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1. INTRODUCTION

Traditional thermal explosion theory is used to describe reaction
initiation in condensed explosives and is limited formally to nondeformable
materials. Kassoy and Poland [4] significantly extended this theory to
develop an ignition model for a reactive gas in a bounded container in
order to describe the induction period. During this induction period there
is a spatially homogeneous pressure rise in the system which causes a com-
pressive heating effect in the constant volume container. Mathematically
this compressibility of the gas is expressed by means of an integral term in
the induction model for the temperature perturbation 8(x, ¢). This model is
given by

y—1

0,— 40 =6e° + 0,(x,t)dx

1
;’;l_g Jﬂ
B(x,0)=¢(x)=0, xeQ (D)
B8(x,1)=0, xedQ, =0,
and (D) motivates this paper.
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In an earlier paper, Bebernes and Bressan [2] analyzed this ignition
model (D) for a compressible reactive gas and proved the following using
semigroup techniques. For any positive value of the Frank-Kamenetski
parameter 0 and any value of the gas constant y > 1, (D) has a unique
classical solution 8(x, t) on Q x [0, T) where £ is an arbitrary bounded
container and T= +o0 or T'< +0o0. In the latter case, 8(x, ¢} blows up as ¢
approaches T. If § > d;¢, the Frank—Kamenetski critical value, then T < o
and blow-up or thermal runaway occurs in finite time.

The purpose of this paper is to describe where blow-up occurs in the
container £ for a more general problem

u,— Au= f(u)+ g(1)
u(x, 0) = ¢(x), xeQ (G)
u(x, 1)=0, xedf, t>0.

2. STATEMENT OF PROBLEM

Consider
u,— Au= f(u)+ g(t) (2.1)
u(x, 0) = ¢(x), x€ 8, (2.2)
u(x, t)=0, xe€ 082, t>0,

where we assume throughout the paper that

Q=By={xeR" x| <R},

$eC(Q),$=00n0Q, >0, 46+ f(4) >0,
¢ is radially symmetric and radially decreasing on 2,

feC, f(u)z0foruz0, (2.3)
ge C, g(1) =0 on its domain of existence, or

K
vol Qg

g(t)= u(x, t)dxwith0<K<1.

Then the following facts are known [2]:

(i) a unique solution u(x, t) of (2.1)-(2.2) exists on 2 x [0, ), 6 >0
sufficiently small;

(i) u(x, 1)=0;

(ii'y if g'(1)=0 or if g(t)=(K/vol.Q)j}2 u,(x,t)dx with 0<K<1,
then u, 20 and uy(¢) = max, u(x, t) is increasing;

505/73/1-3
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(iii) if wu(x, 1) exists on 0<t<o<oo and ug(c~ )< oo, then the
solution u can be uniquely extended to 0 <t <o +¢, £>0.

Let T=sup{o: u(x, t) exists on 0< t<o}.

(iv) u(x, t) is radially symmetric and u(-, 7) is radially decreasing for
te[0, 7).

(v) If T< oo, then uo(T™ )=maxg u(x, T~ )= +c0.

We always will assume that R>0 and ¢(x)>=0 are such that T < o0;
then u(x, ) blows up in finite time. When g(z) = (K/vol Q) j',z ulx, t) dx, we
always must assume 0 < K< 1 to assure local existence for (2.1)-(2.2).

DEFINITION. A point xe 2 is a blow-up point if there exists {(x,,1,)}
such that t, - T, x, - x, and u(x,, t,) > +0o0 as n— .

The purpose of this paper is to determine the set of blow-up points for
(2.1)~(2.2) primarily when Q = B.

In the next section we review and extend one of the known results for
(2.1)-(2.2) when g(¢)=0.

In Section 4, we prove our key results which can be summarized as
follows. Assume 2 = B, and blow-up occurs at 7.

(I) If ({Tg(r)dt=+oc0, then blow-up occurs everywhere
(Theorem 4.1).
(II) If fTg(r)< +oo and flu)=e" or flu)=(u+4)’, 120, p>1,
then blow-up occurs only at x =0 (consequence of Theorems 4.5 and 4.6).
(1) If g(¢)=(K/vol ) jg u(x,t)dx, K<l and f(u)=(u+41)?,
A20, 1 < p<1+2/n, then blow-up occurs everywhere (Theorem 4.4).
avy 1If g(t)=(K/volQ)jg u(x,t)dx, K<1, and f(u)=e" then
blow-up occurs at a single point (Theorem 4.5).
(V) If g(t)=(K/volQ)[qulx,t)dx and f(u)=(u+A)?, 120,
p> 1+ 2/n, then blow-up occurs only at x =0 provided K< 1 is sufficiently
small (Theorem 4.7).

3. g(t)=0—ReviEw oF KNOWN RESULTS

Baras and Cohen [1], Friedman and McLeod [3], Weissler [6], and
Weissler and Mueller [7] have considered (2.1)-(2.2) when g(¢) =0 and for
particular f(u).

When f(u) =e* and g(f)=0, Friedman and McLeod [3] proved
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THeEOREM 3.1. (a) x =0 is the only blow-up point in By.
(b) Given a.e(0, 1), there exists K, >0 such that

2
u(x, 1)< —alnx+Ka (3.1)

on B,x [0, T].

They proved this result by using a maximum principle argument applied
to J(r,t)=w+er"F(u) where r=|x|, w=r""'u,, and F is a positive
function with F,, F,,>0. If, for ¢ >0 sufficiently small,

f'F—Ff>2enFF', (3.2)
then J satisfies

n—

1
J, + J,—J,,—bJ<0, O0<r<R 0<t<T, (3.3)

¥

where b is a bounded function for 0 <r < R, and moreover J cannot take a
positive maximum on r = R. Also, for ¢ small anough J<0 at 1=0. By the
maximum principle J<0 on 2 x [0, T). If F(u)=e* with ae(0, 1), then
(3.2) holds and

r" "y, < —er"F(u) (34)
follows. Setting H(u)=(1/a)e *, then H,= —e *u,>er. Integrating,
they obtain

2
u(r, t)s;lnr_’+Ka (3.1)

and hence blow-up occurs at x =0 only.
This same argument can be used to improve the upper bound estimate
on u.

THEOREM 3.2. If f(u)=e", then

u(r, )<2lnr'+In(lnr Y+ C. (3.5)

Proof. The function F(u)=e*-(1+u)~! satisfies (3.2) for 0 <e<1/2n.
Then, since [ ds/F(s)=(u+2)e~* we have from

u

e

u, < —er
T u+1
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that

er?

e “=2—.
(u+2)e 7

Hence, —u + In(u + 2) > In(er?)/2 implying
1
u—ln(u+2)<21n;+C’

and {
u—lnuSZln;+C”.

1
Thus, u<21In 1/r+ C" + In(2/a ln—r—+Km) by (3.1) and we conclude
1 1
u(r, t)<21n7+lnln7+C.

Using the same type of argument as for Theorem 3.1, Friedman and
McLeod also proved for f(u)=u?, p>1:
THEOREM 3.3. Let f(u)=u?, p> 1. Consider IBVP (2.1)-(2.2).

(a) x=0 is the only blow-up point in By.
(b) Given xe(l, p), there is a C>0 such that

c
u(x, f)Sx—z/(u—,l—,-

Baras and Cohen [1] have recently proven that the solution u(x, t) of
(2.1)-(2.2), with g(¢)=0 and under some special assumptions on f, blows
up completely after 7 and hence, in a sense to be made precise later,
everywhere in Q after T.

Consider the following sequence of approximating IBVP’s to (2.1)}-(2.2):

w,—Aw = f,(w) (3.6)
w(x, t)=0, xe€df, t>0
w(x, 0) = ¢(x), xef,

(3.7)

where f, is uniformly Lipschitz continuous, nondecreasing, f,(0)=0, and
f.1f For each n, (3.6)-(3.7) has a solution u,(x, t) on £ x [0, o).

THEOREM 3.4. Let f(0)=0. If one of the following three hypotheses
holds,
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H,. Q is convex and if n=2, there exists pe (1, n/(n—2)) such that
0<f'w)<c(lul” "+1), u=0;

H,. [ is convex and there exists ¢>1, a=0 such that f(u)/u? is non-
decreasing on (a, + o0);

H,. f is convex and there exists pe(l, (n+2)/(n—2)) such that
0<lim, _,  f(u)/u” < oo, then
v oo UnX, D =1u(x, 1), (x, ) e X [0, T);
(b) lim,_, , u,(x, )= +00, (x, 1) e 2 x (T, c0);

(¢) lim, _ , u(x, T)=1lim,_ - u(x, t), xe Q.

(a) lim

For IBVP (2.1)-(2.2) with g(¢) =0, we will prove that u(x, r) blows up
at a single point x =0 or everywhere as t » T.

4. g(t) 2 0—NEew RESULTS

For IBVP (2.1)-(2.2) assuming the hypotheses (2.3) we now show that
u(x, t) blows up everywhere at T or at a single point.
THEOREM 4.1. If (I g(t) di= +oc0, then

lim wu(x, )= +o0  forall xeBg
t—> T~

and u(x, t) blows up everywhere.

Proof. Fix any xe€ B and let p = R— |X|. On the ball B(x, p) < By, the
solution u(x, t) of (2.1)-(2.2) is an upper solution for

v,=Adv+ g(1)
v(x,0)=0, [x—x|<p (4.1)
v(x, 1)=0, |x — x| = p, te[0, T).

Using the Green’s function for (4.1), the solution v(x, f) of (4.1) can be
expressed as

o&n={ [ Gy t~s)g(s)dyas
0 Y“B(x, p)
zf'g(S)f G(x, y, T—0)dyds
0 B(x, p)

>Kp) [ g(s)d,

where K(p) = [ p. ,) G(X, », T) dy.
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Clearly, as t—-T", wv(X%1)»> o0 since [Ig(s)ds= +oo. Since
v(x, 1)<u(x,t) on |x—x|<p, te[0,T), u(x,1)> +o0 as t— T . But
X € By was arbitrary and thus blow-up occurs everywhere.

Remark. Note that Theorem 4.1 holds for arbitrary domains and not
just for radially symmetric problems.

THEOREM 4.2. Consider IBVP (2.1)-(2.2) with g(1)=(K/vol)R [, u,(x, 1)
dx, 0< K< 1. If the solution u(x, t) of (2.1)-(2.2) blows up at some x # 0,
then it blows up everywhere in Bg.

Proof. First observe

K
vol Q

K
vol Q

jo gls) ds = jo L u,(x, 5) dx ds = jg (u(x, 1) — (x)) dx.

If lim, , - u(X, 1) = +o0, by the radial monotonicity of u,

J u(x, t) dx?f u(x, t) dx = vol B u(x, t)
2

|x| < 1%

—oo as t— T . Hence [J g(s)ds= +co and by Theorem 4.1 blow-up
occurs everywhere.

We now prove a theorem, similar to Theorem 3.1 of Friedman and
McLeod [3, p.432], which allows us to get lower bounds on u(x, ¢) and
the integral of u(x, t) over Q.

THEOREM 4.3. Assume [ f(u)du= +oo. Let u(x,t) be a solution of
IBVP (2.1)-(2.2) which blows up only at x=0. Then there exists a
t*e [0, T) such that

[Vau(x, D)2 < 20 — Flu(x, 1)) + Fluo(£)) + Lf (uo(1))] (4.2)

for all fe(t*,T) where F(w)=[4 f(u)du, L=[]g(t)dr<cw, and
uy(t) =u(0, t) = maxg u(x, t).

Proof. By the assumptions and Theorem 4.1, it follows that L < co.
Since u blows up only at the origin, both » and Vu are uniformly bounded
on the parabolic boundary 8@ of the cylinder 3= {(x, ¢): |x] < R/2,
0<r<T}. This follows from classical interior estimates. For let
v=u—G(t) where G(r)= [§ g(s) ds, then Vo =Vu and v,= 4v + f(v + G(¢))
where G(¢) is bounded on [0, T]. Hence,

2
max {IVu(x, Dl

+ Fu(x, t))} =M < 0.
(x, 1) €80 2
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Choose t* < T so that Fluy(t))> M for all te[t* T) (such a ¢* exists
because u,(¢) is increasing to + oo (recall (ii’} and F(w) - +00 as w — o0).
For any fe[t*, T), define

2

+ Flu(x, ) = Fluo() ~ Sl | g() ds. (43)

We will show by a maximum principle argument that J(x, t)<0 on
{(x, 1): |x] < R/2, 0< t<{}. From this, (4.2) follows immediately.
Notice that, on 60, we have

ﬂxnsM—ﬂ%mrdww»ﬂgnw<o
Moreover, for x=0eR", te[0, 1),

J(0, 1) < F(u(x, t)) — F(uo(f)) <0.

A direct computation yields
J(x, 1) =Vu -V(du) + f'(u)|Vu|> + f(u) du
+2(u) + f(u) g(1) — f(u(D)) 8(1),
VJ(x, t) = du(Vu) + f(u) Vu= (du+ f(u)) Vu,
and

AJ(x, t) = (Au)* + Vu -V(du) + f'(u)|Vu|* + f(u) du.

Using the fact that
|VJ — (4u) Vu|?* = |Vu|? (4u)* + VI[VJ — 2(4u)Vu]
= () |Vul?,
we obtain

[VJ ~2(4u) Vu]-VJ
Vul?

= [f(u(x, 1)) — f(uo(1))] g(1) <O.

Noting that Vu=0 only at x=0€R", the Maximum Principle implies
J(x,0)<0 for |x|<R/2, 0<t<{ In particular, J(x,7)<0 and (4.2)
follows.

J(x, t)— AT —
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COROLLARY. In addition to the hypotheses of Theorem4.3, if f'(u)=0
Jor u>0, then

IVu(x, 6)1% < 2f (uo(1))(uo(2) — u(x, 1) + L) (44)
Jfor t sufficiently close to T.

Proof. Take t=1{in Theorem 4.3 and use F(uy(t))— F(u)= J f(s)ds <
(uo —u) f(uo)-

We now are in a position to prove one of the key results of this paper.

THEOREM 4.4. Assume f'(u)=0 for u>0, f(u)=o(u'*¥") as u— oo,
and let g(t) = (K/vol 2) [ u/(x, t) dx with 0 < K < 1. Then the solution u(x, t)
of IBVP (2.1)-(2.2) satisfies

m wu(x, )=+ for all xe By
t—>T"

and blow-up occurs everywhere.

Proof. 1If the conclusion were false, then single point blow-up must
occur by Theorems 4.1 and 4.2.

Using the facts that u is radially symmetric and (4 4), we can derive a
lower bound on u(x, t):

j’ fu,(r, t)|
o (uo(t) — u(r, t)+ L)"?

(uo(1) —ulr, 1)+ L) <27 2f(uy(t))r + L'?
uo(t)+ L —u(r, t) < flug(t)) r* + 2L.

dr <[ 2Vf(ug(t)"" dr
0

Thus,
u(r, 1) = uy— L — flug) r*. (4.5)

We now use (4.5) to get a lower bound on the integral of u(x, ¢) over £.
Let w, denote the area of the surface of the n-dimensional ball. From (4.5),
u=uy/2 on r>ry = [(uo/2 — L)/f(uo)]"*

Thus, u>uy/2 if r <r,. Integrating over §2, we get

Joulx, t)dx=w, f u(r, t)r"='dr
0

I‘]uO

—1

>w,,f —r*"ldr
0o 2

cr(g-o) ]
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Since f(s) = o(s' *?") as s — oo, this last term tends to oo as uy — o0, that
is, as t = T~. This implies that

. ! . K
tim [ gts)ds= fim | 5] Tutx 0= g1 dx | =+
and is a contradiction with Theorem 4.1. We conclude that u(x, t) blows up
everywhere at 1=T.

Remark. The conditions on fin Theorem 4.4 are satisfied for all f of the
form (u+2)? with Az0and 1<p<1+2/n
An obvious question is: what happens if p> 1+ 2/n? We first consider

fu)=e"

THEOREM 4.5. If f(u)=¢€", g(t) = (K/vol Q) jg u(x, t)dx with0O<K<1,
then the solution u(x, t) of IBVP (2.1)~(2.2) blows up only at x=0.

Proof. The proof is similar to that given by Friedman and McLeod [3,
pp. 427-4297. Set w=r"""'u,, c(r)=¢r* where £¢>0 is to be determined,
J(r, t)=w+ cF(u, t) where F(u,t)=e** ") with ae(0,1) and G(¢)=
I5 g(s) ds.

We claim J< 0 on B x [0, T). This will be accomplished by again using
a maximum principle argument applied to J.

It is observed immediately that

—1
w,+f1r—w,—w,,—f'(u)w=o. (4.6)

Using (4.6), u,=w/r" "' and w= —cF+ J, a direct computation gives

n—

1
J + J,—J,—bJ

p
< —c(f'F—F,f—2enFF)+c(F, g+ F)), 4.7)
where b= f'(u)—2¢F,. If (i) f'F—F,f > 2enFF, and (ii) F, g + F, <0, then

n—

1
J + J,—J,—bJ<0 (4.8)

on [0, R]x [0, T). (ii) is immediate and (i) holds if ¢ < (1 —«a)/2na. To
apply the maximum principle to J knowing (4.8), we need only check
behavior of J on the parabolic boundary of (0, R)x (0, T). At r=0,
J(0, 1) =0. Next we observe that J cannot take a positive maximum on
r=R since J,<w,+c¢'F and thus J,(R r)< —R" [ f(0)+ g(t)]+
¢'(R)F(0,1)= —R" " '[1+g(1)]+enR" e~ < R*™ '[en—1—g(1)]
<0 if e<1/n. Finally, note that J(r,0)=r""'¢'(r)+cF(¢,0)<0 on
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0 <r < R provided ¢ > 0 is sufficiently small and ¢’(r) < 0. (As noted in [3],
this can be relaxed to ¢'(r) <0.) We conclude J(r, t) <0 on [0, R] x (0, T].
Thus

n— a(u— G(t))

r"lu, < —er'e
and
—e T MGy > ey,
Set H(u, t) = (1/a) e ~**~ ¢ then
H.(u, t)=er (4.9)

and integrating, we have

_ _ oer
e ~alutr. ) G(t)]>

From this, we have
1
u(r, t)sgln rio—mZ g G(1). (4.10)
o a 2
Integrating over £ = B, recalling that
K
G <—=— f u(x, 1) dx, (4.11)
we get from (4.10)

11
fg u(x, 1) dxsfn <§ In o= in %) dx+KL u(x, ) dx  (412)

x|

or

(1-1{)[ u(x, z)dx<j < lnl—xl-;ln?)dx<oo

and blow-up occurs at a single point provided K < 1.

Remark. From the proof of Theorem 4.5 if f(u) = e* and [J g(s) ds < o0,
then u{x, t) blows up at a single point x =0.
In fact, we can prove more if [§ g(s) dx < co.

THEOREM 4.6. If G(1)=[§ g(s)ds<oo for te[0,T], if f'(u)=0 for
u>0,if F>0, F, F"'20, and if
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for all K> 0, there exists ui such that
f'(w) Flu—8&)—f(u) F(u—&) 2 2neF(u~ &) F(u—¢)  (413)
foralluzu, 0< <K, and £ > 0 sufficiently small,

then the solution u(x, t) of IBVP (2.1)-(2.2) blows up only at x=0.
Remark. If f(u)y=(u+4)?, p>1, and Fu)=(u+ 1), L <g<p, i=0,
then (4.13) is satisfied and single point blow-up occurs.

Proof. The proof proceeds as for Theorem4.5. Set w=r""'u,,

c(r)=¢r", £>0, and let
J(r, )y =w+ cFlu— G(1)).

Then

n—1
J,+

J,—=Jp—=bl= —c(f'(u) Flu—G)— F(u—G) f(u)

—2enF(u—G) F(u—G)). (4.14)

Let L =G(T). By assumption (4.13), there exists # >0 such that (4.13)
holds for u>u, 0<Eé<L, and ¢>0 sufficiently small. Thus, for all
(r, 1) e [0, R] x [0, T] such that u(r, t) > i,

n—1

Jo+ J,—J,—bI<O0. (4.15)

If blow-up occurs at some r*>0, then lim,_ - u(r, t)= +oo for all
re [0, r*) since u is radially decreasing. In particular, there exists a
t,€ [0, T) such that u(r*/2, 1) =i for all te[¢,, T).

By the implicit function theorem, there exists a continuously differen-

tiable function r,(¢) on [¢,, T) with range contained in [r*/2, R) such that
u(r(z2), t)y=1ufor te [t;, T). We claim that

u(ri(t),t)s —M<90

for some constant M >0 and all e [¢,, 7). Indeed, since f, g=0, the
solution v of the IBVP,

n—1

v' = Urr + UY

o(r, 1) =u(r, t,), re(ﬁ, R)

r*
v(;, t)=ﬁ,u(R, =0, telt,, 1),
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provides a lower bound for u. Hence

—M= max v(R,s)zu (R, 1)
sely, T]

for all te[¢t,, T).
The function u, satisfies the IBVP:

-1
(), = by + "t S () 8,

*

u{R )y —M <0, u, (-ra— t) <0 forte[t,, T),

*
ulr,t;))< —M, re [%’ R], for some M’ > 0.

Since f'(u) =20 and u, <0, (u,),<u,, +((n—1)/r)u, and we conclude that
there exists a constant M” such that u,(r, 1) < —M” <0 uniformly on the
set A= [r*/2, R]x [¢,, T). Using this bound, we see that by choosing ¢ >0
sufficiently small,

J(ri(2), 1)<0 and J(r, £,)<0

for re[t,,T), re[0,R). At r=0, J(0,7)=0. An application of the
maximum principle to J knowing (4.15) yields J<0 on the set
B={(r,1):0<r<r(t), t,<t< T} Hence r"~'u, < —er"F(u— G(t)) for all
(r, 1) e B. We then have

ur

—_—_—
Fu-10)" %

and integrating
rou dr_er?
— ___2__
0 F(u—— L) 2
or
wro-L dz  gr?
-| Z >
up— L F(Z) 2
Set H(s)= +{5 _, dz/F(z), then

2

— H(u(r, t)—L)zfg—
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and

er?

u(r,t)gH”l( 2>+L for (r,t)eB.

By this contradicts our assumption that blow-up occurs at some r* > 0. We
conclude that blow-up occurs at a single point.

THEOREM 4.7. If f(u)=(u+1)? where A20 and p>1+2/n, and
g(t) = (K/vol Q) [ o u,(x, t) dx, then the solution of (2.1}~(2.2) blows up only
at x=0if 0K K< K, and K< 1 where K, is a constant depending on n, 4, p,
and ¢.

Proof. The idea of the proof is exactly the same as that of Theorem 4.5.
Set w=r""lu,, c(r)=er” with £ >0 and F(u, t) = e ~““(u+ u)? where o >0,
u>0,and p=4, and 1 +2/n<qg<p.

Consider J(u, t)=w+ cF(u, t). Again, (4.8) holds for J provided that
(1) f'F—F,f>2enFF, and (ii) F, g+ F,<0.

For (ii), we note that

gF, + F,=e*(u+p)'~'{qg —og(u+p)}
so condition (ii) holds if
o= g. (4.16)
Now

fF—fF,=(u+ 4" "u+p) e “{(p—qlu+(pu—qh)}
> 2neq(u + p)* e ¢

= 2neFF,

provided

e<A? Y(pu—qi)/2nqu’. (4.17)

Certainly J=0 or r=0 while J, <0 on r=R if ¢<1/n. Moreover at
t=0,J=r""¢'+er" (¢ +p)?<0if

e<inf{—¢'/r(¢ + u)?}. (4.18)
Then from the maximum principle J<0 in [0, R] x [0, T). Thus

" lu, < —ere T % (u+ p)e.
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Integrating from O to r, we have

2

()2 (g=1)se 0

which gives
u<[2e*/e(q—1)] - Dpn—1-2a—1) 4.19)

Integrating (4.19) over 2 and using (4.11) we have

26 1/g—1)
G< nK Rl 2e “ lrnfl—l/((l—l)dr
wan 0 g(q_l)

= 2 ey «G/q—1
_nK[W] e In=2/(g—-1)]  (4.20)

For K sufficiently small, say K< K,(n, ¢, «, q), there is some G, giving
equality in (4.20). Then since G(0) =0, G(¢) remains bounded above by G,.
Hence (, u dx is also bounded and « only blows up at x=0.

Note that K, is given by the maximum value of K, for u= 4, u>0,
1+2/n<g<p, a=q/u, and 0<e< 1/n satisfying (4.17) and (4.18).

Remarks. (1) From the proof of Theorem 4.7, if f(u) = (u+ A)?, A =0,
p>1, and |7 g(s) ds < co we again have that u blows up at the single point
x=0.

(2) We conjecture, but cannot prove, that Theorem 4.7 is true for all
p>1+n/2 and 0 < K< 1. Our result is considerably more restrictive.
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