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1. Introduction

The Randall–Sundrum (RS) theory proposes a description of the
Universe with a five-dimensional (5D) spacetime of the anti de Sit-
ter (AdS) type, with a single extra spatial dimension of infinite
extent. In this scenario, our Universe evolves as a brane embed-
ded in a 5D bulk where gravity can propagate, but with the other
fundamental interactions only propagating on the brane. The RS
and other [2–10] braneworld scenarios are of current interest be-
cause they help us to better understand the cosmological constant
and mass hierarchy problems [1–10].

The study of branes requires solving Einstein equations and
modified Einstein equations in the case of modified gravity, in
an AdS5 spacetime; see, e.g., Refs. [11–13]. Due to the interest
in modified gravity (see, e.g., Ref. [14]), we have investigated
braneworld scenarios under the substitution R → F (R) in the ac-
tion that describes the brane; see, e.g., [12,13]. An important tool
for such calculations is the first-order formalism, which allows to
reduce the order of the equations of motion and is important for
generalized models, where the degree of complexity of the equa-
tions of motion is very high [15].

In the case of modified gravity, the investigations presented
in Refs. [12,13] were based on the assumption that the scalar
curvature is constant. In the current work, however, we abandon
this restriction and solve the brane equations in the more general
situation, for non-constant scalar curvature. Due to the complex-
ity of the brane equations, we work with models described by
F (R) = R + αR2, and we consider the case of a single real scalar
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field. To obtain a larger family of solutions, we follow two distinct
routes: firstly, we deal with the brane equations via an exact pro-
cedure; in the second case, we develop an approximation scheme,
in which we consider α small, working up to the first-order in α.
We study a single scalar field, but we work with models hav-
ing polynomial interaction, as in the φ4 model with spontaneous
symmetry breaking, and nonpolynomial interaction, as in the sine-
Gordon model.

A particularly interesting result of this work concerns scenar-
ios where the brane may split, engendering internal structure. The
mechanism used to describe the brane splitting is different from
other descriptions, where thermal effects [7] and the presence of
2-kink solutions [8] play the role for the splitting, in scenarios with
standard gravity.

2. Generalities

We start with a 5D action which describes a generalized F (R)

brane, in which gravity is coupled to a real scalar field φ in the
form

S =
∫

d5x
√|g|

(
−1

4
F (R) +L(φ,∇aφ)

)
, (1)

where L(φ,∇aφ) is the Lagrange density that accounts for the
scalar field. It has the form

L = 1

2
gab∇aφ∇bφ − V (φ). (2)

Here we are using 4πG(5) = 1, g = det(gab), and the signature
of the metric is (+ − − − −). Also, V (φ) is the potential, to be
defined below. We take the spacetime coordinates and fields as
under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by
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dimensionless quantities, and we use Latin indices for the bulk co-
ordinates, a,b = 0,1,2,3,4, and Greek indices for the embedded
(3 + 1)-dimensional space, μ,ν = 0,1,2,3.

We study the case of a flat brane, with the line element

ds2 = e2Aημν dxμ dxν − dy2, (3)

where e2A is the warp factor, ημν is the 4-dimensional Minkowski
metric, and y = x4 is the extra dimension.

As usual, in the braneworld framework we suppose that both A
and φ are static and depend only on the extra dimension, that is,
we set A = A(y) and φ = φ(y). In this case, the equation of motion
for the scalar field has the form

φ′′ + 4A′φ′ = Vφ, (4)

where prime denotes derivative with respect to the extra dimen-
sion, and Vφ = dV /dφ.

The energy density ρ , that is, the T00 component of the
energy–momentum tensor is given by

ρ = −e2A(y)L. (5)

For static fields the modified Einstein equations becomes

−2

3
φ′ 2 = A′′ F R − 1

3
A′ F ′

R + 1

3
F ′′

R , (6a)

V (φ) − 1

2
φ′ 2 = 2

(
A′′ + A′ 2)F R − 1

4
F (R) − 2A′ F ′

R , (6b)

where F R = dF/dR , F R R = d2 F/dR2, etc.
It was shown in [13] that if the scalar curvature is constant

(so, R ′ = 0), it is possible to obtain analytic solutions for the field
equations, in the case of several scalar fields. Here, however, we
shall study more general solutions, that is, we shall assume that
the scalar curvature is a generic function of the extra dimension,
R = R(y). Therefore, from Eq. (6a) we have

φ′ 2 = −3

2
A′′ F R + 1

2

(
A′R ′ − R ′′)F R R − 1

2
F R R R R ′ 2. (7a)

Also, the potential can be found from (6b) and reads

V (φ) = −1

4
F (R) + 1

4

(
5A′′ + 8A′ 2)F R

− 1

4

(
7A′R ′ + R ′′)F R R − 1

4
F R R R R ′ 2. (7b)

The scalar curvature is given in terms of the warp factor as

R = 8A′′ + 20A′ 2. (8)

This can be used to rewrite Eqs. (7a) and (7b) as

φ′ 2 = −3

2
A′′ F R + 4

(
5A′ 2 A′′ − 5A′′ 2 − 4A′ A′′′ − A′′′′)F R R

−32F R R R
(
5A′ A′′ + A′′′)2

, (9a)

V (φ) = −1

4
F (R) + 1

4

(
5A′′ + 8A′ 2)F R

− (
70A′ 2 A′′ + 24A′′′ A′ + 10A′′,2 + 2A′′′′)F R R

− 16F R R R
(
5A′ A′′ + A′′′)2

. (9b)

It is not hard to check that in the simplest case where F (R) = R ,
these equations reduce to the standard result; see, e.g., [11]. How-
ever, in the general case these equations depend on the third and
fourth derivative of the warp function, that is, on A′′′ and A′′′′ .

To find explicit solutions, we follow [12] and choose the sim-
plest nontrivial polynomial function F (R) = R + αR2, where α is
a real parameter. In this case we can write (9) as
Fig. 1. The scalar curvature, depicted from Eq. (15) for k = 1 and B = 1/2.

φ′ 2 = −3

2
A′′ − 4α

(
5A′′ A′ 2 + 16A′′ 2 + 8A′ A′′′ + 2A′′′′), (10a)

V (φ) = −3A′ 2 − 3

4
A′′ − 2α

(
10A′ 4 + 69A′ 2 A′′ + 24A′ A′′′

+ 8A′′ 2 + 2A′′′′). (10b)

Also, the energy density can be written in terms of the warp func-
tion as

ρ = −e2A
[

3

2
A′′ + 3A′ 2 + 4α

(
5A′ 4 + 37A′ 2 A′′

+ 16A′ A′′′ + 12A′′ 2 + 2A′′′′)], (11)

or

ρ = − d

dy

[
e2A

(
3

2
A′ + 4α

(
13

3
A′ 3 + 2A′′′ + 12A′ A′′

))]

+ 44α

3
e2A A′ 4. (12)

If α = 0, the energy density becomes ρ = −(3/2)(e2A A′)′ . It is
a total derivative, so the energy vanishes in the standard situa-
tion. If α �= 0, the first term in Eq. (12) does not contribute to the
energy, so we can write

E = 44

3
α

∫
dy e2A A′ 4, (13)

and the sign of α controls the sign of the energy.

3. Exact procedure

Let us start studying a model that engenders exact results. To
do this, we choose the following warp function [6]

A(y) = B ln
[
sech(ky)

]
, (14)

where B and k are positive parameters. This allows us to write R
as

R(y) = 4Bk2[5B − (5B + 2) sech2(ky)
]
. (15)

The scalar curvature (15) is depicted in Fig. 1. In the limit y →
±∞, R tends to a constant value, 20B2k2, and at y = 0, the scalar
curvature becomes −8Bk2.
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For the warp function (14), the expressions (10) reduce to

φ′ 2

Bk2
= 3

2
S2

k + 4αk2 S2
k

[
5B2 + 16B + 8 − (

5B2 + 32B + 12
)

S2
k

]
,

(16a)

V (y)

Bk2
= −3B + 3

(
B + 1

4

)
S2

k − 2αk2[10B3 − (
20B3 + 69B2

+ 48B + 8
)

S2
k + (

10B3 + 69B2 + 56B + 12
)

S4
k

]
. (16b)

Here we are using Sk = S(ky) = sech(ky), for simplicity. As one
knows, solutions φ = φ(y) of the above Eq. (16a) must go to some
constant value φ̄ asymptotically. Thus, if we want our model to
make physical sense, the potential (16b) should go to a vacuum
value for φ̄. In the general case, the asymptotic values of the po-
tential and its derivative with respect to the field are, respectively,

Λ5 ≡ V (φ → ±φ̄) = −B2k2(3 + 20αB2k2) (17)

and Vφ(φ → ±φ̄) → 0.
If we use Eq. (16a), we can infer the range of values for the

parameter α: since φ and its derivative are real, one must have
φ′ 2 > 0 and this implies the following condition

−3

8k2(8 + 16B + 5B2)
= α1 � α � α2 = 3

32k2(1 + 4B)
. (18)

Furthermore, the energy density can be written as

ρ

Bk2
= −3B S2B

k + 3

(
B + 1

2

)
S2B+2

k

− 4αk2 S2B
k

[
5B3 − (

10B3 + 37B2 + 32B + 8
)

S2
k

+ (
5B3 + 37B2 + 44B + 12

)
S4

k

]
, (19)

and for α = 0 it becomes

ρ(y) = −3B2k2 S2B
k + 3Bk2

(
B + 1

2

)
S2B+2

k . (20)

We see that the energy density (19) displays the presence of
an inflection point at y = 0, such that

αs = 3 + 9B

8k2(16 + 60B + 49B2)
. (21)

This means that at α = αs the solution of Eq. (16a) begins to split,
inducing internal structure to the brane. Moreover, the energy den-
sity behaves asymptotically as

ρ(y) = −22B B2k2(3 + 20αk2 B2)e−2kB y + · · · . (22)

In Fig. 2, in the upper panel we depict the allowed region of α
for distinct values of B and k = 1. The two gray regions follow in
accordance with Eq. (18). The solid line is obtained for α = α1,
the dashed line for α = αs and the dotted line for α = α2. In the
light gray region the energy density has a maximum at y = 0 and
for α in the darker region the energy density has a local minimum
at y = 0. The dashed line represents the appearance of the inflec-
tion point, where the brane starts to split. The darker gray region
identifies the region where the brane splits, engendering internal
structure. To further illustrate this situation, in the lower panel in
Fig. 2 we depict the energy density (19) for α = −1/46, α = 0,
α = 15/932 and α = 1/32. The case α = 1/32 nicely illustrates the
brane splitting.

The energy of the brane, given by Eq. (13), is

E = 11αk3√π
B4Γ (B)

. (23)

Γ (5/2 + B)
Fig. 2. Upper panel: the region bounded by α in Eq. (18), for k = 1 and α = −1/46
(solid line), α = 15/932 (dashed line) and α = 1/32 (dotted line). Lower panel: the
energy density (19) obtained for k = 1 and B = 1/2, and for α = −1/46 (solid line),
α = 0 (dashed line), α = 15/932 (dotted–dashed line) and α = 1/32 (dotted line).

We can solve Eq. (16a), to find a function φ = f (y) that may be
inverted to give y = f −1(φ), which allows us to write the potential
in the usual way V = V (φ). The general solution of Eq. (16a) looks
like

φ(y) =
√

6B

2

√
1 − α

α1
F (ky, P ) +

√
3B

2

[
1 − 2α1 − α2

α1α2
α

+α1 − α

α1
cosh(2ky)

]1/2

tanh(ky),

(24)

where

F (y, P ) = −
y∫

0

[
sinh2(x)√

P + sinh2(x)

]
dx, (25)

and

P = αα1 − α1α2

αα2 − α1α2
. (26)

The general result leads to some interesting particular cases. The
first is the limiting case for α = α1 in Eq. (18); in this case P 
 1,
and so we can write the solution φ and the potential as, respec-
tively
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φ(y) =
√

3B(6 + B)(2 + 5B)

16 + 2B(16 + 5B)
tanh(ky), (27a)

V (φ) = 3Bk2

4

(
12 + 24B + 5B2

8 + 16B + 5B2

)
− k2(1 + 2B)φ2

+ k2 (1 + 2B)(8 + 16B + 5B2)

3B(6 + B)(2 + 5B)
φ4. (27b)

The second case is the standard case, where α = 0 and P = 1;
here we obtain

φ(y) = √
6B arctan

[
tanh

(
ky

2

)]
, (28a)

V (φ) = −3B2k2 + 3Bk2
(

B + 1

4

)
cos2

(√
2

3B
φ

)
, (28b)

which reproduces the result obtained in [6].
The third case concerns the value α = α2, here we have P = 0.

Also,

φ(y) =
√

3B(6 + B)(2 + 5B)

8 + 32B

[
1 − sech(ky)

]
sign(y), (29a)

V (φ) = −3B2k2

8

(
8 + 32B + 5B2

1 + 4B

)
+ 3Bk2

16
(6 + B)(2 + 5B)

×
[

1 −
(

3B(6 + B)(2 + 5B)

8 + 32B

)−1/2

|φ|
]2

− 3Bk2

16

(6 + B)(1 + 2B)(2 + 5B)

1 + 4B

×
[

1 −
(

3B(6 + B)(2 + 5B)

8 + 32B

)−1/2

|φ|
]4

. (29b)

Note that each one of the particular solutions obtained above
satisfies the following conditions: φ(y → ±∞) → ±φ̄, where

φ̄1 =
√

3B(6 + B)(2 + 5B)

16 + 2B(16 + 5B)
,

φ̄0 = π

4

√
6B,

φ̄2 =
√

3B(6 + B)(2 + 5B)

8 + 32B

with φ̄1 < φ̄0 < φ̄2, for α = α1, α = 0 and α = α2, respectively.
Furthermore, for each one of the three cases we have V (φ̄) = v
and Vφ(φ̄) = 0, where

v1 = −3B2k2
(

16 + 32B + 5B2

16 + 32B + 10B2

)
,

v0 = −3B2k2,

v2 = −3B2k2
(

8 + 32B + 5B2

8 + 32B

)
,

where v1 < v0 < v2, which agrees with the previous result ob-
tained in Eq. (17).

In the upper panel in Fig. 3 we depict the three cases where
solutions are obtained exactly. We depict the solutions for k = 1
and B = 1/2, for α = −1/46 (line solid), α = 0 (dashed line) and
α = 1/32 (dotted line). We see that the defect changes, behaving
as a 2-kink when α > αs(= 15/932). In the lower panel in Fig. 3
we depict the potential, for the same values of the parameters k,
B and α.
Fig. 3. Upper panel: the three specific solutions (27a), (28a) and (29a) for k = 1,
B = 1/2 and α = −1/46 (solid line), α = 0 (dashed line) and α = 1/32 (dotted
line). Lower panel: the three specific potentials (27b), (28b) and (29b), for the same
values of the parameters k, B and α.

4. Perturbative procedure

In this section we follow the perturbative procedure introduced
in [16] to investigate specific models. For this, we suppose that the
field is expanded in the form φ(y) = φ0(y)+αφα(y). Furthermore,
the potential and the warp function are also written as V (φ) =
V 0(φ) + αVα(φ) and A(y) = A0(y) + αAα(y); α is now a small
parameter and φ0 and A0 are the solution for α = 0, such that

φ′
0 = 1

2
Wφ0 , and A′

0 = −1

3
W (φ0), (30)

where Wφ0 = Wφ |φ=φ0 , etc. Also,

V 0(φ) = 1

8
W 2

φ − 1

3
W 2. (31)

Using Eqs. (10a) and (10b) we can write, up to the first order
in α,

φ′
α(φ0) = −3

2

A′′
α

Wφ0

+ 4

3
Wφ0

(
5

18
W 2 − 4

3
W 2

φ0

− 4
W Wφ0φ0 + W 2

φ0φ0
+ 1

Wφ0 Wφ0φ0φ0

)
(32a)
3 2
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and

Vα(φ0) = −Wφ0

(
1

4
Wφ0φ0 − 2

3
W

)
φα + 2W A′

α − 3

4
A′′

α

− 20

81
W 4 + 23

9
W 2W 2

φ0
− 8

3
W W 2

φ0
Wφ0φ0

− 4

9
W 4

φ0
+ 2

3
W 2

φ0
W 2

φ0φ0
+ 1

3
W 3

φ0
Wφ0φ0φ0 . (32b)

We assume that A′
α is a function of the field φ0, with the spe-

cific form

A′
α = βW (φ0) + γ W 3(φ0), (33)

where β and γ are real parameters. This allows us to write the
previous relations as

φ′
α = 4

3
Wφ0

[
− 9

16
β +

(
5

18
− 27

16
γ

)
W 2 − 4

3
W 2

φ0

− 4

3
W Wφ0φ0 + W 2

φ0φ0
+ 1

2
Wφ0 Wφ0φ0φ0

]
, (34a)

and

Vα(φ0) = −Wφ0

(
1

4
Wφ0φ0 − 2

3
W

)
φα + 2βW 2 − 3β

8
W 2

φ0

+ 2

(
γ − 10

81

)
W 4 +

(
23

9
− 9γ

8

)
W 2W 2

φ0

− 8

3
W W 2

φ0
Wφ0φ0 − 4

9
W 4

φ0
+ 2

3
W 2

φ0
W 2

φ0φ0

+ 1

3
W 3

φ0
Wφ0φ0φ0 . (34b)

We can thus reconstruct the potential

V (φ) = 1

8
W 2

φ − 1

3
W 2 + α

[
Wφ

(
2

3
W − 1

4
Wφφ

)
φα

+ 2βW 2 − 3β

8
W 2

φ + 2

(
γ − 10

81

)
W 4

+
(

23

9
− 9γ

8

)
W 2W 2

φ − 8

3
W W 2

φ Wφφ

− 4

9
W 4

φ + 2

3
W 2

φ W 2
φφ + 1

3
W 3

φ Wφφφ

]
. (35)

So we can solve Eq. (34a) to obtain φα(φ0) and therefore the
potential Vα(φ0) in (34b). Furthermore, for the choice (33) the
warp function is obtained as

A(φ0) = −2

3
(1 − 3αβ)

∫
W

Wφ0

dφ0 + 2αγ

∫
W 3

Wφ0

dφ0, (36)

and the constant of integration is obtained from the condition
A(0) = 0.

To see how the above procedure works, let us now illustrate
the results with two very distinct examples, one with polynomial
potential, and the other with nonpolynomial potential.

4.1. Polynomial potential

In this first example, we choose the following function

W (φ) = 2φ − 2

3
φ3. (37)

In the absence of gravity, this choice represents the well-known φ4

model, with spontaneous symmetry breaking. With this, we can
write the warp function as
A(φ0) = −1

3

(
1

3
+ 32

9
αγ − αβ

)
φ2

0 + 38

27
αγ φ4

0 − 32

81
αγ φ6

0

+ 1

27
αγ φ8

0 + 2

3

(
1

3
− 16

9
αγ − αβ

)
ln

(
1 − φ2

0

)
, (38)

which obeys A(0) = 0. For the scalar field, we get its first-order
corrections as

φα(φ0) = −
(

224

9
+ 3β

2

)
φ0 −

(
6γ − 3056

81

)
φ3

0

−
(

416

81
− 12γ

5

)
φ5

0 −
(

2γ

7
− 80

1701

)
φ7

0 . (39a)

Moreover, the first-order corrections to the potential become

Vα(φ0) = −160

9
− 3β

2
+

(
3056

27
− 18γ + 4β

)
φ2

0

+
(

52γ + 3β

2
− 38 336

243

)
φ4

0

+
(

53 600

729
− 632γ

15
− 4β

9

)
φ6

0

+
(

52γ

3
− 992

81

)
φ8

0 +
(

4624

15 309
− 2854γ

945

)
φ10

0

+
(

80γ

567
− 320

45 927

)
φ12

0 , (39b)

and so the potential (35) becomes

V (φ) = 1

2
− 7

3
φ2 + 25

18
φ4 − 4

27
φ6 + α

[
−160

9
− 3β

2

+
(

3056

27
− 18γ + 4β

)
φ2 +

(
52γ + 3β

2
− 38 336

243

)
φ4

+
(

53 600

729
− 632γ

15
− 4β

9

)
φ6 +

(
52γ

3
− 992

81

)
φ8

+
(

4624

15 309
− 2854γ

945

)
φ10

0 +
(

80γ

567
− 320

45 927

)
φ12

]
.

(40)

The model obtained with α = 0 has a solution given by

φ0(y) = tanh(y). (41)

Using Eq. (39a), we can write the complete solution φ(y) as

φ(y) = tanh(y) − α

[(
224

9
+ 3β

2

)
tanh(y)

+
(

6γ − 3056

81

)
tanh3(y) +

(
416

81
− 12γ

5

)
tanh5(y)

+
(

2γ

7
− 80

1701

)
tanh7(y)

]
. (42)

It obeys φ(y → ±∞) → ±φ̄, where

φ̄ ≡
[

1 + α

(
13 184

1701
− 136γ

35
− 3β

2

)]
. (43)

We see that φ is shifted asymptotically by some value, which de-
pends on α, as shown in the expression above. We also see that
if β = (16/25 515) × (8240 − 4131γ ) the field φ converges to the
same asymptotic value of the field φ0, i.e., φ(y → ±∞) = φ0(y →
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Fig. 4. Upper panel: the potential (40) for γ = 1.6, β = 1 with α = −0.01 (solid
line), α = 0 (dashed line) and α = 0.01 (dotted line). Lower panel: the kinklike
solution (42) for the same values of parameters.

±∞). In Fig. 4, in the upper and lower panels we depict the po-
tential and kinklike solutions, respectively, for some small values
of α. Furthermore, we have

V (φ → φ̄) = −16

27
+ 32α

6561
(1296γ + 729β − 160). (44)

Here we note that the minima of the potential are displaced up
or down from the standard situation with α = 0 by the value

�V min = 32α

6561
(1296γ + 729β − 160).

Similarly, the maxima are also displaced up or down by

�V max = −α

(
160

9
+ 3β

2

)
.

We can also note that Vφ(φ → φ̄) = 0.
With the solution (41) the warp function becomes

A(y) = 1

3

(
1

3
− 16

9
αγ − αβ

)(
S2 + 4 ln S

)
+ 4

9
αγ S4 + 20

81
αγ S6 + αγ

27
S8, (45)

where S = S(y) = sech(y). This shows that, to make e2A > 0 we
must impose that α is bigger (lesser) than 3(16γ + 9β)−1 for γ
Fig. 5. Upper panel: warp factor given by (45) for γ = 1.6 and β = 1 with α = −0.01
(solid line), α = 0 (dashed line) and α = 0.01 (dotted line). Lower panel: energy
density (46) for the same values of parameters.

lesser (bigger) than −9β/16. In Fig. 5, in the upper panel we depict
the warp factor e2A for some values of the parameters, and in the
lower panel we depict the energy density (46) for the same values
of parameters.

Using Eqs. (40) and (42) we can find the energy density as

ρ(y) = e
2
9 S2

27e
2
9

S8/9(4S6 + 39S4 − 16
)

+ αS8/9

e
2
9 (1−S2)

[
7∑

i=0

a2i S2i + ln(S)

(
b2 +

2∑
j=1

b2 j+2 S2 j+2

)]
,

(46)

where

a0 = 14 176γ

2187
+ 256β

81
− 5120

6561
, a10 = 3008

5103
− 128 048γ

25 515
,

a2 = 448 256

15 309
− 356 624γ

25 515
− 427

81
, a12 = 4918γ

15 309
− 320

45 927
,

a4 = 10 432 − 188 906γ − 10β
, a14 = 8γ

,

189 25 515 27 729
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a6 = −4 144 160

45 927
− 142 804γ

76 545
− 34β

81
, b2 = 128

81

(
16γ

9
+ β

)
,

a8 = −543 968

15 309
+ 58 244γ

5103
− 8β

81
, −16

39
b4 = 4b6 = b2.

Asymptotically, we have

ρ(y) = −28/9

e
2
9

(
16

27
− α

[
a0 + b2(−y + ln 2)

])
e−8y/9 + · · · . (47)

Now, if we use Eq. (8), we find the scalar curvature in the form

R(y) = 16

81

(
20 − 42S4 − 5S6) − 16

243
α

[
640γ + 360β

− 3(752 + 171βγ )S4 − 10(32γ + 9β)S6

+ 1332γ S8 + 564γ S10 + 40γ S12]. (48)

We see that asymptotically, the scalar curvature goes to the con-
stant value

R → 320

81
− 640

243
α(16γ + 9β). (49)

At the origin it becomes

R(0) = −16

3
+ 16

81
α

[
752 − 90β + γ (171β − 752)

]
. (50)

4.2. Nonpolynomial potential

Another relevant example is the sine-Gordon model, which is
defined by the following function

W (φ) = 2a sin(bφ), (51)

where a and b are real parameters. The unperturbed solution is
given by

φ0(y) = 1

b
arcsin

[
tanh

(
ab2 y

)]
. (52)

Using Eqs. (34) we can write the first-order contributions to the
solution and the potential as

φα(φ0) =
(

40a2

27
+ 8a2b4

3
− 9a2γ − 3β

2

)
φ0

− a2

b

(
20

27
+ 64b2

9
+ 4b4 − 9γ

2

)
sin(2bφ0), (53a)

Vα(φ0) = c1 sin2(bφ0) + c2 sin4(bφ0) + c3φ sin(2bφ0),

(53b)

where

c1 = a4
[
−320

81
+ 224b4

9
+ 46b6

3
+ b2

(
50

27
− 45γ

4

)
+ 22γ

]

+ a2
(

8 + 3b2

2

)
β,

c2 = 17a4

216

(
384b4 + 216b6 + b2(40 − 243γ ) − 216γ

)
,

c3 = a2b

324

[
2a2(320 − 1152b3 + 576b4 − 864b5 + 216b6

− b2(120 − 729γ ) − 1944γ
) − 81

(
8 + 6b + 3b2)β]

.

Also, using the solution (52) we obtain
Fig. 6. Upper panel: solution (54) for a = b = β = 1 and γ = 143/486, for α =
−0.01 (solid line), α = 0 (dashed line) and α = 0.01 (dotted line). Lower panel:
potential (56) for the same values of a, b, β , γ and α.

φ(y) = 1

b

[
1 + α

(
40a2

27
+ 8a2b4

3
− 9a2γ − 3β

2

)]

× arcsin
[
tanh

(
ab2 y

)]
− 2αa2

b

(
20

27
+ 64b2

9
+ 4b4 − 9γ

2

)
tanh(ab2 y)

cosh(ab2 y)
. (54)

The asymptotic value of φ is φ(y → ±∞) = ±φ̄, where

φ̄ = π

2b
+ απ

108b

(
80a2 + 144a2b4 − 486a2γ − 81β

)
. (55)

We see that if β = (2a2/81) × (40 + 72b4 − 243λ) we have that
φ(y → ±∞) = φ0(y → ±∞). In Fig. 6, in the upper panel we de-
pict the solution (54) for a = b = β = 1, γ = 143/486 and some
values of α. Also, the potential has the form

V (φ) = a2b2

2
− 1

6
a2(8 + 3b2) sin2(bφ)

+ α
[
c1 sin2(bφ) + c2 sin4(bφ) + c3φ sin(2bφ)

]
, (56)

which is depicted in Fig. 6, in the lower panel. We see that
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V (φ → φ̄) = −4a2

3
+ 8αa2

[
β + 4a2

(
λ − 10

81

)]
, (57)

and Vφ(φ → φ̄) = 0.
Furthermore, the warp function is

A(φ0) = 2a2αγ

b2
cos(2bφ0) + 2

3b2

[
1 − 3α

(
β + 4γ a2)]

× ln
[
cos(bφ0)

] − 2a2αγ

b2
, (58)

which obeys A(0) = 0. Using (52) we have

A(y) = −4αγ a2

b2
+ 4αγ a2

b2
S2

+ 2

3b2

[
1 − 3α

(
β + 4γ a2)] ln(S), (59)

where S = sech(ab2 y).
The energy density is

ρ(y) = 1

3
a2[2 + 3b2 − 2 sech−1(2ab2 y

)]
S

6b2+4
3b2

− a2α

162b2
S

4
3b2

[
d1 S4 + d2 S tanh

(
ab2 y

)

× arcsin
[
tanh

(
ab2 y

)] +
2∑

i=1

(
gi + hi ln(S)

)
S2i−2

]
, (60)

where

d1 = 18a2(40b4 + 384b6 + 216b8 − 96γ − 144b2γ − 243b4γ
)
,

d2 = b2(8 + 3b2)(81β − 2a2(40 + 72b4 − 243γ
)
,
)

g1 = 640a2b2 − 1728a2γ − 5184a2b2γ − 1296b2β,

g2 = −3456a2γ − 864β,

h1 = a2[27γ
(
8 + 9b2)2 − 8b2(40 + 9b2(5 + 24b2 + 15b4))]

+ 81b2β
(
8 + 3b2),

h2 = 216
(
4 + 3b2)(4a2γ + β

)
.

In Fig. 7, in the upper panel we depict the warp factor e2A(y) ,
for some values of the parameters. For this model we must have
α < [3(4a2γ + β)]−1, to make e2A(y) > 0. In Fig. 7, in the lower
panel we depict the behavior of the energy density (60), for the
same values of parameters.

The scalar curvature becomes

R(y) = 16a2

9

[
5 − (

5 + 3b2)S2] − 160

3
αa2(4a2γ + β

)
− 64

3
αγ a4(10 + 9b2)S4

+ 16a2α

3

(
80a2γ + 36a2b2γ + 10β + 3b2β

)
S2. (61)

It goes asymptotically to the constant value R(y → ±∞) =
(80a2/9) × [1 − 6α(4a2γ + β)]. Also, at the origin it gives R(0) =
(16a2b2/3) × (3αβ − 1).

5. Comments and conclusions

In this work we succeeded to find exact and approximated so-
lutions for the warp factor, the scalar field φ and energy density
Fig. 7. Upper panel: warp factor (59) for a = b = β = 1 and γ = 143/486, for α =
−0.01 (solid line), α = 0 (dashed line) and α = 0.01 (dotted line). Lower panel:
energy density (60) for the same values of a, b, β , γ and α.

in models of F (R) brane with a non-constant curvature. We used
F (R) = R + αR2 to solve the equations of motion, and we studied
models with the potential for the scalar field engendering polyno-
mial or nonpolynomial interactions. For several distinct examples,
we showed that the warp factor is indeed a well-behaved func-
tion, the scalar field displays kinklike behavior, and the profile of
the energy density appears as expected.

Interestingly, we have found a situation where brane splitting
behavior may appear, induced by the parameter α, which con-
trols the way the generalized gravity enters the game. This effect
is different from the brane splitting behavior found in [7,8], where
thermal or 2-kink effects may induce the splitting, in models with
standard gravity. In this work, the splitting is directly related to
the parameter that controls deviation from standard gravity.

We have investigated how the addition of higher order power
in the curvature may contribute to the splitting of the brane. In the
case with F (R) = R +αRn , for n = 3,4, . . . , we have checked up to
n = 5, that the brane splitting effect works as in the case stud-
ied before, for n = 2. The results suggest that the brane splitting
is a generic effect, for the above polynomial modification of the
standard gravity. Further details of the calculations will be given
elsewhere.
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