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1. Introduction and statements of the results

Flows in compact (two-dimensional) surfaces are very well understood since the groundbreaking
work of Peixoto [25,26]. A theory of three-dimensional flows has steadily been developing since the
characterization of robust invariant sets in [21]. The study of singular attractors for flows in higher
dimensions is, however, mostly open; see [9,20] and the recent book [7] and references therein.

For non-robust but persistent attractors, like the Rovella attractor presented in [31], there is still
no higher-dimensional analogue. Other previous constructions yielding similar behavior can be found
in, e.g.,, [33,32,16,36,12,11]. Of course, one may embed the usual Rovella attractor (also known as
contracting Lorenz attractor) into flows in any dimension, just by “multiplying by a strong contrac-
tion” (the attractor is contained in a three-dimensional sub-manifold, which is invariant and normally
contracting for the flow). But this procedure leads to flows without new dynamical phenomena. More-
over, it remains an open problem, since the introduction of the contracting Lorenz models about two
decades ago, whether persistent non-robust attractors for singular flows may contain singularities
with multidimensional expanding directions.

Here we present a positive solution to this problem.

In a rather natural way, since low-dimensional dynamics is much better understood than the dy-
namics of general systems, the techniques used in the mathematical analysis of three-dimensional
attractors for flows frequently depend on a dimensional reduction through projection along a stable
manifold inside some Poincaré cross-section. This method yields a one-dimensional system whose
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Fig. 1. On the left, the geometric Lorenz attractor with the contracting directions on the cross-section X'; on the right, the
Lorenz one-dimensional transformation.

dynamics can be nearly completely understood as well as the dynamics of its small perturbations;
see e.g. [19,10].

In this work we start a rigorous study of a proposed higher-dimensional analogue of the three-
dimensional Rovella attractor. Other examples of higher-dimensional chaotic attractors have been
recently presented, e.g. by Bonatti, Pumarifio and Viana in [9] and by Shil'nikov and Turaev in [35],
but these are robust sets, while our construction leads to a persistent non-robust singular attractor.

In [9] the authors define a uniformly expanding map on a higher-dimensional torus, suspend it as
a time-one map of a flow, and then singularize the flow adding a singularity in a convenient flow-
box. This procedure creates a new dynamics on the torus presenting a multidimensional version of
the one-dimensional expanding Lorenz-like map, and a flow with robust multidimensional Lorenz-like
attractors: the singularity contained in the attractor may have any number of expanding eigenvalues,
and the attractor remains transitive in a whole neighborhood of the initial flow. The construction in [35]
is also robust but yields a quasi-attractor: the attracting invariant set is not transitive but it is the
maximal chain recurrence class in its neighborhood.

For the case of the Lorenz attractor and singular-hyperbolic attractors in general, see e.g. [39]
and [7]. In this class the equilibrium accumulated by regular orbits inside the attractor has real eigen-
values Ags < As < 0 < Ay satisfying As + Ay, > 0 and a type of global (collection of) cross-section(s) can
be defined endowed with invariant stable laminations. The quotient of the return map to the global
cross-section over the stable leaves (see Fig. 1) is the one-dimensional Lorenz transformation. Our
goal is to construct a flow such that “after the identification by the stable directions”, the first return
map in a certain cross-section M is a multidimensional version of the one-dimensional map of the
contracting Lorenz model (or Rovella attractor); see [31].

A Rovella-like attractor is the maximal invariant set of a geometric flow whose construction is
very similar to the one that gives the geometric Lorenz attractor [13,1,7], except for the fact that
the eigenvalues relation A, + As > O there is replaced by A, + As < 0, where A, > 0 and A is the
weakest contractive eigenvalue at the origin. We remark that, unlike the one-dimensional Lorenz
map obtained from the usual construction of the geometric Lorenz attractor, a one-dimensional map
associated to the contracting Lorenz model has a criticality at the origin, caused by the eigenvalue
relation A, + As < 0 at the singularity. In Fig. 2 we present some possible one-dimensional maps
obtained through quotienting out the stable direction of the return map to the global cross-section of
the geometric model of the contracting Lorenz attractor, as in Fig. 1.

The interplay between expansion away from the critical point with visits near the criticality pre-
vents this system to have uniform expansion and also prevents robustness, that is, the attractor is not
transitive on a whole neighborhood of the original flow. However the Rovella attractors are persistent.

We say that an attractor A of a vector field X € ¥3(M) is k-dimensionally persistent, if there exists
a C* sub-manifold P of X3(M) with codimension k and A admits a neighborhood U in M such that
for every Y € T:={Y € X3(M): ﬂt>0 Y!(U) is transitive} we have
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Fig. 2. Several possible cases for the one-dimensional map for the contracting Lorenz model.

mT NSNB(Y))
) m(SNB.(Y))

where S is any k-dimensional sub-manifold of ¥3(M) intersecting P transversely, m is k-dimensional
Lebesgue (volume) measure in S and B,(Y) is the ball of radius r > 0 in S in the C3 topology.

Rovella in [31] showed that this class of three-dimensional attractors is 2-dimensionally persistent
in the C3 topology. That is, for generic parameterized families of vector fields passing through the original
vector field Xo, the parameters corresponding to transitive attractors, with the same features of the Rovella
attractor, form a positive Lebesgue measure subset and full density at Xo. We stress that Rovella-like and
Lorenz-like attractors are rather natural dynamical models since they appear in the generic unfolding
of resonant double homoclinic loops; see e.g. [28-30,22,23].

In this work we provide a multidimensional counterpart of this result. First we obtain the attractor
as follows.

Theorem A. For any dimension m =k + 5, k € Z, there exists a C*® vector field X € X*°(M™) on an m-
dimensional manifold exhibiting a singular attractor A, containing a pair of hyperbolic singularities sg, $1
with different indexes in a trapping region U. Moreover

(1) there existsamap R: X O on a (k 4+ 4)-dimensional cross-section X of the flow of X such that
(a) the set A is the suspension of an attractor Ay C X with respect to R,
(b) R admits a 3-dimensional stable direction ES and (k + 1)-dimensional center-unstable direction E©

such that ES & E€ is a partially hyperbolic splittingof TX | Ay,

(c) Ay supports a physical measure v for R;

(2) A is the support of a physical hyperbolic measure w for the flow X!: the ergodic basin of 1 is a positive
Lebesgue measure subset of U and every Lyapunov exponent of (4 along the suspension of the bundle E€
is positive, except along the flow direction.

To prove Theorem A we follow the same strategy of [9] with two main differences.

On the one hand, since we aim at a multidimensional version of the one-dimensional map of the
contracting Lorenz model, we have to deal with critical regions, that is, regions where the derivative
of the return map to a global cross-section vanishes. Because of this, proving the existence of non-
trivial attractors for the flow arising from such construction requires a more careful analysis. Indeed,
as in the one-dimensional case, depending on the dynamics of the critical region, every attractor for
the return map may be periodic (trivial).

On the other hand, our construction leads to the presence of a pair of hyperbolic saddle equi-
libria accumulated by regular orbits inside the attractor but with different indexes (the dimension of
their stable manifolds). This feature creates extra difficulties for the analysis of the possible dynamics
arising under small perturbations of the flow.

Typically, when the critical region is non-recurrent (which corresponds to Misiurewicz maps in
one-dimensional dynamics), most of the difficulties introduced by the critical region can be bypassed.
That is one of the main reasons for us to construct a kind of multidimensional Misiurewicz dynamics.
In general, such critical regions in dimension greater than one are sub-manifolds, and one cannot rule
out that they intersect each other under the action of the dynamics. Albeit this, we shall exhibit a
class of multidimensional Misiurewicz-like endomorphisms that appears naturally in a flow dynamics;
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see Theorem 2.1 in Section 2. This is an example of non-uniformly expanding dynamics in higher di-
mensions which does not exhibit any uniformly expanding direction and is conjugated to a skew-product
of a quadratic map with an expanding map, with the exception of at most two orbits.

This is the basic dynamics which we modify to obtain the return map R to a cross-section of
the flow, exhibiting an expanding invariant torus 11"1‘ that will absorb the image of the critical region
after the singularization of the associated flow. By topological reasons, this map cannot be seen as a time-
one map of a suspension flow: locally its degree is not constant. To bypass this new difficulty, we realize
this map as a first return map of a flow with singularities (after identification by stable directions).
Afterwards, we singularize a periodic orbit of this flow, i.e.,, we introduce a new singularity s of
saddle-type, with (k4 1)-dimensional unstable manifold and 4-dimensional stable manifold. Moreover,
all the eigenvalues of s are real and if o5; and o, ; denote the stable and the unstable eigenvalues at
s respectively, then max{os;} + max{oy j} <0 for 1 <i<4 and 1< j <k+ 1. We say that this kind
of singularity is a Rovella-like singularity. The resulting flow will present a multidimensional transitive
Rovella-like attractor, supporting a physical measure, as stated in Theorem A.

The existence of the physical/SRB measure for the original flow is obtained taking advantage of
the fact that, through identification of stable leaves, we can project the dynamics of the first return
map R of the flow to a global cross-section into a one-dimensional transformation with a Misiurewicz
critical point.

We point out that the analysis of the dynamics of most perturbations of our flow cannot be easily re-
duced (perhaps not at all) to a one-dimensional model. This indicates that intrinsic multidimensional tools
should be developed to fully understand this class of flows. Thus extra difficulties arise to verify that
this kind of multidimensional contracting Lorenz attractor is persistent. We obtain the following par-
tial result in this direction.

Theorem B. For any k € Z, there exists a (k + 2)-codimension sub-manifold P of the space of C% vector fields
X2(M) such that

(1) the vector field X from Theorem A belongs to P and, for all Y € P in a neighborhood U of X in X2(M),
the Poincaré return map Ry to the cross-section X admits a 3-dimensional strongly contracting CY foli-
ation ¥, for some y > 1. The induced map gy on the quotient of X over ¥ is a C¥ endomorphism on a
cylinder [—1, 1] x TX;

(2) for vector fields Y € U \ P, the Poincaré return map Ry to the cross-section X admits a one-dimensional
strongly contracting CV foliation &, for some y > 1. The induced map gy on the quotient of X over ¥ is
a C¥ endomorphism on a manifold diffeomorphic to the unit ball in R**3;

(3) for avector field Y € U N P, if the quotient map gy sends the critical set inside the stable manifold of the
sink p(Y), then this stable manifold contains the trapping region U except for a zero Lebesgue measure
subset.

Next we give the precise definitions and concepts involved in the previous statements.
1.1. Preliminary definitions and conjectures

In what follows M is a compact boundaryless finite-dimensional manifold and X' (M) is the set of
C! vector fields on M, endowed with the C! topology. From now on we fix some smooth Riemannian
structure on M and an induced normalized volume form m that we call Lebesgue measure. We write
also dist for the induced distance on M and || - || for the induced Riemannian norm on TM. Given X €
X1 (M), we denote by X!, t € R, the flow induced by X, and if x € M and [a, b] C R then X!@Pl(x) =
(X'(x), a<<t<b}.

We say that a differentiable map f:M ¢ is C!T if the derivative Df of f is Hélder: there are
o, C > 0 such that for every x € M we can find parametrized neighborhoods U = ¢ (Up) of x and V =
¥ (Vo) of f(x) in M, where Uy, V¢ are neighborhoods of 0 in R4M™M) and ¢, 4 are parametrizations
of M, such that for all y1,y, €U

ID(¥ "o fod)(y1) —D(¥ "o fog)(y2)| < Cdist(y1.y2)®.
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A point p € M is a periodic point for X' if X(p) # 0 and there exists T > 0 such that X%(p) = p.
The minimal value of t such that X¥(p) = p is the period of p. If p is a periodic point, we also say
that the orbit O(p) = {X'(p): t € R} of p is a periodic orbit. A singularity o is an equilibrium point
of Xt, that is, X(o) =0. If X(p) # 0 then we say that p is a regular point and its orbit O(p) is a
regular orbit.

Let A be a compact invariant set of X € X!(M). We say that A is an attracting set if there exists
a trapping region, i.e. an open set U D A such that X!(U) C U for t > 0 and A = ("), X (U). Here A
means the topological closure of the set A in the manifold we are considering.

We say that an attracting set A is transitive if it is equal to the w-limit set of a regular X-orbit.
We recall that the w-limit set of a given point x with respect to the flow X! of X is the set w(x)
of accumulation points of (X!(x));~0 when t — +ooc. An attractor is a transitive attracting set and a
singular attractor is an attractor which contains some equilibrium point of the flow. An attractor is
proper if it is not the whole manifold. An invariant set of X is non-trivial if it is neither a periodic
orbit nor a singularity.

Definition 1.1. Let A be a compact invariant set of a C'* map f:M ©, ¢>0, and 0 <X < 1. We
say that A has a (c, A)-dominated splitting if the bundle over A splits as a Df-invariant sum of
sub-bundles TAoM = E* @ E“, such that for all n € Z* and each x € A

[ [ B2l 1 (or [ E) | < ea. 1)

We say that an f-invariant subset A of M is partially hyperbolic if it has a (c, A)-dominated split-
ting, for some ¢ > 0 and A € (0, 1), such that the sub-bundle E® is uniformly contracting: for all
neZ" and each x € A we have

IDF™ | Ex| < cA™ (2)
We denote by A the topological closure of the set A C M in what follows.

Definition 1.2. A C'* map g:M — M is non-uniformly expanding if there exists a constant ¢ > 0
such that

n—1

liminf1 Zlog“ Dg(gf(x))_1 | <—c<0 forLebesgue almost every x € M.
j=0

n—>+oon 4

Non-uniform expansion ensures the existence of absolutely continuous invariant probability mea-
sures under some mild extra assumptions on g, see below. One property of such measures is that
they have a “large ergodic basin”.

Definition 1.3 (Physical measure and ergodic basin for flows). We say that an invariant probability mea-
sure W is a physical measure for:

e the flow given by a field X: M — TM if there exists a positive Lebesgue measure B(u) C M
such that for all x € B(u) we have %fOT @ o Xt (x) dtrjoo Jy@du for all continuous functions
¢:M—>R;

e the map g:M - M ifnflllere exists a positive Lebesgue measure B(w) C M such that for each

x € B(u) we have %Zj:o (p(gj(x)) — fM @dpu for all continuous functions ¢ : M — R.

n—+o00

The set B(y) is called the ergodic basin of .
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Note that Theorems A and B show that the singular attractor A is not robustly transitive not even
robust: there exist arbitrary small perturbations Y of the vector field X such that the orbits of the
flow of Y, in a full Lebesgue measure set of points in U, converge to a periodic attractor (a periodic
sink for the flow). The singular attractor A is not partially hyperbolic in the usual sense (1) and (2)
adapted to the flow setting, since we can only define the splitting on the points of A which do not
converge to the singular points sg, 1, that is, we exclude the stable set of the singularities within A.
The remaining set, however, has full measure with respect to w. Since the equilibria sg, s; contained
in A are hyperbolic with different indexes (i.e. the dimension of their stable manifolds) we believe
the following can be proved.

Conjecture 1. It is not possible to extend the dominated splitting on A away from equilibria to the equilibria
So, S1 which belong to A.

In addition, the attractor A for X in U is such that the Jacobian along any 2-plane Py, inside
the central sub-bundle E{ for Lebesgue almost all x € U, is asymptotically expanded but not uni-
formly expanded, that is we can find a constant ¢ > 0 such that lim[_,+oo%log|detDXf | Px| > c,
but %log |det DX' | Py| can take an arbitrary long time (depending on x) to become positive.

For the remaining cases, not analyzed in Theorem B, we conjecture that the quotient map behaves
in a similar way to the typical perturbations of a smooth one-dimensional multimodal map.

Conjecture 2. For a vector field Y € U, where U is the neighborhood of X in %2(M) introduced in Theorem B,
if the quotient map gy does not send the critical set inside the stable manifold of the sink p(Y), then the
complement of this stable manifold contains the basin of a physical measure for gy whose Lyapunov exponents
are positive.

To make any progress in the understanding of this conjecture one needs to study the interplay
between the critical set, the expanding behavior in some regions of the space, and the stable manifold
of the sink, in a higher-dimensional setting. We believe this will demand the development of new
ideas in dynamics and ergodic theory.

1.2. Organization of the text

We present the construction of the vector field X in stages in Section 2. We start by constructing
a non-uniformly expanding higher-dimensional endomorphism with critical points in Section 2.1. This
provides a starting point for the Poincaré return maps R: X O of the statement of Theorem A. Then
we adapt this first construction to become the quotient of the return map of the flow we will con-
struct, in Section 2.2. In Section 2.3 we start the construction of the singular flow we are interested
in. This is done again in stages, and here we obtain a first candidate. Next we obtain the vector field
X after perturbing the candidate in Section 2.4.

We study the properties of X and its unfolding in Section 3. We prove the existence of the dom-
inated splitting for the return map to the cross-section and describe the construction of the physical
measure with positive multidimensional Lyapunov exponents in Section 3.1, completing the proof of
Theorem A. The details on the existence of the physical measure for the return map are left for Sec-
tion 4, where “Benedicks—Carleson type” arguments are adapted to our higher-dimensional setting.

The unfolding of the vector field X is studied in Section 3.2, where items (1)-(2) of Theorem B are
proved and the argument for the proof of item (3) is described. The proof of this last item is given in
Section 5.

We end with two appendixes. Appendix A provides an adaptation of a major technical tool to
our setting to prove the existence of an absolutely continuous measure for higher-dimensional non-
uniformly expanding maps. Appendix B provides a topological argument for the existence of a certain
isotopy we need during the construction of the vector field X.
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Tk

Fig. 3. The “torusphere”: each parallel is a k-torus.

~1=py 0 m !

Fig. 4. The one-dimensional map go.

2. The construction

Here we prove Theorem A. We start by providing an example of non-uniformly expanding dynam-
ics in higher dimensions which is interesting by itself since it does not exhibit any uniformly expanding
direction. Then we adapt this example to obtain the Poincaré return map R in the statement of Theo-
rem A. At the end of this section, we show how this yields a construction of a singular attractor with
k+1 non-uniformly expanding directions on a compact boundaryless (k+ 5)-dimensional manifold M.

2.1. An example of non-uniformly expanding dynamics in high dimension

We start by defining a non-uniformly expanding endomorphism of a (k 4+ 1)-dimensional mani-
fold N.

Let 7:R x Ck — R x C¥ be given by (t, z) — (cos(rt), zsin(rrt)). We consider T = S?! x Koxst
where S ={z e C: |z| =1} and let N =T ([—1, 1] x T¥). Clearly N has a natural differential structure:
N=G"1({1,...,1}) for

G:RxCKRK: (t,21,...,2) = (B + |z11%, ... 2+ |z]?)

which we name “torusphere” and is a manifold of dimension k + 1, see Fig. 3.

We remark that this manifold is the boundary of M := G~1([0, 11%), which is a “solid torusphere”,
that is M N ({t} x RY) ~T* x D for all —1 <t < 1, where D is the unit disk in C. In what follows we
write [ =[—1, 1].

Let go:1 ® be a C!'* non-flat unimodal map with the critical points co =0 and ¢; = go(co) =1 as
follows

_[sTa5a =51 ifxelo,1],
B0 = { e (%) ifxe[—1,0);

for C*° diffeomorphisms ¢* : [0, 1] — I such that both ¢t and ¢~ are monotonous decreasing. More-
over we assume that the critical order « is strictly between 1 and 2, 1 < o < 2, and that gg satisfies (see
Fig. 4):
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(1) go(£1) =—1 and gp has exactly two fixed points, namely, po=—1and 0 < p; <1;
(2) go(po) > 1 and gy(p1) < —1.

It is well known that these maps are non-uniformly expanding and conjugated to the tent map
(see the proof of Lemma 2.3 in what follows). Thus, in particular, they are topologically transitive and
admit a unique absolutely continuous probability measure supported on the entire interval.

Now we define f;:CK — C* by (w1,...,wy) > (w3,..., w?). Then the map go x f1:[—1,1] x
T* ¢ induces a C'** map g:N O by g:=7T o (8o x fi)o Y 1. It is easy to see that g takes meridians
onto meridians and parallels onto parallels of the torusphere. This means that the derivative of g
preserves the directions associated to such foliations.

Next we state and prove the main properties of the map g defined above. This is the main result
of this subsection.

Theorem 2.1. For any k € Zt, g is a non-uniformly expanding map of class C't on the (k + 1)-manifold N,
without any uniformly expanding directions, admitting an absolutely continuous invariant probability measure
with full ergodic basin in N, whose Lyapunov exponents are all positive.

For the proof of theorem above we start with the following
Claim 2.2. The map g is a non-uniformly expanding map.

Using polar coordinates, we can take a parametrization h: (—1,1) x (0,27)¥ — N given by
h(t, ®) =h(t,61,...,6) = (sin(5t), z2(®) cos(5t)), where O := (61,...,6) and

2(©) := (cos(61), sin(61), . .., cos(6k), sin(6y)) € R,

The image of h covers N except for a null Lebesgue measure set. Therefore, the expression of g in
these coordinates is

(sin(%t), cos(%t)z(@)) — (sin(%gg(t)), cos(%gg(t))z(2(~))>.

=X

In the meridian directions, this implies that the derivative Dg(x):TxN — Tgx)N takes the vector
v :=(cos(%t),sin(51)z(®)) to Dg(x) - v = gy(t) - (cos(5 go(1)), sin(5 go(t))z(20)).

We adopt in R x R2 (where N is embedded) the norm ||(t, 2)|| := +/|t|? + l|zI|2/k, where |z is
the standard Euclidean norm in R, Therefore

IDgx) - vil 12(0)]- cos?(Z go(t)) +sin®(Z go (1)) - 12(26) |12 /k
vl U s2(50 +sin?(F0) - 12(0)2/k
cos2(Z go(t)) + sin*(Z go (1))
=g S T =%
cos?(Ft) 4 sin”(%t)
Along the directions of the parallels, given any j € {1,...,k} the derivative Dg(x) takes the vector
vj:=(0,..., —cos(Ft)sin(8;), cos(Ft)cos()),0,...,0) to the vector

Dgx)-vj= (O, e, —2 cos(%gdt)) sin(20;), 2cos<%g0(t)> €0s(20;),0, ..., 0).
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Therefore
IDg@) - vjll . lcos(5go(®)] ‘\/sin2(291) +c0s?(26) | cos(% go(t))
; - - T
vl |cos(%t)| - \/sinz (0) + cos2(6;) cos(71t)
We note that for w = Z'jzl ojvj, the relation "‘Dﬁ(‘,’;)”"w”‘ = 2|C°z(()s%(i°t(;))| also holds. Let us call Ey the
2

space generated by the directions of the parallels through x in TxN, and m(x) := infycg, IDgX)-wil 1o

liwll
minimum norm (or conorm) of Dg(x) restricted to Ex. We have
11 , 1220 Jcos(Z gl (t 1. |cos(Zgh(t
— > logm(g!(x)) =log(2) + ~ > _log (257%()) —log(2) + ~ log w
miso ni2 cos(% gy (1)) n cos(5t)

Thus we will have n~! Z?;g logm(g?(x)) > log2 whenever |cos(%gg(t))| > |cos(%t)|, which is true
if, and only if, |gg(t)| < It].

To conclude the proof of Claim 2.2 we use Lemma 2.3 below, whose proof we postpone to the end
of this subsection.

Lemma 2.3. Given a neighborhood U of co, Lebesgue almost every orbit visits U infinitely often.

Since co =0, Lemma 2.3 ensures that for every given t € I'\ {0} the inequality |g(t)| < |t| is true
for infinitely many values of n > 1. This implies that

n—1
ng‘nﬁgj% z(:)log||| (Dg | Egj(x))7] || <—1log2 <0 forLebesgue almost every x. (3)
]:

Denoting Fy the direction of the meridian at TxN, for x = (t, ®), we also showed that

R n—1 1 . 1 n—1 )
liminf - X{;logHKDg | Fgiy) [ = —timsup - ZO log|go(go(0)| <0 (4)
j= Jj=

for Lebesgue almost every t € I, which is strictly negative by known results on unimodal maps (see
e.g. [10]). From (3) and (4) we obtain

n—1

lim sup % Z log|||Dg(gj(x))7] |||7] >0 for Lebesgue almost every x. (5)
j=0

n——+4oo

Hence, according to [27], g is a non-uniformly expanding map since, besides (5), the orbit of the
critical set clearly does not accumulate the critical set. This ensures that g admits an absolutely con-
tinuous invariant probability measure, which is unique because g is a transitive map (see the proof
of Lemma 2.3 below).

To complete the proof of Theorem 2.1, we are left to prove Lemma 2.3.

Proof of Lemma 2.3. It is not difficult to see that gg is topologically conjugated to the tent map
T(x) :=1 — 2|x| for x € I under some homeomorphism h of the interval I. Indeed, searching for h of
the form h(x) = x + u(x) on each interval [—1, 0] and [0, 1] for some continuous u:=+[0, 1] — I with
small C%-norm, we get the relation
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h(go®)=1=2/h(x)| or go(x) +u(go®)=1=2x+u()|.

For x € [0, 1] we have h(x) > 0 and so we obtain

1
27 u(go) +ux) = 5 (1=2x - g).
L(u)x

We remark that from this relation it follows that u(0) = u(1) = 0 and, moreover, the right-hand side
is strictly smaller than 1/2 uniformly on [0, 1], that is, L(u) < 1/2 — & for some 0 < & < 1/2. Clearly
L(u) =3I+ L where J is the identity on €°([0, 1], I) and (Lu)x =2"'u(go(x)) has C%-norm < 1/2. Thus
the linear operator £ :C%([0, 1], I) — €°([0, 1], I) admits an inverse. Analogously for the conjugation
equation on [—1,0]. So we can find h = J + u with u having C%-norm < 1, as needed to ensure that
h is invertible, thus a homeomorphism of I.

This guarantees that gy is transitive and, in particular, has no attracting periodic orbits.

The subset K := ﬂ@(, T~"([—1,1 —¢]) is a T-invariant Cantor set with zero Lebesgue measure,
for each 0 < ¢ < 1. Thus Kp := h(K) is also a gp-invariant Cantor set such that, for some § > 0 and
every z € Ko satisfies gj(z) e I'\ ((=68,8) U (1 —6,1]) for all n> 0.

That is, Ko is the set of points whose future orbits under go do not visit a neighborhood V¢ of
the critical set, so that go | (I \ V) is a C* map acting on K, by the definition of gg. Hence in Kg
we have no critical points and no attracting periodic orbits, thus the restriction go | Ko: Ko — Ko is
a uniformly expanding local diffeomorphism by Mafié’s results in [17].

Therefore the Lebesgue measure of Ko is zero, for otherwise this set would have a Lebesgue den-
sity point p. Since go is C* in a neighborhood of Ky, this would imply that Ko would contain some
interval J (see e.g. [38] or [5]). But go is uniformly expanding on Ko, thus the length of the successive
images gg(]) of J would grow to at least the length of one of the domains of monotonicity of go, in a
finite number of iterates. The next iterate would contain the critical point, contradicting the definition
of Ko.

It follows that the set E(8) of points of I which do not visit a §-neighborhood of ¢y under the ac-
tion of go has zero Lebesgue measure, for all small § > 0. This ensures that (. y (Ni=n ggk(E(IF]))
has zero volume for every big N > 1. Consequently the set (),. y Uksn gak(M \ E(k=1)) has full mea-
sure, and for points in this set there are infinitely many iterates visiting any given neighborhood
of cp. O

This completes the proof of Theorem 2.1.
2.2. The unperturbed basic dynamics

We now adapt the example in Section 2.1 in order to obtain a map f which will be a kind of
Poincaré return map for a singular flow, that we will perturb later to obtain a Rovella-like flow. We
again construct a map f in the torusphere by defining its action in the meridians and parallels.

Let fo:1— I be a C'* non-flat unimodal map with the critical point ¢ = 0, that is,

vt ifxe(0,1],
fo(X)—{wf(Ma) ifxe[-1,0);

for smooth monotonous increasing diffeomorphisms ¥* :[0,1] — I. Moreover we assume that the
critical order « is at least 2 and that f satisfies (see Fig. 5):

(1) fo(£1) =—1, fo has exactly three fixed points: pop=—1<p;<c=0<py<1;
(2) fop2) < =1 <0< fo(=1) <1 < fy(p1).
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—1:100/ p1 0 D2 +1

Fig. 5. The one-dimensional map fo.

Fig. 6. The parallel corresponding to the expanding fixed point is a uniform repeller for f, a vector i tangent to a meridian,
and a vector v tangent to a parallel.

The map fo x f1 induces a C'*® map f:N— Nby f=To(fox fi)oT™". Let T" = T ({p1} x T¥).
Note that f(T’l‘) = T’{, in other words, T’{ is positively invariant by f and a uniform repeller, see Fig. 6.

2.3. The unperturbed singular flow

Here we build a geometric model for a (k + 5)-dimensional flow X(‘), t > 0. We write B" for the
n-dimensional unit ball in R", that is B" := {x = (x1,...,x,) e R": Y, x,.2 <1}

Recall that f;:T* — T* is the expanding map defined in Section 2.1. Such map has a lift to an
inverse limit which is a higher-dimensional version of a Smale solenoid map, see [34].

More precisely, as shown in Appendix B, given a solid k-torus T :=T* x D, where D = {z € C:
|z| < 1}, there exists a map S:e(T) — e(T) defined on the image of a smooth embedding e : T — Bk+2
such that mp o S = f1 omp, where rp:e(T) — e(T" x 0) ~ Tk is the projection along the leaves of the
foliation F° := {e(® x D)}y v of T. Moreover, F contracts the disks in F° by a uniform contraction
rate A € (0, 1). We remark that T¥ is the quotient of e(T) over F°. From now on we identify e(T) with
T and T* with e(T* x 0). The map S is the higher-dimensional version of a Smale solenoid map we
mentioned above.

We also have (see Appendix B) that there exists a smooth isotopy ¢; : B¥t2 — B¥*2 between
S = ¢; and the identity map ¢o on B¥+2,

We define a flow between two cross-sections X; = 711 (I2x{3—j} x B¥?), j=1,2, by

Y (1 (%1, X2, 2, W) = 71 (X1, %2, 2 — £, (W), 0<t<1,
where (x1,%2,2 —t, W) € I? x [1,2] x B*¥2 and

71 R x R x R x B¥2 (9, (X1,X2, X3, W) > (x1,X2,x3, (1 —x%)l/ZW).
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Fig. 7. The starting singular flow with the transformations Y!, L* and the projections 1 and 5.

We note that X; >~ 1 x Bk+3 naturally for any j =1,2. We extend this flow so that there exists a
Poincaré return map from X, to X with the properties we need. For this we take a linear flow on
R3 x R¥*2 with a singularity s at the origin having real eigenvalues A; > 0, and A; + Aj <0 for
2 < j <k + 5. For simplicity, we also assume that A; = A3 for all j >4 and that o := —A3/1; and
B = —Aa/\ satisfy B > a + 2. This last strong dissipative condition on the saddle sy ensures that the
foliation corresponding to the x; direction is dominated, and so persists for all C2 nearby flows.

We note that the subspace {0} x R? x B¥*2, excluded from further considerations, is contained in
the stable manifold of sp and so its points never return no X;.

We write (x1,x2,1, W) for a point on X,, with x; € R and W € B¥*2 and consider the cross-
sections T = {(+1,x2,x3, W): (x2,x3) € I2, W € R¥2} to the flow and the Poincaré first entry
transformations given by (see Fig. 7):

LE: 2 0 {Fx1 > 0} > ZF: (x1. x0, 1LW) > (£ xalx1 P 101 [%, x4 | W). (6)

Remark 2.4. The maps L* given in (6) are clearly Hélder maps in their domain of definition. Moreover
the time the flow needs to take the point (x1,x2,1, W) to >+ s given by —log|x1|, where |x1]| is the
distance to the local stable manifold of sy on X.

Now we define diffeomorphisms from the image of L* to X; which can be realized as the first
entry maps from X% to ¥; under a flow defined away from the origin in R¥*5. Since we want to
define a flow with an attractor containing the origin in R¥*3, we need to ensure that the return map
defined on X7 through the composition of all the above transformations does preserve the family of
tori together with their stable foliations. Moreover the quotient of this return transformation over the
stable directions should be the map f. We write these transformations as T*: ¥+ — ¥, given by

1
(£1,22.23. V) > (wiczs), o+ %2,2, wi(zg)V)

where C > 0 is big enough so that the map restricted to the first 3 coordinates is injective and thus
a diffeomorphism with its image. We recall that % is part of the definition of the one-dimensional
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map fo. The diffeomorphisms ¥*:[0,1] — I are chosen to ensure that the quotient map is well
defined on N, as follows:

1—y*(z3)?

e forz3 € (0,1)
Z3

Z3> WE(z3) = —
23 1—

and we set ¥*(0) := F1 and ¥*(1) = +1. We remark that ¥* are diffeomorphisms, see Fig. 7.
Indeed both the numerator and denominator inside the square root can be written as a Taylor series
around z3 = 1 with an expression like const - (1 — z3) + o(1 — z3) for some non-zero constant, thus
Y+ is differentiable at 1. Now % can be expanded around z3 = 0 as 1+ const - z3 + o(|z3]) for
some positive constant. Hence /1 — ()2 can be expanded as (1 — (1 — const - z3 + 0(|z3]))?)1/% =
const - z3 + 0(|z3|) thus ¥* is also differentiable at 0.

Now we check that the return map Rg given by Rg:=T* oL* o Y!: X, ) can be seen as a map
on N. Indeed notice that Y! commutes with 71 by construction and that for x; > 0

(T oLt 07m1)(x1, %2, 1, W) = (TF o LV) (1, %2, 1, (1 = 2)"/?

=T (v () el Il xal® (1 - x) 7 w)
1 B
:<f0(xl)7§+le?| 2W 1—w+(|X1|“)2>

1 xlx1|f
=7T1<fo(X1),§+ 2 w).

w)
1/2

C
Hence we get

Ro(x1,%2,2, W) = (Y' o TT o LT o 711) (X1, %2, 2, W)

x2]x1]?
C

1
=T <f0(X1),§+ ,2,¢1(W)>, (7)

where x; > 0 and ¢1 = F by the definition of Y. Analogous calculations are valid for x; < 0 taking the
maps T~ and L~ into account. By the definition of ¢; we get that Rg maps X = X, N1 (12 x {1} x T)
inside itself.

Remark 2.5. The contracting direction along the eigendirection of the eigenvalue A, can be made
dominated by the other directions in this construction by increasing the contraction rates given by
C and Ap. This is very important to ensure the persistence of the stable lamination, see e.g. [15]
and Section 3.1. This is why we assumed the strong dissipative condition 8 > « + 2 on the saddle
equilibrium so. We note that this domination is for the action of the flow we are constructing.

We now remark that quotienting out the contracting directions of F° we obtain the map f on N.
Indeed, each element of the quotient can be seen as the image of the following projection 75 : ¥ —
N given by (x1,%2,1, W) — (x1, (1 — x3)/27(W)) where, we recall, rp: T — Tk = S! x Koxst ¢
Ck ~R2* It is easy to see that the return map Ry is semiconjugated to f through m,, that is 73 o Rg =
foms.

Remark 2.6. We take advantage of the fact that the hyperplanes {x; = +1} can be identified to a
single point due to the dynamics of 8o. If we do not perform this type of identification, i.e. if we
consider instead the projection 73 : 22 — I x T given by (x1,x2,1, W) > (x1, mp(W)), then we get
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poz—i p1 O +1

Fig. 8. This represents the initial flow before the perturbation and the one-dimensional quotient.

a cylinder I x T* as the domain of the quotient map, instead of the torusphere N, and likewise
73 0 Ro = (fo x f1) o 3, where f; < Tk 9 is the expanding map on the k-torus defined in Section 2.1.

2.3.1. Localizing some periodic orbits of the flow

The vector field Xy just constructed has a flow with an attracting periodic orbit, the orbit of
Po =m1(—1, y«, 2,0) for some y, € I. Indeed, we note that —1 is an attracting fixed point for the
one-dimensional map fp and that the fp-orbit of almost every x € I tends to —1. Then, since on the
second coordinate in X, we have a strong contraction under the action of Rg, this ensures that there
exists y, as above satisfying Ro(r1(—1, y«, 2,0)) = m1(—1, y«, 2, 0). We note that along the x; and x;
directions the flow clearly is a contraction. Moreover, for x in the interval (—1, p1), the “toruspherical
coordinates” of mq(x,y,2, W) (that is, the last coordinate of dimension k + 2) tend to O since they
are multiplied by /1 — f§(x)? and f¥(x) - —1 as k — +o0.

In addition the fixed point p; of fy corresponds to a hyperbolic invariant subset for the flow inside
the solid torus Py = m1((p1, y*,2) x T) for some y* € I. We observe that quotienting out the stable
directions we get the invariant torus T’{ as already mentioned before, see Fig. 7.

Finally the orbit of P, = m1(1,y,2,0) is in the stable manifold of Py for any y € I. Indeed it
returns to the stable leaf {1(—1, y,2,0): y € I} and never leaves this leaf in all future returns. In the
quotient nz(fiz) the point Py is fixed and P, is one of its pre-images under f.

2.4. Perturbing the original singular flow

Now we make a perturbation X of the vector field Xy constructed in the previous section to obtain
a Rovella-like attractor.

From now on we assume that P, is the point where the component of the unstable manifold of
so through X+ first arrives at 12 x {2} x B¥*2. We consider then the positive orbit of P, up until it
returns to ﬁz. By construction the return point Ro(P;) has the expression pP= m1(—1,3,2,0), so it
returns in 713 (—1, 0), after the quotient through .

This is a regular orbit, so it admits a tubular neighborhood. We can assume that the orbit chosen
above returns to X close enough to Py, that is J is close to y,. We also assume that P; is also very
close to Py so that the tubular neighborhood contains both Py and P1, see Fig. 8.
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p=-1 p1 0 +1 -1 p 0 +1

Fig. 9. The perturbed singular flow seen through the projections 71 and 7.

We note that since Py is a hyperbolic attracting orbit it is easy to extend the tubular neighborhood
to its local basin of attraction whose topological closure contains P1.

In this setting we can now perturb the flow inside the tubular neighborhood in the same way as
to produce a kind of Cherry flow, introducing two hyperbolic saddle singularities § and s;. Here the
extra dimensions are very useful to enable us to introduce such saddle fixed point with the adequate
dimensions of stable and unstable manifolds. The saddle s; has k+1 expanding eigenvalues g, ..., A,
the remaining 4 contracting eigenvalues Aj, j=k+1,...,k+4, and s; is sectionally d1551pative
Ai+Aj <0 forall i <k and j > k. In fact the extra dlmensmns are essential to allow the construction
of such a saddle.

The other saddle s has k + 2 expanding eigenvalues and 3 contracting ones. We assume that this
perturbation is done in such a way that the (k 4+ 1)-dimensional unstable manifold of s; contains T¥,
see Fig. 9, and the stable manifold of s; is everywhere tangent to the subspace given by the direction
of the stable manifolds of the solid tori together with the x, direction. In this way we can still quotient
out the stable leaves, which are preserved by the perturbed flow. This is the flow of X in the statement
of Theorem A.

Remark 2.7. Since P, is part of the unstable manifold of sy, then we have constructed a saddle-
connection between sy and si. Because the stable manifold of s; is 3-dimensional, we can keep the
connection for nearby vector fields restricted to a (k + 2)-codimension sub-manifold of the space of
all smooth vector fields: all we have to do is to keep one branch of the one-dimensional unstable
manifold of sy contained in the 3-dimensional local stable manifold of s1, and this sub-manifold has
codimension k + 2. See Fig. 10.

The action of the first return map R of the new flow X! to X5, on the family of stable leaves
which project to the interval [pq, 1], equals (except for a linear change of coordinates) the map g
presented in Section 2.1, see Fig. 9. That is, we have a multidimensional non-uniformly expanding
transformation as the quotient of the first return map. This transformation sends each k-torus in N to
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Fig. 10. The connection between sp and s7.

another k-torus and so it can be further reduced to the interval map go, by considering its action on
the tori.

Remark 2.8. The introduction of the saddle-connection changes the return time of the points in X
under the new flow, but we can assume that the distance from the stable manifold of s; of the
orbit of (x1,x2,2, W) € ¥, near s; is given by the x3 coordinate of L*(x1, x2, 2, W), that is, by |x;|¢.
Therefore the Poincaré return time is now bounded, after Remark 2.4, by some uniform constant plus
const - log |x1|. The value |x1| equals the distance of (x1, x2,2, W) to the critical set of g.

This reduction to a one-dimensional model will be essential to our analysis of the existence of an
absolutely continuous invariant probability measure for g and the existence of a physical probability
measure for the attracting set of the flow near the origin.

2.4.1. The attracting set and an invariant stable foliation 5 5
We note that the set Ax :=(),.qR"(X2) contains a subset As :=(),.oR"(U), where U is a

small neighborhood in X3 of nz_l[p1, 1], which is an attracting set for R, that is, R(f]) c U. Hence
the saturation A = Ute]R Xt(Ayx) is also an attracting set for X¢ such that Ay = AN X5,

It is easy to see that every point z = m1(x1,x2,1, W) of Ax belongs to the solenoid attractor in
{(x1, %2, 1)} x B¥"2. Therefore it is straightforward to define a local stable foliation F*° through the
points of Ax: we define F5° to be the stable disk through z of the solid torus {(x1,x2, 1)} x ¢1(7).
Hence we get a DR-invariant continuous and uniformly contracting sub-bundle ES of T Ay given by
EF =T,35.

From the existence of the invariant contracting sub-bundle E* over T Ay, we can define the nor-
mal sub-bundle G = (E)L NR x {(0,0)} x R¥*2 to E* in the tangent space to I x {(x3, 1)} x B¥t2,
and use this pair of continuous bundles to define a stable cone field and the complementary cone
field

C@={uv)eEfaG,: lul > v}, C'@={wv)eE’®GC: Jul<|vl}

for all points z€ Ay.

It is clear that the bundle of tangent spaces to {I x {(x2,1)} x B"“}xﬁl is invariant under DR,
under both forward and backward iterations. Moreover, we have that C° is strictly invariant under
backward iteration by DR and, consequently, the complementary cone is invariant under forward
iteration by DR. Therefore vectors in C%(z) make an angle with vectors in E3* uniformly bounded
away from zero. We use this in the next section to prove the existence of a dominated splitting
over TAy.
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Fig. 11. The last perturbation defining the flow X. We can project the dynamics into a one-dimensional map.

3. Properties of the vector field and its unfolding

We now prove all items of Theorem A and show that the flow of X is chaotic with multidimen-
sional expansion. We also consider its perturbations and prove Theorem B. Some technical points are
postponed to Sections 4 and 5 and Appendix A.

3.1. X is chaotic with multidimensional non-uniform expansion

We observe that, since we have a one-dimensional quotient map where the critical point is
mapped to a repelling fixed point, we are in the setting of “Misiurewicz maps”, see the right-hand
side of Fig. 9.

We note that the map on the torusphere for the perturbed flow is non-uniformly expanding in all
directions, because the non-uniformity is seen on every direction away from the repelling torus T¥,
and because the singularity contracts also in every direction, see Fig. 11. This was already proved in
Section 2.1.

3.1.1. Invariant probability measure

The results in Section 4 ensure that there exists an ergodic absolutely continuous invariant proba-
bility measure v for the transformation g, which is the action of the first return map R of the flow
of X to X, on the stable leaves. Indeed g satisfies all the conditions of Theorem 4.5 since its quotient
go is a Misiurewicz map of the interval. Moreover v is an expanding measure: all Lyapunov exponents
for v-a.e. point are strictly positive, as shown in Section 2.1.

From standard arguments using the uniformly contracting foliation through Ay (recall Sec-
tion 2.4.1), see e.g. [8, Section 6], we can construct an R-invariant ergodic probability measure v,
whose basin has positive Lebesgue measure on X», and which projects to v along stable leaves. Fi-
nally, using a suspension flow construction over the transformation R we can easily obtain (see [8,
Section 6] for details) a corresponding ergodic physical probability measure w for the flow of X, which
induces v as the associated R-invariant probability on X».

We claim that w is a hyperbolic measure for X! with k 41 positive Lyapunov exponents. To prove
this, we first obtain a dominated splitting for the tangent DR of the return map R which identifies
the bundle of directions with non-uniform expansion.

3.1.2. Strong domination and smooth stable foliation

We now consider the return map R to X, and show that the sub-bundle E° corresponding to
the tangent planes to the local stable leaves of the solenoid maps is “strongly y-dominated” by the
non-uniformly expanding direction “parallel” to the toruspheres, for some y > 1.

Let 37 , be the bidimensional stable foliation of the solenoid map acting on the section {x; =a,
xo = b} N (12{1} x B¥*2) for each (a, b) € I2. Then, from the expression (7) of Rg, which is only modi-
fied to R by putting go in the place of fo, we see that the derivative of Rq along some leaf y € 37 ,
equals the derivative of ¢; along the same direction multiplied by (1 — go(a)?)'/2. Since || D¢ | v || < A
for some constant (not dependent on a, b nor on the particular leaf of J3 ;) A € (0, 1), we get that

IDR |yl <A(1 = go(@?)'>.
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We can estimate expansion/contraction rates of the derivative of the quotient map g as in Sec-
tion 2.1. Since this map is obtained through a projection of R along JF°, the real expansion and
contraction rates of the derivative of R along any direction in the complementary cone CY are
bounded by the corresponding rates of Dg up to constants. These constants depend on the angle
between the stable leaves and the direction on the complementary cone field, which is uniformly
bounded away from zero.

Hence, recalling that m(x) is the minimum norm of Dg(x) for x=m(t,b,1,z, ®) withtel, zeD
and ® € [0, 277)¥, to obtain the smoothness of the foliation, it is enough to get that

_ 21/2
d(x) = M (8)
IDg)IY m(x)®

is bounded by some constant uniformly on every point x, for some y > 1 and w > 0. This implies that
for a small enough A > 0 we have A(1 — go(t)2)'/2||Dg(x)|~Y < am(x)® < m(x), since @ > 0 and m(x)
is bounded from above. This ensures (see [14, Theorem 6.2]) that F* is a C” foliation, so that holonomies
along the leaves of F* are of class CY .

From Section 2.1 we know that

4
m(x) :m(t):min{]gé(t) ,2 M } and (9)
cos(5t)
_ , cos(% go(t))
I59] = max{ g 0.2| 2 22500} (10

Hence d(x) =d(t) only depends on t € I.

Now we note that for t € I\ {—1, 0, 1} the quotient d(t) is continuous. Therefore, if we show that d
can be continuously extended to {—1, 0, 1}, then d is bounded on I and Ad(t) can be made arbitrarily
small letting the contraction rate A be small enough, which can be done without affecting the rest of
the construction. Having this concludes the proof of the smoothness of F*.

Finally, we compute, on the one hand lim;_, 11 |cos(%gg(t))/cos(%t)| = |g(’)(j:1)| # 0 which shows
that d can be continuously extended to £1. On the other hand, by the choice of the map gp in
Section 2.1, we have that both m(x) and ||Dg(x)| are of the order of |t|*~! for t near 0 (ignoring
multiplicative constants). Thus

(|12

dx) =0 ——————
® <<|t|“—1)mr|a—1>w

> — O(|t|a/2—(y+w)(a—1)). (11)

For 1 <o <2 we have a/(2(o — 1)) > 1 so that, in this setting, we can take ¥ > 1 and w > 0 in order
that o/2 — (y + w)(o — 1) > 0. Hence d can also be extended continuously to 0. This concludes the
proof that 3 is strongly dominated by the action of DR along the directions on the complement C!
of the stable cone field, so that it becomes a C” foliation.

Now we define the subspace E to be the sum of the tangent space ES := TF* to F° with the x;
direction ESS on X3, i.e. E := ES* @ E®. This bundle E is a DR-invariant contracting sub-bundle which
is also strongly dominated by the directions on the center-unstable cone C* (see Section 2.4.1), since
the direction E** can be made even more strongly contracted than the bundle ES, see Remark 2.5. In
fact, the same argument as above, especially the relation (11), is analogous. The foliation F tangent to
E is then uniformly contracting, with 3-dimensional C'-leaves and C” holonomies, for some y > 1.

Remark 3.1. The foliation F*° is a subfoliation of F in the sense that every leaf y € ¥ admits a
foliation y N F*S by leaves of F*° tangent to ESS at every point.
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Remark 3.2. Arguing with the flow of X, there exists a one-dimensional foliation F** tangent to the one-
dimensional field of directions (J;»o DX'(E$"), since this line bundle is uniformly contracted by X'.

This one-dimensional bundle is also strongly dominated by the “saturated” bundle Ut>0 DX'(ES @
EX), by the choice of the constants C and g in the construction of the vector field, see Section 2.3.

We can now complete the construction of the center sub-bundle E. The domination just obtained
shows that the complementary cone field C* through the points of Ay is strictly invariant by forward
iteration under DR, so there exists a unique D R-invariant sub-bundle E¢ contained in C" and defined
on all points of Ay. We thus obtain a dominated splitting ES @ E€ of the tangent bundle of X,
over Ay.

3.1.3. Hyperbolicity of the physical measure

The suspension p of the ergodic and physical invariant probability measure v for R is also an
ergodic and physical measure for X’ on U. In addition, denoting 7(z) the Poincaré return time
for z € ¥, (which is a well-defined smooth function except on {0} x I x {1} x B¥*2) and t"(z) =
T(R™1(2)) 4 ---+ T(2) for all n € Z* such that t™(z) < 0o, we have DR"(z) = Pgn(;y o DXT' @ | T, %,
where P,:T,M — T,X, is the projection parallel to the direction X(z) of the flow at z € X,. There-
fore we can write, for z € X, such that R"(2) is never in the local stable manifold of so for n € Z*
and v€ ES(2) C T, 2>

. 1 n . ™z 1
0 < limsup — log|DR"(2)v|| < limsup ——= -
n—+4oo N n—+4o0 N T(2)

log| DX™" @ (2)v|. (12)

But T"(Z)/”njgo‘)(f) is finite for z in the basin of v. Indeed, by Remark 2.8, 7(z) is essentially the
logarithm of the distance to the critical set of R, i.e. the intersection of the local stable manifold of
so with X5. Indeed, the main contribution to the return time comes from the time it takes z € X, to
pass near the singularities, which is given by the logarithm of the distance to X N Wj, (so) and this
same value controls the time it takes the point to pass near s; also, except for a multiplication by
a positive constant, because of the local expression of the flow near a hyperbolic equilibrium and by
the form of the connection between sy and s1, see Fig. 10 and Remark 2.8.

In the quotient dynamics of R, i.e. for the map f on N, the function t is comparable to the
logarithm of the distance to the critical set. This function is v-integrable as a consequence of the
non-uniformly expanding properties of the map f, as stated in Theorem 4.5 of Section 4.

Hence (12) implies that the Lyapunov exponents along p-almost every orbit of X! are positive
along the directions of the bundle E(X!(2)) := DX!(ES(2) @ RX(2)) for z € A with the exception of
the flow direction (along which the Lyapunov exponent is zero).

In this way we show that the attractor for the flow of X is chaotic, in the sense that it admits a
physical probability measure with k + 1 positive Lyapunov exponents.

This concludes the proof of Theorem A.

3.2. Unfolding X

The E* direction on X, can be made uniformly contracting with arbitrarily strong contraction rate
(see Section 2.3 and Remark 2.5). Moreover, the x; direction is dominated by all the other directions
under the flow X‘. Thus ESS is a stable direction for the flow over A which is dominated by any
complementary direction.

Hence this uniformly contracting foliation F3 admits a continuation F3° for all flows Yt where
Y is close to X in X2(M), that is, in the C? topology. Since it is a one-dimensional foliation whose
contraction rate can be made arbitrarily small, the holonomies along its leaves are of class C” for
some y > 1, see [14, Theorem 6.2].

This ensures that the return map Ry to the cross-section I, x Iy x {1} x B¥*2 where I, := (-1 —¢,
1+¢), admits a one-dimensional invariant foliation such that the quotient map gy of Ry on the leaves
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of this foliation is a (k 4 3)-dimensional C¥ map, for any vector field Y close to X in the C? topology. In
addition, the leaves of F3 are C T_close to the leaves of the original J% foliation.

Considering the set I, x {(0, 1)} x B¥*2 diffeomorphic to I, x B¥"2, we see that JF% is transverse
to this set and thus the continuation remains transverse. Hence we can see the map gy as a map
between subsets of I, x Bkt2, Let Xy — I B¥+2 pe the projection along the leaves of Fy in
what follows and let £ := X, N W} (so(Y)) be the connected component of the local stable manifold
of the continuation of sy for Y on the cross-section 5.

We have scarce information about the dynamics of this map: it has a sink p(Y) (the continuation
of the sink of R) and is C”-close to the quotient of the map R over the foliation F§. Thus, for
points outside a neighborhood of 73*(¢) and away from the stable manifold of p(Y), we should have
“hyperbolicity” for gy due to proximity of Ry to R, that is, there is a pair of complementary directions
on the tangent space such that one is expanded and the other contracted by the derivative of gy. The
interplay of this hyperbolic-like behavior with the behavior near ¢ is unknown to us.

Conjecture 3. Similarly to the one-dimensional setting, gy admits a physical hyperbolic measure juy for all
those vector fields Y which are C2-close to X and the stable manifold of the sink does not contain the critical
region. Moreover the basin of wy should be the complement of the stable manifold of the sink.

However, we can be more specific along certain sub-manifolds of the space of vector fields, as
follows.

3.2.1. Keeping the domination on X, under perturbation

The argument presented in Section 3.1.2, proving smoothness of a 3-dimensional stable foliation F
after quotienting by 71, strongly depends on the fact that ;71 identifies every point whose first coordi-
nate is 1, which is represented by an infinite contraction there. We just have to consider (11), which
holds because the point 0, corresponding to the intersection of X, with the local stable manifold
of sg, is sent by go to 1 on each side, that is go(0%) = lim,_, ¢+ go(t) = 1.

In order to keep the strong domination for a perturbation Y of X in the C2 topology, we restrict the
perturbation in such a way that the corresponding points P, (Y) and P3(Y) are in the same stable leaf &£ € Fy.
This is well defined according to Remark 3.2, see Fig. 7 for the positions of P, and P3. Here P,(Y)
and P3(Y) are the points of first intersection of each branch W!(sg) \ {so} of the one-dimensional
unstable manifold of the equilibrium sy. We note that we can write each branch as an orbit of the
flow of Y and so the notion of first intersection with X, is well defined. This restriction on the vector
ﬁezld corresponds to restricting to a (k + 4)-codimension sub-manifold P of the space of vector fields
Xe(M).

In this way, on the one hand, the same arguments of Section 3.1.2 can be carried through and the
strong domination persists for vector fields Y € P. On the other hand, this implies that there exists
an Ry-invariant 3-dimensional contracting C? foliation Fy of X, for some y > 1, with C! leaves, for
all vector fields Y close enough to X within P.

We can then quotient Ry over the leaves of Fy to obtain a (k + 1)-dimensional map gy. We
note that, defining the cylinder € := I, x {0} x {1} x e(T¥ x 0) (diffeomorphic to I, x T¥) inside
Ie x I x {1} x B¥+2 (recall that I, = (—1 — &, 1+ ¢€)) we have that the initial foliation F is everywhere
transverse to C. Therefore, since € is a proper sub-manifold, the continuation Fy is still transverse to
@ for Y € NN P. Hence we can define a corresponding quotient map gy : I x T¥ (9 which will not be,
in general, either a direct or skew-product along the I, and T directions.

We observe that gy is close to fo x fi on I x T¥, recall Remark 2.6 during the construction of the
original flow. Hence for pieces of orbits which remain away from a neighborhood of the critical set
and away from the basin of the sink, we have uniform expansion in all directions (akin to condition C
on the statement of Theorem 4.5).

3.2.2. Keeping the saddle-connection
In addition to keeping the foliation F, we may impose the restriction already mentioned in Re-
mark 2.7 to keep also the connection between sy and s1: the component of the unstable manifold of sg
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Fig. 13. On the left: a non-symmetrical perturbation. We cannot reduce the analysis to a one-dimensional map. On the right:
an open region nearby the singularity is sent into the basin of a sink.

through X* (i.e. the orbit of P>(Y)) is contained in the stable manifold of sq, a (k + 1)-codimension
condition on the family of all vector fields Y C2-close to X. Let N be the sub-manifold of such vector
fields in a neighborhood of X.

Therefore we can ensure that there exists a stable foliation Fy nearby Fx for every vector field
Y e NN P, invariant under the corresponding return map Ry. We can again quotient Ry over the
leaves of Fy to obtain a (k + 1)-dimensional map gy. We observe that N NP will have codimension
2k + 5 since the conditions defining N and P are independent.

3.2.3. Keeping the one-dimensional quotient map

We can also perturb the vector field X within the manifold N NP keeping the saddle-connection
in such a way that we obtain a one-dimensional C'* quotient map. In this setting we can apply
Benedicks-Carleson exclusion of parameters techniques along these families of flows, exactly in the
same way Rovella proved his main theorem in [31]. So we have an analogous result to Rovella’s if we
perturb the flow keeping the symmetry which allows us to project to a one-dimensional map, that is, if gy is a
skew-product over I.

Since we have a well-defined strong stable foliation for the Poincaré map, we can quotient out
along such stable foliation obtaining a map in the torusphere. By keeping the symmetry we mean
that we unfold our Misiurewicz type flow preserving the invariance of each parallel torus in the
torusphere. We can consider families which unfold the criticality introduced by the singularity s; (as
in the right-hand side of Fig. 2) and/or unfold the intersection of the unstable manifold of s; with T¥,
see Fig. 12. Once more, this permits us to reduce the study of the attractor to a one-dimensional
problem.

In the very small manifold within P "N where the one-dimensional quotient map is kept, we can
argue just like Rovella in [31] obtaining the same results.

3.2.4. Loosing the one-dimensional quotient map

We note also that, even if we keep the saddle-connection, it is very easy to perturb this flow to
another arbitrarily close flow such that the quotient to a one-dimensional map is not defined, as the left-
hand side of Fig. 13 suggests.



V. Aratijo et al. / ]. Differential Equations 251 (2011) 3163-3201 3185

3.2.5. Breaking the saddle-connection

Another way to break the one-dimensional quotient is to break the saddle-connection. Then the
orbit of P,(Y) is no longer contained in the stable manifold of s;. So the positive orbit of P3(Y)
under Y! follows the unstable manifold of s; and crosses X, at some point, but points in the image
T‘J{(Z‘““) near P»(Y) may no longer be mapped preserving the stable foliation of the solenoids (see
Fig. 7). In this case we still have a quotient map gy :I, x T¥ (% but it is no longer a skew-product
over I.

3.2.6. Returning away from the sink

We conjecture that, in the situation depicted in the left side of Fig. 13, that is, we have a non-
skew-product map gy but the image of P,(Y) under Ry does not intersect the basin of the sink Py,
either with or without a saddle-connection between sy and sq, then it is always true that there exists an
expanding (all Lyapunov exponents are positive) physical measure with full basin outside the basin of the sink.

The motivation behind this conjecture is that gy is close to go and away from the singular set and
away from the basin of the sink we have uniform expansion, since this behavior was present in the
original map go and is persistent. Therefore, we have the interplay between expansion and a critical
region which will be approximately a circle on the cylinder I, x TX. This setting is similar to the one
introduced by Viana in [37, Theorem A] and carefully studied in e.g. [6,2,5].

3.2.7. Returning inside the basin of the sink

On the one hand, the perturbation can send points nearby P, into the basin of the sink Py, either
with or without a saddle-connection between sg and s, as shown in the right-hand side of Fig. 13. We
prove, in Section 5, that this implies that the basin of the sink grows to fill the whole manifold Lebesgue
modulo zero, for such vector fields in the sub-manifold P NN.

This completes the proof of Theorem B except for the last item proved in Section 5.

4. Higher-dimensional Benedicks-Carleson conditions

To present the statement and proof of the existence of an absolutely continuous invariant prob-
ability measure on the setting of higher-dimensional maps, we need to recall some notions from
non-uniformly expanding dynamics.

4.1. Non-flat critical or singular sets

Let f be a C'* local diffeomorphism outside a compact proper sub-manifold $ of M with positive
codimension. The set § may be taken as some set of critical points of f or a set where f fails to
be differentiable. The sub-manifold 8§ has an at most countable collection of connected components
{Si}ien, which may have different codimensions. This is enough to ensure that the volume or Lebesgue
measure of 8 is zero and, in particular, that f is a regular map, that is, if Z ¢ M has zero volume,
then f~1(Z) has zero volume also.

In what follows we assume that the number of connected components of 8 is finite. It should be possible
to drop this condition if we impose some global restrictions on the behavior of the map f, see
[24] for examples with one-dimensional ambient manifold M of non-uniformly expanding maps with
infinitely many critical points. We do not pursue this issue in this work.

We say that 8§ ¢ M is a non-flat critical or singular set for f if the following conditions hold for
each connected component §;. The first one essentially says that f behaves like a power of the distance
to §;: there are constants B > 1 and real numbers «; > §; such that o; — i <1,1+8; >0 and ona
neighborhood U; of 8; (where U; N8; =@ if j#1i and we also take U; C B(8;, 1/2)) for every x € U;

IDf@)V|

v < Bdist(x, 8)# forall v e TyM.

1
(51) B dist(x, 8)% <
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Moreover, we assume that the functions log|detDf(x)| and log|[Df(x)~'|| are locally Lipschitz at
points x € U; with Lipschitz constant depending on dist(x, 8): for every x, y € U; with dist(x, y) <
dist(x, 8;)/2 we have

B
1y -1 : )
(S2) |log|| Df )~ || —log||Df (1)~ ]| < dist(xéS,-)“i dist(x, y);
(S3) |log|det Df (x)| — log|det Df (y)|| < Gt S@ dist(x, y).

The assumption that the number of connected components is finite implies that there exists g > 0
such that max;{|c;|, |8il} < B and we also assume that for all xe M \ 8

IDf )V
vl

The case where § is equal to the empty set may also be considered. The assumption 1+ 8; > 0
prevents that the image of arbitrary small neighborhoods around the singular set accumulates every
point of M (consider e.g. the Gauss map [0, 1] 3 x — x~! mod 1) which would prevent a meaningful
definition of “singular value”, see the statement of Theorem 4.5 in what follows.

1
(S4) 3 dist(x, 8)# < < Bdist(x,8)™# forall v e TyM.

4.2. Hyperbolic times

We write x; = fi(x) for xe M, i >0, and also S,{go(x) =Shp(x) = Z?;Ol ©(x;), n > 1, for the ergodic
sums of a function ¢ : M — R with respect to the action of f, in what follows. For the next definition
it will be useful to introduce dists(x, 8), the §-truncated distance from x to 8, defined as dists(x, 8) =
dist(x, 8) if dist(x, 8) < 8, and dists(x, $) = 1 otherwise. From now on we write ¥ (x) = log | Df (x)~1||
and ©,(x) = —logdist;(x,8) forxe M\ 8§ and r > 0.

Let 8 > 0 be given by the non-flat conditions on 8, and fix b > 0 such that b < min{1/2,1/(48)}.
Given ¢ > 0 and § > 0, we say that h is an (e€, §)-hyperbolic time for a point x € M if, for all 0 <k <h,

Sk (Xn—k) < —ck and  SD5(xy—k) < bek. (13)

We convention that an empty sum evaluates to 0 so that the above inequalities make sense for all
indexes in the given range.
We say that the frequency of (e, §)-hyperbolic times for x € M is greater than 6 > 0 if, for infinitely
many times n, there are h; < hy < --- < hy <n which are (e, §)-hyperbolic times for x and ¢ > on.
The following statement summarizes the main properties of hyperbolic times. For a proof the
reader can consult [4, Lemma 5.2] and [4, Corollary 5.3].

Proposition 4.1. There are 0 < 81 < §/4 and Cy > 0 (depending only on § and o) such that if h is an (e, §)-
hyperbolic time for x, then there is a hyperbolic neighborhood V of x = xo in M for which

) fM maps v diffeomorphically onto the ball of radius 8; around xy;

) for 1 <k<handy,ze Vy, dist(yn_k. za—t) < C1e%/2 dist(yp, zp);

) forally € Vi, Sp®s5(y) < Sp®Ds(x) + 0(8) where 0(8)/8§ — 0 when § — 0;
)

. . . h
4 fh | Vi has distortion bounded by Cy: if y, z € Vy, then % < (.

(1
(2
3
(

Remark 4.2. The image of V, by f is away from B(S, 35/4): for y € V,

3
dist(yp, 8) > dist(xy, 8) — dist(yp, Xp) =6 — 81 > Z(S

since dists(xp, S) > 1.
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Item (3) above, which is not found in [4], is an easy consequence of item (2): for every 1 <k <h
and y € Vi

o dists (Y. ) < —log dists (Xp—k, 8) — dist(Yn—k, Xh—k)
dists (4. 8) dists (Xq—r. S)

dist(yp—k, Xn—k)
og( dists (Xp—k, 8) )

s]ok/z 3 3
< _10g<1 - o <—log(1- Z56(1/2 byck

3/48 3 se(1/2-bick

S1-(3/4)5 4

So each point y in a hyperbolic neighborhood as above satisfies

B/4%8% < 172t
Sp® <Sp® T I LD
hDs(Y) < Sp 5<X)+1—(3/4)8 ;—09 nDs(X) +

(3/4)282 1
1—(3/4)8 1—ebc’

and the last term is 0(3).

In what follows we say that an open set V is a hyperbolic neighborhood of any one of its points x €
V, with (e/2, 8)-distortion time h (or, for short, an (e/2, §)-hyperbolic neighborhood), if the properties
stated in items (1) through (4) of Proposition 4.1 are true for x and k = h.

We also say that a given point x has positive frequency of hyperbolic neighborhoods bounded by 6 > 0
if there exist ¢, § > 0 and neighborhoods Vp, of x with (e, §)-distortion time hy, for all k > 1, such
that for every big enough k we have k > 0hy.

4.3. Existence of many hyperbolic neighborhoods versus absolutely continuous invariant probability measures

Hyperbolic times appear naturally when f is assumed to be non-uniformly expanding in some set
H C M: there is some ¢ > 0 such that for every x € H one has

1
liminf —Sp¥ (x) < —c, (14)
n

n—+o00

and points in H satisfy some slow recurrence to the critical or singular set: given any € > 0 there exists
8 > 0 such that for every x € H

1
lim sup ESan(x)és. (15)

n—+o00

The next result has been proved in [4, Theorem C and Lemma 5.4]. It provides sufficient conditions
for the existence of many hyperbolic times along the orbit of points satisfying the non-uniformly
expanding and slow recurrence conditions.

Theorem 4.3. Let f : M — M be a C'* local diffeomorphism outside a non-flat critical or singular set S C M.
If there is some set H C M \ 8 such that (14) and (15) hold for all x € H, then for any given 0 < & < 1 and
0 < ¢ < bc there exist § > 0 and 6 > 0 such that the frequency of (e=¢, 8)-hyperbolic times for each point
x € H is bigger than 6. Moreover for such hyperbolic times h we have S;©5(x) < ¢h.
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Together with Proposition 4.1 the results from Theorem 4.3 ensure the existence of positive fre-
quency of hyperbolic neighborhoods around Lebesgue almost every point.

This will imply the existence of absolutely continuous invariant probability measures for the map
f through the following result from [27].

Theorem 4.4. Let f : M — M be a C'* local diffeomorphism outside a non-degenerate exceptional set $ C M.
If there are c,§ > 0 such that the frequency of (e, 8)-hyperbolic neighborhoods is bigger than 6 > 0 for
Lebesgue almost every x € M, then f has some absolutely continuous invariant probability measure.

Since we are using a modified definition of hyperbolic time, we present a proof of Theorems 4.3
and 4.4 in Appendix A for completeness.

4.4. Existence of absolutely continuous probability measures

The following theorem provides higher-dimensional existence result for physical measures which
applies to our setting.

Theorem 4.5. Let f: M\ § — M be a C'* local diffeomorphism, where § is a compact sub-manifold of M
which is a non-flat critical/singular set for f. We define

F®) :={") f(Bin(®)),

n>1

the set of all accumulation points of sequences f (xp) for x, converging to 8§ as n — +o0, and assume that f
also satisfies:

A: f is non-uniformly expanding along the orbits of critical values: there exist co > 0 and N > 1 such
that for all x € f(8) and n > N we have S,y (x) < —con;

B: the critical set has slow recurrence to itself: given ¢ > 0 we can find § > 0 such that for all x € f(8)
there exists N = N(x) satisfying S, Ds(x) < en for everyn > N;

C: f is uniformly expanding away from the critical/singular set: for every neighborhood U of S there
existc =c(U) > 0and K = K(U) > 0 such that forany x € M and n > 1 satisfying x = Xg, X1, ..., Xn—1 €
M\ U, then Sy (x) < K —cn;

D: f does not contract too much when returning near the critical/singular set: that is, there exist k > 0
and a neighborhood U of 8 such that for every open neighborhood U C 4] of § and for x = x¢ satisfying
X1,...,Xn—1 € M\ U and either xg € U or x, € U, then Sy (xp) < k.

Then f has an absolutely continuous invariant probability measure v such that © is v-integrable for some
(and thus all) d > 0.

We observe that condition B above ensures, in particular, that f(8) N8 = ¢, for otherwise D;(x)
is not defined for x € 8§ N f(8). Moreover, condition C above is just a convenient translation to this
higher-dimensional setting of the conclusion of the one-dimensional theorem of Mafié [17], ensur-
ing uniform expansion away from the critical set and basins of periodic attractors. It can be read
alternatively as: given § > 0 there are C, A > 0 such that if x; e M \ B(S,6) for i=0,...,n—1, then
IDf*(x)~1|| < Ce=™". In addition, condition D is a translation to our setting of a similar property
that holds for unidimensional multimodal “Misiurewicz maps”, that is, for maps whose critical orbits
are non-recurrent, ensuring a minimal lower bound for the derivative of the map along orbits which
return near 8.

Now we show that under the conditions in the statement of Theorem 4.5, we can find a full
measure subset of points of M having positive density of hyperbolic times.
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Theorem 4.6. Let f : M\ § — M be a C'* local diffeomorphism away from a non-flat critical/singular set §,
satisfying all conditions in the statement of Theorem 4.5. Then for every small enough 0 < & < 1 there exist
8§ =48(¢)>0and 6O =06(&,§) > 0 such that Lebesgue almost every x € M admits positive frequency bounded
by 6 of (e~¢, §)-hyperbolic neighborhoods.

From this result we deduce Theorem 4.5 applying Theorem 4.4. So all we need to do is prove
Theorem 4.6. For the integrability of © see Remark 4.14 in what follows.

4.4.1. Existence of hyperbolic neighborhoods
Fix &, €,8 > 0 and small enough so that condition B is satisfied in what follows and &co < b. Let
¢ > 0 be small enough in order that

I C
§o0Co +2§<500
1+ 1+¢

for alli. (16)

Depending on f and &g, we can choose the pair (g, §) so that, from conditions A and B above together
with Theorem 4.3, every point z € f(8) has infinitely many (e 260 §)-hyperbolic times h; < hy <
h3 < --- satisfying

Sy D;(z) < ¢hi fori>1. (17)

Then there are corresponding hyperbolic neighborhoods V; of z satisfying the conclusions of Proposi-
tion 4.1 for each hyperbolic time h; of z, where § > 0 does not depend on z € 8, that is f" | V;:V; —
B(zp,;, 1) is a diffeomorphism with a ball of radius & € (0, 5/4) whose inverse is a contraction with
rate bounded by e—fo¢ohi

We will consider, instead of V;, the subset B; C V; given by

Bi=(f" | Vi)' (B(zn, 2)) (18)

where we set 28, = §1. Since f(8) is compact, we can cover this set by finitely many hyperbolic
neighborhoods of the type B;.
Now we fix a connected component §; of 8.

4.4.2. Hyperbolic neighborhoods near the critical/singular set

Let T; be the smallest distortion (or hyperbolic) time associated to the balls covering f(8;). We
remark that T; can be taken arbitrarily big, independently of &, ¢, 5, because every z € f(8;) has
positive frequency of hyperbolic neighborhoods and, consequently, the open neighborhoods in the
above covering can be made arbitrarily small.

We observe that, by definition of hyperbolic neighborhoods, if dist(z, f(8;)) < e %% for some
j =1 and there exists x € f(8;) such that z € V;(x), then the corresponding distortion time h; satisfies
hi > j.

We note also that, by the non-flat condition (S1) on f near §;, a p-neighborhood of S is sent into
a p'*+Pi_neighborhood of f(8;), for each p > 0. Indeed, since §; is assumed to be a sub-manifold, we
can find for x, on a tubular neighborhood of §; with radius p, a curve y : [0, p] > M from y (0) € §;
to ¥ (1) =x such that dist(y (t),S;) =t and ||y (t)|| =1 for t € [0, p]. Hence

o o
dist(f (), f(S1)) </||Df(y(t))y(t)|| dtg/Bdist(y(t),S)"" dt
0 0
1+B;
LI dist(x, $)"+#1. (19)

1+8 1+ 8
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Therefore we can find C; = C5(83) > 0 such that C;+ﬂ‘B/(l + Bi) =&, and if, for some j >0
dist(x, 8;) < Cpe~S0coTit/(+e) . — g, (20)

then the smallest possible distortion time h of f(x) is at least }I—Q(T" + j), since

KT begco AL (Tig i
S0 5001 < dist(f (x), (81)) < Sy 00T T < gy P00 TH (T4,

Note that by the previous observations and Remark 4.2 we have

- B -
B(8i,8)) C B 8i), i
F(Bs.5) < B(£60, 15
and we can assume without loss of generality that

do <& — 61, (21)

letting T; grow if necessary.

In the opposite direction, we can find an upper bound for the distortion time associated with
a given distance to §; reversing the inequality in (19) as follows. Letting y denote a smooth curve
y :[0,1] - M such that y(0) € §; and y (1) = x for any given fixed x near §;, we get

1 1
1 oy -
dist(f(x), f(8i) =ixy1f/||Df(y(t))y(t) || dt > Eil;f/ dist(y (£), 8;)" |y (©)] dt
0 0

f/dlst ), 8)

d ..
m dist(y (1), S)‘ dt

o I

dt

m|._.

1
o f/ d dist(y (1), 8"+
dt 1+«
0

)H-a, dist(x, §)1+%

infvar, dist(y (t), 8 >
tef0,17 dist(y (), TRETS

- B(1+aj) v ' (22)

where we use, beside the non-flat condition (S1), the relation

d .. . . . .
Sty ©.5)| = |y ©)] = [0 - cos 2708 < |70

and write N; for the normal direction to the level sub-manifold

Se = {z e M: dist(z, 8;) =dist(y (1), §;)} aty(t);

and 7 for the orthogonal projection from T, M to N;. We also use the well-known relation

varp, 119 = fol [De(t)|dt for the total variation of a differentiable function ¢:[0, 1] - R.
From the inequality (22) we see that if d; > dist(x,8) > dj;q and f(x) € B; for some hyperbolic
neighborhood with distortion time h, then
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1+« C1+ﬁi+a,‘—ﬁi

C, )
(gze—éofoh dlst(f(x) f(Si )) e—boco(Ti+j+1) _

e—foco(Ti+j+1)
B(1 +Olz) B(1+ )

N\i—pBi
s _AEBIT it > C368 Pig@aco Tt op

B1+ei—Fi(1 4+ a;)
log C 1—(aj — Bi
0gL3 i (i — Bi) log 8y < (]

h<(Ti+j+1)—
I &oCo &oco

+%>(Ti+j+1)

as long as T; is big enough, depending on f and &g, cg, §2. We remark that we have used the condition
0 <a; — Bi <1 in the inequalities above. For future reference we write these inequalities (for a big
enough T;) in the convenient format

1+ i A+¢/2)A + o)
) <hg —>————
&oCo o) &oCo

dj > dist(x. 8) > dj1, >0 D40, (23)

We are now ready for the main arguments.

Claim 4.7. There are (e, 8)-hyperbolic neighborhoods for each point in B(S;, 8) \ S;, for suitable constants
£,§€(0,1).

Indeed, for each yg € B(8;,dp) \ 8; there exists a unique integer k such that yo € B(8i,dy) \
B(8;, dk+1)- By the choice of k we know that y; = f(yo) has some distortion time +ﬂ’ (T, +k) <
h < (1+4¢/2)(Ti+k+1). Using the non-flat conditions on §; we can estimate the norm of the deriva-
tive and the volume distortion in a suitable neighborhood of yg, and show that yo has a hyperbolic
neighborhood with h + 1 as distortion time, with slightly weaker constants of expansion and distor-
tion, as follows.

Let B; be the hyperbolic neighborhood containing y; with distortion time h (as defined in (18)).
The image of B; under f" is the 8,-ball around z, for some point zo € f(8;) and Yh+1 is inside this

ball. Note that since dist(y1, f(8;)) > d]+a"/(B(1 + «;)) from (22), then

k1
oy clte Tk+1
dist Lzp) > =KL _gfocoh — 2 pfocoh(1="50) > 35217 F1, 24
(Yh+152n) B fap B rap 34, (24)

Thus if we set 283 = Cgag"fﬂ", then we can take a hyperbolic neighborhood of y; defined by W :=
(f" | Vi)"Y (B(¥ny1,83)), where V; is the original neighborhood associated to B;, see (18). Observe
that because diam W < §3e~%0coh

C1+Oli )
dist(W, f(8p) = ﬁdkﬂ‘*—a s focoh

— (C3812¥i7ﬂidlli]aie§060h _ 83)@75060’1 2 8367&]60]‘!

by the definition of §3.

Now we find a radius p > 0 such that the image f(B(yo, p)) covers the hyperbolic neighborhood
W of y;. By the definition of k and the non-flatness condition (S1) we have that f(B(yo,p)) D
B(y1, p1) for all small enough p > 0, where p; > p|IDf (yo)~ 1|~ = B~1pd, “. Since we want p; >

§3e~50cm it is enough that

l+l

T4+k+1

P o=t foco(THe+ ) > 3e—6ocoh 0> B o600 TG () g —a)

B
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But using the relations obtained between h and T +k + 1 we get

_ T+k+1 ) —ai ;
0 > BSse §oco g ((I+a(1+5/2)—ai) _ Bsgd;ﬂH“’wz.

We note that y := (1 + «;)¢/2 is positive due to the non-flatness conditions. If we take w, w €
1
B(yo.dy.}), then

. . . 1+

dist(w, 8;) > dist(yo. 8;) — dist(w. yo) > dir1 — dy; ] =dis1(1—dp, ;) > diya (25)
whenever T; is big enough in order that 1 — d}:H > dyip/digq = e~50/0+2) Thus if wy = f(w) and
w1 = f(W) are both in W, then using the bound for the inverse of the derivative provided also by
the non-flatness condition (S1)

dist(w, W) < Bd, [ dist(wy, 1) < Bd,jfge—focoh dist(Wpi1, Whi1)
of Ti+k+2
h+1 14a; h+1

=B exp(—éoco(h + 1)( )) dist(Wpy1, Whet)

_ Y% -
<e @0 M dist(wi g, Whg) (26)

for all big enough h since h+1 > }iﬁ’l (Ti+k)+1> }igi (1+0(T))(T; +k+2) where o(T;) is a small
quantity which tends to zero when T; is taken arbitrarily large. We recall that condition (S1) on «;j, §;
ensures that 1+ B; > «j, so that 0 < &1 :=&p(1 — %"ﬁl_) and the contraction rate is bounded by e 1<,
In particular this shows that we can indeed take a neighborhood with the radius p we estimated
above.

This means that every point wi in W is the image of some point w € B(yo,d,](ii/), and the
connected component W, containing yg of the pre-image of W under f is fully contained in
M \ B(8;,dg+2), by the relation (25). Thus the neighborhood Wy of yo satisfies items (1) and (2)
of Proposition 4.1 for n =h + 1 iterates and for an e~1% contraction rate. Therefore item (3) of the
same proposition also holds as a consequence with § =dp, see Section 4.2.

In addition we can estimate

Sh+1Ddy (¥0) = Dy (Vo) + ShDdy (¥1) < —logdii1 + Ch +0(8)

Ti+k+1 h 0(8)
g(E"CO(thl)(l+ozi) o +h+l)(h+1)

oo &oCo
<<]+ai+2§>(h+1)<1+{(h+1), (27)

where we have used item (3) of Proposition 4.1 applied to the hyperbolic neighborhood W of y; and
the choice of ¢ in (16) and (17). This bound is essential to obtain positive frequency of hyperbolic
neighborhoods in the final stage of the proof. We use here the assumption B of the statement of
Theorem 4.5 with appropriately chosen constants.

Moreover we also have the following estimate for the bounded distortion of volume, again using
the non-flat conditions together with the above inequalities for w, w € Wy

|det Df (w)]

0g — " < Bdist(Wo, $;) "% dist(w, w) < e 5100+ D dist (w1, W .
g \det Df ()] (Wo, 8i) ( ) (Whi1, Why1)

Therefore we can bound (using that f(w), f(W) € B; and Proposition 4.1)
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h
|det DFi+1(w)] Zlog |detDf (w )]
|det DT (w)| |det Df (w )]
h ) 53
< Ze—cf]CoJ dist(Wpi1, W) < Py =(Cs.
j=0

Hence Wy satisfies all the conditions of Proposition 4.1 with appropriate constants.
We stress that the value of T; (thus the value of dy) depends only on «;, i and &g, co, 1.
This completes the proof of Claim 4.7.

Remark 4.8. The minimal backward contraction in B(8;, dp) near a singularity can be made arbitrarily
big in a single iterate taking T; large enough or, which is the same, taking the neighborhood of the
singularities small enough.

Remark 4.9. The constant of average expansion &cg is the same in all cases for each connected com-
ponent of 8, but in principle the radius §3 = §3(i) and the distance dyp = dp(i) to S; ensuring existence
of distortion times depend on the connected component. However we assume that the values of T;
are big enough so that all the inequalities above are satisfied for all connected components §; and
such that the corresponding neighborhoods of S; be contained in the §-neighborhood of S.

In what follows we write § (which is smaller than §) for the smallest value do(i) over all connected
components.

4.4.3. Hyperbolic neighborhoods for almost every point

We use the statement of Claim 4.7 from now on and show that all points whose orbit does not fall
into the singular/critical set admit some distortion time with well-defined contraction rate and slow
approximation rate.

Claim 4.10. Lebesgue almost every point admits an (e 520, §)-hyperbolic nelghborhood for some iterate £ and
the frequency of visits of the £-iterates to a §-neighborhood of 8 is bounded by 1°C°

In a similar way to the one-dimensional multimodal case, we use condition D on U to show that
we can obtain a minimal derivative when an orbit returns to any fixed arbitrarily small neighborhood
U c U of the critical/singular set. From this intermediate result we deduce that most points on M\ U
have some distortion time. We prove first an auxiliary result.

Claim 4.11. There exists a minimal average expansion rate e~/2 either for the first return of xo to a small
enough neighborhood U of 8, or for the first N iterates, where N does not depend on the starting point xo € U.

Let U = B(8,8) be an open neighborhood of 8 compatible with the choices of the T; as in the
proofs of the previous claims. So U is the union of a number of connected open sets, one for each
connected component of 8.

The first h iterates of xg correspond to an (e, §)-distortion time. From condition C there are
K,c > 0 such that for n > h satisfying x;,...,x,—1 € M \ U we have that Sp¥(xo) < —&coh + K —
c(n—h).

We shrink the neighborhood U so that the smaller distortion time h for points xo € U \ 8 satisfies

K Ecg ¢ h 1
- SRl — = > 2
h<m {4’8} and h+2K/c (28)

We write [t] :=max{i € Z: i <t} for all t € R in what follows and set N = [2K/c].
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Case (i) - the orbit returns to U in more than N iterates: In this case we have for n > N that
Snr(x0) < —%n, since we can assume without loss that ¢ < &£cg. Notice that we have the
same conclusion if the orbit of xy never returns to U.

Case (ii) — the return to U occurs in less than N iterates: We now use condition D to get, since the first
return iterate n satisfiesn>h>h

SnW(Xo) < _%'Coh + K :Tl(—gcog + %) <n<_§% + ?) _ _%n’

since h was chosen as in (28).

This completes the proof of Claim 4.11, setting min{c/2, £co/4} as the average expansion rate.

Now we prove Claim 4.10.

Again fix an arbitrary xo € M \ U such that the orbit of xo never falls into 8. We divide the argu-
ment in two cases.

Case (iii) - the orbit takes more than N iterates to enter U: Arguing as in the proof of Case (i) above we
get for all n > N satisfying xo,...,xp_1 € M \ U that S;(xg) < K — cn < —5n. This implies
that there exists some distortion time h <n for xy by the proof of Theorem 4.3. We note
that in this case S;D;s(xp) = 0.

Case (iv) - the orbit enters U in at most N iterates: Let j < N be the first entrance time of the orbit of
Xo in U, h the distortion time associated to x; and use Claim 4.11 to get

c K c h
S; <K+ S ) <k —ch=G+)( —— - - ——
j+h ¥ (X0) <k + SpYr (X)) <k 5 G+ )(J-l-h 21+h)
c ¢ c
<U+h|g—75)=—50+h
(J+ )<8 4> 8(J+ )
since h > h by the choice of U in (28).

We also obtain that S ;Ds(x0) = SpDs(x;) < ?’Tcgh < fOTC?(]' +h).

Moreover the distortion of fi™" on the connected component of (fj)‘l(ij) contain-
ing xo is bounded from above by a constant dependent on N only (since we are dealing
with a local diffeomorphism away from a given fixed neighborhood of §), where Vy; is the
hyperbolic neighborhood of x; given by Claim 4.7.

This completes the proof of Claim 4.10 if we set & such that &co = c/8.

4.4.4. Positive frequency of hyperbolic neighborhoods almost everywhere
Here we finish the proof of Theorem 4.6.

Claim 4.12. The frequency of (e~52%, §)-hyperbolic neighborhoods is positive and bounded away from zero
Lebesgue almost everywhere.

We now define an auxiliary induced map F: M — M, so that the F-iterates correspond to iterates
of f at distortion times, as follows. For xo € M we have two cases:

Expansion without shadowing: the £ > N iterates of x belong to M \ U. In this case there exists some
(e~52% §)-distortion time £ < N and we define F(x) = f¢(x) and T(x) = £ = q(x).

Expansion with shadowing: let 0 <q < N be the least non-negative integer such that x; € U and p be
the (e~ §)-distortion time associated to xq from Claim 4.7. We define F(x) = fP19(x) =
Xp+q and T(x) =p +q and q(x) =q in this case.
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The images of F always belong to M \ B(S, 8) by the choice of § from (21) following Remark 4.2. In
addition, for any given xg € M the map F(x) is defined and the iterate 7(x) has all the properties of
an (e~%2% §)-distortion time for xo according to Claim 4.10.

Now we observe the statement of Claim 4.12 is a consequence of the following property: there
exists # > 0 such that for every x e M

lim sup 1#{0<j<n: flx) e 0f 0} >0, (29)

n—-+o00

where O?(x) = {Fi(x), i >0} is the positive orbit of the induced map F. Moreover it is easy to see
that for each xe M and eachne N

k

#lo<j<n: fj(x)e(f);-’(x)}:sup{k>0: Skt => t(F'x)<nt. (30)

i=0

We remark that from (30) to obtain (29) it is enough to show that Skﬂt(x) < 1k, at least for every
big enough k. Indeed {k > 0: SF 1T@ <n}D{k>0: lk < n} so sup{k > 0: SkHt(x) <n}>6n.

The bounds (23) and (27) together with the deﬁmtlon of F ensure that we are in the conditions
of the following result.

Lemma 4.13. Assume that we have an induced map F = f* for some t : K — N defined on a positive invariant
subset K such that for every x € K :

(1) T(x) = qx) + p(fI¥(x)) for well-defined integer functions q on K and p on f4® (x) forallx € K;
(2) there exists N € N such that ¢ < N;
(3) thereexist0 <d < 1and C, p > 0suchthat0 < pC < 1and forallx € K

(a) theiterates x, f(x), ..., fA®=1(x) are outside B4(S);

(b) p(fI¥(x)) < CDa(fIM (x));

() S§Da(fIM (X)) < pp.

Then S,fr(x) 1= pckfor each x € K and every k >

In addition, we observe that since f is a regular map (that is f.Leb « Leb) then we can further
assume that the full Lebesgue measure set M is f-invariant, since ﬂl>0 (M) also has full Lebesgue

measure. Hence we can apply Lemma 4.13 with K =M, C = ]“/2 and p = E"CO to obtain 6 > 2(]i;)£.

Remark 4.14. According to item (3)(b) of the statement of Lemma 4.13 above, if we have an absolutely
continuous invariant probability measure v for f, then v(®g4) < p < 0o and so Dy is v-integrable, as
claimed in Theorem 4.5.

This completes the proof of Theorem 4.6 except for the proof of Lemma 4.13.

Proof of Lemma 4.13. Using the definition of F and the assumptions on t, for every given k > 0 and
x € K we can associate a sequence (o, Po,q1, P1, ---»Qk, Px such that for each i =0, ...,k we have
qi = q(Fi(x)) and q; + p; = T(Fi(x)). This together with the assumptions of item (3) in the statement
of the lemma allows us to estimate

k

k-1
Skt =Y (@i + i) < Y_(N+CDq, (U (F')))
i=0

i=0
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k—1
<KN+CY sS4, Da,(Fi) (31)

i=0

k—1
<kN+Cp > (@i + pi) =kN + CpSET(x), (32)

i=0

where in (31) we have used that D4, > 0 and that this function equals zero at each of the g; iterates

before each visit to B(8, d). The contraction in (32) implies S,f T(X) < %k as stated. O

5. Periodic attractor with full basin of attraction

Here we prove item (3) of Theorem B. We show that a perturbation of X, like the one depicted in
the right side of Fig. 13, for a flow Y € PN N is such that U is as a trapping region which coincides
Lebesgue modulo zero with the basin of a periodic attracting orbit (a sink) of Y. This is a consequence
of the smoothness of the first return map to X; after quotienting out the stable leaves, which is
the reason why we assume the flow is of class at least C2 and restrict the vector field to a sub-
manifold P NN of all possible vector fields nearby X, together with the robustness of property C in
the statement of Theorem 4.5.

Indeed, let g = gy be the action on the stable leaves of the first return map Ry of the flow of
Y e PNN to X3. Recall that we constructed X having on Ay =("),c;+ &"(X>2) a partially hyperbolic
splitting so that the stable foliation does persist under perturbations. The projection along the leaves
of this foliation in X, is absolutely continuous with Hoélder Jacobian, as a consequence of the strong
domination obtained in Section 3.1.2.

The map g sends a §-neighborhood of § into the local basin of attraction of a periodic sink p.
We denote by B the stable set of the orbit of p. On N\ B the map g is uniformly expanding, since
B D B(S, §) and condition C on the statement of Theorem 4.5 is persistent under small perturbations.

Lemma 5.1. Lebesgue almost every point of N belongs to the basin of the periodic sink.

Proof. Arguing by contradiction, assume that the basin B of the sink is such that E := N\ B has
positive volume. Since B contains a neighborhood of o7 and a neighborhood of the sink, then E is
an invariant subset satisfying condition C of the statement of Theorem 4.5. Hence f7 | E is uniformly
expanding: there exist N > 1 and X € (0, 1) such that ||(Dgy)_1|| < M. Therefore, since gy is log-
Holder and expanding, and E is closed, invariant and has positive volume, we can apply the arguments
in [3] to show that there exists a ball U of radius r > 0 fully contained in E.

We claim that for g = gy there exists p > 1 such that gk(U) contains a ball of radius p*r for all
k > 1, which yields a contradiction, since the ambient manifold is compact and E is by assumption a
proper subset.

To prove the claim, recall that g is a local diffeomorphism on a neighborhood of E, since E is far
from the singularities of the stable foliation. We assume that B(xg, sg) is a ball centered at xo with
radius sg contained in E and consider g(B(xg, So)).

Let us take y; in the boundary of g(B(xp, Sp)) and a smooth curve y; : [0, 1] — N such that y;(0) =
X1 := g(xo) and y;(1) = y;. Let yp be a lift of y; under g, that is, y; = g o o such that yp(0) = xo.
We then define s :=sup{t € [0, 1]: 1 ([0, t]) C g(B(xo, S0))}. Clearly s > 0 and by its definition and
the expansion properties of g in E we get

1 x (length of y1 ([0, s])) = length of y([0, s]) = dist(y0(0), yo(s)).

However, y4(s) is at the boundary of g(B(xp,So)) so that yp(s) is also at the boundary of B(xop, So),
because g is a local diffeomorphism. Thus we get
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1 1
dist(y1, x1) > length of y1 [0, s]) > - x dist(y0(0), y0(5)) > 50

and the claim is proved with p=1"1. O
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Appendix A. Non-uniform expansion and existence of hyperbolic times

Here we prove Theorem 4.3. The proof is very similar to [4, Lemma 5.4] but our definition of
hyperbolic times/hyperbolic neighborhoods is slightly different, in a crucial way, from the definition
on [4], and we include a proof for completeness.

We start with the following extremely useful technical result will be the key for several arguments.

LemmaAl.Let H>cy > ¢y >0and ¢ = (c; —c1)/(H — ¢1). Given real numbers a1, .. ., ay satisfying
N
Zaj 2N and aj<H foralll1<j<N,
j=1

therearel > ¢(Nand 1 <ny <--- <n; < N such that

n;
Z aj>c1-(nj—n) foreachO<n<n;, i=1,...,L
j=n+1

Proof. See [18, Lemma 11.3]. O

Proof of Theorem 4.3. The proof uses Lemma A.1 twice, first for the sequence aj = — (x;j_1) (prop-
erly cut off so that it becomes bounded from above), and then for a; =®s(x;) for an adequate § > 0.

Let H C M\ 8 be such that conditions (14) and (15) hold for all x€ H and let 0 < & < 1 and
¢ >0 be given, and take x=xp € H and yp:=2+§)/3€(¢,1), yo:=1—-&)/3 and y3=y1 — 2 =
(14 2&)/3. Then for every large N we have Sy (x) < —)ocN. Moreover since f(8) NS =@ we can
assume that ¢ < inf{dist(x, y): x€ 8, y € f(8)}.

For any fixed p > B, by non-degeneracy condition (S1), we can find a neighborhood V of 8§ such
that

|V (@)| < pD(2) foreveryxeV. (33)

Setting &1 > 0 such that p&; < Y1, we can use the slow approximation condition to find r; > 0 so
small that

SNDr, (x) < &1N. (34)

We may assume without loss that V = B(8,ry) in what follows. Now we fix H; > max{c, p|logr1|,
supyy |¥1} and define the set E ={z e M: ¥(z) < —H1} and the sequence a;j = — (¥ xm\g) (Xj—1)-
We remark that there is a shift between the index of aj and that of xj_ in the above definition.
We note that by construction aj < Hy and that x; € E implies x; € V, D(xj) < —logr, because
pllogri| < Hi < —(x)) < pD(x;).
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This means that © (x;) = D(x;) < |logri| whenever x; € E. From (33) and (34) we get that
=SNW X)) < pSND xE)X) < pe1N < y1eN.

Therefore Z?’ﬂ aj = =SSNy (x) — SN(WXE)(X) = (Yo — y1)cN = y3cN. Hence we can apply
Lemma A.1 with ¢; = y3c, ¢c1 =&c, H = Hy, obtaining 61 = y»c/(H — &éc) € (0,1) and [; > 61N times
1< p1<--- <pj, <N such that

Di Di
D v <— Y aj<—Ec(pi—n) (35)

j=n+1 j=n+1

for every 0 <n<p;and 1 <i<h.

Let now & > 0 be small enough so that & < min{¢,bc6,}, and let r > 0 be such that
—SNDr,(x1) > —&N from the slow recurrence condition (we note that dist(xg, 8) > ¢ > r). Taking
c1=bc,cp=—€3, A=0, and 6, = Cj:ccll =1— 2 we can apply again Lemma Al to a; = —Dy, (x;).

We remark that now there is no shift between the index of a; and x; in the previous definition.

In this way we obtain I; > ;N times 1< q1 <--- <qj, < N such that

qi
Y Dy () < €209 —n) < (qi —n) (36)
j=n+1

for every 0<n<gq; and 1 <i<b.

Finally since our choice of 6, ensures that & =6, 46, —1 > 0, then there must be [ = (Il; +I1; —N) >
ON and 1 <nq <--- <m < N such that (35) and (36) simultaneously hold.

This exactly means that we have condition (13) with § =r;, because ®;, (xg) =0 by the choice of
r above, and &c as the logarithm of the contraction rate, as in the statement of Theorem 4.3. O

Appendix B. Solenoid by isotopy

We recall that S' = {ze C: |z| =1}, T=(SH¥, B :={x=(x1,...,%) e R": Y5, x? =1} for all
k>1,and T =Tk x D, where D={z e C: |z| < 1}.

Here we prove the results needed in Section 2.3 ensuring the existence of a smooth family of
embeddings of % into B¥*2, for all k > 1, which deforms a tubular neighborhood in B¥*2 of the
usual embedding of T¥ into Bkt ~ BX+1 x {0} ¢ B¥*2, into the embedding of T into the image of the
Smale solenoid map.

More precisely, consider the identity map i on T and the solenoid map

$:T—=T, (@=1,....00,2) > (02 = (0%,...,6}), Ao (2))

where Ag is a contraction with contraction rate bounded by 0 < A < 1, and the map in the coordinate
© is the expanding torus endomorphism f; defined in Section 2.1, but restricted to T* c C.

Proposition B.1. There exists an embedding e : T — B¥+2 such that the projections mrp : T — T on the first
coordinate and 7 : e(T) — e(T¥ x {0}) along the leaves of the foliation F° := {e(® x D)} getr of e(T) define

the solenoid map S by the commutative diagram:

T —7
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Moreover there exists a smooth family e; : T¥ — B¥+2 of embeddings for all t € [0, 1] such that eg = e o i and
ej=eos.

We prove this statement in the following steps.
B.1. An embedding of T* into B¥+2

We argue by induction on k > 1. We know how to embed T! in B3. Let us denote by e! this
embedding and fix a small number d > 0 and A € (0, 1/2).

We assume that we have an embedding el of T on B2 forallI=1,...,k—1, in such a way that
the image of e!t! is in a tubular neighborhood of the image of e' inside B'*2 with size < di"t?, for
1<l<k—-1.

For each w e ek=1(T*k1) c R¥1 ~ Rk x 0 c R¥*2 let Ny, = (TwSi)® be the normal space to
ek=1(T*=1) at w in R¥t2 (where we take in R¥*2 the usual Euclidean inner product). This is a 3-
dimensional space.

We know we can embed T! into B> through el. So by a simple rescaling we can assume that
e},‘, embeds T! into a small neighborhood of w in w + N. To keep the inclusion in the tubular
neighborhood of the image of e¥~1, we take this neighborhood around w to have radius A¥t1d.

Hence letting W € T¥~! be the unique element such that e¥~1(#) = w and considering the map
ek : Tk=1 x T! — B¥+2 given by (W, 0) > e, (9) we easily see that

o Diek(W, 0)(Rk-1) = Dek—1 (W) (R*1) is the tangent space of ek~ 1(T*~1) at w;
o Dyek(W,0)(R) is a subspace of Ny,.

Therefore the tangent map Dek to e always has maximal rank and clearly is injective with a compact
domain, thus e¥ is an embedding. This completes the induction argument and proves the existence of
an embedding e : T — Bk+2,

Remark B.2. This argument is also true if we start with an embedding of T! into B2 so that we obtain
an embedding of T¥ into B¥*! for all k > 1. But we need one extra dimension to deal with the solid
torus in what follows.

It is crucial to observe that the entire inductive construction just presented is built over nested tubular
neighborhoods. Indeed, the image of e¥*! is contained in a tubular neighborhood of the image of e¥ for
each k > 1. In the above construction we consider the tubular neighborhood of ek in R¥"3, However
since we proceed inductively using orthogonal bundles of the successive images of ekt1, ek+2 . and
we contract the diameter of the tubular neighborhood at each step by a constant factor 0 < A < 1, we
have in fact that the image of e¥* is in a tubular neighborhood of e for all k,1 > 1.

Therefore, the distance between the image e“t! and the image of e is bounded by d Y"¥*} A <,

always inside a tubular neighborhood UF™ of ek(T*) in R¥+!+2, Hence there exists a projection " :

Uf“ — e"(’IF") associated to this tubular neighborhood, for each k > 1 and [ > 0.

B.2. The embedding of T* into B*+2

The previous discussion provides an embedding eX of TX into B¥*2 for each k > 1. Therefore
considering a tubular neighborhood U¥ of the compact sub-manifold e¥(T*) in B¥+2 we obtain a
projection 7 : U — e(T¥) such that 7~ (w) is a 2-disk. Thus we obtain an embedding é¥ of T¥ x D
into Bk+2,

We can assume that the tubular neighborhood has radius smaller than A¥d and that U* c U} for
all I < k. Then we can consider the projections 7 : U* — e¥(T*) and 7/ : UF — €/ (T"). In what follows
we assume without loss of generality that U¥ is the image of ék.
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1 1 1 1 1 1
eo(T") e; (T7) e1(T)
Fig. 14. The isotopy eg and the tubular neighborhood U} in the end.

B.3. The solenoid map through an isotopy of the identity

The previous construction of the embeddings e¥ of TX depends on the initial embedding e! of
T! on B3. Moreover it is clear that each of the embeddings e* for k > 1 depends smoothly on e’.
Hence a smooth family eg of embeddings, for t € [0, 1], defines a smooth family ef of corresponding
higher-dimensional embeddings.

We argue again by induction on k > 1. For k =1 we consider the family of embeddings etl de-
scribed in Fig. 14.

We can construct this family as depicted so that the extreme elements of the family satisfy 7111 o
el() =el(6?) for 6 € T!. If we choose a small tubular neighborhood of the image of e/, then we
obtain a family of embeddings &/ of T! such that (7] 0€])(0,2) = e} (6?).

Now we can use the family e} to construct families e¥ of embeddings following the inductive
procedure explained before, for each t € [0, 1] and each fixed k > 1.

Again taking a small tubular neighborhood of the image of e’t‘ we obtain a family of embeddings
ek of 7% such that the image of é’{ of T* is compactly contained inside the image of é’é.

Due to the nested construction, for each k > 1 we have (7{{‘ oM 1,...,602) = 6(1)(9]2) after
projecting into the lower-dimensional image. Moreover projecting on the previous stage of the con-
struction we get (77¥ | 0 &)(@1,...,0,2) = s 1(67,...,69) N (wh) (el (6?)}, which can easily be
proved by induction on k > 1 following the nested construction presented above.

This is enough to prove that (independently of the definition of Ag in s)

k
k

k k

nfoek=mfoelos forallk>1. (37)

Finally, since by definition é’{ is a small tubular neighborhood of the image of e’{, and this set is

contained inside a tubular neighborhood of the image of e’(‘), then from (37) we see that in fact

there exists a family of contractions (Ag)gere such that &% = &K os. This completes the proof of
Proposition B.1.

References

[1] V.S. Afraimovich, V.V. Bykov, L.P. Shil'nikov, On the appearance and structure of the Lorenz attractor, Dokl. Acad. Sci.
USSR 234 (1977) 336-339.

[2] J.E. Alves, V. Araujo, Random perturbations of nonuniformly expanding maps, Astérisque 286 (2003) 25-62.

[3] J.E Alves, V. Aratjo, M.J. Pacifico, V. Pinheiro, On the volume of singular-hyperbolic sets, Dyn. Syst. 22 (3) (2007) 249-267.

[4] J.E. Alves, C. Bonatti, M. Viana, SRB measures for partially hyperbolic systems whose central direction is mostly expanding,
Invent. Math. 140 (2) (2000) 351-398.

[5] J.E. Alves, S. Luzzatto, V. Pinheiro, Markov structures and decay of correlations for non-uniformly expanding dynamical
systems, Ann. Inst. H. Poincaré Anal. Non Linéaire 22 (6) (2005) 817-839.

[6] J.F. Alves, M. Viana, Statistical stability for robust classes of maps with non-uniform expansion, Ergodic Theory Dynam.
Systems 22 (2002) 1-32.

[7] V. Aradjo, M. Pacifico, Three-Dimensional Flows, Ergeb. Math. Grenzgeb. (3) (Results in Mathematics and Related Areas.
3rd Series. A Series of Modern Surveys in Mathematics), vol. 53, Springer-Verlag, Heidelberg, 2010, with a foreword by
Marcelo Viana.

[8] V. Aratjo, E.R. Pujals, M.J. Pacifico, M. Viana, Singular-hyperbolic attractors are chaotic, Trans. Amer. Math. Soc. 361 (2009)
2431-2485.



V. Aratijo et al. / ]. Differential Equations 251 (2011) 3163-3201 3201

[9] C. Bonatti, A. Pumarifio, M. Viana, Lorenz attractors with arbitrary expanding dimension, C. R. Acad. Sci. Paris Sér. I

Math. 325 (8) (1997) 883-888.

[10] W. de Melo, S. van Strien, One-Dimensional Dynamics, Springer-Verlag, 1993.

[11] J.-M. Gambaudo, I. Procaccia, S. Thomae, C. Tresser, New universal scenarios for the onset of chaos in Lorenz-type flows,
Phys. Rev. Lett. 57 (1986) 925-928.

[12] J.-M. Gambaudo, C. Tresser, On the dynamics of quasi-contractions, Bol. Soc. Brasil. Mat. 19 (1988) 61-114.

[13] J. Guckenheimer, R.F. Williams, Structural stability of Lorenz attractors, Publ. Math. Inst. Hautes Etudes Sci. 50 (1979) 59—
72.

[14] M. Hirsch, C. Pugh, Stable manifolds and hyperbolic sets, in: Global Analysis, Berkeley, 1968, in: Proc. Sympos. Pure Math.,
vol. XIV, Amer. Math. Soc., 1970, pp. 133-163.

[15] M. Hirsch, C. Pugh, M. Shub, Invariant Manifolds, Lecture Notes in Math., vol. 583, Springer-Verlag, New York, 1977.

[16] D. Lyubimov, M.A. Zaks, Two mechanisms of the transition to chaos in finite-dimensional models of convection, Phys. D 9
(1983) 52-64.

[17] R. Mafié, Hyperbolicity, sinks and measure in one-dimensional dynamics, Comm. Math. Phys. 100 (1985) 495-524; Errata
in: Comm. Math. Phys. 112 (1987) 721-724.

[18] R. Maiié, Ergodic Theory and Differentiable Dynamics, Springer-Verlag, New York, 1987.

[19] M. Martens, W. de Melo, Universal models for Lorenz maps, Ergodic Theory Dynam. Systems 21 (3) (2001) 833-860.

[20] R. Metzger, C. Morales, Sectional-hyperbolic systems, Ergodic Theory Dynam. Systems 28 (2008) 1587-1597.

[21] C.A. Morales, M.J. Pacifico, E.R. Pujals, Robust transitive singular sets for 3-flows are partially hyperbolic attractors or re-
pellers, Ann. of Math. (2) 160 (2) (2004) 375-432.

[22] C.A. Morales, M.J. Pacifico, B. San Martin, Expanding Lorenz attractors through resonant double homoclinic loops, SIAM J.
Math. Anal. 36 (6) (2005) 1836-1861.

[23] C.A. Morales, M.J. Pacifico, B. San Martin, Contracting Lorenz attractors through resonant double homoclinic loops, SIAM ]J.
Math. Anal. 38 (1) (2006) 309-332.

[24] M. Pacifico, A. Rovella, M. Viana, Infinite-modal maps with global chaotic behavior, Ann. of Math. (2) 148 (2) (1998)
441-484; Corrigendum in: Ann. of Math. (2) 149 (1999) 705.

[25] M.M. Peixoto, On structural stability, Ann. of Math. (2) 69 (1959) 199-222.

[26] M.M. Peixoto, Structural stability on two-dimensional manifolds, Topology 1 (1962) 101-120.

[27] V. Pinheiro, Sinai-Ruelle-Bowen measures for weakly expanding maps, Nonlinearity 19 (5) (2006) 1185-1200.

[28] C. Robinson, Homoclinic bifurcation to a transitive attractor of Lorenz type, Nonlinearity 2 (4) (1989) 495-518.

[29] C. Robinson, Homoclinic bifurcation to a transitive attractor of Lorenz type. II, SIAM ]. Math. Anal. 23 (5) (1992) 1255-1268.

[30] C. Robinson, Nonsymmetric Lorenz attractors from a homoclinic bifurcation, SIAM J. Math. Anal. 32 (1) (2000) 119-141.

[31] A. Rovella, The dynamics of perturbations of the contracting Lorenz attractor, Bull. Brazil. Math. Soc. 24 (2) (1993) 233-259.

[32] A.A. Simonov, An investigation of bifurcations in some dynamical systems by the methods of symbolic dynamics, Soviet
Math. Dokl. 19 (1978) 759-763.

[33] A.A. Simonov, Investigation of piecewise monotone transformations of an interval by the methods of symbolic dynamics,
Soviet Math. Dokl. 19 (1978) 185-188.

[34] S. Smale, Differentiable dynamical systems, Bull. Amer. Math. Soc. 73 (1967) 747-817.

[35] D.V. Turaev, L.P. Shil'nikov, An example of a wild strange attractor, Mat. Sb. 189 (2) (1998) 137-160.

[36] D.V. Turaev, L.P. Shilnikov, On bifurcations of a homoclinic “figure eight” for a saddle with negative saddle value, Soviet
Math. Dokl. 34 (1987) 397-401.

[37] M. Viana, Multidimensional nonhyperbolic attractors, Publ. Math. Inst. Hautes Etudes Sci. 85 (1997) 63-96.

[38] M. Viana, Stochastic dynamics of deterministic systems, in: XXI Coloquio Brasileiro de Matematica [21th Brazilian Mathe-
matics Colloquium], in: Publ. Mat. IMPA (IMPA Mathematical Publications), Instituto de Matematica Pura e Aplicada (IMPA),
Rio de Janeiro, 1997.

[39] M. Viana, What's new on Lorenz strange attractor, Math. Intelligencer 22 (3) (2000) 6-19.



	Multidimensional Rovella-like attractors
	1 Introduction and statements of the results
	1.1 Preliminary deﬁnitions and conjectures
	1.2 Organization of the text

	2 The construction
	2.1 An example of non-uniformly expanding dynamics in high dimension
	2.2 The unperturbed basic dynamics
	2.3 The unperturbed singular ﬂow
	2.3.1 Localizing some periodic orbits of the ﬂow

	2.4 Perturbing the original singular ﬂow
	2.4.1 The attracting set and an invariant stable foliation


	3 Properties of the vector ﬁeld and its unfolding
	3.1 X is chaotic with multidimensional non-uniform expansion
	3.1.1 Invariant probability measure
	3.1.2 Strong domination and smooth stable foliation
	3.1.3 Hyperbolicity of the physical measure

	3.2 Unfolding X
	3.2.1 Keeping the domination on Σ2 under perturbation
	3.2.2 Keeping the saddle-connection
	3.2.3 Keeping the one-dimensional quotient map
	3.2.4 Loosing the one-dimensional quotient map
	3.2.5 Breaking the saddle-connection
	3.2.6 Returning away from the sink
	3.2.7 Returning inside the basin of the sink


	4 Higher-dimensional Benedicks-Carleson conditions
	4.1 Non-ﬂat critical or singular sets
	4.2 Hyperbolic times
	4.3 Existence of many hyperbolic neighborhoods versus absolutely continuous invariant probability measures
	4.4 Existence of absolutely continuous probability measures
	4.4.1 Existence of hyperbolic neighborhoods
	4.4.2 Hyperbolic neighborhoods near the critical/singular set
	4.4.3 Hyperbolic neighborhoods for almost every point
	4.4.4 Positive frequency of hyperbolic neighborhoods almost everywhere


	5 Periodic attractor with full basin of attraction
	Acknowledgments
	Appendix A Non-uniform expansion and existence of hyperbolic times
	Appendix B Solenoid by isotopy
	B.1 An embedding of Tk into Bk+2
	B.2 The embedding of Tk into Bk+2
	B.3 The solenoid map through an isotopy of the identity

	References


