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We have shown that changes occur in a (2 + 1)-dimensional charged black hole by adding a charged
probe. The particle increases the entropy of the black hole and guarantees the second law of
thermodynamics. The first law of thermodynamics is derived from the change in the black hole mass.
Using the particle absorption, we test the extremal black hole and find out that the mass of the extremal

black hole increases more than the electric charge. Therefore, the outer horizon of the black hole still
exists. However, the extremal condition becomes non-extremal.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
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1. Introduction

The anti-de Sitter (AdS)/conformal field theory (CFT) correspon-
dence [1-4] relates a gravity theory in a bulk AdS spacetime to
a CFT on the AdS boundary. Since AdS black hole thermodynam-
ics is observed in the dual CFT that resides on the boundary [5],
dual CFT properties can be investigated through those of AdS black
holes. The instability of a Reissner-Nordstrom-AdS (RN-AdS) black
hole has been found in the presence of a charged scalar field be-
low critical temperature [6]. In the AdS/CFT correspondence, the
instability is interpreted for the CFT on the boundary as super-
conducting instability [7,8]. Including superconductivity, the con-
densed matter theory (CMT) is described as a (1 + 1)-dimensional
field theory; thus, its gravity dual in the bulk corresponds to the
(2 4+ 1)-dimensional Bafiados-Teitelboim-Zanelli (BTZ) black hole
[9,10]. In the AdS/CFT correspondence, the charged BTZ black hole
[11,12] is important as a duality of the (1+ 1)-dimensional bound-
ary CFT with a background electric charge [13,14] and a holo-
graphic superconductor [15-18]. Through this duality, the dual CFT
phases are similar to Fermi-Luttinger liquids [19,20].

Black hole entropy is the key to studying black hole ther-
modynamics which depends on the mass and momenta of the
black hole. The addition of a particle can change the mass of a
black hole [21], which is divided into reducible and irreducible
masses [22]. The reducible mass corresponds to the rotational
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energy, which can be decreased [21,23]. The irreducible mass is
the surface energy [24], which always increases due to the con-
served quantities of the particle. The square of irreducible mass
is proportional to the surface area of the black hole [25]. The
surface area is also interpreted as black hole entropy [25,26].
The microscopic origin of the black hole entropy has been ex-
plained through microstates [27-30] and has been obtained in the
(2 4+ 1)-dimensional BTZ black hole. BTZ black hole entropy cor-
responds to the Cardy formula [31] for the asymptotic growth of
states for the (1 + 1)-dimensional dual CFT [32] that resides on
the AdSs boundary [33]. Through the correspondence, changes in
the BTZ black hole are interpreted in terms of the dual CFT mi-
crostates [34].

A black hole has a singularity veiled by its horizon. If the hori-
zon is unstable, the singularity is easily exposed to our Universe.
However, this naked singularity violates cosmic censorship [35];
thus, the instability of the black hole horizon is related to the vio-
lation of cosmic censorship. The stability of the black hole horizon
has been investigated under particle absorption [36] where the
Kerr black hole horizon is stable. The validity of cosmic censor-
ship depends on the perturbation method. For example, the RN
and Kerr-Newman black holes violate cosmic censorship [37,38],
but cosmic censorship for the RN black hole is still valid in terms
of backreaction [39]. This validity was recently investigated for
Myers—Perry [40-42] and AdS [34,43-48] black holes.

In this paper, we investigate the stability of the charged BTZ
black hole horizon under particle absorption. The stability comes
from satisfaction of the first law of thermodynamics and leads to
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the second law of thermodynamics. However, an extremal black
hole becomes a non-extremal black hole; therefore, the mass of
the extremal black hole increases larger than the electric charge of
the black hole in this process.

The paper is organized as follows. In section 2, we briefly re-
view the charged BTZ black hole solution and thermodynamic
properties. In section 3, we show a change in black hole proper-
ties. By satisfying the first law of thermodynamics, the second law
of thermodynamics can be obtained from the equation of motion
of the particle. In section 4, we test the extremal black hole by the
particle. In section 5, we summarize our results.

2. The charged BTZ black hole

A charged BTZ black hole is the solution of the (2 + 1)-dimen-
sional Einstein gravity coupled with electromagnetism [11]

R—2A 1
sz/d%/—g( P ZF,WF/“> ) (1)

The gravitational constant k = 87 G is set to be % and the cos-

mological constant A is related to the AdS radius ¢ by —le. In
(2 + 1)-dimensional spacetime, the electric potential A with a pos-
itive electric charge Q is given

A=0Q Inrdt. (2)
The black hole metric has mass M and electric charge Q
ds® = —f(nde® + f~'dr* +r°dg?,

2
f(r)=—M+r2—Q71nr, 3)

with the dimensionless coordinates scaling on ¢. The electric po-
tential ®y at the horizon is defined on the horizon ry

oM
=30

The Hawking temperature and the Bekenstein-Hawking entropy
are [9]

q)h = —anrh. (4)

r=rp

Ty (4r,§ - Qz), Spy = 47T (5)

- 8wy
3. Thermodynamics under charged probe absorption

We perturb a black hole with a probe particle having a elec-
tric charge e. The particle momenta p,, infinitesimally change the
black hole [36]. Since the momentum can be derived from the
first-order geodesic equation of motion, we solve the equation of
motion with the Hamilton-Jacobi method [49-52]. The Hamilto-
nian A and the Hamilton-Jacobi action S are

1 v
H= Eg (pu—eAp)(py—eAy),

1
Szimz)\—EH-L(b—i-Sr(r), (6)
where the translation symmetries for t and ¢ in Eq. (3) give the

conserved quantities E and L. The affine parameter A has a con-
served quantity m as a particle mass. The Hamilton-Jacobi equa-

tion is given as
12
r2 |’

(7)
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where the momenta are defined as p, = (&—i The Hamilton-Jacobi
action in Eq. (6) is rewritten in terms of the redefined func-
tion Sy(r)

1
S= Emzk—EH-Ld)—i-/‘\/R(r)dr,
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The particle radial momentum p" =7 = g—; is described from the

first-order radial equation obtained from Eq. (8) for the given loca-

tion and parameters

E 0l 2 L 2 E 8)

2
(p")? = (E+eQInr)?— f(r) <m2+ %) (9)

When a particle is absorbed in a charged BTZ black hole, the par-
ticle energy and charge merge with those of the black hole. The
black hole undergoes infinitesimal changes in §M and §Q. We
treat the particle absorbed by the black hole when the particle
touches the black hole horizon ry. The solution for Eq. (9) at the
horizon is obtained as

E=—eQlnr,+1|p'|, (10)

where the first term of the particle energy is a electric potential
in (2 + 1)-dimensional Maxwell field. The electric potential can be
positive or negative from relative sign between particle and black
hole charges, e and Q. For the sign choice in front of the sec-
ond term, the particle energy E is the conserved quantity from
translation symmetry of ¢t coordinate. Therefore, the positive sign
is chosen to describe future-forward particle [53]. The correspond-
ing black hole mass and electric charge infinitesimally change by
the particle

SM=E, 5Q =e. (11)
The radial momentum is at the horizon
[p"|=86M+Qé8QInr, >0, (12)
which is rewritten as the change on horizon dry,
2rp
Srp=——1p"]. 13
h - Q2 Ip"| (13)

The BTZ black hole always satisfies 4r — Q2 > 0, and the equality
corresponds to the extremal case. Thus, the horizon radius in-
creases and depends only on the particle radial momentum. The
electric potential is

20y

§Pp=—(nrp) e — —————
n=—(nrp) 4rﬁ—Q2|p

(14)

The particle changes the black hole temperature

1 Qe 2rh Q%) ,
Tp=— |-+ ——-—(2+= , 15
H 4n[ T 4r§—Q2< 2r2 d (13)

where the black hole temperature depends on the particle mo-
menta and charge. The infinitesimal change in the entropy depends
only on the particle radial momentum

87ry|p'|

5S 871h _ sm+QsQnr) >0 (16)
BH= "5 =—-520,

4r} — Q? 4r2 — Q?
where the black hole entropy always increases when a particle is
absorbed. This implies the second law of thermodynamics. When
a particle is absorbed, the change in the horizon is always positive
and independent of the electric charge of the particle; therefore,
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the black hole becomes larger than before. The first law of ther-
modynamics is obtained from Eqgs. (12) and (16)

M =dp5Q 4+ Tyb6Spy - (17)

Generally, the laws of thermodynamics are independently satis-
fied. However, the particle absorption guarantees the second law
of thermodynamics, and it leads to satisfy the first law of thermo-
dynamics.

4. The extremal black hole case

The change in the extremal BTZ black hole is more drastic
and has singular behavior. All properties are finite values, but the
changes in response to the particle momenta are singular for the
extremal condition. To understand this behavior, we test the ex-
tremal black hole by the charged particle. The extremal black hole
satisfies

d
f(r) =0, {1(:) = f'(ry) =0,
r=rp
a2 f(r) ,
| == (18)

where the horizon r; undergoes an infinitesimal increase érp, > 0
due to the particle momentum. The minimum value of the func-
tion f(r) becomes negative at the minimum point ry + ére

f@p+8re)=—8M —QInrpdQ =—|p'| <0. (19)

Therefore, the particle cannot overcharge the extremal black hole.
Absorbing the particle, the BTZ black hole becomes larger than
before, and its horizon will be r, + 8ry. The extremal condition
changes into

frn+8rp) ~ f(rn) + f'(rp)drp, =0,
f'arn+8rp) =~ f'(rp) + f"(ra)drp > 0, (20)

where the changed horizon ry + §ry, is still the horizon, but it does
not satisfy the extremal condition. Therefore, the extremality be-
comes non-extremal. The electric potential changes as §®, < 0 in
Eq. (14), because these are saturated to the largest values for given
a black hole mass under the extremal condition. The change in the
temperature is positive infinity as §Ty > 0 in Eq. (15). Thus, the
temperature cannot be negative due to the particle, and the zero
temperature of the extremal black hole acts as a kind of bound-
ary for these singular behaviors. The extremal black hole entropy
increases as shown in Eq. (16).

5. Conclusion and discussion

We tested the charged BTZ black hole thermodynamic proper-
ties by adding a charged probe. To describe the black hole prop-
erties as the probe momentum, the equations of motions were
obtained through the Hamilton-Jacobi method. The equations of
motion can be solved at the black hole horizon. The energy and
electric charge of the particle can affect the corresponding black
hole mass and charge. We solved the equations of motion at the
black hole horizon. The change in the black hole mass is only
dependent on the radial momentum and electric charge of the par-
ticle. Under the particle absorption, the entropy depends only on
the particle radial momentum and always increases such as the
second law of thermodynamics. The change in the black hole mass
becomes the first law of thermodynamics using the change in the
entropy.

We have tested whether the extremal black hole can be over-
charged through particle absorption. Under the process, the mass

of the black hole increases larger than the charge of the black hole,
and the extremal black hole becomes non-extremal one. The black
hole has two horizons and becomes larger than before. Therefore,
the black hole horizon still exists. This behavior corresponds to the
increase of the extremal black hole temperature.
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