1 given distinct points in (—d, d) and
where we require that f also satisfy the conditions:

[/f—up )u(fi )] =0. (2)
i=0, +1. +n,
/= BB )] = 0. (3)

The system (2) and (3) is equivalent to the system one obtains by
requiring that (¢/8B) f—u(B. -*[s_5 =0, i=0,+1...+n, which is a
necessary  condition  that each of the functions u(f, )=
(LK@« KB, ) i=0.%1,.., £n, be a best approximation to f of the
form (*). The use of approximants normalized to unit length is for
convenience only. The only essential thing is that they have the same norm.

Thus. we wish to choose s, a;s. and b,'s so that u(f,, -) is a best
approximation to f, i =0, +1...., + n. Before showing that given the s the
corresponding a;'s and b,'s defining / are uniquely determined we offer the
following example.

ExAMPLE 2. For K(f. x)= e over (—o0, 00) X |0, 1| we have
u(ff, x) =1, p=0
2ﬁ 1,2 .
E) e

e

and f(x) takes the form f(x)=>" |, (a, + b,x)e*”*. Also (2) and (3) can
be written in the form

[ /= a(B,) e*™, e**| = 0. = 0. 41 (2")
, i=0,41.... +n.
[ f— a(B;)e’, xe?| =0, (3"

where 8, =0 and a(f) = (1/||K(B, ) = |[s e dt] "2 = (2B/e** — 1) *
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LEMMA . Under the above assumptions on the kernel K(-. -) and given
~d<f_ <P o< << By <o <, < d there exists a unique [ of
the form (1) satisfving (2) and (3).

Proof. The system (2) and (3) can be written as
[foulBin )= L . {
FRRVARIEI ’ (

since [[u(f. ) =1 for all 8 € (~d, d). Using the form of fin (1), (4) and (5)
take the form

i &~
=z Z

N (@lu . uBi O+ byl (B ) u(B)]) = 1. (6)
—n i=0.+1..., £ 1

: (ajlu(ﬂj* DB+ bjlu’(ﬁ.f- Su' (B, )] =0. (7

The system (6), (7) is a linear system of 4n + 2 equations in the 4n + 2
unknowns a;, b;, j=0, x1,... £n, where the coefficient matrix is a Gram
matrix formed from the linearly independent functions

u(B_ ey ul(By ) WP e (B0
Thus (6). (7) has a unique solution as claimed. W

In view of Lemma 1, our problem is to make a proper choice of f,;.
i=0, £1,.., +n, to insure that the corresponding function f of the required
form actually has u(f;, -), i=0, + ..... £n. as best approximations. A natural
choice is to place the nodes symmetrically about the origin and this is what
we shall do. (Empirically we found that nonsymmetric choices often
produced only local best approximations or even saddle points.) Thus for
symmetry we require:

b)u:0~ (8)
0<p, <p;,,, <d, i=0,..n—1, {9)
/}i:"ﬁ i (10)

We shall also assume that the normalized kernel function u(g, -) satisfies
the midpoint symmetry condition.

w(—f, x) = u(ff. 2p — x), where p=(a +b)/2. {11

Remark. For both u (B x)= 2/ — 1) e and uy(f.x)=
((1—pB5H/2)21/(1 — Bx) (the normalized kernels for the functions of
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example 1) it is simple to check that (11) holds on (—o0., c0) X |0, 1] and
(—1. 1) x {—=1, 1], respectively.

LEMMA 2. Let f be a function of the form (1) with the [I’s satisfving (8),
(9), and (10) and such that u satisfies (11). Then

(a) f(x)=S(2p—x). x€E |a.b], p=(a+b)2.

, 5 i=0,1....n and in particular b, = Q. (b)
Proof. Let h(x)=f(x) —f(2p — x). By differentiating both sides of (11)
with respect to f# we obtain the identity.

(—B.x)y=u'(B,2p — x). {12)

Using (11) and (12) and the definition of 4. we can write # is the form

H

hx)= N Ha;—a YulB.x)+ (b, +b )u'(B,.. (13)

i n

which shows that # is a linear combination of u(f,, -) and u'(f,.-). i=0,

Cram L. (" h(x)ufB, x)dx=0.i=0, +1,... tn.

Cram 2. [P h(x)u'(B,.x)dx=0,i=0, +1.... £n.

If these claims are proved then by considering (13) the four conclusions
{a)-(d) would obviously follow immediately.

Ploof of Claim 1. " h(x) u(f,. x) dx = " f(x) uB,, x) — {7 F(2p —x)

w(B, xydx=1— [2f(t) u(B;, 2p — 1) di by taking 1 = 2p — x and using (4).

But by (1), 12 £y B, 2p — 0y dt = 1% f(t) u(~f;, 1) dt = 1 and so
1" h(x) (. x) d.\ 0.i=0, t1..., +n. proving Claim 1.

Pioof of Claim 2. We have {"h(x) w'(B,. x) dx = 0 — ' f(1)
w'(f,.2p—1)ydt again letting r=2p—x and using (5). By (12).
fyw (B 2p—0)yde = — [0 /() w' (= 1y de =0 (by (5)) so [ h(x) u'(B;.
Ndv=0.i=0.+1...+n 1

Our original approximation problem involves approximating [ by
functions of the form aK(f, -) and hence appears to have two parameters «
and f. However, we may eliminate « by noting that if ¢ *K(f*. -) is a (local)
best approximation to f it must satisfy the condition

x[f—ak(ﬁ")’fya]((ﬂ")lff,}',g“:o (14)
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and this yields

|f— a*K(B*. ). K(B*. )| =0. (15)
which implies that

[K(B*. ) K(B*. )]

Thus if we let
wBy=|f—rB. N’ where r(f.x)=s(B)K(p.x) (16)

with s(B) = [/, K@, )|/|IK@B, -)I* for BE (~d.d), then the problem of
finding a best approximation to fis equivalent to finding a f € (—d, d) that
minimizes .

LEMMA 3. For each € (—d,d), w(B) = /1 — |/ u(B. )]
Proof.  w(BY=|IS1> = 2 £ r(B. )] + | r(B. -)II*. But from (16).
LK B )

(8.l :HS(/”)K(ﬁw)H‘—WHKUi')i\'
_ » K(IH*',) 2: 2
|7y ) e
and also

[forB. )| =sB) £, KB, )] = TRGT
- I./"u(ﬂ7 )|2
Thus, w(B) = fII* — [fru(B. )]*. B

LEMMA 4. For each p € (—d.d). | fou(—=4, )| = 1/ u(B. )]

Proof. | fi u(—B. )| = 14 f(x) u(=p. x) dx = |} f(x) u(ff, 2p — x) dx =
2r@2p—uB tyd= 070 (B.tyde=|f uB. )|, where r = 2p — x and
where we have used Lemma 2.

From Lemma 4, the following two corollaries are immediate.
COROLLARY 1. ()= y(—p) for every € (—d. d).

COROLLARY 2. For i=0,+l..tn, w@)=| 1"~ 1 and hence
[f> 1
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From the definition of f, we have that u(g,,-)=r(f,. )
i=0,+1, +2...., +n, but it remains to be seen whether or not the value
w(0)=|f|I’—1 is a global minimum for y. The following lemma
demonstrates that we may confine ourselves to a bounded interval in
checking this.

LEMMA 5. For f satisfying ||u(B, )ll, < /]| fl.. we have w(fi) > y(0),
where || 1|, denotes the L -norm.

Proof. wB)= /1" = 1/ u@ )P 2 /17 =S5 |u(. Ii and there-
fore  w(B)—w(0)=1—[fiuB )" > 1[I lu(B ;. Hence if
=11 SII2 fu(B. )|I} > 0, then w(f) > w(0) and this condition is equivalent to
T M < WS- B

COROLLARY 3. For K(B,x)=e"" over (—o0. )X |0.1] if B> 2| f]
then w(f$) > w(0).

Proof. We simply calculate

lu(@. ), = I} (éﬁiﬁ_T) B g (eMZﬁ_ 1) ea; |

SHRCSIN

For >0, (#—1)/(e¢®+1)<1 and hence [u(B. ), <(2/8}"°. By
Lemma 5. if (2/8)"* < 1/||f]l, then w(B) > w(0). But this is equivalent to
g>2071% - 1

As mentioned in the introduction we do not have a proof of the following
theorem in the strict mathematical sense. We are able to give a
computational “proof” in the manner described below which shows that
Braess's question has been answered in the affirmative up to the accuracy of
our numerical procedure.

N
s

THEOREM. For n=1. f,=2, and K. x)=e" defined over
(~00. 00) X |0, 1]. there exists a unique function f(x) of the form (1) have
exactly 2n+ 1 =23 global best approximations (in the L, sense), namely.
w(—2.x), u(0, x) = 1, and u(2, x), where u(f3, x) = (28/e™* — 1)'* &**.

“Proof.” The “proof™ of this result was accomplished as follows. The
values a,, a,, and b, that determine f were found by solving the linear
system (6), (7) numerically. Then by computing the values of fon [0. 1] on
a grid of equally spaced points whose common spacing was sufficiently
“small™ (a spacing of 0.05 was found to be sufficient), the inequality
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I/l < 3.76 was obtained. Finally, a similar search verified that f = +2, 0
were the only minima of w(f) in (—32,32) and since 2| f||> <32 we
concluded from Corollary 3 that f has u(0.x). u(2.x), and u(—2. x) as its
only global best approximations. “§”

This same technique was successfully applied to the case n=2 (ie.
N=3). For n >3 (i.e., N > 7) the interval obtained from Corollary 3 was so
large that overflow occurred in the computations and so the results were
unreliable. However. all the evidence at our disposal indicates that the

following conjecture is correct.

Conjecture. Given n>1 and any 2n+ 1 distinct values ;.
i=0 tl.... +n symmetrically placed about the origin in (—d, d) there is a
unique / of the form (1) having each function u(f,. -). i = 0. +1..., 41 as its
set of global best L,-approximations from the approximating family
S=1aK(p. )Y a€R.pE(—d d)}.
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