L
View metadata, citation and similar papers at core.ac.uk brought to you byz?: CORE

provided by Elsevier - Publisher Connector

ADVANCES IN MATHEMATICS 35, 264-273 (1980)
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Strange Formula.” E{" and the Cube Root of the Modular
Invariant j
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This is an addendum to my paper “Infinite-Dimensional Algebras, Dedekind’s
n-Function, Classical Mébius Function and the Very Strange Formula,”
published in Advances in Math. 30 (1978), 85-136, which is referred to here
as [SF].

Recently McKay noticed that one of the coefficients in the g-series of the
modular invariant

J(g) = gL + 744 + 196884g + 21493760g% + --.

is the dimension of the sum of lowest nontrivial and one-dimensional representa-
tions of the Fisher—Griess Monster group, and Thomson found that the later
coefficients are also dimensions of some representation of this group (see [25]).
McKay also discovered that the same phenomenon takes place if one replaces
the Monster by the Lie algebra £® and j(g) by (¢j(¢))V/® = 1 4 248¢ + --- [29].
In this addendum I want to make some comments on [SF] and, in particular, to
give an explanation of McKay’s Eg-observation in the framework of infinite-
dimensional Lie algebras. Though I do not know how to explain recent
“Monstrous” discoveries [25], they have inspired some new 7-function identities
{Proposition 1) and multiplicity formulas (Proposition 2). The theory of in-
finite-dimensional Lie algebras suggests in turn some natural conjectures
about the Monster.

I. Let L be a complex finite-dimensional simple Lie algebra of rank =
and let .% be the connected simply connected group with the Lie algebra L. Let
{, > denote the Killing form and let 4 = (a;;) be the Cartan matrix of L.
Let L = N_@® H® N, be a decomposition of L into a sum of subalgebras,
where N_ and N, are maximal nilpotent subalgebras and H is the Cartan sub-
algebra. Let R be the set of all nonzero roots of L with respect to H. Let a, ,..., o,
be the system of simple roots, let Q be the lattice generated by them, and let
0 =Y a,a; be the highest root; we write 6 = 3 a,"o;” for the dual root
system. Let 4, ,..., A, be a basis of H such that o;(h;) = a;; and let t, ,..., t,, be
another basis, such that o;(¢;) = 8,; . Let W be the Weyl group of L.
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The infinite-dimensional Lie algebra LY of [SF] is the complex space LY =
(C[t, 7] R L) @ Ce with the following bracket:

(g1 @ me, gz @ pof] = [£1,8) ® 5% <0 0> Re < e, ,g2> ¢

where g, , g, € C[t, t71] Q¢ L and p,, puy € C.

It is convenient tg enlarge the algebra L) by adding a derivation #(d/dt) which
operates on C[z, t7Y] @¢ L in an obvious way and sends ¢ to 0. We denote the
obtained Lie algebra by L and identify L with the subalgebra 1 ®cL of L. We

set hy = ¢ — Yi a7k and N = tC[t] ®c (N- @ H) ®C[t] ®c N

2. LetA = (A, A ,..., A;) be an (n + 1)-tuple of nonnegative integers.
Then there exists a unique irreducible L-module ¥'(4) (cf. [SF]) for which
there is a nonzero vector v 4 (highest weight vector) such that

N(v,) =0, ‘tgt—(v/,)=o, hiv) = Avy, =01,

Setting V), := {v e V(A) | t(d/dt)(v) = —kv} gives a Z_ -gradation by finite-
dimensional subspaces: V(A1) = @kez+ V.. Note that this gradation is L-
invariant. One can show that the representation of L in the space V() can be
exponentiated to a representation of the semidirect product & of the group £W,
which is a central extension of Z(C((t))) by C*, and the group C* correspondmg
to —t(d/dt) (and even to the semidirect product of # and Aut C((2))).
Slightly changing the definition of ch V() in [SF] (by a constant factor) we
set ‘ ‘
ch V(A) := Y (ch V) g%,

x>0

where ch ¥, is the “formal” character of the L-module V. Less formally
ch V(A) may be viewed as a function on the complex Lie group #(C) with the
values in g¢-series:

(ch V(A)o) := Y (tra)ly, ¢*, o€

k>0

If (27", o) is an element of the subgroup C* x #(C) of the group .2, then

ch V(A)(e?*", o)) := Z (tr o) v, 2T = (277, o) y(4)
k>0

is a convergent series on % = {r| Im ~ > 0}. (I am grateful to I. Frenkel for
this remark.) This follows from the fact that we can rewrite formula (2.6) of
[SF] as follows (we use Proposition 3.4(c)):
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ch V(A)((eZniT’ e21r'ih))
Yvean,0” D@l + y)(B)) exp migZt (ly + A+ pIF — | A+ 51y
N TTior (1 — @) TLeg (1 — exrithrren)) o

Here ke H, A e H* is such that A(k;) = ), i = 1,..., m, p is the half-sum of
positive roots of L, g4,, = 4(Ag + 1)l 0 [* + (/-1— + p, 8), O is the dual root lattice
ch(2miB(R)) = T uew (det w) ETwBBMW[T__ (det w) e2riv®d®,

Formula (1) has sense only for a regular 2 € H. However, it follows from (4)
below that ch¥(A) is an analytic function on ¥ X Z(C).

3. Among the nontrivial L-modules V() there is a canonically defined
“simplest” module V(4,), corresponding to 4, = (1, 0,..., 0). This module is
defined by the property that there exists a nonzero vector v € V(4,) such that

(a:t‘% OCH ®cL) () =0 and o) = o.

Now let L be a simple Lie algebra of one of the types 4, , D, , E, . This is
the case when the Cartan matrix 4 is symmetric; then || 8]~ = 4 is the Coxeter
number, ¢;¥ = a;, and ||« || = & for a € Q if and only if « is a root. In this
case formula (3.37) of [SF] gives a very simple expression for ch V(4,). Set
g = " and @(q) = [Liz1 (1 — ¢*) so that n(r) = ¢'/*p(g) is the Dedekind
n-function. Set (yy, y5) = 2k {yy, yo, | ¥ [2=(y, y). Then for I == exp 2mi z € L(C)
one has

ch V(4)(3,1)) = 9l Z gi*/2 g2mivea), @)
veQ
Setting # = 0 in (2) we obtain the following formula (cf. the formula following

(3.38) in [SF]):

- x _ fo9)
kz;:O (dlm Vlc)q - (P(q)" ’ (3)

where 04(q) is the O-series of the lattice Q. In the case L = Eg we obtain [30]
2, (dim Vy)g* = (g/(@)".
30

This follows from the usual formula for j{g) (see, e.g., [26]). The latter formula
explains McKay’s Eg-observation.

Note that the numerator of (2) is 2 @-function. It is easy to see from (1) and
Propositions 3.8(d) and 3.4(c) that in the general case one has

g ch V(9 D) = ¥ a.(1)8z,u(, 2)- 4

u,w
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Here o ranges over maximal weights (see [SF] for definition), w ranges over
W|W,, and r = (dimL)/24 — || 4 4 5 |*/2g 4., - The functions 8, ,(r, 2) are
theta functions of the form

Osu(r,3) = Y explmigyt{ly|® 7 + 2mip(z)).

v—w(Beg ,O¥

The function a,(7) is of the form
a,(7) = g* ), (mult p — 3)¢%,
k>0

where s is a rational number (depending on ). Moreover, a,(7) is a modular
function of weight —#/2. Indeed, it follows from (1) and the denominator identity
that g7 ch V(A4)((g, 0)) is a modular function of weight 0 for any L-module
V(A4) and any element of finite order o € &. From this and (4) it is easy to
deduce now the latter statement. Moreover, a,(7)y(r)3™L is a cusp-form [31].

Modular functions also appear in the following situation. The Z-gradation of
type s = (Sq ,---, S,) of L (see [SF] for definition) induces a Z, -gradation V(4) =
@ Vils) (the Z, -gradation introduced in Section 1 corresponds to s = (1,0,...,0)).
It follows from (4) that g="1 3"~ dim V(s)¢* is a modular function of weight 0
for r; = r — 1/2g,55, where § = (59 ,..., 5,).

For an n-tuple of integers s = (sy,..., s,) let ¢ = exp(2ni/m) 3, s,t, be an
element of period m of the group #. Then setting z = Y s,£, in (2), we obtain
the formula

e—minT /12 Z (tr 0)1Vk g2mikr — Z ev?) e1r13|'y|‘3-r' (5)
k>0 veQ

where ¢ = exp(2mi/m). The right-hand side of (5) is a modular function of
weight 0. This is analogous to the experimental discoveries concerning the
Monster group F, in [25].

In more detail, it is suggested in [25] that there is a sequence of F;-modules
V5 such that ¢1% 5, (ch V )(s)g* is the g-series of a modular function of
weight 0 for any o € F, . Moreover, these functions are Hauptmoduls.

In this connection, I would like to suggest the following conjecture. Suppose
that # divides 24, say 24 = ns. Denote by f,(7) the right-hand side of (5) where ¢
is replaced by ¢°. Then f,(r) is a Hauptmodul if and only if o is a rational element
(i-e., in the adjoint representation the characteristic polynomial of o has rational
coeficients, cf. [SF]).

Finally, in many cases, the right-hand side of (5) can be represented in the
form T, n(¢®)"s. One can show that in such a case one has (cf. [SF])

n, =0 if s|m.

One can check that for the products in [25] this also holds.
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These remarks suggest that the Monster group ¥, may be a subgroup of a
“canonically” defined infinite group F, . The group F; would have a “‘canonical”
irreducible module V with an Fi-invariant Z_-gradation ¥V = @V, such that
¢ 1> (ch V,)¢" is the Thompson series [25] for F(in particular, g1 Y (dim V;)¢*
= j(q) — 744). Of course, one can ask an analogous question for any finite
simple group.

4. The following relation of the Leech lattice A with the Monster is
conjectured in [25). Let o be an automorphism of /4, let /A9 denote the sublattice
of A fixed by o and §,(r) be its #-function. The characteristic polynomial of &
can be written in the following way: det(1 — Ag) = [, (1 — A%)*s, where &, are
integers only a finite number of which are different from 0. Set 5,(7) = T'[, n(s7)"s.
It is conjectured in [25] that there is always an element & in the Monster for which
the Thompson series has a form 6,(7)/n,(7).

We will show that if one takes the root lattice Q of a simple Lie algebra L
of type 4, , D, , or E, instead of the Leech lattice, then for any element o of
order m of the Weyl group there exists a rational element & of period 2m in the
Lie group . such that an analogous statement takes place. This will give some
new beautiful n-function identities. ‘

So we see that the Leech lattice and the Conway group -0 play the same role
for the Monster as the root lattice and the Weyl group do for a simple Lie group.

We return to the simple Lie algebra L. Let « be a positive root of L. We choose
the root vectors e, and e_, in such a way that «f[e,, e_,]} = 2 and set (cf.
Lemma 1.2 of [SF])

ry = (exp 6&)(CXP(—€ﬁG))(CXp eu) e .

Then 7, lies in the normalizer of H in . and its image in the Wey!l group W
is the reflection 7, relative to the root a. The elements 7, , « € R, generate in &
a finite subgroup W. The group W is an extension of W by the group of elements
of order 2 of #. Now with an element o € W of order m we associate a well-
defined element 6 € W of period 2m as follows. Let ¢ = r, "1, be a shortest
expression of o in terms of reflections. We set & = F, ' F, 5 it is easy to see
that & does not depend on the choice of the expression of o.

ProrosiTioN 1. Let L be a simple Lie algebra of type A, , D, , or E,, H be
the Cartan subalgebra, and W be the Weyl group. Let o be an element of order m
in W and Q° denote the sublattice of Q fixed by o. The characteristic polynomial
of o on H* can be written in the form det(l — Ac) = TJ, (1 — A®)*«. Let & be
an element of F of period 2m associated with o; G is conjugate in £ to an element
exp(nifm) 2, where 2 =3, ut, , ju, being integers.
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Then the following identity holds:

Tveo exp((mi mp(@) g* 2 _ Teqoqt® (6)
P(g)" IT. #(g®)*

Proof. By formula (5) the 1eft¥hvand> side of (6) is equal to

3 (tr 6y, a" ™
k>0
We will compute (7) directly and show that it is equal to the right-hand side of (6).

We consider the following subalgebras in L: P_ = @ (i* ® H), P, =
Do (t*F QH), P=P_@® Cc @ P,. The algebra P is isomorphic to the
infinite-dimensional Heisenberg Lie algebra, P_ and P, being maximal com-
mutative subalgebras’in it. Let U = {ve V(4,) | P.(v) = 0} be the subspace
of “vacuum” vectors. Then clearly U = @, (U N V).

Let V, = @, V;? be the weight decomposition with respect to H. Then it
follows from [SF] that UMV, is a sum of those ¥, for which AeQ and
[ A|?/2 = k&, and that all these V,? are one dimensional: V;» = Cy,2. Let U,* be
the P-module for which v} is a cyclic vector; set Uy , = U 2N V. Then U
is a free U(P_)-module and the P-module V(,) is a direct sum of these modules.

Note now that 6(V,}) = Vi and that 6(v!) = v, if o(A) = A. Therefore

(a) only those A give a contribution to the tr & |, for which () = A and
(b) provided that o(X) = A, one has (by the Molien formula):

¥ (oo, ¢ = ¢*/( TT det(l — g°0)ln).
520 ' >1
This completes the proof of the proposition.

It is natural to suppose that .identities similar to (6) hold also for the
Leech lattice A: for each o of order m in the Conway group -0 there exists a
24-tuple of integers p such that (6) holds (here 4 will be the matrix of the lattice
A and n = 24). Probably there exists also a “‘canonical form” of an element of
the Monster similar to one described by Proposition 3.5 in [SF]. Or in other
words, there exists a natural bijection between conjugacy classes of cyclic sub-
groups of order m in the Monster and a set of epimorphisms of A on the group
of the mth roots of unity, defined up to the action of the Conway group 0.

Finally, consider a special case of the proposition when ¢ is the Coxeter
element. Then :

(a) & is the “principal” element [3] and therefore & is conjugate to the
element exp(wifh) Y t;

(b) Q" =0;
(c) ks can be computed from Proposition 3.7(f)(ii) and (3.31) of [SF].
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As a result we obtain the following identity,

[Te@™ = Y e@nimem givit/z, ®)

Xk veQ

Here 0 is the height: O(F k,o;) = 3 k; and n;’s can be computed in terms of
the exponents m, ,..., m,, of the Lie algebra L as follows. Set d; = nif s = m, mod &
and d, = n -+ (multiplicity m,) otherwise; then n, =3, pu(k/s)d, .

Note that for L = A4, formula (8) is the Gauss identity: ¢(¢)*/p(g)? =
S ez (—1)*¢*". Note also that (8) implies that

2 (27 /M0y — —(n + 1),

YER

which is equivalent to the fact that the trace of the principal element in the
adjoint representation is —1 (cf. [3]).

5. Let F(A) denote the finite-dimensional irreducible #(C)-module
with highest weight A and let y, be its character. Denote by m,(/, 5) the multi-
plicity of F(}) in the #(C)-module V', C V(A) and set

D) = Y m(4,s) ¢
820

Let o be a maximal compact subgroup in #(C) and let J be a maximal
torus in . Then one has

@4:0) = [_B) ch V(A)(g, ¥) dk
9)
[1 (1 — i) x,(3) ch V(A)(g, 7)) dz.

xER

gl

We apply this formula to the module V(4,). Denote by R, the subset of positive
roots in the root system R of L and by p their half-sum. For A e Q
introduce the A-height on Q by @)(«;) = (A + p, «) (note that @, = 0).

ProrosrtioN 2. Let L be a simple Lie algebra of type A, , D, or E, . For
A€ Q we set

Pyg) = g2 T (1 — ¢%@), (10)

a€R,

Then for a dominant A one has

Papr = PAD/e(@),  A€Q; Paa(g) = 0,2¢0. (1)
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Proof. From (2), (9), and the Weyl character and denominator formulas
we obtain

1
P9 Paol9) = g Y (det ww,) gletp-wypritie

w.w €W

= T (det w) ghe-otz = gy TT (1 — g,
wewW a€RL
Remarks. (a) The lowest and the highest terms of Py(q) are ¢!M** and

(—1)*R+/2gIr+281*/2 respectively. In particular, the minimal & for which F(X)
appears in V;, C V(4,) is & = } | A |2 (and the multiplicity is 1).

(b) For L = A4, one has Py,(g) = ¢*"(1 — ¢g**+1). This appears in [27,
Proposition 1].

(c) Because of the action of the Virasoro algebra in V(A,) (see the results
of Section 3 in [27]) we obtain for L £ 4, ,

ql’-l'/

P4,.0(9) = (1+a19+ Y Paga ==L+ ag+ ), A#0,
where @, are nonnegative integers (which are the multiplicities of modules of the
Virasoro algebra). It follows from (11) that

al =0 for k < m, (the second exponent of L). (13)

(d) As a consequence of Proposition 2 we obtain the following relation
between the multiplicities mult,(A) of weight y in F(}):

Y. muit,(}) Py(g) = g""/2.
A

It is natural to suppose that similar statements take place for the Monster.
More precisely, we suggest the following conjectures. Let /1 be the Leech
lattice and let R be the set of vectors in /1 of square length 4. Then for a suitable
choice of R, in R for any irreducible character y of the Monster group there
exists A€ A such that the series @ (q) =Y, (mult ¥ in V;)¢* is equal to
Py(q)/¢(q)*, where P,(g) is given by an (infinite) product (note that P(q) is
the average Thompson series over F,). Formula (12) also should hold. I
checked (12) using T'able 1a from [25] and it turned out that

Py(g) = (P( ) L1 +m ), B = ‘P( D (1 428 + ), ete.

6. Let O be a positive definite, integral, even lattice of rank # in the
n-dimensional complex space H. Let W be the group of all isometries of Q, let
T be the (normal) subgroup of translations, and let W be the (finite) subgroup

of linear isometries.

607/35/3-6
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We construct an infinite-dimensional representation = of the group W in a
complex vector space V as follows. Set P, = 1C[t] ®¢c H = @y P,*, where
P.* = ¢ Q¢ H. Let S(P_) be the symmetric algebra over the complex space P,
and let C(Q) be the group algebra of the group Q. We set V' = S(P.) Q¢ C(Q).
The action of W on H induces a representation m, of W in V. We define a
representation m, of O in V by my(y) = 1 & (multiplication by e¥). Now the
representation 7 is defined by #(w7,) = m(w) my(y), where we Wand T, is a
translation by y.

. We define a gradation V = @5, V) by dega = km for ae S™P,X),
deg e? = X(y, ). Clearly, this gradation is W-invariant. For w e W set ch V((g, w))
= Yo (tr w |y )g*. The same argument as that in the proof of Proposition 1
gives the following formula (we use the notations of Section 4):

g " ch V((g, w)) = 0u(9)/nu(9)- (14)

In particular, if Q is the Leech lattice, then ¢~ ch V((g, 1)) = j(¢) — 720, and
(14) turns into the formula conjectured in [25] (mentioned in Section 4). So we
have constructed the graded space in which one should look for the Monster.

Note that our construction is similar to the first step of the construction
applied to the realization of the L-module V(4,) in [28]. An analog of the
second step hopefully would lead to the construction of the Monster. In any
event the problems of the explicit realization of the #-module V(4,) and
the construction of the Monster are very similar.

7. Inthe remainder of this addendum I would like to make some correc-
tions to [SF]. The third line of the statement of Proposition 2.2 should be:
“of ¥(u) such that V(u) is a subquotient of ¥.”” There is a simpler proof of
this proposition. Indeed, one clearly has ch ¥V = 3", ch V(}), where ¢, # 0
only if V(A) is a subquotient of V. Now, since V(X) = P(A)/I, one has ch V(}) =
ch P(A) — ch I. Applying the same argument to module 7 and iterating it
completes the proof. Also, in the proof of Proposition 2.5 one should add that
W 4., = {e} because of Proposition 1.8(f).

Further Corrections

Page 115, line 111, should be X* instead of X,

Page 127, line 6|, should be g instead of §;

Page 128, one should divide the second factor in (3.26) by #W, ;

Page 129, line 1}, one should add (0,..., 0, 1) for B{® and A{2. In these
cases Y a(r)X" is p(X2)p(X)~* 1 and o(X)~ [31];

- Page 129, line 2|, one should add (1, 0,..., 0) for 4% , , D{?; and E{®. In

these cases Y a(r) X" is @(X)"Hp(X?), p(X)1p(X2) "1 and ¢(X) 2p(X?)-2
[B1];
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Page 130, line 10|, one should cross out (8, p) = &;
Page 130, line 15, should be I — Ao instead of ¢ — Al;
Page 131, lines 11}, 14|, should be ¥ instead of (A 4 1)y.
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