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Abstract

The problem of the M5-brane anomaly cancellation is addressed. We reformulate FHMM construction [D. Freed et al., Adv.
Theor. Math. Phys. 2 (1998) 601] making explicit the relation with the M5-brane SUGRA solution. We suggest another solution
to the magnetic coupling equation which does not need anom8&o(® variation of the 3-form potential and coincides with
the SUGRA solution outside smoothed out core of the magnetic source. Chern—Simons term evaluated on this solution generate
the same anomaly inflow as achieved by FHMM.

0 2001 Elsevier Science B.¥pen access under CC BY license.

The potential anomaly of the normal bundle in the the 4-formG satisfies
presence of the M5-brane has three contributions. The
first one comes from a chiral theory of zero-modes dG =dp(r) A es/2, Q)
on the brane world volume, second comes from the
Chern-Simons coupling G4 A I7 , whereGy is the
4-form field strength and; is a gravitational Chern—
Simons. The problem of finding the third contribution . , )
that cancels the previous two is addressed in [1] in the 't IS closed {es = 0) and gauge invariant under
following way. O(5) transformations of the normal bundle. Locally

Instead of considering 11-d SUGRA in the back- ¢4 = des. The tubular neighborhood of the brane is
ground of the 11-d M5-brane solution the other the- removed and the resulting effective action in the bulk

ory is studied. Its 11-d SUGRA with a 4-form 'S

where p is a bump function. It equals te-1 on the
brane ¢ = 0) and to 0 far away from the brane,
e4 is an angular form on th&0(5) normal bundle.

field-strength satisfying modified Bianchi identity cor- )
responding to the (singular) magnetic coupling to EZ!@O / Lsucra ()
a 6-dimensional submanifold (which represents the M11—De (We)

5-brane in this picture).
To have a well-defined delta-function in the mag-
netic coupling equation the source is smoothed out and IS

In [1] it is argued that a general solution to Eq. (1)

Ga=dC3+ Apea/2— Bdp A e3/2. 3)

E-mail addresses: boyarsky@phys.uu.nl (A. Boyarsky), . L
bkulik@insti.physics.sunysb.edu (B. Kulik). The requirement folG to be regular at the origin
1 On leave of absence from Bogoliubov ITP, Kiev, Ukraine. givesA = 0 andB = 1 (sincee4 is not well-defined at

0370-2693/010 2001 Elsevier Science B.Wpen access under CC BY license.
PIl: S0370-2693(01)00930-3


https://core.ac.uk/display/82525176?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/

172 A. Boyarsky, B. Kulik / Physics Letters B 516 (2001) 171-174

the origin, butdp = 0 atr =0). Thus (itis shown in Appendix A), wherg (r) =1 forr >0
and it jumps at = 0 sincef (r) =48(r).
G4=dC3—dpnes/2 ) Therefore, the background solution of SUGRA for
Since G should be gauge invariant und80(5) 5-brane satisfies the equation
transformations bues is not $es = de(l)) C has a
gauge variation ? dG =5(r)es/2. (12)
@ Let us regularize the delta function in the spirit of
8C=—dpne; /2 () [1], i.e., find a corresponding solution of the magnetic
This leads to an anomalous variation of the modified coupling Eq. (1).
Chern—Simons term in the action Eq. (2) and produces  Away from the braneG has the formes/2 for a
the necessary anomaly inflow from the bulk. Chern— magnetic brane with a charge 1. We see #étin
Simons should be modified since the relation between Eq. (3) should be equal tes for the background

G4 anddC3 has changed. solution. ThusC exists only locally and is equal
To maintaind Scs = (a closed formChern-Simons  (up to a closed form). Therefore, the general solution
can be built out of of magnetic coupling equatiohG = dp A e4/2 can
better be written in the form
G4 — pea/2=d(C3— pe3/2). (6)
This is the choice of [1]. Thus the new Chern— G =dC+ ApAea/2— Bdp Ae3/2
Simons term is + (closed 4-formy, (13)
Scs= / (C3— pe3/2) Ad(C3— pe3/2) where C is already globally defined. To satisfy the
My De(We) asymptotic behavior of the background solution we
Ad(Cs— pe3)2). @) have to take this closed 4-form to bg (anddC =0

for background). Then if we set =1 and B=0 we
In this approach the 5-brane is considered as a have

magnetic source for the 3-form and not as a solution N
to D = 11 SUGRA. “...the veryimportantquestionof G =dC + (p + 1)es/2. (14)
the relation of this approach to that based on a direct
study of solutions to supergravity” [1] is left for the
future.

Let us compare Eqg. (4) with the background
M5-brane solution [2f

It is still regular atr = 0 sincep(0) = —1. In this
caseC does not have any anomalous variation under
0O(5) transformations sincey is gauge invariant.

Therefore, we just showed that there is a solution
of the magnetic coupling equation which coincides
ds® = A"y dxM dxN 4+ A%/3s,,, dy™ dy", (8) with the classical solution to SUGRA outside a tubular

neighborhood of the M5-brane (whepe= 0) and is
G=74 8" O Anpgrs dy? AdyT Ady" ndy*,  (9) smooth near the brane. Let’s see what anomaly inflow
' such a choice of the solution leads to. Evaluated on the

3
A=1+ (§> s T =/8mn YY", (10) class of solutions

»
HereA is a harmonic function such thatA = 5(r) G=dC +es/2 (15)

that is (r*A"Y = 8(r) (prime’ denotes a derivative  the gauge variation of the Chern—Simons has neces-

with respect ta-). The 4-formG in the solution can  sary surface term. Indeed, the potential for Eq. (15)

be rewritten in the form can be defined locally a8 = C + ¢3/2. Thus the vari-
G = f(r)ea/2 (12) ation of the Chern-Simons is

6Scs=94 / (C~|—e‘3/2)/\d(C~|—e‘3/2)
2 By &upqrs We denote aflat 5-d antisymmetric symbol. The 11-d My1—De (We)
index is splitinto (M, m), whereM is in the direction of the brane 117 Helle

world volume andn is in the direction transverse to the brane. A d(E + e3/2) (16)
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deSP /2 A (dC + ea)2)
My1—De(We)

A (dC + ea/2). (17)

Integrating by parts and taking the limit and using
the fact thatC is smooth near the brane we obtain

8Scs= / e /2 N ea)2 A ea)2. (18)

Se(We)

This is in accord with [1]. The anomaly inflow is
generated without any smoothing out of the magnetic
source.

As for the case of the regularized solution of

173

We denote by a 5-d (transverse) dual with respect
to the flat metric. We want to show that a geometri-
cal meaning ofxn from the point of view of the em-
beddingW® c M is xn = f(r)es, where f(r) =
12872r*A’. In [1] e4 was

11

= 06an2

g‘klmnp)A’k d)A’l N d)A’m A d)A’n /\d)A’p’

(A.2)
where all indexes are contracted with the flat metric,
Iyl =r, 3¢ = yk/r anddj* = dy' /r (8] — Simy™y*/
r2). In the angular forna, there is in general some part
that depends on the connection in the normal bundle.
In the background solution it is obviously zero (it can
also be easily checked by direct calculations). To find

Eqg. (14) , the Chern—Simons should be modified since 5 re|ation between the normal formand the angular
G is not a closed form. One can make the same choiceform ¢, we rewrite e4 in the basis ofdy™ instead

asin [1], namely, take a closed for@— pes/2 instead
(see Eq. (6)). In this case — pes/2=e4/2+ dC and
the modified Chern—Simons reads

Scs= (E+63/2)Ad(6+63/2)
M11—De(We)

Ad(C +e3/2). (19)

This is the Chern—Simons (see Eq. (16)) evaluated

on the class of M5-brane solution Eq. (15).

Note that the functiom introduced for the regular-
ization of the magnetic source does not enter in the
modified Chern—Simons.
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Appendix A. Derivation of G = f(r)es/2

The value ofG in the solitonic solution of Eq. (9)
can be written as

1
= Zgwﬂpap"agA dy* Ady” AdyY Ady*

=xn,

G

n=dA. (A1)

of d§™

N R
e4zmmgklmnpr_5y dy" ndy™ ANdy

N
~dy? D, DY, D;, Di/, (A.3)
where
D} =8 — ymy" /12, (A.4)
1
dy™ = =D dy". (A.5)
r

Sincey!™y™ = 0 only the first term in each ab”,
contributes in Eq. (A.3)
1 1

4= 4 64n2

1
éklmnpr—Syk dy' Ady™ Ady" Ady?.
(A.6)

This expression should be compared#to
n=dA,

1
*n = Ia’kérlmn,,am dy' Ady™ Ady" AdyP. (A7)

Thus for f(r)es/2 to be equal toxn the function
f(r) should be taken as

F)y™/(1287%r%) = 8™ 9, A(r) = A'y"/r.  (A8)
Itimplies
f(r)=1287%r*A(r). (A.9)

This is what we intended to prove. SingA’
const forr > 0 parameter in A can be chosen such
that f(r) = 1.
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