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Abstract

We study subnormal Toeplitz operators on the vector-valued Hardy space of the unit circle, along with
an appropriate reformulation of P.R. Halmos’s Problem 5: Which subnormal block Toeplitz operators are
either normal or analytic? We extend and prove Abrahamse’s theorem to the case of matrix-valued symbols;
that is, we show that every subnormal block Toeplitz operator with bounded type symbol (i.e., a quotient
of two bounded analytic functions), whose analytic and co-analytic parts have the “left coprime factoriza-
tion”, is normal or analytic. We also prove that the left coprime factorization condition is essential. Finally,
we examine a well-known conjecture, of whether every subnormal Toeplitz operator with finite rank self-
commutator is normal or analytic.
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1. Introduction

Toeplitz operators arise naturally in several fields of mathematics and in a variety of prob-
lems in physics (in particular, in the field of quantum mechanics). On the other hand, the theory
of subnormal operators is an extensive and highly developed area, which has made important
contributions to a number of problems in functional analysis, operator theory, and mathematical
physics. Thus, it becomes of central significance to describe in detail subnormality for Toeplitz
operators. This paper focuses on subnormality for block Toeplitz operators and more precisely,
the case of block Toeplitz operators with bounded type symbols. Our main result is an appro-
priate generalization of Abrahamse’s theorem to the case of matrix-valued symbols; that is, we
show that every subnormal block Toeplitz operator with bounded type symbol (i.e., a quotient
of two bounded analytic functions), whose analytic and co-analytic parts have the “left coprime
factorization”, is normal or analytic.

Naturally, this research is closely related to the study of subnormal operators with finite rank
self-commutator, a class that has been extensively researched by many authors. However, un-
til now a complete description of that class has proved elusive. Recently, D. Yakubovich [30]
has shown that if S is a pure subnormal operator with finite rank self-commutator and ad-
mits a normal extension with no nonzero eigenvectors, then S is unitarily equivalent to a block
Toeplitz operator with analytic rational normal matrix symbol. A corollary of our main result
illustrates, in a certain sense, the case of subnormal Toeplitz operators with finite rank self-
commutator.

To describe our results in more detail, we first need to review a few essential facts about
(block) Toeplitz operators, and for that we will use [10,11,14,28]. Let H be a complex Hilbert
space and let B(#) be the algebra of bounded linear operators acting on #H. An operator
T € B(H) is said to be hyponormal if its self-commutator [T*, T]:= T*T — TT* is positive
(semi-definite), and subnormal if there exists a normal operator N on some Hilbert space IC 2 H
such that H is invariant under N and N|y = T. Let T = 9D be the unit circle in the complex
plane. Let L2 = L*(T) be the set of all square-integrable measurable functions on T and let
H? = H?(T) be the corresponding Hardy space. Let H>° = H°(T) := L*°(T) N H>(T), that is,
H® is the set of bounded analytic functions on D. Given ¢ € L, the Toeplitz operator T and
the Hankel operator Hy are defined by

Tyg:=P(¢g) and Hyg:=JP(pg) (g€ H?),

where P and P~ denote the orthogonal projections that map from L? onto H? and (H?)*,
respectively, and where J denotes the unitary operator on L? defined by J(f)(z) =z2f(2).

In the early 1960s, normal Toeplitz operators were characterized by a property of their sym-
bols by A. Brown and PR. Halmos [3]. On the other hand, the exact nature of the relationship
between the symbol ¢ € L* and the hyponormality of Ty was understood much later, in 1988,
via Cowen’s theorem [6].

Cowen’s theorem. (See [6,27].) For each ¢ € L™, let
E@)={ke H®: |kl <1 and ¢ — k¢ € H®}.

Then Ty is hyponormal if and only if £ (@) is nonempty.
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The elegant and useful theorem of C. Cowen has been used in the works [8,9,12,15-17,21-27,
31], which have been devoted to the study of hyponormality for Toeplitz operators on H2. When
one studies hyponormality (also, normality and subnormality) of the Toeplitz operator T one
may, without loss of generality, assume that ¢ (0) = O; this is because hyponormality is invariant
under translation by scalars. We now recall that a function ¢ € L*° is said to be of bounded type
(or in the Nevanlinna class) if there are analytic functions v, ¥, € H° (D) such that

_ Y1(z)
¥2(2)

It is well known [1, Lemma 3] that if ¢ ¢ H then

for almost all z € T.

?(2)

¢ is of bounded type & ker Hy # {0}. Q)
If ¢ € L°°, we write
pr=PpecH> and ¢_=PLpeczH>.

Assume now that both ¢ and ¢ are of bounded type. Since T:Hy = Hy T, for all ¥ € L*°,
it follows from Beurling’s theorem that ker Hy— =60H 2 and ker Hy-=0.H 2 for some inner

functions 6, 6+. We thus have b := ¢t90 € H?, and hence we can write
¢_ =06ob andsimilarly ¢, =6,a forsomea e H>.
In particular, if Ty is hyponormal and ¢ ¢ H, and since
(75 Ty) = H} Hy — HyHy = Hy—Hg- — Hi-Hg—.,
it follows that ||H<ﬂf|| > ||Hqtf|| for all f € H?, and hence
6, H? = ker Hj- Cker Hy- = 6o H?,

which implies that 6y divides 6, i.e., 6+ = 6pf; for some inner function 6;. We write, for an
inner function 6,

Ho:= H> ©OH>.
Note that if f =6a e L?, then f € H? if and only if a € H,g; in particular, if f(0) =0 then

a € Hg. Thus, if ¢ = ¢_ + ¢, € L™ is such that ¢ and ¢ are of bounded type such that ¢, (0) =0
and Ty is hyponormal, then we can write

¢ =6001a and ¢_ =6pb, whereac Haoe, and b € Hg,.

By Kronecker’s lemma [28, p. 183], if f € H™ then f is a rational function if and only if
rank Hf < 00, which implies that

fisrational <«  f =0b with a finite Blaschke product 6. )
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On the other hand, M.B. Abrahamse [1, Lemma 6] also showed that if T4 is hyponormal, if
¢ ¢ H, and if ¢ or ¢ is of bounded type then both ¢ and ¢ are of bounded type.

We now introduce the notion of block Toeplitz operators. For a Hilbert space X, let L3, =
ng(T) be the Hilbert space of X-valued norm square-integrable measurable functions on T
and let Hi = H}z (T) be the corresponding Hardy space. We observe that L2, = L? ® C”
and Hé” = H?> ® C". If @ is a matrix-valued function in Lﬁn = L?won (T) (= L°° ® M,) then
To : H, — H, denotes the block Toeplitz operator with symbol @ defined by

ToF := P,(®F) for F e Hz,

where P, is the orthogonal projection of L%, onto HZ,. A block Hankel operator with symbol
D e Li,,on is the operator Hop : Hén — Hé,, defined by

HeF :=J,P}(®F) for F € Hk,

where J,, denotes the unitary operator from (Hén)l to H2, given by J,(F)(z) := zI,F(Z) for
F e Hé,,, and where [, is the n x n identity matrix. If we set H2 :=H?>®---® H? then we
see that

Ty ..o Ty, Hy,, ... Hy,
Te = and Hgp = y
Td’nl et T¢nn H¢n1 et H¢7mz
where
$11 ... P
D= : IS L°°n.
¢n1 “ee d)nn
For @ € Li,["n, write
D (2) := P*(3).

A matrix-valued function ® € H&C:lxm (= H*® ® M,,«,) is called inner if ©® (2)*© (z) = I,,, for
almost all z € T. The following basic relations can be easily derived:

Ty = To~, Hy=Hg (®eLf):
Tow —ToTy =Hg:Hy (@,¥ €Ly ): 3)
HeTy = Hoy, Hyo =Ty Ho (@elLfy. ¥eHy): 4)

HyHp — HygHoo = HyHo+Hy:Ho (O € Hyy is inner, @ € LY, ).
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For a matrix-valued function @ = [¢;;] € Loon, we say that @ is of bounded type if each entry
¢ij is of bounded type and that @ is rational if each entry ¢;; is a rational function. The shift
operator S on H2, is defined by

n
S:=Y ..
j=1

The following fundamental result known as the Beurling—Lax—Halmos theorem is useful in the
sequel.

Beurling-Lax-Halmos theorem. A nonzero subspace M of Hé,l is invariant under the shift

operator S on Hén if and only if M = @Hém, where © is an inner matrix function in HX’,ZX
(m < n).

m

In view of (4), the kernel of a block Hankel operator Hg is an invariant subspace of the shift
operator on Hén. Thus if ker Hp # {0} then by the Beurling-Lax—Halmos theorem,

kerHp = ©® Hém

for some inner matrix function ®@. But we don’t guarantee that @ is a square matrix. In fact,
as we will refer in the sequel, ® is square if and only if @ is of bounded type. Recently, Gu,
Hendricks and Rutherford [18] considered the hyponormality of block Toeplitz operators and
characterized the hyponormality of block Toeplitz operators in terms of their symbols. In partic-
ular they showed that if T is a hyponormal block Toeplitz operator on H?2,, then @ is normal,
ie., @*® = @ @*. Their characterization for hyponormality of block Toeplitz operators resem-
bles the Cowen’s theorem except for an additional condition — the normality condition of the
symbol.

Hyponormality of block Toeplitz operators. (See Gu, Hendricks and Rutherford [18].) For
each @ € Lﬁn, let

E@):={K eHy: |Klo<land®—K®* € Hy} }.
Then Ty is hyponormal if and only if @ is normal and E(®) is nonempty.

For a matrix-valued function @ € H/%,,’m, we say that A € H/%4n><m is a left inner divisor of
@ if A is an inner matrix function such that @ = AA for some A € H/%,,mxr (m < n). We also
say that two matrix functions @ € HZ%/[nxr and ¥ € HI%/Inxm are left coprime if the only common

left inner divisor of both @ and ¥ is a unitary constant and that @ € HI%/Inxr and ¥ € H? are

My xr
right coprime if @ and ¥ are left coprime. Two matrix functions @ and ¥ in HI%/I,, are said to be
coprime if they are both left and right coprime. We remark that if @ € H,%,In is such that det @ is
not identically zero then any left inner divisor A of @ is square, i.e., A € Hz%/l,,' If®e HI%/I,, is
such that det @ is not identically zero then we say that A € H]%/In is a right inner divisor of @ if

A is a left inner divisor of @.
The following lemma will be useful in the sequel.
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Lemma 1.1. (See [18].) For @ € Loon, the following statements are equivalent:

(1) @ is of bounded type;
(i) ker Hp = @Hé,, for some square inner matrix function ©®;
(iii) @ = AO*, where A € Hzf./lo,, and A and © are right coprime.

For @ € Lf; we write
n

® :=P,PecHy and O_:= (P ®) eHy .

Thus we can write @ = @* + @ . For an inner matrix function ® € Hlj’,[‘i, write

Ho = (OHZ)" = HE © OHR,.

Suppose @ = [¢;;] € Lﬁ,lon is such that @* is of bounded type. Then we may write ¢;; = 6; jE,» 2
where 6;; is an inner function and 6;; and b;; are coprime. Thus if 6 is the least common multiple
of 6;;’s (i.e., the 6;; divide 6 and if they divide an inner function 6’ then 6 in turn divides 6),
then we can write

® =[¢i;]1 =16;bi;] = [0a;;] = OA* (O =0I,, AecHy). (5)

We note that the representation (5) is “minimal”, in the sense that if w1, (w is inner) is a common
inner divisor of ® and A, then w is constant. Let ® = ®* + &, € Lﬁ,}’n be such that @ and @*
are of bounded type. Then in view of (5) we can write

&, =01A" and D_=E,B",

where ©; = 6; 1, with an inner function 6; fori =1,2and A, B € Hj, 2 In particular, if ® € LOo
is rational then the 6; are chosen as finite Blaschke products as we observed in (2).

We would remark that, in (5), by contrast with scalar-valued functions, & and A need not be
(right) coprime: indeed, if @ := [ © ] then we can write

Coax_ ]2 01 1
S T

but @ :=; ] and A := | | ] are not right coprime because \}E[i 1] is a common right inner

factor, i.e.,

. 1 1 z 1 7z —Z i 0 1 1 Z —Z
In this paper we consider the subnormality of block Toeplitz operators and in particular, the
block version of Halmos’s Problem 5: Which subnormal block Toeplitz operators are either nor-

mal or analytic? In 1976, M.B. Abrahamse showed thatif p =g+ f € L™ (f, g € H?) is such
that ¢ or ¢ is of bounded type, if Ty is hyponormal, and if ker[7}", Ty] is invariant under Ty then
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Ty is normal or analytic. The purpose of this paper is to establish an extension of Abrahamse’s
theorem for block Toeplitz operators. In Section 2 we make a brief sketch on Halmos’s Problem 5
and Abrahamse’s theorem. Section 3 is devoted to the proof of the main result. In Section 4 we
consider the scalar Toeplitz operators with finite rank self-commutators.

2. Halmos’s Problem 5 and Abrahamse’s theorem

In 1970, P.R. Halmos posed the following problem, listed as Problem 5 in his lectures “Ten
problems in Hilbert space” [19,20]:

Is every subnormal Toeplitz operator either normal or analytic?

A Toeplitz operator Ty is called analytic if ¢ € H*. Any analytic Toeplitz operator is easily seen
to be subnormal: indeed, Tyh = P(¢h) = ¢ph = Myh for h € H?, where M, is the normal op-
erator of multiplication by ¢ on L?. The question is natural because the two classes, the normal
and analytic Toeplitz operators, are fairly well understood and are subnormal. Halmos’s Prob-
lem 5 has been partially answered in the affirmative by many authors (cf. [1,2,8,9,27], and etc.).
In 1984, Halmos’s Problem 5 was answered in the negative by C. Cowen and J. Long [7]: they
found an analytic function ¢ for which T, tay (0 < a < 1) is subnormal — in fact, this Toeplitz
operator is unitarily equivalent to a subnormal weighted shift W with weight sequence 8 = {8},
where 8, = (1 — az’”z)% forn =0,1,2,.... Unfortunately, Cowen and Long’s construction
does not provide an intrinsic connection between subnormality and the theory of Toeplitz op-
erators. Until now researchers have been unable to characterize subnormal Toeplitz operators in
terms of their symbols. On the other hand, surprisingly, as C. Cowen notes in [4,5], some analytic
Toeplitz operators are unitarily equivalent to non-analytic Toeplitz operators; i.e., the analytic-
ity of Toeplitz operators is not invariant under unitary equivalence. In this sense, we might ask
whether Cowen and Long’s non-analytic subnormal Toeplitz operator is unitarily equivalent to
an analytic Toeplitz operator. To this end, we have:

Observation. Cowen and Long’s non-analytic subnormal Toeplitz operator Ty is not unitarily
equivalent to any analytic Toeplitz operator.

Proof. Assume to the contrary that Ty is unitarily equivalent to an analytic Toeplitz operator T'f.
Then by the above remark, T is unitarily equivalent to the subnormal weighted shift Wg with

weight sequence 8 = {8, }, where 8, = (1 — a2”+2)% O<a<l)forn=0,1,2,...; i.e., there
exists a unitary operator V such that
V*TfV = Wg.
Thus if {e,} is the canonical orthonormal basis for £Z then
V*T/‘Vej = Wgej =Bjejt for j=0,1,2,....

We thus have

(VT V)ej = WiWge, = Bre;,
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and hence,
Tijpg(Ve) =0 forj=0,1,2,....

Fix j > 0 and observe that Ve; € ker(T| FI2— ﬁz) By Coburn’s theorem, if | f|> — ;32 is nonzero

then either 7| 2 42 or T is one-one. It follows that | f|?> = ﬂ2 for j =0,1,2,.... This
J

\f|2fﬂ2
readily implies that Sg = 1 = /32 =..-, acontradiction. O

Consequently, even if we interpret “is” in Halmos Problem 5 as “is up to unitary equivalence”,
the answer to Halmos Problem 5 is still negative.
We would like to reformulate Halmos’s Problem 5 as follows:

Halmos’s Problem 5 reformulated. Which Toeplitz operators are subnormal?

The most interesting partial answer to Halmos’s Problem 5 was given by M.B. Abrahamse [1].
M.B. Abrahamse gave a general sufficient condition for the answer to Halmos’s Problem 5 to be
affirmative.

Abrahamse’s theorem can be then stated as:

Abrahamse’s theorem. (See [1, Theorem].) Let ¢ =g + f € L™ (f, g € H?) be such that ¢
or ¢ is of bounded type. If Ty is hyponormal and ker[Tq;‘ , Ty is invariant under Ty then Ty is
normal or analytic.

Consequently, if =% + f € L™ (f, g € H?) is such that ¢ or ¢ is of bounded type, then
every subnormal Toeplitz operator must be normal or analytic.

We say that a block Toeplitz operator To is analytic if @ € Hy; . Evidently, any analytic block
Toeplitz operator with a normal symbol is subnormal because the multiplication operator Mg is

a normal extension of Tp. As a first inquiry in the above reformulation of Halmos’s Problem 5
the following question can be raised:

Is Abrahamse’s theorem valid for block Toeplitz operators?
In this paper we answer this question in the affirmative (Theorem 3.5).
3. Abrahamse’s theorem for matrix-valued symbols

Recall the representation (5), and for ¥ € L§; such that ¥* is of bounded type, write ¥ =
®,B* = B*O,. Let £2 be the greatest common left inner divisor of B and ®,. Then B = 2By
and ®, = 22, for some By € Hj, 2 M, and some inner matrix 2. Therefore we can write

¥ = B;$2;, where By and §2; are left coprime;

in this case, B} $2; is called a left coprime factorization of W . Similarly,
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Y = AQB,* , where B, and A; are right coprime;
in this case, A, B} is called a right coprime factorization of ¥ .
To prove our main result (Theorem 3.5), we need several auxiliary lemmas.

We begin with:

Lemma 3.1. Suppose ® = ®* + &4 € Li,,on is such that @ and ®* are of bounded type of the
form

¢y =A"O and P_=B*O,,

where ©; := 0;I,, with an inner function 6; (i = 1,2). If Te is hyponormal, then ®; is a right
inner divisor of ©1.

Proof. Suppose Ty is hyponormal. Then there exists a matrix function K € H 1\0/1?, such that @* —
K®% € Hy . Thus BOS — KAO] = F for some F € Hy, , which implies that BO; 0 € Hy, .
Now we write @_ = f;; ],,x,. Since @ is of bounded type we can write f;; = 6;;C;;, where 0;;
is an inner function, ¢;; is in H?, and 0;; and c;; are coprime. Write B = [b;; |,,,,. We thus have

fl-jze,-jéij =92l_7ji foreachi,j:l,...,n,

which implies that bji = é,’jgzcij. But since B@;@l = [Qlézbij] € Hzn, we have eléjicji € H2.
Since 6;; and cj; are coprime for each i, j =1, ..., n, it follows that é,-iel € H?, which implies
that 8,0, € H? and therefore, ®, divides O, ie., O = ®oE, for some inner matrix func-
tion ®y. 0O

In the sequel, when we consider the symbol @ = @* 4+ @ € Ly , which is such that @ and

@* are of bounded type and for which T is hyponormal, we will, in view of Lemma 3.1, assume
that

&L =A%2182, and P_=B;$2; (left coprime factorization),
w_here 2182, =0 =061I,. We _also note that 2,821 = ©: indeed,_if 2182, = © =61, then
©01,821)82, = I, so that §21(01,82,) = I,,, which implies that (01,§2,)$21 = I,,, and hence
2,21 =0I,=6.

Lemma 3.2. Suppose ® = ®* + &4 € L/"W"n is such that @ and ®* are of bounded type of the
form

@4 = A1AY  (right coprime factorization)
and
®_ = AyBY (right coprime factorization).

If Te is hyponormal, then Aj is a left inner divisor of Ay, i.e., A1 = AxAg for some Ay.
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Proof. Suppose Ty is hyponormal. Then there exists K € Hyp such that & — K@* € Hpp.
Thus Hp = Hg e+ = T%H@*, which implies that ker H(pi C ker Hyp+, so that by Lemma 1.1,
A1HE, € AyHE, It follows (cf. [13, Corollary IX.2.2]) that A is a left inner divisor of Aj. O

On the other hand, the condition “(left/right) coprime factorization” is not so easy to check in

general. For example, consider a simple case: @_ :=[ - - |. One is tempted to write

=3 tl]

But [§ ] and [ | | ] are not right coprime as we have seen in the Introduction. On the other hand,

observethat
1 1| _ "
S

1 1
A::E[—ll §:| is inner and B::ﬁ[g §§:|

Again, A and B are not right coprime because ker H = H . Thus we might choose

where

-
=(zhA)-B* or ®_=A-(zLB)*.

A straightforward calculation shows that ker Hp+ = AHéz. Hence the latter of the above factor-
izations is the desired factorization: i.e., A and z/» B are right coprime.

However, if ® is given in a form ®& = 61, with a finite Blaschke product 6, then we can obtain
amore tractable criterion on the coprime-ness of & and B € Hj; 2 To see this, recall that an n x n
matrix-valued function D is called a finite Blaschke—Potapov product if D is of the form

M

D) =v [ [ (bu(@)Pu+ U = Pw)),

m=1
where v is an n X n unitary constant matrix, b, is a Blaschke factor, which is of the form

I— 0y

1—a,z

b (z) = (am €D),

and P, is an orthogonal projection in C". In particular, a scalar-valued function D reduces to a
finite Blaschke product D(z) = v ]_[,A,:I=1 b (2), where v = ¢'®. It was known [29] that an n X n
matrix-valued function D is rational and inner if and only if it can be represented as a finite
Blaschke—Potapov product.

We write Z(0) for the set of zeros of an inner function 6. We then have:

Lemma 3.3. Let B € H/%/I,, and © := 01, with a finite Blaschke product 6. Then the following
statements are equivalent:
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(a) B(w) is invertible for each o € Z(0);
(b) B and © are right coprime;
(c) B and O are left coprime.

Proof. We first write

N m; N
. 77—
0@ =e[]| ——= > mi=:d].
= i—1(1_OTiZ) (i—lml )

(a) & (b): Suppose B(w) is invertible for each o € Z(0). Assume to the contrary that B and
® are not right coprime. Thus there exists a finite Blaschke—Potapov product D of the form

M
D) =v [ [ (bu(@) Pu+ U — Pn))

m=1

satisfying that
B=BD and ® =®yD forsome inner function @y.

Thus if o € Z(by,) for some 1 <mo < M, then ® (o) = Og(a) D(«) is not invertible. But since
® =01,, it follows that ® («) = 0 and hence @ € Z(0). Moreover,

M
det B(@) = det By («) det D(a) = det(v) det B (a) [ | det(b (o) P + (I — Pu)) =0,

m=1

giving a contradiction. Therefore B and @ are right coprime.
For the converse we assume that B(a;,) is not invertible for some ig. Then the following
matrix is not invertible:

~ B 0 0 0 0
B By 0 0 0
B B B o --- 0 i
| o (Bj:=w>.
: J!
Bmi072 Bm,-o 3 - - By 0
L Bmjy—1 Bmjy—2 ... B2 Bi Bo

Thus there exists a nonzero n x m;, matrix G = (GoGj - - - gmio_l )! such that BG = 0. We now
want to show that there exists h = (hihy---hy, )" € Hén satisfying the following property:

H9 (o) _ {g,» (i =io), o

]! 0 (i #ip).

This is exactly the classical Hermite—Fejér interpolation problem (cf. [13]), so that we use an
argument of a solution for the interpolation of this type. Thus we can construct a function (in



2344 R.E. Curto et al. / Journal of Functional Analysis 263 (2012) 2333-2354

fact, a polynomial) h(z) = P (z) satisfying (7) (see [13, p. 299]). Then P (z) belongs to ker Hpo=.
Since

G=1G0G1" " Gmy—1 "0,

it follows that P(z) ¢ ® H, 2.. Therefore we have ker H, Bo* # OH, 2., which implies that B and
® are not right coprime.

(b) < (c): Suppose B and @ are right coprime. If B and ® are not left coprime, there exists
a nonconstant inner matrix A € H/%,,n such that B = AB| and ® = A£2. We thus have that for
eachi=1,2,...,N

B Al 0 0 0 0 0 Qi 0

Ai 1 Ao 0 0 0 Qi1

Aipn Aiir Ao 0 0 2is

5 =0
A; m;—2 A; m;—3 A[,() 0 £2 m;—2
ANimi—1 Dim—2 Aia Ai1 Ao £2i mi—1
where
AD (@ QU (i
Ajji= & and £2;;:= ﬂ.
J! Jj!

But since B(w) is invertible for each a € Z(6), we have that A, ¢ is invertible for each i =
1,2,..., N. Thus

£2;;=0 ((=12,...,N, j=0,1,2,...,m; — 1),
which implies that £2 = © £21 for some £2; € H2 .Thus ® = A2 = A® 2, so that ] = A2,
and hence A* = 21, which implies that A is a constant matrix, a contradiction. Thus B and @

are left coprime. The converse follows from the same argument. This completes the proof. O

Lemma 3.4. Let 6y be a nonconstant inner function. Then Hg, contains an outer function that is
invertible in H*.

Proof. If 6y has at least one Blaschke factor, say (le| < 1), then ;= 1s an outer function

1 (xz
and l——&z € Hg, because 1_—0_“ is the reproducing kernel for «, so that for any feH?,

1
<90f —> Bo(a) f () =

Now suppose 6 is a nonconstant singular inner function of the form

z i
00(2) = exp(— / s du(9)>

—TT
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where u is a finite positive Borel measure on T which is singular with respect to Lebesgue

measure. We put
T
€l9+Z w
= - . d—©)].
w(2) eXP< /eIQ_Z 2()

-7

Then ®? = 06p. If a = w(0) then evidently,_O < |a| < 1 since w is not constant. Note that
Oo(w—1y=o— 16y € (H}?L, since (@ — 100)(0) =& — La? = 0. We thus have w — 1 € Hy,.

Also a straightforward calculation shows that 1 + is bounded and analytic in D, which says

o

that w — é is invertible in H*°. Hence w — é is an outer function in Hg,. This completes the

proof. O

Before proving the main result, we recall the inner—outer factorization of vector-valued func-
tions. If D and E are Hilbert spaces and if F is a function with values in B(E, D) such that
F()ee H12) (T) for each e € E, then F is called a strong H 2_function. The strong H 2_function
F is called an inner function if F(-) is an isometric operator from D into E. Write Pg for the

set of all polynomials with values in E, i.e., p(¢) = Y j_o P(k)¢¥, p(k) € E. Then the function
Fp=Y}_o Fplk)z* belongs to H3(T). The strong H*-function F is called outer if

clF-Pg=H}(T).

Note that if dim D = dim E = n < 00, then evidently, every F € H,%,I” is a strong H2-function.
We then have an analogue of the scalar inner—outer factorization theorem.

Inner—outer factorization. (Cf. [28].) Every strong H*-function F with values in B(E, D) can
be expressed in the form

F=F'F¢,

where F¢ is an outer function with values in B(E, D') and F' is an inner function with values
in B(D', D) for some Hilbert space D'.

We are now ready to prove the main result of this paper.

Theorem 3.5 (Abrahamse’s theorem for matrix-valued symbols). Suppose @ .= O* + D € Li,lon
is such that @ and @* are of bounded type. In view of Lemma 3.1, we may write

D, =A*OyO, and P_ = B*O,,

where ©; = 0; I, with an inner function 6; (i =0,2) and A, B € H,%/,n. Assume that A, B and ©®»
are left coprime. If

(1) T is hyponormal; and
(i) ker[T%, Te] is invariant under Tgp;
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then T is normal or analytic. Hence, in particular, if Te is subnormal then it is normal or
analytic.

Remar_k 3.6. We note that if n = 1 (i.e., T is a scalar Toeplitz operator) then @ = afp6, and
&_ = b6, with a,b € H?. Thus, we can always arrange that a, b and 6 are coprime. Conse-
quently, if n = 1 then our matrix version reduces to the original Abrahamse’s theorem.

Proof of Theorem 3.5. If ®; is constant then @_ = 0, so that Ty is analytic. Suppose that ®»
is nonconstant.
We split the proof into three steps.

STEP 1: We first claim that

OoHE: Cker[T}, Tsp]. (8)
To see this, we observe that
[75.To] = Hg+ Hor — Hys Hor = H}{ 20 Haogo; — Hos pHoss. )
which implies that
O0O2HE: Cker[Ty, To ). (10)

On the other hand, since ®y®; is diagonal, we have that for all g € Pcn,

To(G0018) = P, (03 BOyOrg + D4 O)O1g)
=0OyBg+ OO, P g
= PHogo, (Q0B8) + Poy 0,12, (P0Bg) + €022

Since Heoyo, = Ho, ® GoHe,, it follows that
Pho,0,(©0Bg) = Py, (GoBg).
We thus have
To(00028) = Poyia, (Q0BE) + Poyo, 12, (0Bg) + 0020 g. (11)
We claim that
He, = cl{ Py, (Bg): g € Per. (12)

In view of the above mentioned inner—outer factorization, let B = B’ B¢ be the inner—outer fac-
torization of B (as a strong H 2_function), where B € H}f,,‘flxr and B¢ € H,%,,ml. Since B and ®,

are left coprime, B’ and ©, are left coprime. Thus it follows from the Beurling—Lax—Halmos
theorem that
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©2HZ. v ¢l BPen = ©2HE, V Bl (cl BPen) = ©2HE v B HE, = Hi,
giving (12). Thus we have
OoHe, = clOo{ P, (Bg): g € Por| =cl{ Py, (B0Bg): g € Por . (13)

If ker[T}, Tp] is invariant under Ty then since ker[T3, Tp] is a closed subspace it follows from
(10)—(13) that

OoHe, < ker[T;f, T¢].
We thus have
@()H((Z:n = @()'H(A)2 (&) @0@21—[((2:}1 - ker[Tg, Tq)],

which proves (8).
STEP 2: We next claim that

£(®) contains an inner function K. (14)

To see this, we first observe that if K € £(@®) then by (4),

[75.To] = Hg- Hor — Hgg: Hior = Hg: (I — TgTg) Hor (15)
so that
ket[Tg, T | =ker(I — TgT%)Ho: .
Thus by (8),

{0} = (I — TgTE) Haoso; (Q0Hen) = (I — Tg TE) Haos (Hzn)
which implies
clran Hypz © ker(1 — TgTI%). (16)

Since by assumption, A and @, are left coprime, and hence A and O, are right coprime, it
follows from Lemma 1.1 that

~ 1L
clran Hpp; = (keng(géﬂ)J‘ = (@ZH(én) =MNp,- a7)
which together with (16) implies

Hg, Sker(I — TgTE). (18)
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We thus have
F=TgT3F foreach F e Hg,. (19)
But since ||K [|oo = | K [|oo < 1, we have
|P(K*F) |, < [K*F[, < I1Fllo= | TR TR F |, = |[KPo(K*F) |, < | P (K*F) |

which gives

| 22 (K*F)

||2 =
which implies K*F e Hén. Therefore by (19), we have
F=KK*F foreach F ¢ Ha,-

In view of Lemma 3.4, we can choose an outer function f € ’ng, which is invertible in H*°. For
each j =1,2,...,n, we define

Fi:=(,...,0, £,0,...,0) (where f is the j-th component).
Then F; GH@Z for each j =1,2,...,n, so that (I — I?E*)Fj =0 foreach j=1,2,...,n
If we write I — KK* = lgijligi,j<n € L‘;,,on, then ¢;; f =0 for each i, j =1,2,...,n, so that

gij =0 for each i, j = 1,2,...,n because f is invertible. Therefore we have K*K = T = 1,
which implies that K is an inner function. This proves (14).

STEP 3: Now since K is inner it follows from (3) that
I —TgTe=Tgg: — TgTg =Hg Hg..
Thus by (18), we have
Hg, < ker H;%,F Hyg. =ker Hg.. (20)

Write K := [k;jli<i, j<n € Hyy - Since, by Lemma 3.4, 7—[9 contains an outer function # that is
invertible in H®°, it follows frorn (20) that

kij(2)h € H? foreachi, j=1,2,...,n

sothatk; ;(2) € %Hz C H? for each i, J=1,2,...,n. Therefore each k;; is constant and hence,
K is constant. Therefore by (15), [T;, Te]=0,i.e., Tp is normal. This completes the proof. O
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Remark 3.7. Theorem 3.5 may fail if the condition “B and ®; are left coprime” is dropped even
though A and ®; are left coprime. To see this, let & be a nonconstant finite Blaschke product.
Consider the matrix-valued function

_[26+6 0
=[50 0]

Write

Then

6 0 1 1]
&, =260 and CD__|:9 9]_[1 1} O.

A direct calculation shows that @ is normal. Put K := %[} }] Remember that for a matrix-
valued function A, we define ||A|loo := sup,cr IIA(?)]| (where || - || means the operator norm).
Then ||K||oo=1and @ — K®* € Hffz, so that T is hyponormal. Observe that

[Tox, Tp] = H;;i Hq)jr — H;f Hgp~

_4[HH; 0 }_ [HgHé HgHé]
* *
| 0 HIH; HXHg HZHjz
=2

[ Hg‘H(; —H;H§:|
_—HgHé HgHé
—2| P _PHH],

| —Pu, Py,

which gives

_ PHQ _P’Hg _ f . —
ker[Tq>*,T¢]—ker[ Pu, Pu, |~ |l D Py, f =P8

=OHL®{f®f: feMtp).

We now claim that ker[T;, Tg] is invariant under T . To show this we suppose

F= |:]801| eker[Tg, To .
Then

ToF — [ZTe +T; T ] H _ [2Tef+T§(f+g)]

T; 2T+ T 8] |2Teg+T3(f +g)

Observe that
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Py, T f + T5(f + 8)) = Py, T5(f + 8) = Pr, 2Tog + T3(f + 2)),
which implies that ker[T, T ] is invariant under T . But since

{f®f: feHs)CHo. andhence, ker[Tg,To]# He.

11

we can see that Ty is not normal. Note that by Lemma 3.3, [ 11

] and @ are not left coprime.
If, in the left coprime factorization ®_ = B*®, (®@, = 6,1,) of Theorem 3.5, 6, has a
Blaschke factor, then the assumption of the “left coprime factorization” for the analytic part

@ of @ can be dropped in Theorem 3.5.

Corollary 3.8. Suppose @ = &* + &4 € Li/lo,, is such that @ and ®* are of bounded type. In
view of (5), we may write

®_=B"0,

where @ := 01, with an inner function 6. Assume that B and ® are left coprime. Assume also
that 6 contains a Blaschke factor. If

(i) Te is hyponormal;, and
(ii) ker[T}, Te] is invariant under Tg;

then T is normal or analytic. Hence, in particular, if Te is subnormal then it is normal or
analytic.

Proof. For notational convenience, we let @, := @ and 6, := 6. Now suppose 6, has a Blaschke

factor by and write By := by I,,. By assumption, B and B, are left coprime, so that by Lemma 3.3,
B and B, are right coprime. Thus, in view of Lemmas 3.1 and 3.2, we can write

D, =AYO)O, = BaAlA;k and &_ = B*O,,
where @; = 6; 1, with an inner function 6; (i =0,2), A, and B, A are right coprime, and B
and ®; are left coprime. In particular, we note that A and B, are right coprime, so that again by
Lemma 3.3, A and B, are left coprime. On the other hand, an analysis for the proof of STEP 1
of Theorem 3.5 shows that
OoHE: Cker[T}, T ]. @1

(Note that we didn’t employ the assumption “A and &; are left coprime” to get (21) in the proof
of STEP 1 of Theorem 3.5.) Thus if K € £(®) then by the same argument as (16), we have

clran Hpo3 © ker(1 — Tg T%) (22)
Since A and B, are left coprime it follows that A and B, are right coprime. Thus we can write

AO3 = A 2B} (right coprime factorization)
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for some inner function §2 and A € Hz%/l,,' It thus follows from Lemma 1.1 that
clran Hpo; = (kerH;@EF)J‘ = (EaﬁHén)J' ) (EaHén)L =Hg,-
Thus by (22),
Hp, Cker(I — TgTE).

Then the exactly same argument as the argument from (18) to the end of the proof of Theorem 3.5
with By in place of @, shows that Ty is normal. (We again note that we didn’t employ the
assumption “A and @, are left coprime” there.) This completes the proof. O

‘We thus have:

Corollary 3.9. Suppose @ = &* + &, € Li/lo,, is a matrix-valued rational function. In view of
(5) and (2), we may write

®_ = B*0O,

where ® = 01, with a finite Blaschke product 6. Assume that B(a) is invertible for each
a € Z(0). If Ty is subnormal then Ty is normal or analytic.

Proof. This follows at once from Corollary 3.8 together with Lemma 3.3. O
4. Scalar Toeplitz operators with finite rank self-commutators

If @ is normal and analytic then [T, Tp| = Hj.« He+, so that by the Kronecker’s lemma,
Te has a finite rank self-commutator if and only if @ is rational. Therefore Corollary 3.9 il-
lustrates the case of subnormal Toeplitz operators with finite rank self-commutators. But it
is still open whether subnormal (even scalar-valued) Toeplitz operators with finite rank self-
commutators are either normal or analytic. We would like to state:

Conjecture 4.1. If Ty is a subnormal Toeplitz operator with finite rank self-commutator, then Ty
is normal or analytic.

We need not expect that if Ty is a hyponormal Toeplitz operator with finite rank self-
commutator then ¢ is of bounded type. Indeed, if ¥ € H™ is such that v is not of bounded
type and ¢ = v/ + z (and hence ¢ is not of bounded type) then a straightforward calculation
shows that Ty is hyponormal and rank[Tq;‘, Tyl =1.

We would like to take this opportunity to give a positive evidence for Conjecture 4.1. First
of all, we recall a theorem of Nakazi and Takahashi [27, Theorem 10] which states that if 75 is
hyponormal then [T;, Ty] is of finite rank if and only if there exists a finite Blaschke product
b in £(¢) such that the degree of b equals the rank of [T, T]. In what follows we let bM :=
{bf: f e M}
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Theorem 4.2. Suppose Ty is a hyponormal Toeplitz operator with finite rank self-commutator.
If ker[T), Ty] and bker[T;‘, Ty (some b € E(p)) are invariant under Ty, then Ty is normal or
analytic.

Proof. Write K := ker[Td’f, Ty] and R = ran[T(Z‘, Tyl If ¢ or ¢ is of bounded type then by

Abrahamse’s theorem, Ty is either normal or analytic. Suppose both ¢ and ¢ are not of bounded
type. We first claim that

cl Hy (ker[ T}, Ty ]) = H*. (23)

To see this we observe that by the Nakazi—Takahashi theorem, there exists a finite Blaschke
product b € £(¢) such that deg(b) = dim R. Since

T;Ty— TyT; = HiHj —

* *
3 H3 H¢,H¢,_H¢H¢ H Hb¢ HHHbH,

¢ ¢
we have

ker[T;,T¢] ker H Hy = ker(T5T, — TpT5),

which shows that H;Hqg(K) =0, and hence Hé(K) C EHZ, so that cl H(;K - bH?. But since
dim R < oo and by (1), Hy is one-one and has dense range, we have

H?=cl Hz(K + R) = cl(HzK + HzR) = cl HzK + H3R.

We therefore have cl Hz K = bH? since dim Hz R =deg(b). Hence

_ K — K hg2 g2

clHyK =cl HyzK = cl Tl; HzK = TEbH =H

which proves (23). On the other hand, we note that £(¢) is a singleton set: otherwise, ¢ is of
bounded type. Thus £(¢) consists of only a finite Blaschke product b. We next argue that if
Ts(bK) C bH? then

Ty(bk) =bTyk foreachk e K. 24)
To see this, let k € K and write ki := Tyk. Thus ¢k = ki + ko for some k; € HO2 =zH?2. Then

Ty(bk) = P(bgk) = P (bka + bky) = P(bka) + bk = P(bky) + bTpk.

Since, by assumption,_ Ty(bK) € bH?Z, it follows that P(blzz) € bH?. But since P(bl€2) IS
(bH?)L, we have P(bk,) =0, which proves (24). Since Ty Tp — T Ty = H}:} Hy it follows from

(23) and (24) that

2
H;H = HE(C] H¢K) =cl H5H¢K = Cl(T¢Tb — TbT¢)K = O,
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WhiCE implies that le 2 C H?, 5o that b = ¢'? for some 6 € [0, 27r). Therefore ¢ is of the form
¢ = f + €' f for some f € H*® and 6 € [0, 27r) which implies that Ty isnormal. O

We thus have:

Corollary 4.3. Suppose Ty is a subnormal Toeplitz operator with finite rank self-commutator. If
bker[T(;‘, Ty] is invariant under Ty (some b € £(¢)), then Ty is normal or analytic.

Proof. Since ker[T*, T] is invariant under T for every subnormal operator T, the result follows
at once from Theorem 4.2. O

We were not unable to decide whether the condition “b ker[Tq;" , Ty (some b € £(¢)) is invari-
ant under T can be dropped from Corollary 4.3: in other words, if Ty is a subnormal operator
with finite rank self-commutator and b € £(¢), is b ker[T(Z‘, Ty] invariant under Ty ? If the answer
to this question is affirmative we can conclude that Conjecture 4.1 is true.
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