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Abstract—This paper deals with the second-order nonlinear difference equation
A(rgAug) + qrg(upy1) =0,

where {r;} and {gr} are positive real sequences defined on NU {0}, and the nonlinearity g : R — R
is nonnegative and nontrivial. Sufficient and necessary conditions are given, for the existence of
bounded solutions starting from a fixed initial condition ug. The same dynamic, with f instead
of g such that uf(u) > 0 for u # 0, was recently extensively investigated. On the contrary, our
nonlinearity g is of a small appearance in the discrete case. Its introduction is motivated by the
analysis of wavefront profiles in biological and chemical models. The paper emphasizes the many
different dynamical behaviors caused by such a g with respect to the equation involving function f.
Some applications in the study of wavefronts complete this work. (©) 2004 Elsevier Ltd. All rights
reserved.
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1. INTRODUCTION

Difference equations frequently arise in studying biological and chemical models, in the analysis of
discrete systems, in the discretization methods for differential equations, etc. (for this purpose we
refer to [1--5]). Therefore, the discussion on the existence, oscillatory, and asymptotic properties
of their solutions has received considerable attention. Following this trend, in this paper, we
investigate the second-order nonlinear difference equation

A(reAug) + qrg(ugs1) =0, (1

where {ry} and {gx} are positive real sequences with £ € NU {0}, A is the usual forward
difference operator defined by Awuy = ug41 — ux and the nonlinearity g : R — R is nonnegative
and nontrivial.

First note that equation (1) is in fact a recurrence relation, and hereby, the existence and
uniqueness of its solution, for every initial value problem (IVP),

AlrgAug) + grg(ug1) =0,
ug = &,
AuO = /B)

are guaranteed, for all k¥ € N and any real numbers a, 3. We denote it by u™?#,
As it is known, several authors investigated the general difference equation

Alrep(Auk)) + f(k, uet1) =0, (2)

where ¢ : R — R is an homeomorphism such that ¢(0) = 0 and f : N x R — R satisfies f(n,-)
continuous, increasing and f(n,0) = 0 for every n € N (see, e.g., [6-15]). In these quoted papers,
comparison results were obtained, as well as necessary and sufficient conditions, for the existence
of solutions with a prescribed asymptotic behavior. Indeed, such a study was mainly devoted
to the existence of positive monotone and bounded solutions of (2). We also recall [16], where
a similar analysis was developed in the continuous case. Under some restrictions on ¢ and f,
equation (2) becomes half-linear, i.e., its solution space is homogeneous. In [17], it was shown
that its solutions behave, in many aspects, like those of linear difference equations.

A lot of further references can be found in [1], especially in Chapter VI. Note that our type
of nonlinearity g differs from f and this brings quite different dynamical behaviors. Our term g
derives its motivation from the study of wavefront profiles appearing in several biological and
chemical models. As far as we know, this is the first investigation, in the discrete case, of such a
nonlinearity.

The main aim of this work is to establish existence criteria of bounded increasing solutions
of (1) with a fixed initial value. More precisely, we give sufficient conditions (and in some cases
also necessary) in order that the IVP

A(rgAug) + qrg(ugs1) =0,
Ug = &,y

has a bounded increasing solution. According to our needs, we shall take
g bounded 3

and/or
g continuous. 4)
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We stress however that, for some results, even the continuity of g is not required. As we have
already mentioned, this nonlinearity g makes our equation, although looking similarly, of a quite
different type with respect to (2): in fact, no oscillatory solutions exist and the linear case is not
included (see Section 2). It means that different kinds of approaches to its examination must
be used. We employ, in particular, a shooting argument and Schauder’s fixed-point theorem
(see Theorem 7). Moreover, unlike in the quoted works concerning equation (2), where only the
asymptotic behavior was investigated, our results take into account also the initial value of the
solution.

In Section 2, we discuss all possible asymptotic behaviors of the solutions of (1). We also
establish necessary conditions for the existence of bounded solutions in terms of the conver-
gence/divergence of the series

ST:Z;_}'H Sq—‘ZQJa
j=0 "7 j=
and _
SqT=ZCIj 7"_@

A similar approach was developed in many previous papers. In particular, the results in [8,9,14]
were obtained according to the convergence or divergence of > o, ¢~ }(1/7,). Similarly, under
assumptions on the behavior of &, in [10,12] the authors prove some comparison theorems and
give necessary and sufficient conditions for the existence of a positive nondecreasing solution for
a special form of (2). In Section 3, we consider the case when Z;’io 1/r; < oo, while Sections 4
and 5 treat the case ) 72 1/r; = co. In both situations, we obtain sufficient (and sometimes
also necessary) conditions for the existence of bounded solutions of (1) with ug = a prescribed.
When 3522 1/r; = co and g(a) = 0, our existence criterion, contained in Section 5, is for the
particular equation

APuy, — cpAug + brg(ursr) =0, (5)
where A%uy = A(Auy),
0<er <é, (6)
0<b<b<b, (7)
for all £ € NU {0}, g is continuous and there exists 8 € (0,1) such that
g(t) >0 for ¢t € (4,1) and g = 0 otherwise. (8)

Equation (5), but with coefficients {ck }x and {bx }r both constant, enables to study wavefront
profiles of the reaction-diffusion equation

Up = Ugy + g(u), t>0, z€R (9)

(see, e.g., [4]). Of major interest, in this context, is to connect two stationary solutions of (9),
typically u = 0 and w = 1, by means of a wave solution. In a discrete setting, this translates into
the boundary value problem (BVP) on Z

A%y ~ cAug + g(ugs1) =0,

pAm e =0, (10)
lim U = 1.

k— 400
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In Section 6 (see Theorem 7), we investigate the existence of increasing solutions of the equation
in (10) when k € Z \ N. By means of this result and of the techniques previously developed, we
are able to discuss problem (10) both in the case when g satisfies conditions (8) as well as when
there are € € (0,1) and L > 0 such that

9/ (0,¢) is strictly increasing and g(t) < Lt for t € [0, 1], (11)

g(t) >0 for t € (0,1) and g = 0 otherwise. (12)

It is well known that there are striking similarities between qualitative theories of differential
equations and difference equations. Our investigation, both of the general equation (1) and of its
special type (5), was previously led in the continuous case, respectively, in [18-20]. We remark

that the employed techniques in the discrete and continuous case are often quite different.
‘We will use the notation

Np={mm+1,m+2,...}, for some m € Z,

and the convention that

m—1 m—1

for any sequence {ax}.
The following two equalities will frequently occur in the text: a summation of (1) from m
to k — 1 yields

k—1
1 1
Aug = rpAuy, b ]Z: 2i9(uj41), (13)

a summation of (13) from m to k — 1 gives

j-1

k-1 k=1

1 1
= U A mE —*E — E i (Uir1)- 14
Uk = Uy + Ty AU 27 m 2:9(wit1) (14)

j=m 7 j=m i=m

2. PRELIMINARY RESULTS

The following statement deals with monotonicity behaviors of all solutions of equation (1)
when k varies in Np.

PropPOSITION 1. Any solution of (1) is constant on Ny, or strictly increasing on Ny, or there
exists exactly one T € Ny such that Aug > 0 for k € {0,1,...,T — 1}, Aup <0, and Ay, <0
for k € Ny 1. Moreover, in the latter case, if S, = oo, then limg_,oc ur = —00.

Proor. Equation (1) is equivalent to the equation
Tk 9k
Augyr = —— Bug — —— g(uk+1),
Tk+1 Tk+1

from which the first part of this statement, concerning the monotonicity properties, can be easily
derived, because of the sign condition on g.
To prove the last part, using (14) with m =T + 1, we get

k—1
1
U < U1 + rrp1Aurgs Z o (15)
J=T+1 7
Since Auryi < 0, we obtain limyg_,ec up = —00. |

The next proposition gives a necessary and sufficient condition for the existence of bounded
solutions when S, = oo and S, < cc.
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PROPOSITION 2. Suppose that S, = oo.
(i) If u is a bounded solution of (1), then

[o 0]

P AUy — Z g;9(uj41) =0, (16)

j=m
for allm € Ny. Moreover, if Sy, < o0 and (3) holds, thenlimy_, o ur < ug+sup,eg g(t)Syr-
(ii) If a solution w of (1) satisfles (16) for some m € Ny, (3) holds and S, < oo, then u is
bounded.
Proor.

(i) Let u be a bounded solution of (1). It is mot difficult to verify that for any pair of
sequences {ay }x, {br}x it holds

k j—1 k-1 k
DD abi=) D ab;

j=h i=h i=h j=i+1
where h,k € Ny and h < k. Using this identity, from (14), with m = 0, we get
k 1 k—1 k-1 J 1
U, =up + — |roAug — g9(ug + g(u; — 17
k41 0 jgo r oAU ;q g(uit1) j;)q]g( ]+1); e (17)

Suppose, by a contradiction, that there exists T € Ny such that

[e ]
reAur — Z g;9(ujr1) #0.
=T
Then, in view of (13), one can find a constant C > 0 and S € Ny satisfying [Aug| > C/ry
for k € Ng. Hence, the condition S, = oo implies limy_,o, ux = +00, a contradiction, and
so (16) holds.
Assuming S, < oo and g bounded and applying the discrete L'Hospital rule (see (1,
Theorem 1.7.9]) to (17), we get
k

J
1
. _ . o 1. S,
Jm gy = uo + kli)n;oj;%g(uj-‘rl) ; o Suot ilelﬂgg( )Sq
and the statement is proved.
(ii) Let v be a solution of (1) satisfying (16) for some m € Ny, S < o0, and (3). Then
we can apply the discrete L'Hospital rule to (17) and in view of the assumptions we

get limg o0 ur € R and so u is bounded. 1

We now consider the case when S, = S, = oo and we give a necessary condition for the
existence of bounded solutions.

PROPOSITION 3. If Sy = S, = oo and (4) holds, then every bounded solution u of (1) satis-
fies limy oo g(ug) = 0. Moreover, if u is not a constant, then there exists a sequence {wn }nen;
wn, — limg 00 ug as m — 00, such that w, < limg_,o ux and g(ws) > 0 for n € N.

PrOOF. Let u be a bounded solution of (1). Then &, = oo implies Aux > 0 for £ € Ny and
so there exists limy_,0o ux = L. Suppose, by a contradiction, that g(L,) > 0. Hence, we can
choose T € Ny such that g(ug) > g(L,)/2 for k € Nr, because g is continuous. By (16) and (17),
we have

j

k ) k-1 j
1 1

Uk41 = Ug + — D Gg(uiy1) + ) q;9(uj41 -
+1= U ;:0 - ;:k ig(Uiv1) ;:o: 59U+ )i§=0: o

k—1 J
9(Lu) 1
2 up + 5 Z G2,
J:T—-l i=0

and so ug — +oco as k — oo, a contradiction.
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Suppose that there exists € > 0 such that g(t) = 0 for all ¢t € [L, — ¢, L,]. Choose S € Ny in
such a way that ug > L, — ¢ for k € Ngy;. From (16), we get Aug = 0, which implies ux, = ug
for £ > S, hence, Proposition 1 yields uy = ug which is a constant solution. |

The first part of the previous result holds also for bounded increasing solutions when S, < oo
and Sy = 00 as it is shown in the following statement.

PROPOSITION 4. If S, < o0, Sgr = o0, and (4) holds, then every bounded increasing solution u
of (1) satisfies limy_,c0 g{ur) = 0.

ProoF. First observe that S, < oo and Sgr = oo imply S; = co. Let u be a bounded increasing
solution of (1) with limg_oo ur = L. Suppose for a contradiction that g(L,) > 0. Then one
can find T € Ny such that g(ug) > g(L.)/2 for k € Ny since g is continuous. This yields
Z;‘;T g;9(u;41) = oo and according to (13), we obtain Auy < 0 for all sufficiently large k, which
is false. R

3. EXISTENCE OF BOUNDED INCREASING
SOLUTION IN THE CASE S, < o0

This section deals with the case when S, < co. We start with the criterion concerning the
case Sgr < 00, where the existence of a bounded increasing solution of (1) is guaranteed for every
initial value a.

THEOREM 1. Suppose that (3) holds. If S, < oo and Sy, < oo, then (1) has a bounded increasing
solution w satisfying the initial condition ug = o, where o € R.

PRroOF. First observe that the only possibility in the case when S, < co and Sy < 0018 §; < 0.
Let B> S, sup;cg 9(t)/ro. We show that every solution u*# is increasing and bounded. Indeed,
by (13), with m = 0, we have

k-1
, To 1
Aupf = Eﬂ T Zng(u:Hl)
—

T 1
> —Eﬂ — — supg(t)S, >0,
Tk Tk teR

which implies that {uz’ﬁ }x is increasing on Ng. On the other hand, from (15) and S, < oo, we
conclude that u is bounded. |

When S, = oo, the following result, requiring additional conditions on g, can be applied. Two
cases are considered, according to the positivity or not of g at the initial value of the solution. In
the first case, we obtain a necessary and sufficient condition. In the second one, like in Section 4,
only a sufficient condition is provided.

THEOREM 2. Suppose that S, < 00, Sgr = o0, and (4) holds. Then we have the following.

(i) Equation (1) has a bounded increasing solution u satisfying the initial condition up = o,
where « is such that g(a) > 0, if and only if

there exists w > o such that g(w) = 0. (18)

(ii) If there exists w > o such that g = 0 in [, w], then (1) has a bounded increasing solution u
satisfying the initial condition up = a.

Proor.

(i) Let o, w be as in the theorem. Given 8 € R, denote u*? with u® and Q = {8 > 0: uf <w
for all k € No}. In view of Proposition 1, 4% is nonincreasing. By virtue of the continuous
dependence on initial data, we find out that Q # @, because no solutions of (1) admit
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a minimum point, by Proposition 1. Moreover, w — o & €. Hence, we can denote
with 3 := sup(Q N[0,w—a]) € R. Now we prove that u” is a bounded increasing solution
of (1) such that uf < w for k € Ng. Clearly, one cannot have T' € Ny with ugw > w. In fact,
if such a T existed, by the continuous dependence on initial data, we would be able to
find 8 € (0, B) with the property uT > w. But this contradicts the definition of ﬂ Hence,
ﬁ < w for k € Ny. Further, if there existed T &€ No such that u = w, then AuT =0, by
the previous argument. Hence, AuT =0= g(uT) and the uniqueness of the solution of
each IVP implies that v is a constant solution, which contradicts the fact that ug =«
and g(a) > 0. Consequently, uk < w for k € Ng. It remains to show that u? is increasing
on Np. If there existed T € Ny such that AuT < 0 (with g(uT) > 0 for AuT = 0)
without loss of generality we can suppose that Auk >0for ke {0,1,...,T—1}. Then uk
is monotone decreasing for k& € N, because of Proposition 1. Hence, the continuous
dependence on initial data yields the existence of ¢ > 0 such that 3 + & € 2, which
contradicts the definition of 3.
The necessity of (18) follows from Proposition 4.
(ii) The sequence defined by ux = a + (w — a)/S, Ef;é 1/r; is a desired solution. 1

REMARK 1. Suppose that S, < co. According to Proposition 4, if &, = oo, the limit of
any bounded solution of (1) is a zero of the function g, hence, the existence of w € R such
that g(w) = 0 is a necessary condition for (1) to have a bounded increasing solution. On the
contrary, if 8y < oo, Theorem 1 guarantees the existence of a bounded increasing solution of (1)
even when g(t) > 0 for every ¢.

REMARK 2. Suppose that S, < oco. It is not difficult to see that if u is a bounded increasing
solution of (1), then L, — wug, where L, = limp_o ug, is asymptotic to or of higher order
than Z;’ik 1/r;. Indeed, first observe that the sequence rxAuy is positive and nonincreasing,
and hence, there exists the limit limg_, o, reAuy = K, where K, € [0,00). Using the discrete
L’Hospital rule, we get

L, —
lm 2 =K,
— 00

> 1r;

i=k

and so the statement holds.

4. EXISTENCE OF BOUNDED INCREASING
SOLUTION IN THE CASE S, = 00, g(up) > 0

This section deals with the case when S5, = oo and g(up) > 0. We start with a criterion
concerning the case Sy < co, which uses the result of Proposition 2.

THEOREM 3. Suppose that (3) and (4) hold. If S, = oo and Sy < oo, then (1) has a bounded
increasing solution  satisfying the initial condition uy = o, where o € R is such that g(a) > 0.

PROOF. Let @ be as in the theorem. In view of our assumptions, we get S, < co. Using this
fact together with the boundedness of g, we have the convergence of Z;OIO ¢;9(uj41) for every
solution u of (1). Denote u®# simply by u, where 3 € R. Define the functional 7 : R — R by

T(/B) = ,37‘0 — qug (’LL"?+1) .
7=0
Since g(ud) = g(ud) = g(a) > 0, and g is nonnegative, 7(0) < 0. If B > supcp g(t)S; /7o,

then 7(B) > 0. We prove now that 7 is continuous. Let £ > 0 and 3 € R be given and J C R
be an open interval containing 3. Take n = n(e) € Ny in such a way that

Z %<3 sup g(t)
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The uniform continuity of g in any compact interval implies the existence of o = o(e) satisfy-
ing [g(z1) —g(z2)| < e/{3n(max;co,1,....,n~1} ¢;)} Whenever zy,z, € [min{uf :8eJ,0<i<n},
max{uf 1€ J,0<i<n} and |z; — 73| < 0. By the continuous dependence on initial data,
it is then possible to find § = §(¢) > 0 such that, whenever |8 — §] < 6, it follows lué7 - u? | <o
for all j = 0,1,...,n. Further, set p = p(e) = min{e/(3ro), (o))} and take 8 € J in order
that |8 — | < p. Then we have

g (”?—H) -9 (U’?-i—l)l

30 o () o (o)
j=n
<gen(om o) (me fo(4)~a(4)])

n—1
ITB) T (B)| <|8=B|ro+ D
j=0

+ 2sup g(¢) Z q;
S O
£, € €
=3 + 3 + 3 €
Hence, T is continuous and there exists 8 with 0 < 8 < sup,cg 9(t)Sg/ro such that T(B) = 0.
By Proposition 2, we get the statement. ]

When S, = oo, we can use the following criterion requiring an additional condition on the
nonlinearity g, which, however, is also necessary.

THEOREM 4. Suppose that (4) holds. If S, = Sy = oo, then (1) has a bounded increasing
solution u satisfying the initial condition uo = ¢, where o € R is such that g(a) > 0, if and only
if (18) holds.

Proor. The sufficient part can be proved like in Theorem 2. The necessity of (18) follows from
Proposition 3. '}
REMARK 3. Suppose that S, = oo. In the case S, = oo, the necessity of (18) comes from
Proposition 3 (see also Remark 1). On the contrary, if Sgr < o0, Theorem 3 and Proposi-
tion 2 guarantee the existence of a bounded increasing solution w of (1) satisfying uwg = «
such that limg oo ur < @ + Syr sup,ep g(t) also in the case when the function g is positive
in o, & + Sy sUP,cg 9(2)]-

5. EXISTENCE OF BOUNDED INCREASING
SOLUTION IN THE CASE S, = oo, g(ug) = 0

In this section, we counsider equation (5) where (6) and (7) hold and g : R — R is a nonnegative
and nontrivial function satisfying (4) and (8).

Notice that (5) is a particular case of (1) with S, = Sgr = oo given by r = H;:é (1+¢)™!
and g = by [Tj_o(1 +¢) 7.

Since for the arguments of g which are outside |8, 1], (5) reduces to an (explicitly solvable)
equation, outside [#, 1], which can be explicitly solved, Proposition 3 and (8) imply that the only
possible limit at infinity for a bounded increasing solution of (5) is 1. Hence, the problem of the
existence of solutions for the boundary value problem on Nj

Azuk — ckAuk -+ bkg(uk+1) =0,
Upg = 07 (19)

lim ug =1,
ko0

clearly, Proposition 1 guarantees that the solution of (19) is monotone increasing turns out to be
interesting.
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THEOREM 5. Suppose that (4), (6)—(8) hold. Then there exists ¢* > 0 such that (19) has a
solution for all ¢ < ¢*.

PRrOOF. Given § € R, denote u®# with u? and set Q = {8 > 0 : limy_,00 uf = +oo}. Clearly,
Q # (, because [1 — 8,+00) C Q. Take # € @ and T > 0 such that uf <1forke{0,...,T}
and uZ > 1 for k € Npy1. Summing (5) from 0 to 7 — 1, with the substitution of u? for u, we get

T-1 T-1
A~ =Y adl +Y by (ufﬂ) —0. (20)
§=0 j=0
Multiplying (5) by uf , with the substitution of «# for u, we get

quguk - cku,cAuk + bkukg (uk+1) =0.

It is not difficult to verify that for any sequences {ax}x, {bx }r it holds the formula of summation
by parts

k-1 k—1
Z u; Avj = ugvr — uglo — Z Aujvjqg. (21)
=0 =0

Hence, summing the last identity from 0 to 7' — 1 and using the summation by parts, we get
T—1
uéiAugw — 08— Z cju; Au + Z b]u]g ( J+1) Z AuﬁAuﬁ_l (22)
j=

Similarly, multiplying (5) by uf +1, With the substitution of u? for u, and summing we obtain

T-1 -1

AuT - 68— z ¢ 3+1A“ + Z b]'u,H_lg ( ]+1> Z (AU?)Q. (23)

=0 7=0

Hence, subtracting twice (20) from the sum of (22) and (23) and recalling (6)—(8}, we have

!

-1

A (Auf + Aufy, ) = 2808 (5 — 1) +26(1 - 0)

.
I
=)

T-1
+ Z chuf (2 —ufH —uf)
§=0
T-1
B B 8
=D _big (uj+1) (2 Ui T “j) (24)
3=0
T-1
<26(1 —9)+5ZA“§'3 (2““?+1 ‘u}g)
j=0
2
= 28(1—6) +5{2 (ugi ~9) - [(ﬁ) - 92]}
<281 - 0) +2e(1 — 6)?,
because 0 < u:ﬂp < 1. In the same way, a multiplication of (5) by Auf and Auf +1, With the

substitution of ©? for u, and a summation between 0 and T — 1, respectively, yield (noting that
in the latter equation we have used the formula of summation by parts (21))

3 by (1) A = — (8u)” 4+ Z Muad 1Y e (ad) 29)
j=0

=0
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and
T-1
Zb]g( ]_H) A’ 1 = ZAZ b A _H—I-chAuﬁAu (26)
=0 =0 =0

Therefore, summing (25) and (26), by (7), (6), and (24), it follows

x|

-1

b0 (wf) (] + A, S%bw( Pn) (A +ad2,,)

J j=0

Il
o
o,

=B - (Au§)2 + Zlc,-Auj? (8 + aufy,)

< 8% +2B2(1 - 0) + 28%(1 - 6)?
< 2[8+&(1-6)7>.

Thus,

T-1

Zg( J+1) (Au +AU‘J+1> (27)

i=0

™o o

,32—5(1—9)+\J

In view of (20), we get that Auf < B+¢&(1 —8) for every j =0,...,T, hence, according to the
definition of the Riemann integral,

1
Vee (0,2/ g(t)dt) J6=14(e):if f+e(1—-0)<dand fe,
9
Te1 (28)

then Zg( ]+1> (Au +Auj+1)>2/ g(t)dt —e,

=0

with T defined at the beginning of this proof. Let p(e \/72 2 fo dt —¢). Since we
can take, with no loss of generality, the function 5(5) increasing, it is possxble to find £ €
(0,2 fe (t) dt) such that p(g) < §(¢). Therefore, given & < p(¢)/(1 — 6) and assuming the
existence of BeQn(0, p(€) — &(1 — 8)), we obtain S+ &1 — ) < p(&) < §(£) implying

(3T 5) (39 +5) > [} (2 w0 ot

7=0

which yields a contradiction with (27). Therefore, by Propositions 1 and 3, for every 8 €
(0, p(¢) —&(1—-8)) the solution u” of (5) is either bounded increasing to 1, or eventually decreasing
to —oo. In conclusion, the continuous dependence by initial data, applied like in Theorem 2,
enables us to find ¢* > 0 such that (19) is solvable for any & < ¢* and the proof is complete. §

REMARK 4. Recalling the definitions of p and ¢* given in the previous theorem, for every € €

(0,2 [ g(t) dt), one has p(e) < /b f, g(t) dt, hence, ¢* € (0,1/b [ g(t) dt/(1 — 6)).

6. APPLICATIONS TO DISCRETE
BOUNDARY VALUE PROBLEMS ON Z

This part is mainly devoted to some applications of the results in Sections 4 and 5. We

investigate the equation
Ay, — cAug, + g(ugyr) =0 (29)

on the set Z, whose solutions correspond to discrete wave profiles of the reaction-diffusion equa-
tion (9). Here ¢ stands for the wave speed and it is a positive constant, while g is continuous and
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behaves like in (8) or in (11),(12). Notice that (29) is a special type of equation (5) having all its
coeflicients constant. We are interested, in particular, in wavefront profiles connecting the two
stationary states v = 0 and u = 1 of (9). This problem translates into the BVP (10) associated
to equation (29). We remark that, in both cases for the nonlinearity g, Propositions 1 and 3
imply that the only possible limit at +oco for a bounded solution of (29) is, in fact, the value 1.
We start our investigation with g satisfying condition (8). Since (29) is an autonomous equa-
tion, it is not restrictive, in this case, to look for solutions of (10) such that 1y = 6. Consequently,
problem (10) on Z \ N with ug = 8 can be reduced to the second-order linear BVP
A2uk - cAuk = 0,
kgrpoo u =0, (30)

’LL():H,

which is solvable if and only if ¢ > 0. Therefore, it is natural to require the positivity of ¢. The
solution of (30), ux = 8(c + 1)*, has the velocity Aup = cf. Hence, problem (10), up to a
translation of the origin, is equivalent to

A2y, — cAuy, + g(upg1) =0,

Ug = 9,
Aug = cb, (31)
lim U = 1.

k—+o00
The following result holds, which is essentially an application of Theorem 5.

THEOREM 6. If (4) and (8) hold, then there exists ¢* > 0 such that for c = ¢* (10) has a solution.

ProoOF. In view of the above observation, it is sufficient to prove the existence of ¢* > 0 such
that (31) has a solution. We reason as in Theorem 5. Given ¢ > 0, denote by »° the solution of the
IVP associated to (29), when ug = 6 and Aug = cf and set Q = {c¢ > 0: limp_ 4o uf = +00}.
Clearly, 2 # 0, because [(1 — 8)/0,+00) C Q. Taken c € Q, let T > 0 be such that uf < 1
for k € {0,...,T} and uf > 1 for k € Nyr41. By (27), we get

-1

[T
=NE g (uéy;) (Aug + Aug,,) (32)
j=0

and, in view of (20), Au$ < ¢ for every j =0,...,T. Hence,

1
Ve e (O,/ 9(%) dt) 36 =46(¢e) :if ¢ < 4, then
6

T-1 1
J 5 0 (u5a) (B0 + D) > [ ottt

Since we can assume d(e) increasing, it is possible to find £ € (0, fgl g(t) dt) satisfying 6(¢) >

erl g(t) dt — &. Therefore, taken ¢ < \/fg1 g(t)dt — &, we obtain ¢ < 6(¢) implying

T—1 ;
1 p—
3 D9 (ugyy) (Aug + Augy,) > /9 glt)dt —e> ¢,

J=0

DO =

which is in a contradiction with (32). Therefore, u® is bounded increasing to 1 or eventually

decreasing to —oo for every ¢ € (0,4/ fel g(t)dt — £] and the existence of a solution for (10)

follows by the continuous dependence on initial data. |
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REMARK 5. According to the proof of the previous theorem, it also follows that

1
0<c' < /g(t)dt.
[

We investigate now the case when g satisfies (11) and (12). The following result states the
existence of solutions {wy}r of (29) which strictly decrease to zero when k — —oco. Precisely
such that Awyg > 0 for all k € Z\ N. By means of it and Theorem 4, we discuss (see Remark 6},
also in this case, the existence of wavefront profiles for the reaction-diffusion equation (9).

THEOREM 7. Suppose that (4), (11), and (12) hold. Then, for all ¢ > L + 2v/L, equation (29)
has an increasing solution {wy}x, with k € Z\ N, satisfying limp—,— oo wg = 0.

Proor. The condition ¢ > L + 2v/L implies that both the solutions A; and o of A2 + (L~
e)A + L = 0 are positive real numbers and they are distinct. Take v € (0,g(¢)/2) and o =
v{(c = L)/eL € (0,1). According to (11), g(¢) € L < cL/(c —~ L) implying a € (0,¢). For
k€ Z\N, put ¢ = v[(M +1)* + (A2 + 1)*] and consider the closed and convex subset of the
Banach space £ = {{vk}x : suprez\n [vk| < +00} defined by

Q = {{vetremn : 0 S vk < g7 (k), Yk € Z\ N},

which is well defined, because i < 2y < g{¢). According to the definition of {¢y}, and @, for
every {vr}x € Q, the operator

- B g Y gt Y gly)
j=k+1 j=—00
c(c+1)-* + c

is well defined. Denoting by ur = T'(vg), for all k € Z\ N, it holds

co— .:éx)g(vj) _=:+19(vj)(c+ 1=
Auy, = er T R (33)

and this easily implies Augts = (1 + ¢)Auy, — g{vgs1). Therefore, the sequence {T'(vk)}s is a
solution of A2uy — cAuy + g(vr+1) = 0 for k € Z\ N and it satisfies ug = T'(vg) = . Moreover,
(4) and the definition of Q yield

i —9Wks)(e + 1)~*
¢ k=—oo  —clc+1)"k

i

1 .
-0—2- kll»r—noog(vk—i—l) =0.

Hence, possibly applying the discrete L'Hospital rule, we obtain

. 1
klilzloo T(Uk) - E

Consequently, {T(v)}x is a solution of the BVP

A%y ~ cAui + g(vky1) =0, ke Z\N,
Up = &,

li =0.
k1m u =0

=00
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Our plan now, in order to complete the proof, is to apply Schauder’s fixed-point theorem to the
operator 1" on the set Q). For this purpose, we need to show that T is a completely continuous
operator and it maps @ into itself. First, we show that T(Q) € Q. Since, for all k¥ € Z \ N,
(c+1)7%>1, we get

3 o) e 1) 1]
(c+ 1) + cle+1)-*
e+ 1) ~1] 3 o(o5)

j==o00
c(e+1)7k
>0,

T(’Uk) =

+

> (8
T (et 1)7F
for all ¥ € Z\ N. On the other hand, according to the definition of {4}, for all £ < 0, we get
0

2, et [1 (et D/ A ) 1 (et /ot 1)
cle+1)"*F cle+ 1)k 1~ (c+1)/(M+1) 1—(c+1)/(A2+1)
_ v [Al +1 A+ 1]
—C(C—l-].)"'k )\1—0 )\Q—C
2 [(Al DR Qe t 1)’““]
c A —c A —c '

Taking into account that A\; —c = —Ay — L = —A3(A; + 1) and similarly Ap — ¢ = —A1(Aa + 1),
we obtain

0 .
See
(M + 1)k (A2 + l)k
+%[ oty ]
_C_LI((CC__;]I)/_)—‘ — [A1(A1 + 1P 4+ AR + 1)F].

Since av = (¢ — L)/cL, we can conclude that
0

> eile+1)™?
o + ka1 _ Ay (34)
(e+ 1)~k cle+1)7F el ’
Let us consider, now
k 0 0
> ¢ ) > P > ¥
j=—oo  _d=-o0 =
c c c

=1 (1+%+1+%>—% <1+§1—) [1— (g + 1)¥]
_% <1+7\1;) (1- (A2 +1)%]

E(edjoner et (oo
:%+% D2 + 1% 4+ 2 (Ag + 1))
Z%J”lﬁ [(c— L=\ +1)* + (e~ L— )2 +1)¥].
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Therefore, it holds

k
> P
270 (et Dok prn
¢ cL cL

and combining with (34), we obtain

0 , k
X eile+ ) ¥ v
o jmkt1 L= ok
(c+ 1)k cle+ 1)~k ¢ L’

Since g{vi) < ¢y, for every k € Z \ N, according to (11) and previous equality, we get

0

SR

o j=kt1 jm—oo
T(ve) < TR + (e + . (35)
_ %’E _ g (g—;(@k)) < 9_1(4/%)-

Hence, T(Q) € Q. Now we show that T is a continuous operator. For this purpose, let us
consider {2zx}k, {{v }x}nen C @ such that supyezn Vi ~ 2k| — 0 when n — +oo. We get, for
every k € Z\ N,

2 g () ~ 9lz)|
IT (o) = T)| < 2=

-‘i ) lg (vF) — g(z;)| (¢ + 1)~
clc+ 1)k

1o —tz5)]

j=—00

-

P e —ge P o) o)
n j=k+1 + j=—00
cle+1) c

0
< Z lg (v7) — 9(z;)] <% + E(c_:——l_)) .

j==00

For every j € Z\ N, we have lim,, , ;o0 [V} — 2| = 0, 50 limp— 400 |9(v]) — g(2;)| = O, by (4).
Moreover, the definition of Q yields |g(v}) —g(2;)| < 2i;. The convergence of Z;L_oo p; implies
the convergence of Z(;:_oo l9(v}) — g(z;)|. Hence, applying the discrete Lebesgue’s dominated
convergence theorem, we get

0

Jdmo 30 1o07) —a@) = 30 lim o (o) - az)| = 0.

Therefore,
lim  sup [T (vf) — T(z)| =0,
€Z\N

n—-+00 k
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and so T is continuous. Finally, we show that T(Q) is relatively compact. Indeed, according to the
monotonicity both of g and { }, it follows that supgezyy [T(vx)| < g7 (y) for every {ve} € Q,
which implies that T'(Q) is a bounded subset of £>°. Moreover, given >0, since limy—, o0 £ =0,
it is possible to take m € Z\N such that ¢, < (Le/2). Recalling (35), it follows, for every {ux }r €Q
and every k,i<m, that

IT(0n) ~ T(w)] < Tlws) + T(ws) < LEB < 2om
because {¢ }1 is increasing, so T'(Q) is uniformly Cauchy in £*°. Since T(Q) is also bounded, it is
relatively compact (see [11, Theorem 3.3]). Thus, all the hypotheses of the Schauder’s fixed-point
theorem are satisfied and so T has a fixed point {uz}rez\n € @ which is a solution of

A%uy, — cAuy, + g(ugy1) =0,
Uy = &,

lim U = 0.

k——o0

Finally, according to (33), for all k < —1 it holds

k
ca— > g(u)

Ayp > —2"2
ST e )R
Since {ur}r € Q, then E?:—oo g(u;) converges. Hence, limy_, o ZIL_OO g(u;) = 0 and this

implies the existence of k& € Z \ N such that Aug > 0 for all £ < k. Therefore, since (29)
is autonomous, the sequence {wi}r = {ug i }tx is a strictly monotone solution of (29) satisfy-
ing limg—_ oo wi = 0 and the proof is complete. |
REMARK 6. Consider the equation A%u; — cAuy, + glugs1) =0, with k € Z, ¢ > L + WL,
and g satisfying conditions (11) and (12). Notice that, with no loss of generality, the bounded
increasing solution {wy }xez\n of

A%y — cAuy + glug+1) =0,

lim wug =0,
k——o0

obtained in Theorem 7 can be taken such that wo € (0,1). Moreover, since equation (29) is a
special case of (1) with 7, = (c+1)'7* and q¢ = (c + 1)7*, hence, satisfying S, = S,, = oo,
according to (12) we can apply Theorem 4 and Proposition 3 in order to state the existence of a
bounded increasing solution {vk}ren of the boundary value problem

A%uy, — cAug, + g(ugr1) = 0,
Up = Wo,

lim wg =1.
k— 400

Consider now the sequence {uy }xez defined by

{wk, for k € Z\ N,
U =
* vg, forkeN.

Of course it satisfies limy_, oo ux = 0 and lmyg_, oo ug = 1. Moreover, it is a solution of (29)
both for £ € Z\ N and for £ € N. In conclusion, though {uy}x is not exactly a solution of the
boundary value problem (10) when k varies on all Z, nevertheless it can be seen as a wavefront
profile for the reaction-diffusion equation (9) which monotonically connects its two stationary
solutions » =0 and v = 1.
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7. CONCLUDING REMARK

(i) It turns out that some of the above approaches might be successfully extended to the
investigation of difference systems with similar types of nonlinearities as the function g is. For
example, we could consider a nonlinear system of the form

A(RrAug) + QrF (ugy1,vk41) =0,
A(PrAvk) + SkG(uk+1,v641) = 0,

with F,G nonnegative and nontrivial. Such system appears in studying discrete mathemati-
cal models, where the existence of bounded solutions is related to the appearance of travelling
wave solutions. In our opinion, its investigation is interesting also from a purely mathematical
viewpoint. Hence, it is an object of our examination in future research.
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