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We consider a system of two massive, mutually interacting probe real scalar fields, in zero temperature
holographic backgrounds. The system does not have any continuous symmetry. For a suitable range of
the interaction parameters adhering to the interaction potential between the bulk scalars, we have shown
that as one turns on the source for one scalar field, the system may go through a second order quantum
critical phase transition across which the second scalar field forms a condensate. We have looked at the

resulting phase diagram and numerically computed the condensate. We have also investigated our system

Keywords:
Gauge/gravity duality
Quantum phase transitions

in two different backgrounds: AdS4 and AdS soliton, and got similar phase structure.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

Holography [1] or gauge/gravity duality enables us to under-
stand phases of strongly coupled gauge theory from a string the-
ory/gravity calculation. This philosophy has been used in the past
decade to model various kinds of field theoretic phase transitions
in asymptotically anti-de Sitter space (AdS). For example it was
suggested in [2], that the black hole horizons could exhibit spon-
taneous breaking of an Abelian gauge symmetry if gravity were
coupled to matter Lagrangian including a charged scalar (EYMH)
that condenses near the horizon. This could be thought of as a
superfluid/superconducting like transition in the dual gauge the-
ory [3]. Such condensed matter inspired systems have been stud-
ied intensively over the last few years [4-6]. Similarly, EYMH
like systems with two or more bulk fields have been studied in
[7-17].

To understand the spectrum of possible second order holo-
graphic phase transitions, we look at simplistic models which do
not even have a local gauge symmetry (conserved particle number
in the dual boundary theory). Many condensed matter systems in-
cluding classic examples like Ising models, have phase transitions
which are not necessarily due to breaking of global or local con-
tinuous symmetries. In this context the first thing to try is to look
at a Lagrangian consisting of a single scalar field. However, such
examples are limited. One known example is a scalar field in a
near extremal black hole background whose mass is close to BF
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bound [18]. Another is by turning on double trace deformations
[19]. In this regard we study a generic system with two massive,
mutually interacting, real scalar fields in zero temperature global
AdS4 space-time (and also in AdS soliton background) and we
establish that such system goes through an interesting quantum
critical phase transition. For the system we proceed with turning
on the source for one scalar field (which may be thought as an
impurity density) and look at the condensation of another field.
We find that for suitable attractive interactions between the two
bulk scalar fields one may obtain a condensate for the latter field
through a second order phase transition.

2. Model
In order to describe our model we consider a bulk gravita-
tional action with two mutually interacting and self-gravitating,

real scalar fields in asymptotically AdS; spacetime. The form of
bulk gravitational action may be written down as,

S= 217 / dx'y=g (L) + / dx'y/=g(Lm)
Ly= = (Vuy)? = (Vuv2)> —miyf —m3y3

- (Gwt+ Zut) +slvied), (1)
where, k2 = 87 G is related to the gravitational constant in the
bulk. This model has two Z, symmetries corresponding to iy —

—11 and Y, — —. In principle one may choose a less symmetric
model to realize the same phase transition we are looking at. We
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will be working in the probe limit (x — 0) for which we can ne-
glect the back-reaction of the bulk scalar fields on the background
geometry. In this limit, by rescaling the equations of the motion
for the bulk scalar fields one may argue that phase diagram for
the model depends on the ratio of parameters Z—f (f—l We will fur-
ther assume that, o1, @ > 0. Also the condition, 8 < ,/orjax must
be satisfied for the boundedness of the interaction potential.

Near the boundary the space time looks like AdS, and conse-
quently we can expand a scalar field as a leading source (J) and
a vacuum expectation value term ((O)). We further assume that
m% = m% < 0. Now when we turn on the source J; it generates a

condensate v1(x). The effective mass of v, is given by,
m3 5 (X) =m3 — By (%) ()

For B > 0, as we increase J; beyond a certain critical value J{, the
effective mass of ¥, decreases and a condensation becomes pos-
sible for the second bulk scalar field (i/7). Alternatively one may
say that the formation of a zero mode of v, = wg(x) occurs ex-
actly at J1 = J§. For the bulk scalar fields it may be noted that as

2
J1— oo, 1012 approaches the attractor value —20%. To have an in-
stability the limiting value of m%leff for the scalar field ¥, must be

less than the BF bound. Hence the condition for instability may be
written down as,

2m?
_,3a_]1 > —mp; +m3. 3)

For d =4 and m? =m3 = —2 we have,

g1

I 4
(041 16 ( )
Thus to achieve a possible condensation of the second bulk scalar
field (y2), the parameters (8, 1) must satisfy the bound (4) in
(3 +1) dimensions.
Secondly, assuming a small condensate vy, = ewg(x) and J1 =
1

J§ +38J1, it can be estimated that, € ~ O(Sjlj). One can also es-
timate the free energy of the new phase to be negative (~ —e?)
[20,21], which is consistent with a second order phase transition.
It may also be noted that unlike the holographic superfluid [18]
case, the instability of ¥, can be dynamical in nature. Thus our
model might have implications for studying the quenching dynam-
ics described in [22].

3. Global AdS background

We begin with describing the equations of motion for the bulk
scalar fields in the (3 4+ 1) dimensional global AdS background. In
the probe limit one may write down the global AdS space metric
in (34 1) dimensions as,

2

ds?® = 5
cos? x

(—dt? + dx® +sin® x d2?), (5)

where, d$2? is the standard metric on the round unit two-sphere.
The ranges of the coordinates are —oco <t < oo and 0 <x < 7 /2.
We also consider the following ansatz for the two bulk scalars as,

v1(x) =y (), Yo (x*) =y ). (6)

Now using the metric ansatz (5) and the ansatz for the bulk scalar
fields (6), one may write down the independent equations of mo-
tion for the bulk scalar fields (1, ¥>) in the global AdS space
background as,

(00 = — =yl +md sec0?y ()
+ sec(x)? (a1 Y1 (0% — B2 (%) Y1 (%), 7)

Yy () = — ﬁwﬁ(x) +m3 sec(x)*yr2(x)
+ sec(x)? (292 (0% — By (%) Y2 (%), (8)

here the prime denotes derivative with respect to coordinate x. The
asymptotic form of the functions & = {1 (x), ¥2(x)} near the AdS
boundary x — 77 /2 may be written as,

Y1(x) = J1X4 4+ (ODXA 4+,
Y2 (x) = J2X2 + (O™ 4 -+, 9)

where, X = (x — 7 /2) and AL = (3 4+ +/9+4m?)/2. Here the dots
represent the higher order terms in the powers of x. Now if one
takes the masses of scalar fields as m% = m% = —2, then from
the asymptotic forms of the fields given in Eq. (9) we observe
that one can have dual boundary CFT operators of scaling dimen-
sion one (J1, J2) acting as source terms for the bulk scalar fields.
Also we have dual boundary CFT operators of scaling dimension
two ((O1), (O2)) acting as vacuum expectation values for the bulk
scalar fields.

3.1. Numerical results

We attempt to numerically solve the equations of motion via
shooting method. Here we require that the functions correspond-
ing to the bulk scalar fields, ® = {1 (x), ¥2(x)} must be regular at
the horizon (x = 0). This implies that all the functions must ad-
mit finite values and a taylor series expansion near the boundary
at (x=0) as,

OX) =0(0)+ 6 0)x+--- (10)

Analyzing the equations of motion and the expansions of the func-
tions near (x = 0), it may be clearly identified that one must have
two independent parameters at the horizon (x = 0), namely v (0)
and v7(0). Out of these two we will use one of them as shoot-
ing parameter to get the boundary condition for the sources as
{J1#0, J» =0}. The remaining quantities like (O1) and (O,) may
be obtained by reading off the corresponding coefficients in the
asymptotic forms given in Eq. (9) for the bulk scalar fields. The
boundary condition on the source terms described above implies
that for the numerical analysis we only turn on the source J; for
the first scalar field 11 and look for the vacuum expectation value
(O3) to arise spontaneously for the second scalar field .

For the masses m3 = m3 = —2 of the bulk scalar fields, in
Figs. 1, 2, 3 we plot the vacuum expectation value (O,) with re-
spect to the source J; for varying values of the parameters 8, oy
and oy.

From Fig. 1 we observe that vacuum expectation value (O,)
exists for values of the source J; above a certain critical value
J1c = 28.896 for varying values of «,. Here the values of the pa-
rameters o1 and S are kept to be a fixed constant. From Fig. 2 we
observe that critical value of J; increases for increasing values of
o1 where the values of the parameters «; and g8 are kept to be a
fixed constant. Similarly from Fig. 3 we observe that critical value
of J1 decreases for increasing values of 8 where the values of the
parameters o1 and o are kept to be a fixed constant. The most
remarkable observation that can be easily interpreted from the fig-
ures is that, when we turn on the source J; for the scalar field vy
the second scalar field v, spontaneously acquires a vacuum ex-
pectation value above certain critical value of the source Ji. This
implies that when one scalar is turned on to act as the source then
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Fig. 1. Plots of (O;) with respect to J; for global AdS space-time. The blue, red and
the green curves correspond to different values of the parameter «; = 0.4,0.8 and
1.2 respectively for fixed values of ov; =1 and g = 0.5. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)
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Fig. 2. Plots of (O,) with respect to J; for global AdS space-time. The blue, red
and the green curves correspond to different values of the parameter oy =0.4,0.7
and 1 respectively for fixed values of a; =1 and g = 0.5. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)
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Fig. 3. Plots of () with respect to J; for global AdS space-time. The blue, red
and the green curves correspond to different values of the parameter 8 =0.6,0.8
and 1 respectively for fixed values of @y =1 and «y = 1. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

the interaction between the two bulk scalars forces the other scalar
to condense spontaneously which in turn leads to the instability of
the global AdS4 bulk.

4. AdS soliton background

We now consider the two interacting bulk scalar fields in the
AdS soliton background. We will still be working in the probe
limit which implies that the gravity is non-dynamical. The (3 4+ 1)
dimensional AdS soliton background may be represented by the
following metric ansatz

2
dsz—%-f-l’ (—dt? +dx?) + f(rydn?, (11)

where f(r) =r2(1 — :—‘E) and ro stands for the tip of the soliton.
It may be seen that (11) is a solution of action described by (1)
in the absence of any matter source. In order to avoid a conical
singularity at r = rp one must impose the periodicity condition
n — n+ m/re on the spatial direction 7. It may be observed that
the AdS soliton just looks like a cigar with the asymptotic geom-
etry R1'2 x S! near the AdS boundary and the spacetime exists
only for r > rq. This implies that the boundary field theory dual to
the AdS soliton spacetime is in a confined phase with a mass gap.
Thus the AdS soliton spacetime represents the insulating phase of
the boundary field theory via gauge/gravity duality as pointed out
in [23]. We now consider the following ansatz for the two bulk
scalars as,

vi(x*) =y, v (x*) = va). (12)

Now for the AdS soliton background given by the metric in (11),
we may write down the independent equations of motion for the
bulk scalar fields (1, ¥,) as

w{/(r)=—(’}((:)) >w1(>+f()¢n()
(e

W) = (]}((rr)) >w2(>+f()wz(r>
(B

here the prime represents the derivative with respect to the co-
ordinate r. One may also observe that the metric (11) and the
equations of motion (13), (14) posses the following scaling sym-
metry,

r— AT, (t,x,n)—>(t’)}i—’n),
f=22f, (W, ¥2) = Ay, ¥2). (15)

The scaling symmetry (15) helps to set the parameter ro = 1 for
performing the numeric computations. Furthermore the asymptotic
form of the functions ® = {1 (r), ¥2(r)} near the boundary at r —
oo may be written down as,

Y1 (X) = Jart + (Ot 4
Yo (X) = Jor®= +(O)rt + -, (16)
where, AL = w and the dots represent the higher order

terms in the powers of r. Here (J1, J2) act as the source terms
for the bulk scalar fields with the dual boundary CFT operators
((O1), (O,)) acting as the vacuum expectation values for the bulk
scalar fields.

4.1. Numerical results

We once again attempt to numerically solve the equations
of motion for the case of AdS soliton background via shooting
method. In order to begin with the numerics we require that the
functions corresponding to the bulk fields, ® = {1 (r), ¥ (r)} must
be regular at the horizon (r =r¢9 = 1) for the AdS soliton back-
ground. This again implies that all the functions must admit finite
values and a taylor series expansion near the point (r=rg=1) as,

OM=0M+0'MHT—-1)+---. (17)
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Fig. 4. Plots of (O,) with respect to J; for AdS soliton background. The blue,
red and the green curves correspond to different values of the parameter oy =
0.4,0.8 and 1.2 respectively for fixed values of o1 =1 and g = 0.5. (For interpre-
tation of the references to color in this figure legend, the reader is referred to the
web version of this article.)
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Fig. 5. Plots of (O,) with respect to J; for AdS soliton background. The blue,
red and the green curves correspond to different values of the parameter a; =
0.4,0.7 and 1 respectively for fixed values of o =1 and 8 = 0.5. (For interpre-
tation of the references to color in this figure legend, the reader is referred to the
web version of this article.)
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Fig. 6. Plots of (O,) with respect to J; for AdS soliton background. The blue,
red and the green curves correspond to different values of the parameter g =
0.6,0.8 and 1 respectively for fixed values of @y =1 and oy = 1. (For interpreta-
tion of the references to color in this figure legend, the reader is referred to the
web version of this article.)

Now on analyzing the expansions of the functions near (r =
ro = 1), it may be seen that there are two independent param-
eters at the boundary at (r =ry = 1), namely (1) and ¥, (1).
Once again out of these two we will use one as the shooting pa-
rameter in order to impose the condition {J; # 0, J, =0} on the
asymptotic forms of bulk scalar fields ¥1(x) and 2 (x) near the
AdS boundary at (r — c0). The remaining quantities like (O1) and
(O2) may be obtained by reading off the corresponding coeffi-
cients in the asymptotic forms given in Eq. (16) for the bulk scalar
fields. Here also for the numerical analysis we only turn on the
source Ji for the first scalar field v/ and look for the vacuum ex-
pectation value (O,) to arise spontaneously for the second scalar
field .

For the masses m3 = m3 = —2 of the bulk scalar fields, in
Figs. 4, 5, 6 we plot the vacuum expectation value (O;) with re-
spect to the source J; for varying values of the parameters 8, oy

and «y. In the figures we have chosen the values of the parame-
ters a1, o and B to be the same as the values taken for the case of
global AdS space-time background. From Figs. 4, 5, 6 one may ob-
serve that the overall behavior of the plots is the same as obtained
for the case of the global AdS background. The only difference lies
in the fact that the critical values of the source J; for the AdS
soliton background are smaller than those obtained for the global
AdS background. Thus it seems that one may expect to obtain the
signature second order quantum critical phase transition with two
mutually interacting bulk scalar fields in any zero temperature AdS
background.

5. Summary and discussions

Here we have consider a system of two massive, mutually in-
teracting probe real scalar fields, in zero temperature holographic
backgrounds in order to model a holographic second order quan-
tum phase transition. It seems that in our case when one scalar
field condenses, it forces the other scalar field to condense under
the mutual interaction. This results in the coexisting condensed
phase of the boundary field theory with the nontrivial profiles
for both the scalar fields in the bulk global AdS4 space. Thus
one may suggest that the system undergoes through an inter-
esting quantum critical phase transition due to the mutual in-
teraction between the bulk scalars. For the two scalar fields we
have numerically computed the dual condensates for the bound-
ary operators in the probe limit described above and observed
that the system undergoes a second order quantum phase tran-
sition. It would also be very interesting to study our system for
different masses and interactions (including gravitational) between
the two scalar fields, which may lead to interesting novel phase
structure of the strong coupled large-N field theory. Another in-
teresting question is to study the system at finite temperature.
One may also study time dependent dynamical properties of the
system described here. We leave these questions for a future in-
vestigation.
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Appendix A. A simple Lagrangian model

Let us consider a simple Lagrangian model with two mutually
interacting scalar fields in 0 dimension:

1
Vg1, ¢2) = E(m%qﬁ +m3p2 + a1} + az9*

+ Bdid3) + J1d1 + J22 (A1)

The cubic EOMs of this system can be solved in a straightfor-
ward manner, but the analytic expressions are too complicated.
For the global stability of the potential we have ooy > B2. We
broke ¢1 — —¢q symmetry by turning on J; and putting J, =0,
so that ¢ gets a value ¢qs. If we expand around ¢is value the ¢;
mode get an effective mass mgff(qbz) =m3 — B¢?.. Hence if B <0,
then turning on enough J; would eventually lead to a condensa-
tion of ¢». Here a phase transition is always possible irrespective
of the value of .

Turning on both J{ and J,, by taking linear combination vari-
able may be mapped to a problem where only a single source is
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turned on. To be kept in mind is that this also changes the po-
tential. For example with 1 =2 =0 and 8 > 0 and my =my, a
phase transition happens as we gradually turn on J{ = J, = J. The
Z, symmetry between ¢; <> ¢ would be spontaneously broken
due to repulsive interaction between ¢; and ¢;. By using variables
L = %(¢1 + ¢,), the potential may be mapped to our standard

form B(¢3 —¢?)* and J, = J, J_ =0.
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