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Approximation results for J. S. Mac Nerney’s theory of nonlinear integral
operations are established. For the nonlinear product integral IT¥ (1 + V)P,
approximations of the form II;_,[1 + L.{(%;;, %)]P are considered, where
Li(u, v)P = J‘Z VP and L(u, v)P = _fz V(r, s)[1 + L, 4(s,0)]P for g = 2, 3,....
Error bounds are obtained for the difference between the product integral and
the preceding product.

In a recent paper [3], the authors develop approximation techniques for
Riemann product integrals. The purpose of this note is to present some related
results for Mac Nerney’s [13] theory of nonlinear integral operations.

The letters S, G, and H denote a nondegenerate, linearly ordered set, a
normed complete Abelian group with zero element 0, and the set of functions
from G to G that map 0 into 0, respectively. Further, ¢.«Z denotes the set such
that V is in 0 if, and only if, V is an additive function from S X S to H and
there exists an additive function o from S X .S to the nonnegative numbers such
that, if {x, ¥, P,Q}isin S X S X G X G, then

V(@2 P— V(90| <«x )| P—0|.

For convenience, « is referred to as the Lipschitz function for V. If V is in O/
and {x, ¥, P}is in S X S X G, then the product integral ,JT¥ (I + V) P exists
and is equal to

P+ f’ V(r, ) [S]‘[y (1+7)P|.

The statement that ,J 1% (1 4 V) P exists means there exists an element L of G
such that, if € > 0, then there exists a subdivision D of {x, y} such that, if
{x;}7_o is a refinement of D, then

HL - 131 [l + V(g %) P;! <e

* This research was supported in part by a grant from Arizona State University.

365
0022-247X/78/0652-0365%$02.00/0

Copyright © 1978 by Academic Press, Inc.
All rights of reproduction in any form reserved.
400/65/2-0


https://core.ac.uk/display/82523403?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

366 HELTON AND STUCKWISCH

All definitions are the same as those used by Mac Nerney [13]. The reader is
referred to this reference for a complete presentation of the definitions and
notation used in this paper. Additional studies involving nonlinear operations
are presented by Neuberger [7], Herod [4-7], Rencke [16-17], Webb [18-20],
Lovelady [9-12], Martin [14], Gibson [1], Kay [8], and Helton [2].

In the following, a technique for approximating the product integral
21 1Y (1 + V') Pis presented, where I is in .o/ with Lipschitz function «. With
respect to such a function V, let

L) P = [ VP L) P = [ Vo9 (1 + Loa(s, 3)] P
Lx, ) = f: o and  Iwy) = f: o1, $) Lpa(s, ¥)

for {x,y,P} in § X § X G and ¢ =2,3,.... The following approximation
result is established. If {x, y, P} is in S X § X G, ¢ is a positive integer, and
{x;}7o is a subdivision of {x, ¥}, then

| xﬂ” (1+7V)P— I:]l [+ Ly(re s, 501 P|
- éane (14 o) — Zlill [1 4 glj(xm , xi)]‘ | Pl

Two other closely related results are also established.

In each of the three results, the product integral ,JT¥ (1 4+ V) P is approxi-
mated by products involving the iterated integrals L (x, ,, #;). These products
converge to ,J]¥(1 + V)P more rapidly than do products involving only
V(x;_y , %;). Hence, by considering products of the form

[T0 A+ Lo(i 2] P
i=1

rather than products of the form
H [14 Vix;q, )] P,
i1

one is able to increase the rate at which the product under consideration con-
verges to ,J]¥(1 + V) P.
The approximation results are now presented. Five lemmas are needed.
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Lemma 1. Suppose {A;}} , is a sequence with values in H and {a;}} , is a
sequence of nonnegative numbers such that, if {P,Q}isin G X G and 1 <i <,
then

AP — 4,0l <a; | P—0QI.
Then, in conclusion, if P is in G, the following inequalities hold :

[T+ ayp| < [H(l + ai)] 12

i=1

(i) |
and

(ii) ‘} [[:[1 a+ Ai)] j [1 + gl Ai] P H

<[ﬁ(1+ai)«(l+iai)]\|P“.

i=1 i=

Proof. This lemma can be established by induction. The proof of conclusion
(i) is straightforward and Mac Nerney [13, Lemma 1.1(ii), p. 623] presents a
proof for conclusion (ii).

Lemma 2. Suppose each of {A;}7  and {B}}, is a sequence of functions in H
and each of {a;}7_y and {b;}]_, is a sequence of nomnegative numbers such that, if
{P,OQ}isin G X G and 1 <i <mn, then

| AP — A0 <a;|P—-0I, [BP]<b|P],
and
| BP — AP| < (b; — ay) || P

Then, in conclusion, if {P,Q} is in G X G, the following inequality holds:
(11— (T4 0] <[ITec~ [Ta|1p1+ [[Ta]1p—01.
i1 i1 i1 i1 i1

Proof. 'This lemma is established by Mac Nerney [13, Lemma 1.2, p. 623].
Mac Nerney states the lemma with P = Q but establishes it in the form given
here.

LemMa 3. If V is in O/ with Lipschitz function «, q is a positive integer and
{x,,P,O0}isin S X S X G X G, then

0+ L NP =+ L Q1 <1+ Y 1] 12— 01
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Proof. 'This lemma is established by induction. It follows immediately
that the desired inequality is true for ¢ = 1. Now, the inequality is assumed to
true for ¢ and established for ¢ -+ 1. Suppose {x, ¥, P,Q} is in S X § X
G x G. Then,

”[1 + Lq+1(x’ y)] P — [1 + Lq+1(x) y)] Q H
<UP— QU+ [ Ve U+ Lt NP — [ Ve 9 11+ Lo, 10|

<IP =0+ [ alr, ) Il1 + Llss 9 P — [1+ L5, 30 Q

v q
<=0+ [(an9 |1+ 3 160|120}
e i=1
[From induction hypothesis]

:[1+§Ij(x,y)JllP—QH-

Thus, the inequality is established for ¢ 4~ 1. This completes the proof of
Lemma 3.

Levva 4. If V is in Oof with Lipschitz function o and {x,y, P} is in
S x S X G, then

Y v
[ Ma+mne|<[ITa+a]12.
Proof. This lemma follows as a corollary to Lemma 1(i).

Lemma 5. If V is in Of with Lipschitz function «, q is a positive integer, and
{2, y, P} isin S x S X G, then

| IT 0+ P =1+ L P
< %n 1+ — |1+ E:I,-(x,y)]g 1Py

Proof. This lemma is established by induction. The desired inequality can
be established for ¢ = 1 by using Lemma 1(ii). Now, the inequality is assumed
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to be true for g and established for ¢ -+ 1. Suppose {x,y, P}isin S X § x G.
Then,

Y

[T (4 V)P — [ Lyps(, )] P

i(
I,

- l{ ’-: Vir,s) Lﬂy 1+7) P] o f: V(r, s) [1 -+ Ly(s, ) P“

!

< L’ o, 5) ” LH” 1+ 1) P] — [L 4 Lfs, )] PH

< Ly of?, §) ésny 1+ o) — [1 T 3 Iis, 3’)]% 2l

j=1

[From induction hypothesis]
v as1
~a+o-[1+ S aen]ir.

Thus, the inequality is established for ¢ + 1. This completes the proof of
Lemma 5.
The approximation results now follow.

TuroreM 1. If V is in O/ with Lipschitz function «, q is a positive integer,
{e,9, PYisin S X 8 X G, and {x;}]_, ts a subdivision of {x, y}, then

‘[ m ma+vpe— E[l [+ Ly(x:y » %3] p”

I P -

< ;wny (1+ o) — [n] [1 + i I xi)]

i=1 =1

Proof. This theorem is established as a corollary to Lemma 2. For
i=1,2,.,n let

Ai =1 + La(xi_l s x,-), Bz — 1_[ (1 + V),
Ti-1
q x;
a; =1+ Lix,,,x), and b= J] 0+
j=1 Tig

With the preceding definitions, it follows from Lemmas 3, 4, and 5§ that the
hypothesis of Lemma 2 is satisfied. Thus, Lemma 2 produces the desired
inequality. This completes the proof of Theorem 1.
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THEOREM 2. If V is in Oof with Lipschitz function o, g is a positive integer,
{x,3, Plisin S X S x G, and {x;}]_, is a subdivision of {x, y}, then

| T+ )P = TT00 Lo 51 2|

é; ’1:[4[1+j2q,1]i(xk—1:xk)]§(E,“I(Vz 1,x)’ 5 H (lToc)“ P

Proof. If each of {a;}}-; and {b,;}7 ; is a sequence of numbers, then

(i M= ool 1,0

i=1 Lk=1 k=i+1

This identity can be established by induction. Further, if {r, s} isin S X S, then

THS (I fo) =1+ i L, 5).

This identity is the Peano series representation for a product integral. The
theorem now follows as a corollary to Theorem 1 by using the two preceding
equalities. This completes the proof of Theorem 2.

THEOREM 3. Suppose S is the set of real numbers, K is a positive constant, V
is in 057 with Lipschitz function o, q is a positive integer, and {x, v} is an element of
S xS such that, if {x, u, v, y} is a subdivision of {x, y}, then

ofu, vy < Kjv—ul.

Then, in conclusion, there exists a positive constant B such that, if P is in G,
n is a positive integer, h = (v — x)[n and x; = x + hi for i =0, 1,..., n, then

[T+ V)P«ﬁ[l - Lywia ) P < A1 B P

Proof. Let B, denote a number such that, if {x;}]_, is a subdivision of {x, y}
and 1 <{7 < n, then

v i—1 q
[T 0+« <B, and ] [1 + 3 Ly s xk)] < B,.
2 k=1 i=1
Further, let B, denote a number such that, if {x,}", is a subdivision of {x, ¥},
then

[=e]

2 Z K| %, — x;_ "4jl < B,.

j=a+

Let B = BB, .
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Suppose P is in G, n is a positive integer, b = (y — x)/n and x; = x - ki for
1 =0, 1,..., n. It can be established by induction that

I(xiq s %) < K o0y — 2y [ff!

for j =1, 2,.... Hence,

“ ml—[y -+ 7V)P— 1:12[1 [+ Ly(xsy, %)) P H

1
i

1

>

Z Ii(xi—l ’ xz)

J=q+1

Pl

<%l

=1 \k

il (% xk)}

Jj=

LT 0

[From Theorem 2]

il

< B2 [2 S K| x— i wﬂ] 1Pl

i=1 j=g+1

= |h|2B,? [i z K| x; — ;4 |j_q/f!:| [P

i=1 j=g+1
< | k| BBy || P|
=|h*B||P].

This completes the proof of Theorem 3.

Remark. 1n the preceding, we have restricted our study to interval functions
in H. This restriction can be relaxed by considering a new class H* of functions
such that, if V is a function from S X § to the set of functions mapping G into
G, then Vis in H* if, and only if, there exists an additive function y from S x §
to the nonnegative numbers such that, if {x, y} is in .S X S, then

I V(%) 01l < ¥(x, 3).

Then, our results can be extended to functions in H* by suitably defining /" on
the direct product of G and the group of order 2. This technique is given by
Mac Nerney {13, Remark, p. 637].

Two examples are now presented.

ExampLE 1. Let R® denote the set of n-dimensional real vectors. Further,
suppose [a, b] is a number interval and f(x, z) is a function from [a, 8] X R"
to R™ which is continuous in x and satisfies the Lipschitz condition

[f(% 2) — fx, )| < Bllz — wi|
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for x in [a, b] and 2, w in R™. If V is defined by
0
Vi, v)z = J — flx, 2) dx

for u, v in [a, b] and z in R", then V is in O on [a, b] with respect to R”. The
Lipschitz function o for V' is defined by o(u,v) = B|v — u|. If V does not
map 0 into 0, then it is necessary to use the embedding technique referred to in

the remark.
The initial value problem

v(a) =, dyldx = f(x, y) fora<<x<b (1)
can be reformulated as

w0 = e+ [ flt s dr
= ot [ —flnyo1a
—c+ L Vi, 0) (o).

Thus, y(x) = ,J]®(1 + V) ¢ is the solution of the initial value problem in (1).
Hence, the results presented in this paper provide a means of approximating
the solutions of initial value problems.

For this example, L,(u, v) is a function from R* to R” such that [L,(u, v)] (2)
is an iterated integral of the function f(x, 2). In the case ¢ = 3, this integral is

given by
Lol @ = [[ e+ [ 7[s+ [ Fer @ & @] @

= f:f ?t, - f:f[s’ 2 f:f(r’ 2) dr] dsg dt

for u, v in [a, b] and z in R™.

ExampLE 2. Let R” and [q, b] be defined as in Example 1. Further, suppose
f(x, ¢, 2) is a function from [a, ] X [a, 8] X R* to R™ which is continuous in
each of x and ¢ and satisfies the Lipschitz condition

I f(x, 2, 2) — f(x t, w)| < Bz — w]|

for x, t in [a, b] and 2, w in R™. Let G denote the set of all continuous functions
from [a, 8] to R™ and, for g in G, let

lglec=mbllgx), a<x<bh
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If V is defined by
Vo) g ) = [[ =L e ] @

= |~ fo g0} at

for u, vin [, b] and g in G, then V is in 0.2 on [a, b] with respect to G. That is,

V(u, v) maps a continuous function into a continuous function. The Lipschitz

function « for ¥ is defined by a(u, v) = B | v — « | . If V does not map 0 into 0,

then it is necessary to use the embedding technique referred to in the remark.
The solution of the Volterra integral equation

o) =g + [ flntyydr fora<x<b ®)

can be obtained from an integral equation in which the unknown is a function
from [a, b] to G. This equation is

Me) =g + [ Flo 0 ) (@) de
—g+ [ —r. L IO 0}
ot f V(u, 9) h(o).
The preceding integral equation has
W) = T 1+ Vg
as its solution. The function % maps [a, b] into G, and the function y defined by

¥) = ()] ()
=[ITa+new®

= [e+ [ ris 1 o) @3 de] (0
=)+ [ flntyepa

maps [g, b] into R” and is the solution of the integral equation in (2). Hence, the
results presented in this paper provide a means of approximating the solutions
of Volterra integral equations. This example is due to Reneke [16].
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