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This paper is devoted to the second order, quasilinear elliptic Dirichlet problem
of nondivergence type. We mainly consider the existence and uniqueness of classical
solutions which radially converge at infinity under certain hypotheses. © 19%
Academic Press, Inc,

1. INTRODUCTION

The second order, quasilinear elliptic Dirichlet problem of nondivergence
type, i.e., the problem of the form

Qu=a"(x, Du) D ;u+ b(x, u, Du)=0 in Q,

(1.1)
u(x)=gp(x) on 0Q,

will be considered, where Q is a unbounded subdomain of R” with C%*
boundary, m =2, ae (0, 1).

The elliptic boundary problem in unbounded domains is an important
and active area in partial differential equations. A lot of results have been
obtained for linear or semilinear second order elliptic boundary problems
in exterior domains. N. Meyers and J. Serrin [2] discussed the existence
and uniqueness of solutions for linear exterior problems. E. S. Noussair
[3], concerning the Dirichlet problem and the third boundary problem of
semilinear equations, presented some conditions permitting the existence of
nonnegative solutions, positive solutions, maximal solutions, bounded
solutions, and solutions which converge to zero uniformly at infinity. Y.
Furusho and Y. Ogura [5, 6] considered the existence of bounded positive
solutions of semilinear equations. In recent years, the boundary problems
for quasilinear equations in exterior domains, especially positive solution
problems, have also been paid much attention (see [7]). But for general
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unbounded domains we only know the results on the existence of positive
solutions of semilinear elliptic boundary value problems (see [4]).

In this paper, we are interested in the existence and uniqueness of
classical solutions of the problem (1.1) which radially converge at infinity
(see Definition 2.1).

Similarly, the third boundary problem

Qu=0 in 2,
—+ fu=op(x) on 092,
ov

may be discussed, where v is an outer normal direction at /Q.

2. PRELIMINARIES
The unbounded domain @ in (1.1) is assumed to have the form

2= a.

n=1
where {Q,} is a sequence of bounded domains with the following proper-
ties:
(1) Q,c9,,,<9;
(2) Q,eC** n=12,..;

(3) {€,} uniformly satisfies the exterior sphere condition, i.., there
exists a sphere B of constant volume such that {x}=BnQ, for every
xedf,, n=12,..

We assume throughout that for every bounded domain G ¢ Q:

(0,) a%(x,p)e CY(G x R™) and b(x,z,p) € C(G x R x R™),
i, j=1,2,.., m;

(Q,) Q@ is uniformly elliptic in G, if A(x, p) and A(x, p) denote
respectively the minimum and maximum eigenvalues of the matrix
[a%(x, p)], this means that

Mx, p)
A(x, p)

(Q3) D::b(x’ 2z, P)sO;

(Q4) blx, z, p)sing z < A(x, p) Mr(1 + |pl);

(Qs) D a"(x, p)l, (1+|pl)|D,.a"(x, p)l < Mx, p) H5(]2]);

(Q6) 1b(x,2, p)I, [Db(x,2, p), |D.b(x, 2z, p)l, (1+1|pl)|D,b(x,z p)l

<.#,  forevery (x,p)eGxR™,
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< Ax, p) A,(|12])(1 + | p|), where .#,, .#, are constants, and .#(|z|),
M,(|z|) are positive and increasing functions of |z|.

Denote
I'={x/Ix]: xe Q\{0}}.

DEerFINITION 2.1. Let f be a continuous function on $”~'. A function
u(x) belonging to C*(2)n C°%Q) is a solution of (1.1) which radially
converges to f at infinity, if it satisfies (1.1} and the condition

Im  u(x)=f(w) for every wel.

The conditions ¢(x)e C**(2) (0<a<1) and

lim  o@(x)=f(w) for every wel’
xlx] > w
|xf— +

will be assumed throughout this paper. From this, we know that ¢(x) is
bounded. Let |o(x)| < M,, My>0.

DEFINITION 2.2. A function v+ (x) (v (x)) eCHQ) N C°RQ) is called a
global super- (sub-) function relative to Q, ¢(x), and f, if the conditions

Ov*(x)<0 (Ov~(x)=0) in Q, 1)
vH(x)2e(x) (1 (x)<o(x)) on@, '

are satisfied.

LEMMA 2.3. Suppose that there exist a superfunction v*(x) and a sub-
Sfunction v~ (x). Then we can find a sequence of functions u,(x)e C%Q),
n=1,2, .., with the following properties:

(i) u,(x)eC*X(Q,), n=1,2,.;

(i) Qu,(x)=0 inQ,, 2
u,(x) = @(x) on 0Q,,

(ili) v (x)<u,(x)<v*(x), n=12, ..

Proof. By Theorem 15.10 in [1], we know that the problem

Qu(x)=0 in 2,
u(x)=e¢(x)  onoQ,,
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has a solution U,(x)eC**Q,), n=1,2,... Then the functions u,(x)
defined by

Ux),  xe®,
= =1,2, ..,
“nl) {q)(x), rea\Q, "%

are of C°(R) and satisfy (i), (ii). Moreover, we get (iii) from the com-

parison principle (Theorem 10.1 in [1]). The proof is complete.

LEMMA 24. Suppose that b(x,0,0)=0, then the sequence {u,(x)} in
Lemma 2.3 is uniformly bounded.

Proof. We can rewrite
Qu,(x)=a"(x, Du,(x)) Dyu,(x) + b(x, u,(x), Du,(x))=0
as
Lu,(x)= a}(x) Dyu,(x) + by (x) Diu,(x) + €,(x)u,(x) =0,
where

a¥ = a¥(x, Du,(x)),

b (x) = J] D, b(x, u,(x), tDu,(x)) dt,

0

e (x)= j " D_b(x, tu,(x), 0) dr.

0
Then the maximum principle (Theorem 3.1 in [1]) yields that
'un(x)‘lo,g <1o(X))o,00, + I(P(x)|0,g\g,, <2M, forall n=1,2,.,

which is just the desired result.
Denote

Qu,.={xeQy:dist(x, 02,\02 >¢)},

where ¢ >0, N is a positive integer.

LEmmA 2.5. Let {u,(x)} in Lemma 2.3 be uniformly bounded in &, i.e.,
lt,,(x)| < M for all x e Q, where the constant M is independent of n. Then for
any integer N >0 there are two constants C and f€ (0, 1) such that

lua(X) 2, p.3,, < Cy for every nz=N, (2.2)



66 JIANG AND LU

where p is the radius of the exterior sphere B assumed in (3), and C,,
B depend on m, M,, M, H,, M,, M(M), #, (M), p, diam Q,, f yet
depends on o, both independent of n.

Proof. According to the hypotheses, we see that the structure condition
(14.9) and the conditions of Theorems 15.2 and 13.6 in [1] are satisfied.
Hence, we get

|un(x)|l,oco,QN.p’,2<C for all n>=N,

where the constant C is independent of n. Further, we conclude (2.2) by
applying Schauder’s interior estimate (Corollary 6.3 in [1]) and local
boundary estimate (Lemma 6.5 in [1]).

In Lemma 2.5, we gave a uniform C?** estimate of u,(x) in 2, ,, but not
in Q4. This is because a uniform C"* estimate and C># estimate for
{u,(x)} on dQ2,\02 cannot be directly acquired under the assumptions.

THEOREM 2.6. Under the hypotheses of Lemmas 2.3 and 2.5, the problem
(1.1) has a solution u(x)e C:*(2) satisfying

loc

v (x)<ulx)<vt(x).

Proof. Let.{u,,(x)} be the sequence in Lemma 2.3. For each positive
integer N, by lemma 2.5, there exists a positive constant C, independent of
n such that

Iun(x)ll,ﬂ,g[v'p < CN

for all n=N and some fe(0,1). Then, by applying inductively the
Arzela-Ascoli theorem to {u,(x)} in Q4 (N=1,2,..) and the diagonal
method, we may obtain a solution u(x) of the problem (1.1) in C*(Q), and
hence in C*>*(Q) by a standard regularity argument based on Schauder’s
estimate of linear equations. Since v*(x)<u,(x)<v~(x) in @, for each
n=1,2,.., we know that the function u(x) also satisfies v*(x)<
u(x)<v(x)in Q.

COROLLARY 2.7. Suppose that ¢(x)=0, b(x,0,0)=0 for all xe Q, and
there is a nonnegative global super-function vy(x), then the problem (1.1) has
a nonnegative solution u(x)e C2%(Q) satisfying 0 < u(x) < vo(x).

Corollary 2.7 follows by taking v~ (x) =0 and vt (x) = v4(x) in Theorem
2.6.
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3. THE EXISTENCE AND UNIQUENESS OF SOLUTIONS

THEOREM 3.1. Let u,(x), uy(x)eCHQ)nC%RQ) satisfy Qu,(x)=
Qu,(x)=0 in Q, u,(x)=u,(x) on 02, and converge radially to f(w) for
some fe Co(S™™"). Then u,(x)=u,(x) in Q.

Proof. By the assumptions, it is easy to get

lim  (u,(x) —uy(x))=0
x/[x| = w
|x| > + o0

for any we . Thus, for any neZ and any we [, there exist constants
d,(w)>0 and R,(w)>0 such that

luy(x) —uy(x)| < 1/n,

provided that xe Q\{0}, [x/|x| — | < J,(w), and |x| > R, ().
Letting

S, (w)={x/|x]: xe Q\{0}, |x/|x| — 0| <d,(w)},
n=1,2, .. then we have

U Si@)>T.

wel

Hence, according to Borel’s covering theorem, for each ne Z we can choose
an integer k>0 and corresponding constants §,(w,), .., 4,(w;), such that

k
Sn(wi) > F’
i=1
namely, for every xe Q\{0} there exists an integer i, (1 </, <k) such that
|x/|xl - wi[)l < 5}1(0)[0)'
Writing

Rn = max {Rn(wi)},

1<isk
then we have
luy(x) — uy(x)| < 1/n
provided that x€ Q and |x| > R,. Moreover, since

lim Q,=2,

n— oo
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for each ne Z we can find an integer i > 0 such that
09Q;,\0Q < {xe R™ |x| >R, }.
So, from the maximum principle it follows that

sup u(x) — up(x)| Ssup Juy(x) — uy(x)| < 1/n.
Qin 02in

Letting n — oo, we thus conclude that u,(x)=u,(x) in Q. This completes
the proof.

A direct treatment for the existence of the problem (1.1) is invalid since
the usual estimates for bounded domains cannot be extend to unbounded
domains. We plan to approximate a solution of the problem (1.1) by the
solutions u,(x) of the analogous problems in bounded subdomains 2, of
Q, n=1,2, ... So, the key is to obtain a uniform bound for {u,(x)}.

DerINITION 3.2. A function v*(x) (v~ (x)) is called a global upper
(lower) barrier in Q relative to Q, ¢(x), and f if it satisfies that (i) v *(x)
(v—(x)) is a super- (sub-) function relative to Q, ¢, and f, and (ii)

lim v*(x) (v (x))=f(w) forall wel.
x/|x] = @
{x| = + oc

It is obvious that the barrier is bounded. Hence, we conclude the
following existence theorem by virtue of Theorem 2.6.

THEOREM 3.3. Let f(w)e C°(S™™ ") and suppose that there exist upper
and lower barriers v*(x), v~ (x) relative to Q, ¢, and f. Then the problem
(1.1) has a (unique) solution u(x)e CZ(Q) which converges radially to f at
infinity.

Proof. Let [v*(x)lo.g<Cy (Cy>0) and {u,(x)} be the sequence in
Lemma 2.3, then we have
[t,(X)] 0,0 < U (X)o.a,+ lo(x)]o, a0,
<max{|v*(x)|,a, v (x)lo.a} + M,
<C0+M0, n=1,2, e

Consequently, {u,(x)} is uniformly bounded in Q. Thus, by Theorem 2.6,
the problem (1.1) has a solution u(x)e C 2%(Q) satisfying

loc

v (x)<u(x)<v(x).
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Further,

lim v*(x)=flw) forall wel

x/|xj - w

|x] = + o
and it follows that u(x) converges radially to f at infinity. The theorem is
proved.

In the case that the sequence {u,(x)} in Lemma 2.3 is uniformly
bounded, we shall motivate the definition of a local barrier.

DEFINITION 34. Let M* (M) be a uniform upper (lower) bound of
{u,(x)} in Q. A function v*(x) (v (x)) in 2\Q,, is a local upper (lower)
barrier relative to Q, ¢, f, and M* (M) at infinity for some integer
ny =0, if v (x) (v (x)) eCHA\2,,) " C°(2\Q,,) and satisfies

(@) Qv'(x)<0(Qv™(x)=0) in\Q,,

(b) vT(x)Ze(x) (v (x)<o(x)) in N\Q,,,

(c) v*(x)=2M* (v (x)SM™) on 02,,\02,

(d) x/|1\i|nlw vt (x) (v (x))=flw) forall wel.
[x| = + oc

Remark 1. 1If 2, =Q,=, the condition (c) may be removed. So,
Definition 3.4 coincides with Definition 3.2.

When b(x,0,0)=0, we see from Lemma 2.4 that the sequence {u,(x)}
is uniformly bounded. In this case, we have the following existence
theorem.

THEOREM 3.5. Let b(x, 0, 0) =0, and suppose that there exist local upper
and lower barriers v*(x), v~ (x). Then the problem (1.1) has a (unique)
solution u(x) e C%X(Q) which converges radially to f at infinity.

loc
Proof. Let v*(x)e C*(2\Q,,) N C°(Q2\R,,), then, according to Tietze’s
extending theorem (Theorem 2 of Section 2.2 in [8]), we can continuously
extend v*(x) to v (x) (eC%Q)). Let
@q (x)=max{v/ (x), p(x}},
@g (x)=min{v; (x), p(x)}.

It is clear that ¢ (x)e C%2). Therefore the existence theorem for con-
tinuous boundary values (Theorem 15.18 in [1]) implies that the problems

Qu(x)=0 inQ,
u(x)=i(x)  ono2,
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have solutions ui (x)e C%Q2,)) N C*R,,). Putting

. v*(x), xeQ\Q,.,
-

ug(x), xef (3.1)

(1%

we see that v5 (x)e C%(2) and satisfy
vy ()< o(x)< v (x) forall xedf2u (2\2,,).
Let {u,(x)} be the sequence in Lemma 2.3, then we have
vy (X)<@(x)=u,(x)<vi (x)  ondQ,

for all n > n,. Moreover, from the assumptions and above argument we get

vE(x)=ui(x) forall xeQ,,
ug (x)<p(x)=u,(x)<ui (x) for all xed\0Q,,,
ug(x)=v (x)<u,(x)<v(x)=us (x) for all xedQ,)\0L,
and

Qu (x)=Qu,(x)=0 inQ

no*
Thus the comparison principle for quasilinear elliptic equations yields that
vy (X) Sun(x) <05 (x) (32)

for all n>n, and xe Q,,. Similarly we also get (3.2) in 2,\Q,,, and hence
in @, for all n>n,. Further, we see from (3.1) that vf(x) are bounded in
Q and converge radially to f at infinity. So, (3.2) implies that {u,(x)} is
uniformly bounded. We thus obtain the conclusion from Theorem 2.6.

Remark 2. 1f we replace the condition (Q,) by the condition

(Q3) The operator Q is elliptic in G<€, that is, for any
(x, p)e G x R™, it holds that

A(x, p)=o(i(x, p)Ipl?)  as |p|— +o0,
where A(x, p) and A(x, p) are as above,

the conclusion of Theorem 3.5 is still true.

Remark 3. If Q is an exterior domain in R, ie., 2 = R™\G, where G
is a bounded domain in R™, the condition v~ (x) < @(x) < v+ (x) for xe R
in Definition 2.2 as well as in Definition 3.2 can be replaced by the condi-
tion v~ (x) < p(x)<vt(x) for xe0Q.
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As an application for the results of this paper, we consider the Dirichlet
problem of the minimal surface equation

| {mu=(1+|Du|2)Au—DiuDjuD,ju=0 in Q,

®) ) = o(x) on 8Q,

where 2 is an exterior domain in R™ It is assumed that the mean
curvature of the boundary 002 is everywhere nonnegative.
Let

ri={x|xj{=1}
PROPOSITION 3.6. Let m=3, ¢(x)e C**(Q), and let

lim o(x)=*h (h is a constant), we '},
x/ixi—w
|x] = + o

then
(1) the problem (p) has a (unique) solution u(x)e CEX(Q) (O<a<1)
satisfying
lim u(x)=h, wel;

x/|x| - w
x| = + ¢

(2) if o(x)=0 on 02, the problem (p) has a nonnegative solution
u(x)e C**(Q2) which converges to zero uniformly as |x| - + o©;

Usgd W t Sk LS

(3) if o(x)=0 on 0Q with strict inequality holding for at least one
point x € 0Q, the problem (p) has a positive solution which converges to zero
uniformly as |x| - + 0.

Proof. (1) Taking
vi(x)= 2 C|x|>""+h,

where C =max{1, max,o{(h+ |o(x)|)|x|”~?}}, then we have

(2) wotixY= —C3m—=2¥(m—1)|x| ~3m+t2 -0
(a) =07 (x) C 23 D) ixi < )
- 3 3 3m+ 2 inQ,

w0 (x)=C(m=2) (m—1)|x|7°"**>0
2 "N Ell (R N Y SN N AU S SR Y e M
) UV ()X @r)xv W) on oz,
(c) lim oY (x)=h as mz=3

x/|x| > w

Ixl - + oo

This means that »*(x) (v~ (x)) is a local upper (lower) barrier relative to
o, h. Hence the conclusion (1) follows by Theorem 3.3 and Remarks 2
and 3.
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(2) Similar to (1), we know that
vo(x)=Clx|>""  (Cas (1))

is a nonnegative bounded super-function. So, by Corollary 2.7, we see that
the problem (p) has a nonnegative solution u(x)e C 5%(Q) satisfying

loc
0<u(x)<Clx?"™,

and consequently we have lim,,,_, , ., u(x)=0 uniformly as m > 3.

(3) According to (2), the problem (p) has a nonnegative solution
u(x). Now it suffices to show that u(x)>0 in £.

We can rewrite
wu(x) = (1 + [ Du(x)|?) Au(x)— Du(x) D,u(x) Dy(x)=0
as
Lu(x) = a’(x) D u(x) =0,
where
a’(x) =1+ |Du(x)|* = [Du(x)I?

y i#j,5,j=1,2,.,m
a¥(x)= — Du(x) D;u(x),

Then the conclusion (3) follows immediately by E. Hopf’s strong maximum
principle (Theorem 3.5 in [1]).
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