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If H is a dense subgroup of G , we say that H determines G if their groups of characters are
topologically isomorphic when equipped with the compact open topology. If every dense
subgroup of G determines G , then we say that G is determined. The importance of this
property is justified by the recent generalizations of Pontryagin–van Kampen duality to
wider classes of topological Abelian groups. Among other results, we show (a)

⊕
i∈I R

determines the product
∏

i∈I R if and only if I is countable, (b) a compact group is
determined if and only if its weight is countable. These answer questions of Comfort,
Raczkowski and the third listed author. Generalizations of the above results are also given.

© 2008 Elsevier Inc. All rights reserved.

1. Introduction and motivation

If (G, t) is an Abelian topological group, with underlying group G and topology t , a character of G is a t-continuous group
homomorphism from G into the unit circle T, the latter equipped with the usual product as composition law and with the
topology inherited from the complex plane. Thus Ĝ , the character group of G, is defined by

Ĝ := {h : G → T | h is a character},
with group operation defined pointwise:

(h1h2)(x) := h1(x)h2(x), ∀x ∈ G.

The topology on Ĝ of uniform convergence on the compact sets, denoted by τc(G) (τc when there is no possibility of
confusion and also known as the compact-open topology) is the topology whose basic open sets are of the form
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(K , O ) := {
h ∈ Ĝ: h[K ] ⊆ O

}
,

where K ⊆ G is compact and O ⊆ T is open. It follows that (Ĝ, τc) is an Abelian topological group.
We say that G satisfies Pontryagin–van Kampen duality (P-duality in short) if the evaluation map

Ω : G → (
(̂Ĝ, τc), τc

)
,

defined by

Ω(g)(h) := h(g), ∀g ∈ G,

is a surjective topological isomorphism. The celebrated theorem of Pontryagin–van Kampen states that every locally compact
Abelian group satisfies P-duality. If G satisfies P-duality, we say that G is P-reflexive, but if Ω above is only onto, then
we say that G is P-semireflexive. The class of P-reflexive groups contains also some non-locally compact groups since it
is closed under arbitrary products, as proved by Kaplan [12]. In fact, the problem of obtaining wider classes of groups
satisfying P-duality has received a lot of attention in the last years. For example, groups satisfying P-duality have been
recently characterized in [9]. For a characterization of semireflexive groups, see Theorem 1.1 at the end of this section.

Recall that if H is a dense subgroup of G , then H determines G if the topological groups Ĥ and Ĝ are topologically
isomorphic, when equipped with the compact open topology. If every dense subgroup of G determines G , then we say that
G is determined. Obviously, groups without proper dense subgroups are trivially determined [6]. On the other hand, Aussen-
hofer [1] and Chasco [3] proved independently that metric groups are determined (for metrizable locally convex spaces, this
result is due to Banaszczyk [2, 17.4]). Comfort, Raczkowski and the third-listed author [6] proved that determined groups
have very poor permanence properties. For example, (a) “natural” dense subgroups determine the product under special
circumstances; to be more precise, it is known that a direct sum determines the product if the latter satisfies a somewhat
artificial property [6, (3.7)]; (b) a group containing an open determined subgroup does not need to be determined; (c) prod-
ucts of c-many or more non-trivial compact metric groups are not determined; furthermore, a compact group of weight
equal or larger than μ := the smallest cardinal of any set of the reals with positive outer measure, is not determined. So,
under CH, any compact group of weight ℵ1 or larger is not determined. The question then is what happens for cardinals
κ satisfying ℵ1 � κ < μ. Another elusive problem which is still open, is whether the product of two determined groups is
determined.

Applying results from [4], one shows that compactly generated LCA groups of weight κ are determined if, and only if,
compact groups of weight κ are determined. A not compactly generated LCA group can be determined and not metric, as
witnessed in 3.4(iii) of [6]; such groups do not have proper dense subgroups. Examples of not compactly generated, deter-
mined, LCA groups with proper dense subgroups that are not metric are constructed in [4] where permanence properties—or
lack thereof—of determined groups are studied.

In this article, we prove the following:

(1) The direct sum of countably many determined groups determines the product (Theorem 3.2).
(2) The direct sum of real lines determines the product if and only if the product is countable (Theorem 4.5).
(3) The direct sum of copies of integers determines the product if and only if the product is countable (Theorem 4.8).
(4) A compact group is determined if and only if it is metrizable (Corollary 5.11).

These results solve Questions 874–876 in [5], 7.2, 7.5 and 7.6 of [6] and 3.10 of [17].
A topological vector space equipped with the sum as operation is a priori an Abelian topological group. As such, it is

natural to ask whether it is P-reflexive or at least P-semireflexive. The first attempt in doing so was done by Smith [16]
who proved that real Banach spaces and real reflexive locally convex spaces are P-reflexive. Some other authors have made
contributions to the Smith’s program and, as a consequence of their results, we get the following characterization of P -
semireflexivity for locally convex spaces (LCS) (see [7,9–11]).

Theorem 1.1. For every locally convex vector space E the following conditions are equivalent:

(1) E is P -semireflexive;
(2) the closed convex hull of every compact subset of E is compact;
(3) the closed convex hull of every compact subset of E is weakly compact.

2. Notation and preliminaries

We consider only topologies that are Hausdorff and completely regular. To avoid unpleasant pathologies, we restrict our-
selves to groups with sufficiently many characters, i.e., to the class MAPA. We try to follow the notation of the treatise [13],
regarding locally convex spaces: E denotes a linear space over the real numbers R, and t denotes a Hausdorff topology on E
such that E[t] is a locally convex vector space. E ′ denotes the (real) vector space of all continuous linear functions from
E[t] to R. The symbol σ denotes the weak topologies on E and E ′ . The symbol τc(E) (τc when there is no possibility of



836 S. Hernández et al. / J. Math. Anal. Appl. 348 (2008) 834–842
confusion) denotes the locally convex topology on E ′ with zero neighborhoods given by the polars of the t-compact subsets
of E: If K ⊆ E , its polar K 0 is defined as { f ∈ E ′: | f (x)| � 1, ∀x ∈ K }.

The symbol (G, t) denotes the Abelian group G , equipped with the group topology t . Thus if E[t] denotes a locally convex
space, then (E, t) denotes the topological group obtained by considering E as a group under the sum operation.

The extension of the theory of locally convex spaces to topological Abelian groups presents difficulties. However many
notions of the theory of locally convex spaces are still preserved in the passage to topological Abelian groups if the role
of R in functionals is played by the unit circle T, i.e., the range of characters. To simplify matters, T will be identified with
the interval [−1/2,1/2) equipped with the canonical quotient topology of R/Z. Thus, given a topological Abelian group
(G, t) with dual X := (̂G, t), for any subset A of G , we define U (A, ε) = {χ ∈ X: |χ(g)| � ε, ∀g ∈ A} and A0 := U (A,1/4).
Assuming that we are considering the dual pair (G, X), for any subset L of X , we define L0 := {g ∈ G: |χ(g)| � 1/4, ∀χ ∈ L}.
This set operator behaves in many aspects like the polar operator in vector spaces. For instance, it is easily checked that
A000 = A0 for any A ⊆ G . Given an arbitrary subset A of G , we define the quasi convex hull of A, denoted co(A), as the
set A00. A set A is said to be quasi convex when it coincides with its quasi convex hull. These definitions also apply to
subsets L of X . The topological group (G, t) is said to be locally quasi convex when there is a neighborhood base of the
identity consisting of quasi convex sets. Considering the dual pair (G, X) again, the symbols τc(G) and σ(G), or simply τc

and σ if confusion is impossible, denote the topologies of the uniform convergence on compact and finite sets, respectively.
As in the locally convex space case, it is readily verified that σ is the weakest locally quasi convex topology on G whose dual
group is X . Notice that (G, σ ) is always a precompact group, i.e., its completion is a compact group. We denote by b(G, t)
the completion of (G, σ (G, X)). The group b(G, t), called the Bohr compactification of (G, t), is always compact. Sometimes it
is useful to consider the dual pair (bG, X). Thus, we will denote by cobG(A) the quasi convex hull of A in bG .

Now consider the space E[t] as the group (E, t). It is a theorem of Smith [16] that E ′ can be identified, as a group,
with the dual group X of (E, t), through the map f 	→ π ◦ f where π : R → R/Z is the natural projection. Waterhouse
has shown that (E ′, τc) and (X, τc) are topologically isomorphic groups [18, Theorem 2]. Since (E ′, σ ) is obtained from
E ′[σ ] and (X, σ ) is precompact (as a topological subgroup of TE ), it follows that (E ′, σ ) and (X, σ ) are never topologically
isomorphic. Therefore we must be careful whether we are using σ on E ′ or in X .

The following characterization of determining groups is found in [6].

Proposition 2.1. Let G be a topological group and let D be a dense subgroup of G. The following assertions are equivalent:

(1) D determines G.
(2) For every compact subset K in G there is a compact subset E in D such that E0 ⊆ K 0 .

Next corollary follows directly from this proposition.

Corollary 2.2. Let G be a topological group and let D be a dense subgroup of G. The following assertions are equivalent:

(1) D determines G.
(2) For every compact subset K in G there is a compact subset C in D such that K ⊆ coG(C).

As a consequence of the results above, it follows that P-reflexive groups do not determine the groups where they are
embedded (see [6, Theorem 5.2]).

Corollary 2.3. Let G be a locally quasi-convex group and let D be any P-semireflexive, dense, subgroup of G. Then D does not deter-
mine G.

Proof. Since D is P-semireflexive, for every compact subset C of D it holds that co(C) = cobD(C) (see [9, Theorem 3]). On
the other hand, since D is dense in G , it follows that bG is a group compactification of D and co(C) = cobG(C). Hence, the
quasi-convex hull in G of any compact subset of D is contained in D as well. By Corollary 2.2, we obtain that D does not
determine G . �

Let κ be a cardinal such that cf(κ) > ω. Identifying the cardinal κ , as a set, to the initial ordinal of cardinality κ , the
symbol Xκ denotes a topological space with the following properties: Xκ = κ ∪ {∞}, all points of κ are isolated, and the
neighborhoods of ∞ are of the form E ∪ {∞}, where |Xκ \ E| < κ . It is readily seen that Xκ is a P -space. We assume,
without loss of generality, that C p(Xκ ) is a subspace of Rκ from here on.

From [11, Example 3.11] we have

Corollary 2.4. There exist cardinal numbers κ > c such that C p(Xκ ) is P -reflexive. As a consequence it follows that C p(Xκ ) does not
determine Rκ .
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Since
⊕

κ R ⊆ C p(Xκ ), we obtain that there exist κ > c such that
⊕

κ R does not determine Rκ . In Theorem 4.5 below,
we will extend this result to κ = ω1.

The following lemma, whose proof is left to the reader, will be used in the sequel.

Lemma 2.5. Let G be a topological Abelian group. If
⊕

κ G does not determine the product Gκ , then
⊕

β G does not determine Gβ , for
all β > κ .

3. Countable products

In [6] the authors ask for the following question: If {Gi: i ∈ I} is a set of topological Abelian groups and Di is a deter-
mining subgroup of Gi , must

⊕
i∈I Di determine

∏
i∈I Gi ? In this section, we show that the answer is positive for countable

products. Firstly, we need the following auxiliary result.

Lemma 3.1. Let jn be the natural injection of Dn into the product
∏

n<ω Dn. If Cn is a compact set of Dn for every n < ω then
C = ⋃

n<ω jn(Cn) ∪ {0} is a compact subset of the group
⊕

n<ω Dn, equipped with the product topology.

Proof. Let U be a basic neighborhood of the identity in
⊕

n<ω Dn . Then U = ∏
i<ω Ui with Ui a neighborhood of the

identity in Di , for every i < ω, and Ui = Di only for a finite number of indices i, say J .
Now we can write

C =
⋃
i∈ J

ji(Ci) ∪
⋃
i /∈ J

ji(Ci) ∪ {0} ⊆
⋃
i∈ J

ji(Ci) ∪ U .

So, being ji(Ci) a compact subset and J a finite set, it follows that every covering of C by open sets admits a finite
subcovering. This shows that C is a compact subset of

⊕
n<ω Dn . �

Theorem 3.2. Let {Gn: n < ω} be a family of topological Abelian groups where every Gn has a determining subgroup Dn. Then, the
direct sum

⊕
n<ω Dn determines the product

∏
n<ω Gn.

Proof. Let K be a compact subset of the product
∏

n<ω Gn . For our purposes, we can suppose that K = ∏
n<ω Kn with Kn a

compact subset of Gn . We need to find a compact subset E of the direct sum such that E0 ⊆ K 0.
Since each subgroup Dn determines Gn we have that there exists a compact subset Cn in Dn such that U (Cn, 1

4·2n ) ⊆
U (Kn, 1

4·2n ).
Put En = Cn ∪ 2Cn ∪ · · · ∪ 2nCn and E = ⋃

n<ω jn(En). By Lemma 3.1, E is compact in
⊕

n<ω Dn . We have the following
trivial facts:

• E0
n ⊆ U (Cn, 1

4·2n ) ⊆ U (Kn, 1
4·2n ).

• If χ ∈ ( jn(En))0, then χ ◦ jn ∈ E0
n .

• E0 = (
⋃

n<ω jn(En))0 = ⋂
n<ω( jn(En))0.

Now, take χ ∈ E0 and (xn) ∈ K = ∏
n<ω Kn . We can identify χ with an element (χn) ∈ ⊕

n<ω Ĝn with only a finite
number of coordinates different from identity. Let Pχ be the set of its non-trivial coordinates. Then

∣∣χ(xn)
∣∣ =

∣∣∣∣ ∑
n∈Pχ

χn(xn)

∣∣∣∣ =
∣∣∣∣ ∑

n∈Pχ

χ
(

jn(xn)
)∣∣∣∣ �

∑
n∈Pχ

∣∣(χ ◦ jn)(xn)
∣∣ �

∑
n∈Pχ

1

2n

1

4
� 1

4
. �

4. Locally convex spaces

The notions introduced in the previous sections have also meaning in the context of locally convex vector spaces. Thus,
if E is a locally convex vector space and F is a dense subspace, we say that F determines E , as locally convex space, when
the vector topologies τc(E) and τc(F ) coincide on the dual space E ′ . Taking into account the isomorphisms of the groups
(E ′, τc) and (̂E, τc), we deduce the following equivalence.

Proposition 4.1. If E is a locally convex space and F a dense subspace, the following conditions are equivalent:

(1) F determines E as locally convex space;
(2) F determines E as topological group.

Moreover, for locally convex spaces, the Hahn–Banach theorem allows us to give a stronger version of Corollary 2.2.
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Corollary 4.2. Let E be a locally convex space and let F be a dense subspace of E. The following assertions are equivalent:

(1) F determines E.
(2) For every compact subset K of E there is a compact subset C of F such that K 00 ⊆ C00 (the bipolar being taken in E).
(3) For every compact subset K of E there is a compact subset C of F such that K is contained in the closed convex hull of C in E.

Proof. The equivalence between (1) and (2) is trivial. The equivalence between (2) and (3) follows from the fact that C00 is
just the closed absolutely convex cover of C and it coincides with the closed convex cover of the circled cover of C (see [13,
§16, (2)]). �

If K is compact, we denote by M(K ) the space of regular Borel measures on K , that is, the dual space of the Banach
space C(K ). The canonical pairing C(K ) × M(K ) → R will be denoted by 〈·,·〉. Thus 〈 f ,μ〉 = ∫

K f dμ. Let Cω(K ) be the
Banach space C(K ) equipped with the weak topology. We consider the weak∗ topology on M(K ). The closed convex hull
of K in M(K ) is the space P (K ) of all probability measures on K . The space P (K ) is compact and has the following
universal property: if Φ is a map of K to an LCS E such that the closed convex hull L of Φ(K ) is compact, then the integral
Ψ (μ) = ∫

K Φ dμ ∈ E is defined for every μ ∈ M(K ), and the linear map Ψ : M(K ) → E extends Φ and sends P (K ) onto L.
Next we are going to apply the considerations above to the case E = RXκ and F = C p(Xκ ), with κ = ω1. We denote by

C0
p(Xκ ) the subspace of C p(Xκ ) consisting of the functions f such that f (∞) = 0.

Proposition 4.3. Let K be a compact subset of C0
p(Xκ ) such that all measures in P (K ) have separable support. If κ = ω1 , then

coE(K ) ⊆ C p(Xκ ).

Proof. By the Hahn–Banach Theorem, it will suffice to prove that the closed convex hull of K in C p(Xκ ) is compact. Let
j : K → C p(Xκ ) be the canonical inclusion and let j∗ : Xκ → C(K ) be its adjoint map defined by j∗(x)( f ) = f (x) for all
f ∈ K and x ∈ Xκ . According to [11, Theorem 3.7], we must verify that the function x 	→ 〈 j∗(x),μ〉 is continuous on Xκ

for every μ ∈ P (K ). Moreover, since K is contained in C0
p(Xκ ), it follows that j∗(∞) is equal to zero throughout K . Thus,

all we have to do is to show that the net {〈 j∗(x),μ〉}x∈κ converges to zero. Set V x = { f ∈ K : j∗(x)( f ) = f (x) = 0} for all
x ∈ κ . We have a collection of open subsets {V x: x ∈ κ} in K of cardinality ℵ1. Observe that, since Xκ is a P -space and
K ⊆ C p(Xκ ), for every f ∈ K there is a countable subset S f of κ such that f (x) = 0 for all x ∈ κ \ S f . That is to say, every
f in K belongs to countably many subsets V x at most, namely, those V x for which x ∈ S f . Thus, if N is a countable dense
subset of suppμ, it follows that N intersects countably many subsets V x at most. So, there is a countable subset S of κ
such that suppμ ∩ V x = ∅ if x /∈ S . Hence j∗(x)|suppμ = 0 for all x ∈ κ \ S . As a consequence 〈 j∗(x),μ〉 = 0 for all x ∈ κ \ S .
This completes the proof. �

Remember that a compact Hausdorff space K is a Rosenthal compact if K is homeomorphic to a subspace of B1(M) (the
space of real-valued functions of the first Baire class) for some Polish space M (see [14]). In [8, Proposition 8], Godefroy
proves that, if K is Rosenthal compact and μ is a Radon measure on K , then the support of μ is separable. As a consequence
we obtain:

Lemma 4.4. Let K be a space homeomorphic to a compact subspace of
⊕

κ R and let μ be a Radon measure on K . If κ � c, then the
support of μ is separable.

Proof. Let D be a subset of a Polish space M with |D| = κ . We have
⊕

κ R ∼= ⊕
D R ⊆ ⊕

M R ⊆ B1(M). Thus K is a Rosenthal
compact and the proof follows from Godefroy’s result mentioned above. �
Theorem 4.5. The subgroup

⊕
κ R determines the group Rκ if and only if κ � ω.

Proof. We only verify the necessity: First, observe that by Lemma 2.5, we may assume, without loss of generality, that
κ = ω1 and that the subgroup

⊕
κ R is a dense subgroup of C0

p(Xκ ) ⊆ Rκ . That is to say, κ is the discrete dense subspace of
the Lindelöf space Xκ defined above. By Lemma 4.4, compact subsets of

⊕
κ R accept only Radon measures with separable

support. Therefore, Proposition 4.3 implies that the closed convex hull of compact subsets of
⊕

κ R are always included in
C p(Xκ ) and, as consequence, they may never contain [−1,1]D . An application of Corollary 4.2 completes the proof. �

Compare with the fact [6, (3.12)] that
⊕

κ T always determines the group Tκ .

Corollary 4.6. If E is a locally convex space and κ � ω1 , then the direct sum
⊕

κ E does not determine the product Eκ .

Proof. By Lemma 2.5 it suffices to assume that κ = ω1. Fix an element e ∈ E and consider the topological isomorphism
f : 〈e〉 → R. By the Hahn–Banach Theorem this map can be extended to a continuous linear map f from E to R. We define
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now the continuous linear map f̃ : Eω1 → Rω1 by doing

f̃
(
(xi)i∈I

) = (
f (xi)

)
i∈I .

Claim. If K is a compact subset of Rω1 there exists a compact subset L of Eω1 such that f̃ (L) = K .

We can assume that K = ∏
i∈ω1

Ki , with each Ki a compact subset in R. Then, there exists a compact subset Li in E

with f (Li) = Ki . Take the compact subset L = ∏
i∈ω1

Li .
Suppose that

⊕
ω1

E determines the product Eω1 . Take a compact subset K in Rω1 and determine a compact subset L

in Eω1 with f̃ (L) = K . There exists a compact subset M in
⊕

ω1
E such that M◦ ⊆ L◦ . Then

f̃ (M)◦ = (
f̃ t)−1(

M◦) ⊆ (
f̃ t)−1(

L◦) = f̃ (L)◦ = K ◦

with f̃ t the transpose map. So Rω1 should be determined by
⊕

ω1
R, which is not true. �

Compare with [6, 3.12]. As a matter of fact, in [6, Corollary 3.10] it is established that the direct sum ⊕i∈I Di of deter-
mining subgroups Di of the groups Gi determines the product

∏
i∈I Gi when the groups Gi have the cofinally zero property.

The theorem above shows that this property may not be omitted in general.
As a consequence of this theorem we can also obtain that if κ � ω1, then Zκ is not determined by

⊕
κ Z. We need the

following lemma that can be easily verified.

Lemma 4.7. Let H be a subgroup of a topological group G. Then, for every K ⊆ H we have

coH (K ) ⊆ coG(K ).

Theorem 4.8. If κ � ω1 , then the subgroup
⊕

κ Z does not determine the group Zκ .

Proof. Using Lemma 2.5 again, it suffices to do the proof for κ = ω1. So, let κ and Xκ be as in Theorem 4.5. Then, taking into
account that

⊕
κ Z is a subgroup of

⊕
κ R and applying lemma above we obtain that, for every compact subset K of

⊕
κ Z,

coZκ (K ) ⊆ coRκ (K ). But K is also a compact subset of
⊕

κ R so, applying Proposition 4.3, we have that coRκ (K ) ⊆ C0
p(Xκ ).

So, the quasi convex hull of compact subsets of
⊕

κ Z may never contain compact subsets of the form [n,m]κ . Corollary 2.2
applies to complete the proof. �

Using the ideas of Corollary 4.6 and the previous results about Rω1 and Zω1 , we can obtain:

Corollary 4.9. Let H be any of the groups R or Z and let G be a group such that there exists a continuous projection onto the group H
with the property that every compact subset K of H is just the image of a compact subset L from G. If κ � ω1 , then the direct sum⊕

κ G does not determine the product Gκ .

The last two results have been achieved in [4] by different methods.

5. Compact groups

The main result of this section is a characterization of the compact groups that are determined. In order to do this, we
prove that the groups Tω1 and Z(p)ω1 are not determined (here, p is prime and Z(p) := Z/pZ). To show that Tω1 is not
determined, we prove that its (dense) subgroup Z(p∞)ω1 is not determined either. To do so, we use the fact that Z(p∞)ω1

determines Tω1 [6, (3.10)], i.e., this subgroup contains a compact subset K whose polar K ◦ in T̂ω1 = ⊕
ω1

Z is {0}. Hence,
the group(⊕

ω1

Z, τc
(
Z

(
p∞)ω1

))
is equipped with the discrete topology. Remember also that the dual group of Z(p)ω1 is

⊕
ω1

Z(p), equipped with the
discrete topology. From now on we take G = F ω1 , where F is either Z(p∞) or Z(p). The group G is separable and, therefore,
has a countable dense subgroup, say H . The question is whether such H determines G . It is proven here that H never
determines G . Being countable, any compact subspace of a countable subgroup must be metric by a theorem of Smirnov [15].

Lemma 5.1. If f : G → H is an onto and continuous homomorphism of topological groups, and K ⊆ G, then K ◦ = {0} implies
f [K ]◦ = {0}.
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Proof. If φ ∈ f [K ]◦ \ {0}, consider φ ◦ f ∈ Ĝ . Since there is y ∈ H with φ(y) = 0, if x ∈ G satisfies f (x) = y, then φ ◦ f (x) =
φ(y) = 0 which implies φ ◦ f = 0. Hence, for every z ∈ K we have |φ( f (z))| � 1/4 or, equivalently, |(φ ◦ f )(z)| � 1/4. Hence
0 = (φ ◦ f ) ∈ K ◦ . This completes the proof. �
Corollary 5.2. If G is a compact determined group, then every quotient of G is determined as well.

Corollary 5.3. If G is any of the groups Z(p)ω1 or Z(p∞)ω1 and F is a finite subset of G whose elements are all torsion, then F ◦ is
never {0}.

Proof. Let H be the (finite) subgroup generated by F . Then F ◦ ⊇ H⊥ � {0}. �
Let K be a compact space. Then one can inductively define the (Cantor) α-derivative of K as follows. Set K (0) = K . If α

is an ordinal and K (β) has been defined for each β < α, then

K (α) :=
{ {x ∈ K : ∃〈xn〉 ⊆ K (β)[xn → x]} if α = β + 1,⋂

β<α K (β) otherwise.

Notice that each derivative is compact, and β < α implies K (β) ⊇ K (α) .
When K is scattered (for instance, if K is countable) there is a minimal γ < ω1 with K (γ ) finite. We call such γ the

degree of K .

Lemma 5.4. If K is a metrizable compact space, the degree of K is γ , and f : K → f [K ] is continuous, then the degree of f [K ] is less
than or equal to γ . In fact, if α < ω1 then(

f [K ])(α) ⊆ f
[

K (α)
]
.

Moreover, if f −1(y) is finite for all y ∈ f [K ], we have ( f [K ])(α) = f [K (α)].

Proof. We will verify that the following diagrams hold:

K (β)

f

K (β+1)
⊇

f

f [K (β)] f [K (β+1)]⊇
( f [K ])(β+1)⊇

or, if α is a limit ordinal and β < α, then

K (β)

f

K (α)
⊇

f

f [K (β)] f [K (α)]⊇
( f [K ])(α)⊇

Clearly, we must show only that (a) f [K (β+1)] ⊇ ( f [K ])(β+1) and (b) f [K (α)] ⊇ ( f [K ])(α) . We use induction.
To prove (a), assume first that f [K (β)] ⊇ ( f [K ])(β) and let y ∈ ( f [K ])(β+1) . Then there is 〈yn〉 ⊆ ( f [K ])(β) ⊆ f [K (β)] such

that yn → y. Choose xn ∈ K (β) with f (xn) = yn . Then there is a subsequence 〈xn j 〉 of 〈xn〉 that converges, say to x necessarily

in K (β+1) , and one sees that f (x) = y, hence (a) holds.
For (b), let y ∈ ( f [K ])(α) . By induction hypothesis, y ∈ ( f [K ])(β) ⊆ f [K (β)] for each β < α. Choose xβ ∈ K (β) with

f (xβ) = y. If the set X := {xβ : β < α} is finite, find x ∈ K (β) for all β < α (as they are nested). If X is infinite, find x ∈ X (1) .
In either case, x ∈ K (α) , and one easily proves that y = f (x). As for the case in which f −1(y) is finite for all y ∈ f (K ), it
suffices to observe that f −1(F ) is finite for all finite subset F ⊆ f (K ). �

Suppose that I denotes an index set of cardinality ℵ1. In the rest of this paper we are going to deduce repeatedly that
a certain property holds for an uncountable subset of I . Therefore, for the sake of simplicity, given a subset S of a product
group G = F I , we will say that S satisfies a property P for uncountably many indices when there is an uncountable subset J
of I such that π J (S) satisfies P in F J . Here on, the symbol π J denotes the canonical projection from F I onto F J .

The easy verification of next lemma is omitted.

Lemma 5.5. Let G be any of the groups Z(p)ω1 or Z(p∞)ω1 and let K be a compact subset of G whose degree is γ . Suppose that the
subgroup generated by K (γ ) , say H, is finite and let f : G → G/H be the canonical quotient map. Then f (K )(γ ) = {0}.
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Given a group of the form G = F I , we denote by ΔI (F ) the subset of the product group G consisting of the elements in
the diagonal; that is ΔI (F ) = {(xi): xi = x j for all i, j in I}.

Lemma 5.6. Let S be any finite subset of G = Z(p∞)I , where |I| = ℵ1 . Then there is k < ω such that S ⊆ ΔI (Z(pk)) holds for
uncountably many indices in I .

Proof. Since |I| = ℵ1 and S is finite, there is an uncountable subset J ⊆ I such that π J (S) consists only of torsion elements.
That is to say, there is k < ω such that π J (S) ⊆ Z(pk) J . Repeating the same argument again, we obtain an uncountable
subset L ⊆ J such that πL(S) ⊆ ΔL(Z(pk)). This completes the proof. �
Lemma 5.7. Let F be either Z(p) or Z(p∞), considered as subgroups of T, and let K be a countable compact subspace, whose degree
is less than or equal to γ , of the group G = F I , with |I| = ℵ1 . If there is an ordinal α � γ such that either K (α) = ∅ or there is some
positive real number δ < min( π

4 , 1
p ) with K (α) ⊂ (−δ, δ)I for uncountably many indices, then K ◦ = {0}.

Proof. We use induction on the ordinal α. Given an arbitrary compact subset K of G , if K satisfies the assertion for α = 0,
then there is 0 < δ < min( π

4 , 1
p ) and an uncountable subset A of I such that πA(K ) ⊆ (−δ, δ)A . It is easily verified that, for

the interval (−δ, δ) ⊆ T, we have (−δ, δ)◦ = {0} in Z. Thus, it suffices to observe that the subsets of the form
∏

V i , with
V i0 = (−δ, δ)◦ for some index i0 and V i = {0} if i = i0, are all contained in K ◦ .

Thus, assume that K ◦ = {0} for every countable compact subset K of G such that K (β) ⊆ (−δ, δ)I for uncountably many
indices, for some β < α and let K be a countable compact subset of G such that K (α) ⊆ (−δ, δ)I for uncountably many
indices. Furthermore, we may assume that π J (K )(β) = ∅ for each subset J ⊆ I with |I \ J | < ℵ1 and each β < α. Otherwise,
we would have π J (K )(ρ) = ∅ for some ρ < α and the hypothesis of induction would apply to π J (K ). Then use Lemma 5.1.

Suppose firstly that α = β + 1 and K (α) = ∅. Passing to an appropriate uncountable subset of I , if it were necessary,
we may assume WLOG that K (α) ⊆ (−δ, δ)I . Hence πi(K (α)) ⊆ (−δ, δ) for all i ∈ I . By the continuity of the projections, for
every i ∈ I , there is a finite subset Si ⊆ K such that πi(K (β) \ Si) ⊆ (−δ, δ). Now, since K is countable, there must be an
uncountable subset J ⊆ I and a finite subset S ⊆ K such that πi(K (β) \ S) ⊆ (−δ, δ) for all i ∈ J . Thus

π J (K )(β) ⊆ π J
(

K (β)
) ⊆ π J (S) ∪ (−δ, δ) J .

If we now suppose that K (α) = ∅, then it follows that K (β) is a finite subset, say S , of G . Hence, in either case, applying
Lemma 5.6, there are k < ω and an uncountable subset L ⊆ J such that πL(S) ⊆ ΔL(Z(pk)) ⊆ F L . Since the group G is
topologically isomorphic to F L , we may assume WLOG that L = I . Therefore we have S ⊆ ΔI (Z(pk)) ⊆ G and K (β) ⊆ S ∪
(−δ, δ)I . Set H = ΔI (Z(pk)), which is a finite subgroup of G containing S . We now consider the canonical quotient map
π : G → G/H that we are going to realize as follows. Fix an index i0 ∈ I and define φ : G → G as φ(xi) = (yi), where

yi0 = xpk

i0
and yi = x−1

i0
xi if i = i0. It is readily seen that kerφ = H . Therefore φ can be seen as a realization of π . Take

J = I \{i0} and define C = (π J ◦φ)(K ). Observe that, since I \ J is finite, we have π J (K )(β) = ∅. Thus C (β) = π J (φ(K ))(β) = ∅
because kerφ is finite. Therefore, we have that (π J ◦ φ)(S) = {0} and φ is the identity on the subgroup of G consisting of
the elements whose i0-coordinate is 0. From this fact, it follows that C (β) ⊆ π J (K (β)) ⊆ (−δ, δ) J . It suffices now to apply
the hypothesis of induction to C and use Lemma 5.1.

Finally, suppose that α = sup{β: β < α} is a limit ordinal and let K be a countable compact subset of G such that
K (α) ⊆ (−δ, δ)I for uncountable many indices. Again, we may assume WLOG that K (α) ⊆ (−δ, δ)I . Thus πi(K (α)) ⊆ (−δ, δ)

for all i ∈ I . Since K (α) = ⋂
β<α K (β) , it follows that for every i ∈ I there is βi < α such that πi(K (βi)) ⊆ (−δ, δ). Again,

because α is countable, there must be an uncountable subset J ⊆ I and an ordinal β < α such that πi(K (β)) ⊆ (−δ, δ) for
all i ∈ J . Thus π J (K (β)) ⊆ (−δ, δ) J . As a consequence, π J (K )(ρ) ⊆ (−δ, δ) J for some ρ < ω. It suffices now to apply the
hypothesis of induction to π J (K ) and use Lemma 5.1 again. This completes the proof. �
Theorem 5.8. Let F be either Z(p) or Z(p∞) and let K be a countable compact subspace of the group G = F I , with |I| = ℵ1 . Then
there is 0 = φ ∈ Ĝ with φ(x) = 0 for all x ∈ K .

Proof. We will show that no countable compact subset K of G satisfies K ◦ = {0}. The proof is on induction on the degree
of K . It is clear that K ◦ = {0} if K is finite. Hence, suppose that α < ω1 is given such that no K with degree less than α
satisfies K ◦ = {0}. We proceed to show the same if the degree of K is α.

By hypothesis, we have that S = K (α) is a finite subset of G . Applying Lemma 5.6 again, there is k < ω and an un-
countable subset J ⊆ I such that π J (S) ⊆ Δ J (Z(pk)) ⊆ F J . Replacing I by J , if it were necessary, we may assume that
S ⊆ ΔI (Z(pk)) ⊆ G . Set H = ΔI (Z(pk)) and let π : G → G/H be the canonical quotient map. Since S ⊆ H and kerπ is finite,
we have that π(K )(α) = {0}. Now, observing that G/H is topologically isomorphic to G , we may assume WLOG that K is a
countable compact subset of G with K (α) = {0}. Therefore, we apply Lemma 5.7 and the proof is done. �

Three applications of Lemma 5.1provide:
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Corollary 5.9. If G is either Z(p∞)κ or Z(p)κ and ω1 � κ , then no countable subgroup determines G.

Of course, the above result is vacuously true if κ > c.

Corollary 5.10. If ω1 � κ , then Z(p)κ and Tκ are not determined.

Next follows the main result of this section, which solves Questions 874–876 in [5], Question 7.5 in [6] and also Ques-
tion 3.10 in [17].

Corollary 5.11. Compact Abelian groups of uncountable weight are not determined.

Proof. Assume that G is a compact determined group and let κ denote the weight of the group. Using Corollary 5.2 and
taking into account that, by Theorem 4.15 of [6], either Tκ or Z(p)κ is a quotient of G , it follows that one of these groups
must be determined. In either case, Corollary 5.10 yields κ � ω, which completes the proof. �

By Corollary 5.9, no countable (dense) subgroup of (Z(p))κ or of the dense subgroup (Z(p∞))κ of Tκ can determine
(Z(p))κ or (Z(p∞))κ if κ > ω. Nevertheless, it remains unclear which topological properties a dense subgroup must satisfy
to be determining. This suggests the following questions:

Question 5.12.

(i) Is there a compact non-metric separable group G with a countable dense subgroup H such that H determines G?
(ii) What if G = Tκ ?

(iii) Does there exist (in ZFC) a non-metrizable compact Abelian G group such that every Gδ-dense subgroup D of G determines G?

Note added in proof

Question 5.12(i) has been answered negatively in http://uk.arxiv.org/abs/0807.3846.
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