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We study late-time cosmic accelerating dynamics from Born–Infeld- f (R) gravity in a simplified conformal
approach. We find that a variety of cosmic effects such as Little Rip, �CDM universe and dark energy
cosmology with finite-time future singularities may occur. Unlike the convenient Born–Infeld gravity
where in the absence of matter only de Sitter expansion may emerge, apparently any FRW cosmology
maybe reconstructed from this conformal version of the Born–Infeld- f (R) theory. Despite the fact that
the explicit form of f (R) is fixed by the conformal ansatz, the relation between the two metrics in this
approach may be changed so as to bring out any desired FRW cosmology.

© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.
Modified gravity provides a very natural approach for the de-
scription of the evolution of the universe by generating early-time
as well as late-time cosmic acceleration via the modification of
standard General Relativity (for recent reviews on modified grav-
ity, see [1]). It is remarkable that within this approach a unified
description of the early-time inflation with late-time dark energy
is possible, as first proved in Ref. [2].

An interesting model of modified gravity extensively consid-
ered recently is the so-called Born–Infeld (BI) theory [3], whose
Palatini formulation avoids the appearance of ghosts. Some cosmo-
logical properties of BI gravity have been discussed in a number of
works [4]. The peculiarities of the Palatini formulation imply that
the connection is compatible with an auxiliary metric algebraically
related with the space-time metric via the matter sources. This
type of algebraic relations makes it quite difficult to get consistent
generalizations of the original BI model. However, we have recently
demonstrated [5] that a non-perturbative and consistent general-
ization of BI gravity is possible when an f (R) term is added to
the original theory (hence dubbed BI- f (R) theory). In the present
letter we consider the BI- f (R) theory using a simplified confor-
mal ansatz which, despite not being the most general approach
(see Ref. [5] for full details), it may be used to discuss a num-
ber of interesting situations. In fact, we explicitly construct Little
Rip, �CDM and �CDM-like cosmologies with finite-time future
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singularities. The possibility to reconstruct eventually arbitrary cos-
mologies like in f (R) gravity [6] is briefly mentioned.

Let us briefly review the standard BI theory [3,7]. The action for
this theory is given by

SEiBI = 2

κ

∫
d4x

[√∣∣det
(

gμν + κ Rμν(Γ )
)∣∣ − λ

√|g| ]
+ SM [g,Ψ ], (1)

where gμν is the metric, Rμν(Γ ) = Rα
μαν is the Ricci tensor,

where

Rα
μβν = ∂βΓ α

νμ − ∂νΓ α
μβ + Γ α

βλΓ
λ
νμ − Γ α

νλΓ
λ
μβ (2)

is the Riemann tensor of the connection Γ λ
μν , which is a priori

independent of the metric (Palatini formalism), and λ is a dimen-
sionless constant. The matter action depends on the matter fields,
denoted generically by Ψ , and the metric gμν but not on the con-
nection. The theory is considered under the Palatini formalism, i.e.,
Γ α

μν is not assumed a priori to be the Levi-Civita connection of the
metric gμν . Additionally, we assume that the Ricci tensor is sym-
metric and that there is no torsion.

Varying the action (1) with respect to gμν gives

√
q
(
q−1)μν − λ

√
g gμν = −κ

√
gT μν. (3)

Here T μν is the standard energy–momentum tensor with indices
raised with the metric gμν , q = det qμν ,
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qμν ≡ gμν + κ Rμν(Γ ). (4)

Varying the action (1) with respect to the connection we obtain

∇α

[√
q
(
q−1)μν] = 0, (5)

where the covariant derivative is taken with respect to the inde-
pendent connection. As is well-known, the covariant derivative of
a tensor density is given by

∇μ
√

q = ∂μ
√

q − Γ α
μα

√
q.

For the vacuum case (SM = 0), substituting Eq. (3) into (5) gives

∇α

[√
g gμν

] = 0, (6)

which tells us that the connection is given by the Christofell sym-
bols of the metric gμν . That is q = λg and we see that Rμν =
λ−1
κ gμν . If we consider the case λ = 1 then

Rμν = 0.

Thus, one sees the equivalence of BI gravity in vacuum with stan-
dard GR with cosmological constant.

In the general case, Eq. (5) means that the tensor q plays the
role of an auxiliary metric which is compatible with Γ

Γ α
μν = 1

2
qαβ(∂μqνβ + ∂νqμβ − ∂βqμν). (7)

We now propose a modified action containing an arbitrary
function f (R), where R = gμν Rμν(Γ ). Such an action defines the
BI-F (R) family of gravity theories and takes the form [5]:

SEiBI = 2

κ

∫
d4x

[√∣∣det
(

gμν + κ Rμν(Γ )
)∣∣ − λ

√|g| ]

+
∫

d4x
√|g| f (R) + SM [g,Γ,Ψ ]. (8)

Varying the action (8) with respect to the connection we obtain
the equation

∇α

[√
q
(
q−1)μν + √

g gμν f R
] = 0, (9)

where f R ≡ df /dR . The corresponding equation obtained by varia-
tion over the metric has the form

√
q
(
q−1)μν − λ

√
g gμν + κ

2

√
g gμν f (R) − κ

√
g f R Rμν

= −κ
√

gT μν. (10)

For simplicity, we now make the (simplifying) assumption that the
tensor qμν for the action (8) is conformally proportional to the
metric gμν :

qμν = k(t)gμν. (11)

In this case we have an auxiliary metric uμν which defines the
covariant derivative

Γ α
μν = 1

2
uαβ(∂μuνβ + ∂νuμβ − ∂βuμν). (12)

Here

uμν = (
k(t) + f R

)
gμν. (13)

For the condition (11) together with the definition qμν it is
clear that the Ricci tensor must also be proportional to the met-
ric gμν . One can write the relationship between the Ricci tensor
and the metric as

Rμν = 1 (
k(t) − 1

)
gμν. (14)
κ

Consider now the spatially-flat FRW universe with metric

ds2 = −dt2 + a2(t)
(
dx2 + dy2 + dz2). (15)

The auxiliary metric then takes the following form

uμν = u(t)diag
(−1,a(t)2,a(t)2,a(t)2), (16)

where u(t) = k(t) + f R . Suppose now that Rμν = r(t)gμν where
r(t) is easy to find from Eq. (14). Now, the Christoffel symbols and
Ricci tensor of the metric (16) may be constructed leading to

r(t) = 3

2

[
2

ä

a
+ ȧ

a

u̇

u
+ ü

u
−

(
u̇

u

)2]
, (17)

r(t) =
[

ä

a
+ 5

2

ȧ

a

u̇

u
+ ü

2u
+ 2

(
ȧ

a

)2]
, (18)

where the upper dot denotes time derivative, i.e., ˙ ≡ d
dt . These two

equations for r(t) can be combined to get

r(t) = 3

(
H + u̇

2u

)2

, (19)

2Ḣ = H
u̇

u
+ 3

2

(
u̇

u

)2

− ü

u
, (20)

where we have defined H as the Hubble rate (H = ȧ
a ). Using these

two equations, one can verify that u̇
u = ṙ

r , which leads to

u(t) = cr(t) (21)

where c is a constant. The remaining equations lead us to

H = ±
√

u

3c
− u̇

2u
. (22)

From this result, as shown in [5], the form of the function f (R)

may be found explicitly

f (R) = 2

κ
(λ − 1) − R + c − κ

8
R2. (23)

It should be noted that when we selected the relation between
the metric gμν and the tensor qμν (11), the form of the function
f (R) and Eq. (22) is determined without using Eq. (10). How-
ever, Eq. (10) without matter does not contradict the conditions
obtained previously and allows us to fix some parameters.

The above consideration shows that this conformal approach al-
lows to obtain the solutions of equations of motion and the form
of the function f (R) only in the absence of matter or matter with
a constant energy-density ρ = const and p = −ρ . For more general
forms of matter, the complete non-perturbative formulation given
in Ref. [5] should be applied. Hence, we obtain the following form
of f (R)

f (R) = 2

κ
(λ − 1) + 2ρ − R + c − κ

8
R2. (24)

Let us stress once more that the solutions in the presence of ar-
bitrary matter may be constructed, as shown in detail in Ref. [5].
All this leads to the solution of the system of Eqs. (9) and (10) with
an arbitrary scale factor, which is determined from the Eq. (22).
From the other side, choosing the appropriate metric one finds the
relation between gμν and qμν . Hence, the reconstruction program
appears to be completely different from the usual f (R) gravity. Let
us consider several cosmologically-viable examples when the rela-
tion between the metric gμν and tensor qμν is explicitly chosen.
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Fig. 1. weff as a function of t (for u = eht ) with the parameters c = 0.1, h = −2,
u0 = 3 (solid line corresponds the sign “+” in (25) and dashed – “−”).

Fig. 2. a (blue (dotted) line), H (green (thin) line) and weff (red (thick) line) as a
function of t (u = th ) with the parameters c = 1, h = 6, u0 = 3 (continuous line
corresponds the sign “+” in (28) and dashed – “−”).

1. Little Rip universe

We can define the function u as u = u0eht . Then from the
Eq. (22) it is easy to find the scale factor

a = e
± 2

√
u0√

3ch
e

ht
2 − ht

2 , (25)

and

H = −h

2
±

√
u0√

3
√

c
e

ht
2 . (26)

The effective equation of state (EoS) parameter becomes:

weff = −1 − 2Ḣ

3H2
= −1 ∓ 4h

√
3
√

u0c

(3
√

ch − 2
√

3e
ht
2
√

u0 )2
e

ht
2 ,

where the time-dependence of the effective EoS is presented in
Fig. 1 for h < 0. The behavior of the effective EoS for h > 0 is ex-
actly the same as in Fig. 1, only the red line will meet the “+” sign
in Eq. (26) and blue – “−”.

It is easy to see that for a positive h (and sign “+” in the
expression (25)) we obtain the so-called Little Rip universe [8]
(a → ∞ and H → ∞ at future infinity). For negative values of h,
the model behaves as de Sitter universe at infinity. If in the expres-
sion (25) we choose the sign “+” then we observe the exponen-
tially expanding universe. If we select the sign “−” then the early
universe is compressed and then it expands, that is, we have the
so-called bounce cosmology [9]. The case with a positive value of
the parameter h and sign “−” in Eq. (25) is not interesting, since
the scale factor tends to zero. From Fig. 1 it is clear that phantom-
like (w < −1) as well as quintessence-like (−1/3 < w < −1) dark
energy cosmologies maybe obtained as solutions from our BI- f (R)

theory.
For the Little Rip scenario, the effective EoS is always less

than −1, so that the dark energy density increases with time, but
w approaches −1 asymptotically and sufficiently rapidly that a sin-
gularity is avoided. But it leads to a dissolution of bound structures
at some point in the future (similar to the effect of a Big Rip singu-
larity). As the universe expands, the relative acceleration between
two points separated by a distance l is given by lä/a. If there is a
particle with mass m at each of these points, an observer at one of
the masses will measure an inertial force on the other mass, as [8]

Finer = mlä/a = ml
(

Ḣ + H2). (27)

Let us assume the two particles are bound by a constant
force F . If Finer is greater than F , the two particles become un-
bound. This is the Rip produced by the accelerating expansion. We
see that this situation will be realized if H or/and Ḣ tends to
infinity even in the BI- f (R) gravity under consideration. Indeed,
we see that for h positive we receive the force Finer exponen-
tially growing with time which tends to infinity. For example, if
c = 1, h = 2, u0 = 1 the disintegration of the Solar System occurs
at Finer ∼ 1023, which corresponds to t ≈ 24.4 Gyr.

Note that in the model under consideration the curvature is de-
termined by the metric uμν = u0eht gμν , and R is equal to 4eht u0

c

rather than 3h2 − 3
√

3e
h
t 2h

√
u0√

c
+ 4eht u0

c as it should be for the met-

ric (25).

2. Power-law evolution

For u = u0th one finds

a = a0e
±2t

1+ h
2 √

u0√
3c(2+h) t−h/2, (28)

or

a = a0e
±2(t0−t)

1+ h
2 √

u0√
3c(h−2) (t0 − t)−h/2, (29)

for u = u0(t0 − t)−h . The Hubble parameter takes the form

H = − h

2t
± th/2√u0√

3
√

c
,

while for u = u0(t0 − t)h one should replace t → (t0 − t) and h →
−h. In the first case, the effective EoS parameter takes the form

weff = −3ch(4 + 3h) ± 8
√

3u0cht1+ h
2 − 12t2+hu0

(3
√

ch − 2
√

3t1+ h
2
√

u0 )2
,

and we can build time-dependence of the EoS parameter (Fig. 2).
We see that the effective EoS parameter approaches to minus one.
The behavior of the scale factor and the Hubble parameter can be
illustrated by Fig. 2.

We see that the expanding universe corresponds the scale fac-
tor a appropriate to the plus sign in Eq. (28). This is again Little Rip
where the singularity is moved to infinity. In addition, we again
observe a bouncing cosmology. For u = u0(t0 − t)−h one gets

weff = (−3ch(−4 + 3h)(t0 − t)h

± 8
√

3
√

ch(t0 − t)1+ h
2
√

u0 − 12(t0 − t)2u0
)

/
((

3
√

ch(t0 − t)h/2 − 2
√

3(t0 − t)
√

u0
)2)

.
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Fig. 3. weff as a function of t (u = u0(t0 − t)−h ) with the parameters c = 1, h = 8,
u0 = 3, t0 = 10 (red (thin) line) and c = 1, h = 4, u0 = 300, t0 = 10 (blue (thick)
line) (continuous line corresponds the plus sign in (29) and dashed – “−”).

Fig. 4. u as a function of t for metric (30) (continuous line corresponds y = 3/2,
dashed – y = 1/2) with the parameters c = 1, a0 = 50, t0 = 10, a1 = 1 (red line),
3 (blue line), 5 (yellow line), 7 (black line) and 9 (green line). (From the bottom to
the top.)

This model behaves almost like the model built with the metric
(28), but at the moment t = t0 we have a Big Rip singularity [10].
It should be noted that in this case the effective EoS parameter at
this time is equal to minus one. The time-dependence of the EoS
parameter is drawn in Fig. 3.

In the above examples two types of singularities occur. How-
ever, other types of finite-time future singularities are possible. For
quintessence dark energy, one can get a singularity for which the
pressure goes to infinity at a finite time, but the scale factor and
density remain finite (a sudden singularity, or a Type II singularity)
[10]. Alternatively, the density and pressure can both become infi-
nite with a finite scale factor at a finite time (a Type III singularity)
[10], or higher derivatives of the Hubble parameter H can diverge
(a Type IV singularity) [10]. It is known that the occurrence of a
singularity at a finite time in the future may lead to some incon-
sistencies.

Singularities of these types can be obtained by considering the
metric

a = a0 − a1(t0 − t)y, (30)

where a0, a1 and y are positive constants. If y = 1/2 then we have
Type III singularity. For y = 3/2 we have Type II singularity. For
y = 5/2 a Type IV singularity occurs.

Using Eq. (22) to specify the form of the scale factor one can
find the relation between the metric gμν and the tensor qμν . For
example, for y = 3/2 we obtain the following form of u(t)
Fig. 5. u as a function of t with the parameters c = 1, c1 = 1, t0 = 10 (red (thin)
line for l = −3, blue (dashed) for l = −2, green (thick) for l = −1, black (dotted) for
l = 1 and yellow (dot-dashed) for l = 2).

u(t) = (
36a2/3

0 a4/3
1

)

/

((
a0 − a1(t0 − t)3/2)2

(
−2

√
3ArcTan

[1 + 2a1/3
1

√
t0−t

a1/3
0√

3

]

+ 6a1/3
0 a2/3

1 c1 − −2 Log
[
a1/3

0 − a1/3
1

√
t0 − t

]

+ Ln
[
a2/3

0 + a1/3
0 a1/3

1

√
t0 − t + a2/3

1 (t0 − t)
])2)

, (31)

where c1 is integration constant, and c has been set to c = 3/4 for
simplicity.

In Fig. 4 we illustrate the behavior of the relation between the
metric gμν and the tensor qμν for y = 1/2 (Type III singularity)
and y = 3/2 (Type II singularity).

To the light of the above results, one may ask if a �CDM cos-
mology can also be reconstructed. The answer is positive. To see it,
let the scale factor have the following form

a = a0eg(t),

g(t) = 2

3(1 + w)
log

(
α sinh

(
3(1 + w)

2l
(t − t0)

))
, (32)

where w , α, l and a0 are constant. Such solution corresponds to
the �CDM-model, which was also reconstructed in f (R) grav-
ity [6]. For this metric, the FRW equation becomes

3

κ2
H2 = ρ0a−3(1+w) + 3

κ2l2
,

where α = 1
3 κ2l2ρ0a−3(1+w)

0 . Note, however, that when this metric
is substituted into Eq. (22) (restricting the choice of the posi-
tive sign in this expression) then a real solution is found only if
w ≤ −1/3. For example, if we choose w = −1/3 we obtain the
following expression for u

u = 3cl4 Csch[ t
l − t0

l ]2

(c1 − l3 Log[Tanh[ t−t0
2l ]])2

, (33)

where c1 is an integration constant. The behavior of this function
is illustrated in Fig. 5.

We thus see that, similarly as in f (R) gravity, one can get
�CDM cosmology by means of modifications in the gravitational
action. However, there is a qualitative difference between f (R) and
BI- f (R) gravity in this respect. The reconstruction in f (R) grav-
ity is achieved by the change of the function f (R). In BI- f (R)

gravity, on the contrary, the form of f (R) is uniquely fixed by in-
ternal consistency relations produced by the conformal approach.
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The reconstruction is possible thanks to the change of the relation
between the two metrics. Indeed, we see that the choice of the re-
lation between the metric gμν and the tensor qμν in the form of
the conformal connection (gμν = u(t)qμν ) uniquely determines the
form of the function f (R) (23) in the absence of matter or (24) for
matter with a constant energy density ρ = const and p = −ρ . For
other types of matter one should use the (more complicated and
non-conformal) Palatini formulation developed in Ref. [5]. Hence,
we obtain Eq. (22) from which one gets either a(t) or u(t). It is
remarkable that one can get an arbitrary FRW cosmology as so-
lution of BI- f (R) gravity using the above scheme. For instance,
the unification of early-time inflation with late-time acceleration
within BI- f (R) gravity may be done. Of course, the corresponding
expressions are a little bit complicated and will not be presented
here.
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