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Abstract

In the paper a mixed-hybrid approximation of the potential fluid flow problem based on prismatic discretization of the
domain is presented. Trilateral prismatic elements with vertical faces and nonparallel bases suitable for the modelling of
real geological circumstances are considered. The set of linearly independent vector basis functions is defined and
existence and uniqueness of the approximate solution from the resulting symmetric indefinite system are examined.
Possible approaches to the solution of the discretized system are discussed.

Keywords: Potential flow problem in porous media; Mixed-hybrid formulation; General prismatic elements; Symmetric
indefinite linear systems

1. Introduction

Solution of the underground water flow problem in real conditions must reflect complex
geological structure of sedimented minerals. Layers of stratified rocks with substantially different
physical properties must be modelled using an appropriate discretization of the geological region.
These geological characteristics can be correspondingly described by the mixed-hybrid finite element
method using trilateral prismatic elements with vertical faces and generally nonparallel bases.

An outline of the paper is as follows. First, we introduce the mathematical formulation of the
problem. In Section 2, we consider the mixed-hybrid formulation. Finite-dimensional approxima-
tion, existence and uniqueness of the approximate solution are derived in Section 3. Finally,
different approaches to the solution of the discretized linear system with a symmetric indefinite
matrix are discussed and promising ways are proposed.
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Let Q be a bounded domain in R* with a Lipschitz continuous boundary Q. Potential fluid flow

in saturated porous media can be modelled by the velocity u# given by Darcy’s law
u= —A"'vp, (1.1)

where p is the piezometric potential (fluid pressure) and 4~ ' is the symmetric and uniformly
positive-definite second rank tensor of hydraulic permeability of porous medium, i.e., there exists
a positive constant a, such that

%l €13 <A™ )E, &)

holds for all ¢ € R? and almost all x € Q. Further we assume [4~ ! (x)];;€ L*(Q)for alli,j e {1, 2, 3}.
Consider also the continuity equation for the incompressible flow

Veu =g, (1.2)

where q represents the density of potential sources in the medium. The boundary conditions are
given by

p=pp onaiQp, (1.3)
un=—A'Vp-n=uy onadQy, (1.4)

where 0Q = 0Q, U0Qy are such that 0Qp0Qy = @ and n is the outward normal vector defined
(almost everywhere) on the boundary 0%2.
A remark on the notation. We denote by L?(Q) the Lebesgue space defined as

LQ) ={¢:Q>R; L|¢|2dx< o0}

with the scalar product (¢;, ¢2)o.0 = {,¢1¢2 dx and the standard norm | ¢ o0 = (¢, $)§/3. Fur-
ther we denote by L?(£2) the Lebesgue space of vector valued functions v, where the components v;,
i=1,...,3, belong to the space L%($2), and consider the Sobolev space

HY(Q) = {¢ € L*(Q); Vo € L*(Q)}

with the scalar product (91, @2)1,0 = [o[@192 + Vo - Vp,]dx and the norm [ ¢|1.0 = (¢, 9)i'3.
We introduce the space of vector valued functions

H(div,Q) = {ve L*(Q); V-ve L*(Q)}

with the norm defined as ||v|giv.0 = (|v]3.0 + || V- |50 % We will also introduce the bilinear
form ¢, udso = [,0¢u dS, where ¢ and p are functions from L*(9).

2. Mixed-hybrid formulation of the problem

Denote the collection of subdomains of the domain Q by &, and the collection of
faces of subdomains e € &, which are not adjacent to the boundary 0Qp by I'y, = | J.cs,0e — 0Qp,
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where h is the discretization parameter (see [4])

h = max {diam e} .
eed,
Denote the restriction of any function on the subdomain e € &, by the superscript e, i.e. ¢° = ¢|..
Let us introduce the functional spaces defined on &, and I',. Let H(div, &}) be the space of square
integrable vector functions v € L2(£2), whose divergences are square integrable on every subdomain
ee Cr‘)ah, ie.

H(div, &) = {ve L*(Q); V-v° € L?(e), Ve € &} 2.1
with the norm given as
1/2
v llaiv, s, = [”1’”(2).9 + 2 Vo ||(2),e:| - (2.2)
eed,

We also consider the space of traces
HYX (D)) = {p: T~ R; 3p € Hy(Q), p = 1o}, (2.3)

where the space H)(€2) is defined as Hp(Q) = {¢p € H(2); yp = 0 on 0Q,} and y¢ = ¢|uq is the
trace of the function ¢ € H'(Q) on the boundary dQ; y,¢ = |, is the trace of the function
@ € H(Q) on the structure of faces I',. The space H}/?(I',) is equipped with the norm

Itz = inf {1@lie; vap = pon Iy}, (2.4)
where ||, o denotes the seminorm |¢|, o = (Vo, Vo)d/3.
Thus, the mixed-hybrid formulation of the problem (1.1), (1.2) with the boundary conditions (1.3),
(1.4) and the discretization &, of the domain Q can be stated as follows (see also [12, 9]):

Find (u, p, A) € H(div, &) x L*(Q) x H}/*(I',) such that

Y {( A, 1), — (P V-0)o.c + <25 10 Doerr,}

ecd,
= Z <ple)9 nt- ve>6er‘\690’ Vv GH(divs éah), (25)
eecd,
— X (Vw0 = — X (@ ¢)oe, V€ LAQ); (2.6)
eed, ecé,
S w1 = Y, s M Dcercn,e Vi€ HYHT). 2.7)
ecéd, ecds,

3. Discretization of the domain and finite-dimensional approximation

In this section we introduce the discretization of the domain © and the lowest order finite-
dimensional approximation of (2.5)—(2.7).
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Assume from now that the domain Q is a polyhedron and is subdivided into a collection of
subdomains such that every subdomain is a trilateral prism with suitably chosen vertices
X1, X2, X3, X4, X5, Xg,

x; = (X1, Y1, 21), X, = (X3, Y2, 22), X3 = (X3, V3, Z3),
x5 = (X1, Y1, Z4), x5 = (X2, ¥2, Z5), X6 = (X3, ¥3, Z6)-

We allow also elements, which approximate boundary of the domain, such that for some
ie{1,2,3} is x; = x;, 3 or there exist i, je {1,2,3}, i #j, such that x; = x;, 3 and x; = x;, ;. (See
Fig. 1.) We will assume that the mesh obtained is strongly regular, i.e., there exists a positive
constant { independent of the mesh size 4 such that d'/d > { holds for every element edges d, d’ from
the decomposition &,. Denote by # the minimum angle of the triangulation obtained as a horizon-
tal projection of the prismatic mesh.

The velocity function u will be approximated by vector functions linear on every element ¢ € &,,.
We define the Raviart-Thomas space RT(e),

RT%(e) = {v% v°(x) = 25: vivi(x), x € e}, (3.1)

j=1
with linearly independent basis functions v, j = 1,..., 5, of the form

0 0
vS = kS 0 , v5 = k% 0 R (3.2)
| X3 — i3 X3 — a3
[ Xy — 51 X1 — 04y Xy — o5
vi=Kk§| x;—0a5; |, vi =ki| x;—0d; |, v = kS| x; —oas; |,
_ﬁ§x3 — o33 Baxs — ais Bsxs — a3

such that

y‘j(vf):f né.vfdS =25, ij=1,..5 (3.3)
I
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Here ff denotes the jth face of the element e and n$ its outward normal vector (with respect to the
element e).

Lemma 3.1. The system of functional equations

%(vf):j noovdS =8y ij=1,...,5,
I

generates the unique set of basis vector functions of the form (3.2).
Proof. Substituting (3.2) into (3.3) we obtain

J ki[n$1x1 + n5xy 4+ n53fixs — néiaf, — nh08, — nfa63] dS = 6;;. (3.4)

i

For i # j we get the condition

niofy + nhaf + n5af — n5iXra () BF = nfixr(f9) + nhxra(f7),
where x( ff) denotes the centre of gravity of the jth face. Thus for i = 1, 2 we have

afy =x73(ff), i=1j=2o0ri=2 j=1. (3.5)
From (3.4) we obtain

k= {nfaDxra () — xraUDIAN (3.6)

where | f;°| denotes the area of the ith face, so |f;°| > 0. For i = 3,4, 5 we obtain the system of
equations for the unknowns of;, af,, af; and ff;

n5105; + n5an + nj0f — nXxra () BF = nsixri (fY) + nbaxra(f), j=1,2, (3.7
nf1of1 + n5af = nfixr (ff) + nSaxr2(ff), j=3,4,5 j#i. (3.8)

Arbitrary two vectors from the set {n$, n§, n$} are linearly independent. Hence, the system (3.8) has
a unique solution af; 2, = (af;, of2). Consider the subdeterminant

1—x °
nianSa| | _ x:i;}; = nisnss[xrs(f5) = xr3(f)] # 0.
Then substituting for «f; and «f,, the system (3.7) has the unique solution (a3, 7). For kf we have
ki[nf-xi( ) — ni-afq.2)]1 /] = 1. (3.9)

The coefficient f is invariant of translation. We use a translation of the element e to element é such
that x; = fi°nf;® for some j # i. Then the right-hand side of the system (3.8) is equal to zero, i.c.
n5ixr1(ff) + ns2xr2(ff°) = 0, and so af(; 2, = (0,0). Estimate then

n - xi(ff) = |nf|lx,(f¢)Isinn > 0.
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Therefore,

kf=ki=[nf-x(fO17NA1T >0 O

We also define
RT2 (&) = {v, € L*(Q); v; e RT (e), Vee &), (3.10)

the space that consists of vector functions linear on every element. We note that in the case of
nonparallel bases these functions are not continuous across the interelement boundaries I'.
Denote the space of scalar functions constant on the element e by M°(e) with the basis function of
the form:

Phlx)=1, xee  Phx) =0, x¢e.
Then we introduce the space
M2 (84 = {dne LX(Q); d7€ M(e), Vee &}, (3.11)

which consists of elementwise constant functions that will approximate the piezometric potential p.
Let M°(f) be the space of constant functions on the interelement face fe I', and define the space
M(l 1 (Fh)a

M2y () = {pn: T~ R; wf € MO(f), Vfe I}, (3.12)

which consists of functions constant on every face from I';. Further let pp , uy , be the functions
from M?%,(0Q) which approximate the functions p, and uy given in the boundary conditions and
which satisfy

L(po,,. _pp)dS =0; Vfeaay, (.13)

J (uN.h — uN) ds = 0, er 3QN (314)
s

Then the Raviart-Thomas approximation of the mixed-hybrid formulation for the problem reads
as follows (we refer also to [9] or [10]):

Find (u;,, Dhr, /1;,) € RTO_ l(gh) X M(E.l(gh) X M(ll(l";,) such that

Z {(A Uy, Vo — (P Ve Vp)o,e + {An, B°- vh>6eml",,}

eeéd,
= (P M+ Vpae; V0, € RTO (&) (3.15)
- z (Veun, Pr)o.e = — (@n Pro.0s Vd’hEM(ll((g)h); (3.16)
ecéy
Z ne by, fpYse = Uy, ﬂh>aoN; YV, € M2 1,0(T'y). (3.17)

eeé,
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Next, the system of linear equations equivalent to the problem (3.15)—(3.17) will be derived. Let
e;je 6y, j=1,...,J, be the numbered system of prismatic elements. On every element we have
defined the five-dimensional space RT%(e) of linear vector functions v¢, i = 1,..., 5. The finite-
dimensional space RT? (&,) is then spanned by 5xJ linearly independent basis functions v;,
i=1,...,1=5xJ.Letf;, k =1,..., K, be the numbered system of interelement faces from I',. By
the introduced approximation, the functions u,, p, and 4, belong to spaces RT® (&,), M° {(&,) and
M?° ((I"}), respectively, and so they can be expanded in the form

uy(x) = Z i;9;(x), prlx) = Z pioix), xeq,

iel jeJ

An(x) = Z 'Tkﬂk(x)a x€ely.

keK

We put u = (iiy, ..., 4% p= By, ..., p)% A=A, ..., Ax)" and

A= (Av, v)oo i=1,...,1,j=1,...,1, (3.18)
Bij= _(V'vb I)O.e,-; i=1,'~-,17j=1"~~9']’ (319)
Cik=<nk-vi, 1>fk’ i=1,...,I,k=1,...,K. (320)

Here n, is the outward normal vector to the face f, with respect to the element corresponding to the
support of the function v;. Then we compute

[91)i= —<pomni*¥Dsa,; i=1,...,1, (3.21)
[‘h]; = - (q’ I)O,ej; .] = 15 ey J’ (322)
[9:0k = unm 1055 k=1,..., K. (3.23)
Substituting u;, p, and 4, into (3.15)—(3.17), we can now write the system of linear equations
A B C\/u q1
BT p| = ( ‘h) . (3.24)
o A qs

Lemma 3.2. Assuming 0Qp # 0, the matrix (BC) € R *X defined in (3.19) and (3.20) has the full
column rank, i.e. rank(BC) = J + K.

Proof. Suppose Bp + CA = 0 holds for some vectors p and A. Then v"(Bp + C4) =0, Vve R.
Equivalently, we have

- Z (V-v,p)o.e + Z 0, 2%5nr, =0, VveRTL,(&)). (3.25)

eed, ecéy
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Applying the Green formula to the first term in (3.25), we have for all v € RT% (&)
- Z <ne A p>6e + Z <ne. v, l>6enl‘,,

eecé, eed,
= Y B0, A — ploenr, — 2. M0, PDsenca, = 0. (3.26)
ecés, ecé,

Because the Dirichlet boundary condition is defined at least on one face from 02, there exists
é€ &) such that 0endQ, # 0. Then for some ¥, ¢ < supp(¥) we have (n°-v, pDasnsn, = 0 and so
p =0 on é. Consequently, p = 0 also on some faces belonging to I',. Since the first sum in (3.26)
implies A=ponl,wegetp=0Oonalleed,and A=0onallfel,, [

4. Solution of the discretized linear system

A considerable interest has been devoted to the solution of the set of linear equations (3.24) in
recent years. These systems arise frequently, e.g. from mixed finite element or finite difference
discretizations of the Stokes equations in computational fluid dynamics or other second-order
elliptic problems.

We will briefly recall some possible ways for the solution of (3.24) and particularly we will
concentrate on some approaches which we consider to be promising.

Consider first the Uzawa-like approach (see [6, 5]), often advocated as an efficient solution
technique. These algorithms are in fact variants of some classical iterative schemes applied to the
system of linear equations. As an example, the inexact Uzawa scheme for (3.24) uses the splitting
matrix of the form

04
B'  Qus/a ) ,
o Owmc/B

where Q 4 is an approximation of the matrix A; Qup and Qyc are some preconditioning matrices
and o, f are fixed parameters. This leads to the iterative scheme:

M= @.1)

Uivr = + 04 (q1 — (Au; + Bp; + CA)),
Pi+1=Di + 9Qub(qz — BTui 1),
Aiv1 = A + POut(gs — Cuiyy).

Note that in the “exact” case (@4 = A) this is a first-order Richardson iteration with the two fixed
parameters applied to the Schur complement system for the unknowns (pT, AT)T preconditioned by
the matrix diag(Qus, Ormc)

Since the Uzawa-like algorithms are stationary iterative methods it is only natural to apply the
standard and powerful nonstationary conjugate gradient method for the solution of systems with
a symmetric positive definite matrix (see [8]). We have two possible ways to reduce the problem
(3.24) to subproblems with a symmetric and positive-definite matrix. We can use a partial
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substitution for the unknown u to obtain the Schur complement system for the unknowns (p”, AH)™.
This approach was discussed in [9]. Similarly, two successive substitutions were used in [2], where
Schur complement system for the unknown vector 4 was solved.

Although a block-diagonal block matrix can be easily invertible in scalar computing environ-
ment, another efficient strategy may be based on the solution of the global system (3.24) by the
preconditioned conjugate gradient method. The system (3.24) is, however, symmetric indefinite.
Motivated by [3] and [5], suppose that Q4 satisfies

(v, Av)
(U’ QA U)
and let Qy be an approximation of the matrix

- ((A ~ 00054 (4- QA)QrB)
BT0:'(A— 0. B'Qi'B

1<a1< <o

such that
(v, Tv)
1 < < pe.

= ﬁl (U, QT U) ﬂz
Then the product of matrices

A— Q4 e A B C

I B'Q;' -1 BT 4.2)
I\ CTQ ! — I\ CT

is a symmetric positive-definite matrix (see [3]). Premultiplying (4.2) by the matrix

(cr0: -0, mor+ -1}
C'Qi'(A— Q4 B)Or' —1)°

we obtain a symmetric positive matrix with respect to the inner product

[} £]-CCHGD-(eC) G

Consequenty, the matrix of the system (3.24) is symmetrizable and, following Hageman—Young [7],
we can apply the conjugate gradient method.

Another conjugate gradient-type method, which can be applied also to a symmetric indefinite
system is the MINRES method presented in [13]. This strategy, based on the preconditioned
MINRES scheme, has been tested in [14] and [15], where different types of preconditioners were
investigated. Our preconditioner is based on the incomplete Bunch-Parlett decomposition of
(3.24), which is obtained from the left-looking algorithm based on the directed graph model (see
[1]) to get a structure of the rows of the Bunch—Parlett factor L.
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Detailed results of numerical experiments and a comparison of different approaches used in our
underground water flow applications will be published in the forthcoming paper [11].
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