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Abstract

This paper studies the asymptotic properties of the kernel probability density estimate of
stationary sequences which are observed through some non-linear instantaneous filter applied to
long-range dependent Gaussian sequences. It is shown that the limiting distribution of the kernel
estimator can be, in quite contrast to the case of short-range dependence, Gaussian or non-
Gaussian depending on the choice of the bandwidth sequences. In particular, if the bandwidth
A(N) for sample of size N is selected to converge to zero fast enough, the usual |/NA(N) rate
asymptotic normality still holds.
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1. Imntroduction

For years, the issue of smoothed nonparametric probability density estimation has
been discussed quite extensively (see, e.g., Silverman, 1986 and reference therein).
Most of the discussion has been formulated under the settings where the data are
collected from iid sequences or, more generally, stationary sequences of short-range
dependence such as ARMA models, Markov processes, and stationary sequences satis-
fying certain mixing conditions (see, e.g., Robinson, 1983; Hart, 1984; Roussas, 1969;
Rosenblatt, 1970; Chanda, 1983; Castellana and Leadbetter, 1986 and for a review, see
Gyorf et al.,, 1989 and Rosenblatt, 1991). Considerable evidence has indicated, how-
ever, that correlations of many empirical time series are seen to decay at rates much
slower than that of short-range dependence (for a review, see Beran, 1992; Robinson,
1990). Stochastic processes showing this type of dependence feature constitute the ba-
sic model of this paper. Let {X,} be a stationary Gaussian sequence with zero mean,
unit variance and covariance function

r(n) = EXpX, = |n| "L(n), 0 < a < 1, (1.1

where L(x) is a slowly varying function. Such a sequence is said to exhibit long-range
dependence in the sense that the sum of covariances r(n)’s diverge to positive infinity.
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Suppose that observations {Y,} are made by an instantaneous filter G(x) applied to
{Xu}, ie.,

Y, = G(X,). (12)

Let f(y) be the common density of {¥,}, which is to be estimated. In this article, we
investigate the asymptotic properties of the kernel estimator of f(y),

2o 1 X (y—GX,)
Fio= sy (i)

where {#(N)} is the bandwidth sequence of positive numbers converging to zero, and
the kernel function K(x) satisfies K(x)>0 and [ K(x)dx = 1.

As a result of the persistent dependence displayed in (1.1), it is possible that the Nth
partial sums of {¥,} will, after being normalized by a factor greater than root N rate,
converge in distribution to a random variable which may not be Gaussian (Rosenblatt,
1961; Dobrushin and Major, 1979; Taqqu, 1979). This non-Gaussian domain of attrac-
tion phenomenon or non-central limit theorem is naturally expected to take place as
one examines the limiting distributions for the kernel estimator f v(»). Theorems 1-3 in
Section 2 confirm this conjecture by showing that under long-range dependence both
Gaussian and non-Gaussian limits are possible for the centered and normalized kernel
estimate Z(By,h(N),y) = BN(fN(y) — EfN(y)). The theorems also contain some in-
teresting properties which contrast noticeably to the short-range-dependent cases. First,
the central limit theorem for Z(By,h(N),y) may hold with various choices for the
norming factor By; By can be the usual /NA(N) (Theorems 1 and 3) or some posi-
tive regularly varying function of N not depending on A(N) (Theorem 2). Moreover,
the limiting laws may shift from Gaussian to non-Gaussian even as the values of y
differ. A more striking result given by Theorem 3 says that even when Z(By,a(N), y)
converges to a non-Gaussian limit with some norming factor other than /NA(N), one
can still choose a new set of “narrower” bandwidth sequences {#'(N)} satisfying

N
lim A'(N)Y |r(n)] =0 (1.3)
N—oo n=1

to assure that the limit for Z(,/NA'(N),h'(N),y) as N — oo is Gaussian. Notice that

as A'(N) — 0, condition (1.3) will be satisfied by short-range dependent sequences

with absolutely summable covariances.

Hart and Hall (1990) studied another class of long-range dependent sequences that
are modeled as infinite moving averages: ¥, = pu + >_;a;e,—;, in which 37 la;| =
00,Y a3 < oo, and {g;} is iid and square-integrable. They computed the mean in-
tegrated square error of fN and discovered an interesting “ceiling rate” phenomenon
which is in spirit very close to part (A) of Proposition 2 below.

Under the same model as specified by (1.1) and (1.2), Rosenblatt (1991) focuses in
his Lecture 9 on the case where the transformation G(x) is continuously differentiable
and monotone, and derives that the random vector (Z(N*%Lh(N), y;),i = 1,2,...,m)
converges in distribution to a Gaussian vector with covariance matrix [a(y;)a(y;)),i, j =
1,...,m, for some function a(y), provided that A(N)N'~* — oo as N — co. Assuming
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G(x) = x, Robinson (1987) gave results of marginal limit distribution as well as MSE
under long range dependence. With more general G(x), including two-dimensional non-
instantaneous filters, Cheng and Robinson (1991) extend Robinson’s (1987) results and
obtain a broader class of limiting distributions. Studies mentioned above did not ad-
dress, however, the question as to what if values of the abscissa variable v of f(y)
are in {G(x)|G'(x) = 0, x in R}. The present paper fills this gap by assuming that
the set {x in R|G'(x) = 0} is finite. Our main results are summarized in Theorems
1-3, and stated in Section 2. An example to express these theorems is also given in
Section 2. Proofs are all given in Section 3.

2. Main theorems

We start with a list of conditions which we throughout assume most frequently.

(C1) The probability density function of any finite-dimensional joint distribution of
{Y,,n € Z} is continuously differentiable. Moreover, for each fixed y = (y1,.... Vw)
€ R”, the joint density f;, _, (») is uniformly bounded over all integral m-tuples
(i1,..., Ly ) with distinct coordinates.

(C2) The instantaneous filter G(x) is continuously differentiable, and the set {x | G'(x)
= 0} is finite.

(C3) The nonnegative kernel function K(x) is bounded, has compact support and
satisfies [ K(x)dx = 1.

(C4) The positive bandwidth sequence {A(N)} satisfies A(N) — 0 and NA(N) —-
oo as N — oc.

{CS5) The covariance function r(n) satisfies »(n) — 0 as n — oc.

Let X be an N(0, 1) random variable. Set

> (¥=GX)\ _ . (y=GX)\ v—G(X)
K( h(N) >_K<hW)> EK(hw>>

and expand K ((y — G(X))/h(N)) in terms of the Hermite polynomials H;(X)’s as

= (v —GX) = auny(y) i
K = H.(X). 2.1
< HON ) ) T @ b

The Hermite polynomials are defined by
) (—1y et & e
Hi(x)=(-1)e ¢ .

The first few are Hy(x) = 1, Hy(x) = x and H(x) = x*> — 1. The coefficient apny(¥)'s
in (2.1) are given by

~ -G
apon) = [ & (252 ) Hden o 22)

where ¢ is the standard normal density. Write

Ziny (V) =(2) — Efy ()



156 H.-C. Ho/Stochastic Processes and their Applications 63 (1996) 153-174

1 X, (y— G(X»)

~ NK(N) & A(N)
_xaaumy) (1 X
_;_—-j!h(zv) (N,,;H’(X”)> : (2.3)

We shall see later that the first index jo in (2.1) with a;,5x)(») # 0 plays a key role in
determining the norming factor for Zyuvy(»). This property is slightly different from a
direct analogy to what is noted by Dobrushin and Major (1979) and Taqqu (1979) as
they deal with the partial sums of G(X,)’s, because, under current situations, there is
the bandwidth sequence {#(N)} involved. Prior to giving our main theorems we need

Propesition 1. Under (C1)—(C3), the limit

lim ainy(y)

I Ty G ) (2.4)

exists for each j and y, and the function g;(y) satisfied, for fixed y
9;(y)=0 Vjzle f(y)=0. (2.5)
Eq. (2.5) validates the following definition.

Definition. Fix G(-) and K(-). For each y with f(y)>0, define kx ¢, =min{;j >1|axw)
(») is nonzero infinitely often as N — oo for some sequence {A(N)} converging to
zero}. We shall call kg, the Hermite rank of (K(-), G(-), y), and occasionally abbre-
viate it by & if no confusion will be created.

Example 1. Suppose G(x) = x and K(x) is symmetric, bounded, and has compact
support. It is easy to see that the Hermite rank kg ¢, , for each y is

L _[2ity=0.
KGry= 1 if y+0.

Accordingly, the functions defined by (2.4) is g;,(y) = —H;(»)¢(»), j=1.
Remark 1. Let & be the Hermite rank of (K(-), G(-), yo). Clearly, (2.5) gives ko <
o0, and by the definition of the Hermite rank kg, there exists an ¢ > 0 such that Vj,

1<j<ky — 1, aj;,(N)(yo) =0 if |h(N)l < ¢ The expansion for ZNh(N)(yO) in (2.3)
should be modified as

_ R aum) (1 X
Zuwani0) = 5 L (yZme). b <o 26)

Remark 2. Let F(x) be the distribution function of ¥, and let Fy(x) be the empirical
distribution function of the observations Y,..., Yy, ie.,

1 N
Fy(x) = N le{G(X,,)<x}-
=
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Expand I{g(x,)<x} — F(x) as

5o A;(x)
Ligiy<xy — F(x) = Z jj! Hi(X),

J=m

where m = inf{;j>1|4,(x) is nonzero for at least one x} [see Dehling and Taqqu,
1989]. Then, formally, integration by parts gives

1 —
Zion () = 5y / K (%) d[Fy(x) — F(x)]

_ e () y—x
‘Z:m( N )j!h(N)/ 4o 9% (35 ).

The integral [ A4;(x)dK ((y —x)/h(N)) is exactly the function we have denoted by
apny(y) (cf. (2.6)). By arguments used in Example 3 of Dehling and Taqqu (1989),
we see that for any i>1 there are G(-)’s such that the Hermite rank kg, is greater
than i.

As the first step toward finding the norming factor for Zyuny(y), we compute in the
following proposition the variance of Zyuvy() under various circumstances. Set

m m

R(j,m) =3 r(n)’ and |R|(j,m) = 3 [r(n)|’.

n=1 n=1

Proposition 2. Assume (C1)—(C5). Given y with its Hermite rank k, then we have
the following:
(A) As N — o0

9iy)

EZwn(3)) = OV ™[RIk, N ) ( -

By + 0(1)) (27)
+(NR(N))™ (f(y)/Kz(u)du + 0(1)> ,
where gi(v) is as defined in (2.4), and the term By is bounded by one and is o(1) if

limpy— oo [RI(6N) = o0.
(B) If the sequence {h(N)} satisfies

Vlim h(N)IR|(k,N) = 0, (2.8)
then
2
\lim £ (\/Nh(N)Zth(y)) =) / K*(u) du (2.9)

(note that under h(N)=o(1), (2.8) follows automatically if limy .. |R|(k,N)
< o0).
(C) Suppose |R|(k,N) = Li(N) is slowly varying and diverges to +oo. Assume

Jim L' (N)R(k,N)
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exists. Then, with h(N) satisfying limy_, o, h(N)L1(N) = oo,

2
Jim £ (VL) zn() = O (2.10)
where
c= lim (NLi(N)) ™! f} *(m — n). (2.11)

m,n=1
(D) Assume (1.1). If ko < 1 and limy_,oo A(N)N' " L¥(N') = 00, then

. ko2 p —kf2 2 298(»)
NIEHOOE(N L™(N)Zyuwy(»))° = T — k)2 — ko)’ (2.12)

Remark 3. From the right-hand side of (2.7), we see that there are two rates com-
peting with each other, N~!|R|(k, N) and (NA(N))~!. The central idea upon which
the following three theorems are based is to carefully control the bandwidth sequences
{h(N)} to have one rate dominate the other. More specifically, (2.8) is equivalent to
N7YR|(E,N) < (NR(N))~!, and condition limy_ . A(N){R|(5,N) = oo in (C) and
(D) of Proposition 2 holds if and only if (NA(N))~! < N=!|R|(k,N)(4 < B means
A/B = o(1)). The former case leads to Theorem 1 and 3, and the later case is ex-
ploited in Theorem 2. Also interesting is the possibility that the two rates may be
equally competitive, in other words, the ratio |[R|(k,N)/A(N) is bounded away from
zero and infinity. The asymptotics under this circumstance will be discussed in a sub-
sequent paper.

We now present below our main theorems concerning limiting distributions. Each of
the theorems is, as pointed out in Remark 3, in relation to certain part of Proposition 2.
In fact, the norming factors employed in Theorems 1 and 3, Case (a) of Theorem 2, and
Case (b) of Theorem 2 are derived, respectively, in (B), (C) and (D) of Proposition 2.
Throughout the following three theorems. we let y;’s, 1 <i<{m, be distinct real numbers
such that f(y;) > 0, and let ¥ = min{ki,...,k,}, where k; denotes the Hermite rank
of (K(-), G(), i)

Theorem 1. Assume conditions (C1)—(C5) are satisfied. If (2.8) holds, then as
N — o

VNN X Znnvy(31)s -+« s Zwvy( Ym))
LN (O,/Kz(u)du diag{f(» ),-.‘,f(ym)}> - (2.13)

Theorem 2. Assume (C1)—(C5) hold, and the bandwidth sequence {h(N)} satisfies
Jim AVIR|(kN) = oo.

Suppose either one of the cases below holds.
Case (a): Let |R|(k,N) = Li(N) be the same as in (C) of Proposition 2. Assume

lim L;'(N)R(k,N)
N—oo
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exists. Choose Ay = \/NLI—I/ 2(N ) and let the random variable Z be N(0,a}) with
or = k! lim (NLi(N))"" 3 rk(m —n).
N—oo m, n=1

Case (b): Suppose (1.1) holds and ka < 1. Choose Ay = N*2L=5%(N) and ler
the random variable Z be represented through a k-fold multiple Wiener—It6 integral

AN —k2 [ eilxitootn)
Z= {2F o) cos (—)} /
(2) 2 iy + - +xt)
prv T DRAW Gy ) - AW (). (2.14)

W(x) is the complex Gaussian white noise (cf. Major, 1981). Then

g \
AN (Zwy(1)s - Zangvy(Ym) <, <gk§:1),~--, k(k}:'")> Z. (2.15)
(Note that g4(y:) =0 if kg g,,, > k.)
Remark 4. In Case (b) of Theorem 2, instead of a weaker condition
IRI(kK,N) = N*Ly(N), 0 < i < I, (2.16)

for some slowing varying function L;(-), we assume (1.1). This is because (2.16) does
not guarantee the existence of the limiting random variable Z (Dobrushin and Major,
1979, Remark 4.2). The limiting random variable Z as shown in (2.14) is non-Gaussian
for k£ >2 (Major, 1981, p. 68).

Theorem 3. Assume conditions (C1)—(C5) hold. Suppose |R|(1,N) = NPLy(N) iy
regularly varying with exponent f, 0 < <1. When f = 1 we further assume L;(N) —
0 as N — oo. If h(N) satisfies W(N)R|(1,N) = o(1), then (2.13) still holds.

Remark 5. In Theorem 3, the condition on |{Rj(1,N) is given mainly to assure that
(C4) and A(N)R|(1,N) = 0 can simultaneously hold for some {h(N)}. Also note
that, when f = 1, (C5) implies L3(N) = o(l). Theorem 3 has the advantage that
one can assure the asymptotic normality (2.13) without needing to know the Hermite
rank. This property is more useful, especially under non-parametric settings, when the
instantaneous filter G(x) is unknown and the calculation of the Hermite rank cannot
be executed. Even when the decaying rate «, under (1.1), is not given, (2.13) remains
to hold, if the bandwidth sequence A(N) is chosen properly so that the conditions
(C4) and A(N)|R|(1,N) = o(1) are both satisfied, e.g., A{(N) = Ly(N)/N. The slowing
varying function L4(N) tends to oo as N — oo.

Example 2. Under (1.1), let G(x) and K(x) be the same as given in Example 1. Re-
call that the Hermite rank kx g, = | if y=0, and 2 if y = 0. If the bandwidth
sequence {h(N)} satisfies lim, ., A(N)N'"*L(N) = oc, then by Case (b) of Theorem
2, N*2L=V2(N)Zyuvy(¥) tends to (—Hi(y)p(y))Z with y # 0, where Z is Gaussian
as shown in (2.14) with &k = 1. Suppose 0 < o < % and limy oo A(N)N'722L(N)
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= 00. By Case (b) of Theorem 2 again, N*L~ (N )Zyx)(0) converges in distribution
to (2v/27)~'Z'. 7' is as specified in (2.14) with £ = 2 and is thus non-Gaussian
(see Remark 3). We have just demonstrated that the limiting distribution of prop-
erly normalized Zyuv)(y) may, under long-range dependence, change dramatically as
y moves from 0 to any non-zero real number. When o = 1,|R|(2,N) = Ls(N) is
slowly varying, and by Case (a) of Theorem 2, \/]_V—LS_ 1 2(N YZnuny(0) is asymptoti-
cally (2!v/27)~'N(0, 0?) with

N
o’ =2! Jim (NLs(N)™L 32 r(m —n),

mn=1
provided
Nlim A(N)Ls(N) = oo.
In the case of 1/2 < « < 1, Theorem 1 gives under (C4) that /NA(N)Zyuw)(0)

converges in distribution to N(O0,(v/2m)~! J K*(x)dx). Without considering the
Hermite rank kg c,,, we still have from Theorem 3 that the limit of /NA(N)

(Zan)(¥1)s - > Znnvy(ym ) for distinet y;’s is N(0, [K*(x) dx diag{f (1), ..., f(¥m)})s
if

Jim RN)IN'"*L(N) = 0.

Remark 6. We may in above theorems consider the kernel functions which take neg-
ative values. A kernel function is said of high order m>=2, if

/qu(u)du=0,1<j<m— 1, and /u”’K(u)du:# 0.

Suppose f(y) € C™, and the kernel K(-) is of high order m, then

; —hN))" ()
£ — £ ~ SISO [uneay g
Let the estimator f ~{(») be centered at the true density f(y) instead of Ef v(), and set
Z,’Vh(N)( ¥) =fy(¥)—f(»). The same conclusions as in Theorem 1, Case (b) of Theorem
2, and Theorem 3 are still true for ANZ]’Vh(N)( ) (4y the norming factor), because there
allows the bandwidth to be selected to satisfy #"(N)4Ay — 0 as N — oo.

3. Proofs

During the course of our proofs, we use C, for convenience, to denote generic
positive constant whose value may differ from one place to another.

Proof of Proposition 1. If the set £ = {x| G'(x) = 0} is empty, the assertion holds
trivially. Suppose E = {x1,...,x4},% < Xit1. Set By = (—o0,x1],B1 = [x1,x2],..., and
B,y = [x4, +00). Define

1 _[x if y€G(By) and G(x) = y,x € B;,
G 00"{0 if y & G(B)),
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and w(B) = [, ¢(x)dx, for all Borel B € B(R). Clearly,

d
/A F()dy = UG A, € AR) 3.1)

Let 1, 4 denote the interval (y,y 4+ 4) if 4 > 0, or (y + 4,y) it A < 0. Then, with
iy, 4) = p(G; (4 N G(By))), the limit

fily) = lim |47 Ay, 4)

exists, for otherwise (3.1) leads to the following contradiction:

d
f(y) = lim |4]7! / f(u)du = 5" lim inf|A4| " 4i(y, 4)
40 I =1 a-0

¥

d
< S limsup |47 2y, 4) = Aimo |4 / fu)ydu = f(y).
i 0 - Iy s

i=1 Ad—

v

Moreover, the functions f;(y),0<i<d, defined above satisfy

d
fy) = ;)fi(.v), yeR, (3.2)

and

G GOt Int G(B)),
ﬁ‘”{z)( S ONNGTOY]. v e Int GBY) (33)

y & G(B;).

From (3.3) and (C2) we see that each f;(y) is continuous on R — 0G(B;). We are
going to show that f;(y) is continuous on R. Taking limsup, ., and liminf,_.,, on
both sides of (3.2) proves the limits

lim fi(y)

Y—Yo
exist Vyy € R and 0<i<d. In particular, by (3.3),

lim fi(y) =0,y; € 0G(B:), 0O<i<d. (3.4)
Y=y

(set, if 4 = [¢,00) or (—00,c¢],84 = {c}). For any fixed y, define J(y) to be the
subset of {0,1,...,d} such that i € J(y) if and only if y € Int G(B;). Use (3.2) to
obtain

S+ =M= X iy +0)— filml= X [fily+0)— fi(»)]. (3.3)
ieJ(y) iZgI(y)

Let 6 — 0 on both sides of (3.5). The left-hand side is clearly zero due to the continuity
of f(y) and f;(y) with i € J(y). For the right-hand side,

lim 3 fi(y+0)=0
O—’Oig./(y)

by (3.3) and (3.4). Hence, fi(y) = 0 Vi & J(y), and, in particular, fi(y) = O if
v € 0G(B;). This implies f;(y) is continuous Vy € R and 0<i<d. Define

95(») = H(G 'ONfily), 0<i<d.
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Since fi(y) is continuous and fi(y) =0 Vy ¢ Int G(B;),g;(y) is continuous on I at
least for 1<i<d — 1. When i = 0 or d, g;(y) is continuous on Int G(B;) by (3.3).
We now show that g;(-) is also continuous on 6G(B;,i = 0 or d) and need only to
focus on the case that y = ¢ for some finite number ¢ is the asymptotic line of the
graph of G(x), i.e.,

11m G(x) = ¢,(x* = +00 or — 00).

X—’X
For convenience, set x* = +oo (i.e. i = d, the case of i = 0 is similar). First,
gjda(c) = 0. Recall (3.3) and by change of variable,

Hi(x)[p(x)Y )
lim |gu()| = lim ’M —0= lim gu(»
YEG(B,) Y€GEa)

Thus, g;4(v) is continuous on the whole R. Observe that

apny(y) & o
jh(_N) = 12:%) K(u) gjz(y h(N)u)du

d
- Z%gﬁ(y) as h(N) — 0. (3.6)
i=
The interchange of the integral and the limit is valid because g;(y) is continuous and

K(u) has compact support. Set g;(y) = Z?:o g;i(y) to conclude (2.4). To show (2.5),
recall that

d d
g,(») = ;}Hj(Gi_l(Y))fi(Y) and  f(y)= ;)fi(Y)-

The if part of (2.5) is obvious. Conversely, we construct a function H(x) such that
H(x) > 0, Vx € R, and the Fourier—Hermite expansion

o
H(x) = z_:l ijj(x)
j=
converges absolutely. Sum up g;(¥)b; over j=1, f(y)=0 follows immediately. []

Proof of Proposition 2. (A) As EH{(X,)Hi(X,) = 8(i — j)j!r/(m — n) (cf. Taqqu,
1977, Lemma 3.2), we get from (2.3)

E (Zuny(»))* = (NR(N))™ 22 ”’“J”(y ) ( > rf'(m—n))

m,n=1
st [ YY) =l
=N (_k! (N 142N ’;R(k,n)
afh(N)(J’) ajz-h(N)(J’)

—1 o0 1 o0 _IN——I .
ooy 2 T+ £ S (v g rom)

=N7IS + (NR(N))Y 'S, + N7Lss.
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Note that
apn) () ’
_ KR(N)
N7IS| = E |22 Hi(X,
= |y (v 5 )|

and

2

(NR((NY)Y'S, + NSy :E[ 5 L) (NZH(X ))

skt Jh(N) ”
As h(N) — 0,
) (¥) :
$:= [ K6 —honmas— W — 1) [ £ e 67)
by (2.1) and (2.4), and
S| = O(R|(k,N)) <gk(y) + (1)) (3.8)

by (2.4). For Hermite polynomials H;(x), the following upper bound (Lukacs, 1970,
p.78)

|H (x)|<eX/22j/2 _1/2F (J;— 1) (39)

and the recursive relation (Major, 1981, p. 38)
xH;(x) = Hj(x) + jH;—1(x)

jointly imply
sup |H;(x)[¢(x)]'| <n~'272;r (i) . (3.10)
x€R 2
We are now ready to provide an asymptotic bound for S;. First, by relation (3.6),
d
lajnay (DI <ANYY | K@) lg;i(y — h(N)u)| du. (3.11)
i=0

Foreach i, 0 < i < d, let G_'(-) be as defined in the beginning of Proof of Proposition
1, then sup, 5 |Gi'1(u)‘ < 00, and by (3.9) and Stirling’s formula

1
= / K(u)g(y — h(N Yu) du

< [ KO HAGT (5 = MV W)£(y = o o d (3.12)

<C(j+ 1)~V
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Suppose, when i = 0 or d, sup,cy |G; ' (1)| = 0o. Set, for convenience, i = d. Then
(3.10) and Stirling’s formula assure

ﬁ ] / K(w)gja(y — h(N ) du

|#,(G7' (= WV yw)) [9(G ' (v = kv )] |

7/
<— [ K(u) — du (3.13)
Vi (G (v — h(V)w)))|
<CU+ DY
Note that
N—1 N—1 N .
-1 , — " j
NTUERGm = 3 (1 N)r (n).
Applying (3.12) and (3.13) to relation (3.11), we obtain
MR j
Ssl<C X X M)’
n=1 j=k+1
N o /4 j—k
=C X [r(m" X2 j 7 |r(n)| (3.14)
n=1 j=k+1

= By O([R|(K,N)) (by (C5)),

where By is bounded by one and is o(1) if limy_, o |R|(k,N) = co. Note that (C5)
implies sup,_4|r(n)| < 1. Relation (2.7) then follows by (3.7), (3.8) and (3.14).

(B) (2.8) implies N~![R|(k,N) = o (NA(N))~'. This and (2.7) give (2.9).

(C) First, with /() satisfied limy_, o0 A(N)|R|(K,N) = o0,

(NR(N)) ™' =0 (NTYR|(kN)) (3.15)

We then have (2.10) from

2
Jim E (VVIRITV(6 N ) Zuoo (7))

() a1 [ 2
:]}me%(mm(k,m) lk—!E (gmwg) (by (2.7) and (3.15)),
_ cgli(('y ) (by (2.4) and (2.11)). (3.16)

(2.11) is justified by the assumption that the limit limy o, |R|~!(k, N )R(k, N) exists.
(D) For kx < 1, we can apply Karamata’s theorem (Feller, 1971, p. 281) to (1.1)
and get as N — oo

Nl—kaLk N

Rtk N) = [RIt V) ~ T ) (3.17)
2—kark

% Phm —my ~ 2N L) (3.18)

m,n=1 (1 - ka)(z - kO()
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Cy ~ C}, means that Cy/Cy — 1 as N — oo. We also have the same asymptotic
relation as (3.15) from (3.17) and the condition limy_, .. A(NIN!=FL¥(N) = oc. (2.12)
then follows by

Jim ENF2LTE2N) Zigor (9))°
,
a
= Jim {M (by (2.7) and (3.15)),

ko y —k i u ’
ey | |N (N)E<k!,;H"(X")>

B 293(»)
RN — k)2 — k)

(by (2.4) and (3.18)). (3.19)

Proof of Theorems 1 and 3. Our proof is based upon the method of moments. Consider
a linear combination

m
> biZywwy(vi)
i=1

of Znwwy(y:)’s. If, for any positive integer p,
m P
E {\/ Nh(N') (Z biZNh(N)(yi)ﬂ
i=1
N— ul r
‘*?Eh(azﬁﬂwﬂ/k%mw}, (3.20)
=1

then by the Cramér—Wold device, (2.13) follows. To show (3.20), we begin with the
following notations. Fix positive integer p and define

J
o(p) = {t =(t,.. .y I<j<pl e 27,34 = Pali<tt+l}
i=1

and
OM(p)={t=(t,...t) € Ap) 1 <j<piti=2.1<i<j}.
For each given partition ¢ = (¢y,...,4) € Q(p), set |[t| = s and, for fixed m and N,

N(s)= {(ni,....n) |1<n; <N and n;’s,1 <i<s,
are all distinct, ie., n;#n; if i)},
Nr(sY={(n,....,n) € N(s)| Iy —nj| > T Vi# j.1<i, j<s}

and

m(t)E{l = (l‘,l,---all,t,[2,1a~~~’12‘13’-~-’l.\‘.|s~-~~ls.l‘)‘

1</; ; <m for each pair (7, j) with 1<i<s and 1 <j<ys; }.
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For every element / € m(t), the (i, j)th component /;; of / is denoted by I(i, j). Use

the notations given above to simplify

m P
E [«/Nh(N) ; b,-ZNh(N)(y)]

N §4
. —p2 2 % yi‘G(Xn)>]
= (VR E{E ,-:Zlb’K( h(N)

= (NH(N)™P2 3 ot) 3
teQ(p) tem(t) n=(m,..,n|;| JEN(|2])

LI

o (e — G(Xp,
xETI [1biipK (‘—‘—‘—y'( j)h(N)( ))

i=1 j=1

=(NRN)Y PR S+ Y+ 3

1€0(p) t€0*(p) rep—0*(p)
[t} <pi2 [t{=p2 11 p/2

= (NR(N)) 2 (2, + 3, +25) -

c(t) are constants associated with the partition ¢ of p. Note that the sum >, above
is null for odd p, and covers only one term with ¢ = (2,...,2) (p/2 components)
if p is even. It is easy to check that the general formula for coefficient c¢(¢) with

t=(t,...,t;) € O(p) is

c(ty= (st -, pl.

In particular, when p is even and the partition ¢ is ¢ = (2,...,2) (p/2 terms)

p!
co(t) = ——5—.
27124
We shall conclude (3.20) by showing as N — oo
(NB(N)) P2 (32, +32,) —
\ m P2
L. [sz(u)du ( Zb?f(y,—))] if p is even,
i=1

25 (pi2)!
0

if p is odd,

and
(NR(N)) P55 — 0.

First of all, we show that

S
Nllm N‘S Z fnl ..... nx(yls"'ays): Hf(yt)
—00 t=1

(11,0, 1 )EN(5)

(3.21)

(3.22)

(3.23)

(3.24)

Set I(A) = (y, — DNy, + D), A > 0. Fix a sufficiently large T so that for each
(n1,...,n5) € Nr(s), |[EXp Xy |<sup,,p|r(n)] = 0r < 1/(s — 1), i # j. Then by
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Lemma 3.3 of Taqqu (1977)
P(Y,, € (M), 1<t <8)/(2AY

= rjll [P(Yn, € L(A))/2D)]

Y Y EH () Hy (X,)
q=1 kj+- +thky=2¢
0k, ky<q

Xﬁ(zA)—l M¢(xt)dxt
=1

k!
(&)
=Ri(A, y, 1 <t<5) + Ry(ny, v, 1 <1 <5).

By mean value theorem and continuity of f/(-) (assumed in (C1))

RI(A’.VI‘Jlgl‘S'S)—> Hf(yt) (325’

t=1

as A — 0. Applying similar argument used in (3.12) and (3.13) to the integral in
Ry(ny, v, 11 <5), we obtain
Hk{(xl)

2A *1/
A ] o VA

For each (ni,..., ny) € Ny(s), we also have

(x)dx, = Ok (3.26)

lEH/ﬂ (Xm ) 'Hkx(an)

<T1 (0r(s ~ DIk (3.27)
t=1

(see Taqqu, 1977, the second display in p. 214). Then (3.26) and (3.27) jointly imply

[Ro(ng, y, 1<t<s) < C [§ (Or(s — 1))]/2}
j=1

:c{ (Or(s — 1) } (3.28)

1= (Or(s — 1))

where the constant C is independent of 7 and any particular s-tuple (n,...,n,) € Ny(s).
Note that 8y — 0 as T — oc (by (C5)). Immediately from (3.25) and (3.28)

s
Thm sup fnl,.--,nx(y]a""y\')A Hf(.yt) =0. (329)
(N, 1 ENT(S) t=1
Write
z fnl ..... n,v(yl""sys)_IIf(yl)‘
(1,0 JEN(S) =1
R 5
(M1 1 JENT(8) (1) 115 JENLS)

[ni—n\ < T, for some (i), i#j

_ % *
=2 irt 2o



168 H.-C. HolStochastic Processes and their Applications 63 (1996) 153-174

It is clear that |Nz(s)| = O(N®) and |[N(s) — Nr(s)| = O(N°~!). Hence, (3.29) implies
that for any € > 0 we can find a large T such that limN_,co N— }:TT < ¢ and,

.....

(3.24) is then evident. Fix ¢ € Q(p),l € m(t) and n = (nl, o) € N(Jt]). Wlth i
fixed, let {(i) € {I(7, j), 1 <j<¢} be the positive integer such that

Yupy = | min, {viant

E(t,l,n)
LA Yui, jy — G(Xn,)>
= £l 1Tbank ( Hv)
:(h(N))M/{H Hbl(lJ)K( 1(./) +u )}
B R(N)
anl ,,,,, nyg (yl(l) - h(N)ul, SV h(N)ultl) duy - -- du‘” (330)

(h(N))" fn, ..... n (V- Vi)
= X H [bl(,-)K(ui)]”’du,-) (1 + O(h(N))) lf all Al(i,j) = 0,
i=1
o(A"I(NY) otherwise.

Note that as A(N) — 0,

K'@)du— | K'(u)du. (331)
[Fwu= |

When t € O(p) satisfies [t| < p/2, by (3.24) and NA(N) — o,

(NR(N))™P25; = (NR(N ))=#/2=H1D [(Nh(N))"" > E(w)}
neN(t))

— 0 as N — oo (3.32)
Suppose p is even and ¢t = (2,...,2) (p/2 terms), then, by noting (3.21),

(NH(N ) # 5,

p/2

! ~
Rz (”/ [”«nK(ui)fduf)

Ay, =0

x (N"’/2 > o nm(yt(l),---aJ’l<p/2>)>}+°(1) (by (3.30))

neN(|t))

N oo p! p/2
= 3] ( / K*(u) du)
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P2

x| TIbko SO | ( by (3.24) and (3.31))

1emin) j=1
HiN=I(i.2)

p! m pi2
= 0y [ [ ( j;lb%fm)ﬂ |

This and (3.32) gives (3.22). It remains to verify (3.23) which requires a delicate
analysis of the growth of 3°;. The main task to achieve this is to compute E(f.l.n)
(defined in (3.30)), n = (¢), with respect to the joint p.d.f. ¢, of (Xnys s Xy, ). The
first step is to split ¢, as the product of the joint p.d.f. of (Xp, »--. Xy, ) and the
joint conditional p.d.f. of (X,,,....X,, ) given (X, ,...,X, ), then carry out the
i Jif—s l !
integration. To this end, we have to introduce another set of notations. Fix p>2 and
t € O(p)— Q*(p) with |¢|= p/2. Set
Sty ={1.2,....1t|}, F(|t]) = family of all the subsets of S(|¢]).

For each 4 = {i\,..., 14} € Z(|t]), its complement is denoted by 4° = S(|t|) ~ 4 =
{ir*""ii’fﬂ}‘ Fix T > 0 and 4 € #(|t|), and define

Nra(lty={n=(ny,....np) € N([t|)|Vi,j € 4,i# j,|\n; —nj| > T;
for each i € 4° 37 € S(|t]) 5 |n; — nj|<T },
with the convention
Nro(lt)y = {n=(ny,...,np) € N(|t])| |n; — nj| <T Vi<, 1<i, j<t] }
and Nz 4 (|t]) = 0 if |4] = 1. Recall that
Nr(JAD) = {n=(ni,...,nq) € N(AD | |n; —n;| > T Vi j,1<i, j<|4]}.
and, for any given v € Nr(|4]), define

Nrﬂ4(|t|)/v = {ll = (}'ll,..., nm) € NT,A(|I|) \(nil,..., n,-m) = v} .

Clearly,
N(thc U Nrale), (3.33)
A€F(|t])
Nealth = 3 (Neallthyv) . |4]=2. (3.34)
veNT(l4])

The inclusive relation (3.33) is due to that some members of N(|t|) may belong to
N7 4(]t]) for several different 4’s. The multiplicity of the overcounts for all n € N(|t])
have a uniform upper bound which does not depend on N. For example, |t| = 5,
T =2, and n = (6,3,2,4,7). Then n € N, 4(5) for 4 = {1,2},{4,5},{1,3}.{2.5}
or{3,5}. Define

J, LA, TYy= > E@ln).
nENT 4({t])
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It is clear from (3.33) that we need only to show
(NW(N)) P2 J(t,1,4,T) > 0 as N — oo,

to have (3.23). As mentioned before, the set 4 for J(t,1,4,T) can only be empty
or |4|>2. Recall that p>2, |¢|>p/2 and t € Q(p) — O*(p). When 4 = 0, from
expression (3.30)

(NR(N))~ P2 |J(8,1,4,T)| = O (Nl_,,/z(h(N))|,|_,,/2) — 0 as N — oo,

because t € O(p) — O*(p) assures |t| = 2 when p = 2. Hence, it suffices to con-
centrate on those J(1,1,4,T)s with |4|>2. Fix 4 = {i,.. i|A|} with |4| 22 and

= {if,... |AC|} and for each @ = (n;,,.. -5 iy, ) € Nr(J4]) and n=(n,.. n|,|) €
NT A(|t|)/a we adopt the following abbrev1at10n bal ) the joint p.d.f. of (X, ..., X, )%

M4

and ¢ 4(-), the joint conditional p.d.f. of (X,, Xn, ) given (X, - "’m ). Use
ac |
(3.34) to see

J(t715A,T)
IA‘ t’: G
Yigs, J) (us)
= Z H i, (“) ¢(u1,...,u )dul...du
aEN7(|t]) 5= 1,H la.jy h(N) a 4] |4]

e Yir, jy — G(%))
b ) TR
X/n’eNTZAqq)/a {sHuH ) ( h(N)

X(]ﬁ,,/,a (121,...,lec|

ul,...,uw)dv] -~-dU|Ac|

For sufficiently large T such that [r(n)| < (1/(p — 1))A(e(j4]—1)) "), ¥n>T, Lemma
3.3 and 3.4 in Taqqu’s (1977) paper ensure

J(,1,4,T) = Zl Z Z EHk1 (X’li,) o 'HklAl (Xnim>
=1 k+tk=29 a=(n ,un;
= i, 6(1\17 (iAllA)l

1 /Ll i) = Gl
x {H / k! [Hbl(': ])K <W):’ Hks(us)d)(us)dus}

| i G(vy)
S BT ek (25572

nENT 4(|t])a {(5=1)
X(b,,/’a (vl,...,u|Ac| | ul,...,u|A|) d01 e 'dU|Ac|. (3.35)

Fix s and ks, 1<s<|4|, the first integral on the right-hand side of (3.35) is bounded by

fis i G(us
H bl('s j)K (%#)‘ 'Hks(us)¢(us)| du

<Ch(N)\/E(ks + 1) (3.36)
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which follows by arguments similar to that used to derive (3.12) and (3.13). (The
product H;."’:] bug,, j)IZ(-), instead of a single term K(-), inside the integral in (3.36)
does not make much difference.) For fixed a € Ny(|4]) and N7 4(|t])/a, we now try to
bound |N7 4(]2|)/a]. Given any decomposition of A¢

I
AC:BO+ZBi

i=1

with [B;| =0 or =2 ,VI<i<[I (set I =0 if By = 4°), we define %(By,B1,....B;)C
Nz 4(|t])/a as the collection of all the n = (n|,...,n)) € N7 4(|t])/a such that
(i) For each b € By,3j € 43 |np — nj|<T, and |ny — n,| > T Va € A° — {b}.
(ii) For each b € B, 1<i<[,3b' € B; 3 b'# b and |np — ny| < T.
(iii) For any b and b’ such that b € B; and b’ € B; with i+ j,1<i, j, </, then
1)’1;, — n},/| > T.
Clearly,

|9(BO,B],...,B])| <CN15

and for each n € N7 4(|t|)/a there exists a decomposition (Bf, B!,...,B},) of A such
that n € %(B, BY,..., B} ). Therefore,

IN7.4([t])/a} <CNTIAV2, (3.37)

since / <[|4°|/2] and the total number of decompositions of 4° depends only on |4
and is thus bounded for fixed p. The last constant C can be made to be independent
of aand N. For t = (t1,..., 1) € O(p)— O*(p) with [¢t|> p/2, and 4 = {i\,.... ilar }-
put

7 = number of 1’s in {t,-],...,tilA‘}C{tl,..., e}

4,

= v 1 — Glus
=the least number of functions in K M) ,1<s<|4]
j=1 N

/

whose Hermite rank is no less than k.

Since f(y;) > 0,1<i<m, all the inverse images of G~!(y;),1<i<m, are interior
points of the support of f(-) and thus finite real numbers. Therefore, by (C2) and
(C3), [ K((y—G(x))/h(N))dx = O(h(N)). This together with EK((y — G(x))/h(N)) =
O(A(N)) and (3.35)—(3.37) imply

|J(t,1,4,T)|
‘ x [(ki + 1) - (kg + DI
< CRIF(N NI > >
g=ki—Tke/2) hys = Vil R

0k ,.4.,k|y4‘ <gq

« (ae[vzrgw) EHj, (Xn,]) Hy, (Xn,w)D , (3.38)
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where the last sum is bounded by (Taqqu, 1977, Lemma 4.5 and its proof)

3 ’EHk1 (Xn,,) e Hyy, (XniIAl)l

a€Nr(|4])
(k1+~~+l<|A[)

<Ce™ T kil kgl |Z(ky, ..., k)| NM72(R| (6 NP2 (3.39)

The positive number ¢ is such that [#(T)|< e < (1/(p — 1)) A(e(|4]| — 1))7!, and the
quantity Z(ki,..., kj4) satisfies (Taqqu, 1977, Corollary 4.2)

Effy, (X”fl) wHy, (X"‘MI) =kl kg Z ks k)
with X standard Gaussian random variable. Combining

4 (4] - A

[2Ckr,.o. kap] < T17= 7

(Taqqu, 1977, Lemma 3.1) with (3.38) and (3.39), we get by noting (k; + 1)/%* <e
" o |4]
W (t,1,4,T) <C (NN N U R (N ( > (e(}4] - 1)e>j/2> ’
Jj=0
which gives

(NR(N )P |J(2,1,4,T)|
SCAN DAV ((N)|R|(k, N )Y (NR(N ) P-4 072 (3.40)

as |4| is replaced by |t| — {4°|. Denote by ' the number of 1’s in the coordinates of
t =(,..., t|y). Observe that

Al +1 =7,
||
p=>t=1-7+2(t| —7v)=2|¢| - 7,
i=1

and hence

A5 + <
2

=t - p/2.
In turn, this implies by (3.40) and the assumption NA(N) — oo,

C(R(N )12 (h(N)|R|(k, N )"
C(R(N YAV (R(N)|RI(1,N )P (3.41)

(NR(N))™ P2 |J(2,1,4,T))|

N A

Viewing (3.41), we then have, by (2.8) or condition A(N)|R|(1,N) = o(1),
(NR(N)Y P2 |J(t,1,4,T)| — 0 as N — oo,

VA € F(|t]) with |4|>2, since |4°| + 7= 1 always holds if t € Q(p) — Q*(p) with
t>= p/2. The proof is completed. O
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Proof of Theorem 2. Let us consider the finite linear combination Z'l.”?, biZnwn (i)
and write

m m bi i 1 N
; biZnwny(yi) = (Z %) <ﬁn‘;1 Hk(Xn)>

i=1
x (& biajh(N)(yi)> ( P X )
T 2iapenl) N (L s gy,
R (,-Zl Ty )\
EVN+V1(/.

We, for convenience, denote by Ay the norming factor which is understood to be of
the form as specified in Cases (a) and (b), i.e.,

Ay = {\/]V|R|_”2(k,N) for Case (a),
N N*2[=K2(N)  for Case (b).

Under Case (a), we have, by (2.4) and Theorem 1" of Breuer and Major (1983),

m . .

AxVy — (Z W) N(0,a%)
=1 !

with

2 . —1 N koo .

o :k!th (NIR|(, N S i (i — ).

nde o}

ij=1
In Case (b), (2.4) and Theorem 1 of Dobrushin and Major (1979) imply

" bige(yi
Ay (Z Bpelys) )> z
i=1 .

with Z as specified in (2.16). Furthermore, (3.16) and (3.19) individually assure
Jim E(dy Viy =0.

This shows (2.15) after the Cramér—Wold device is employed.
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