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Inverse Inequalities for Chebyshev Approximations in L Norms
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Abstract. Inverse inequalities in the space of polynomials, relating the maximum norm in [-1,1}
and weighted Sobolev norms, are shown.

Statement of the problem. We first introduce the following norms in the space of

continuous functions:
1 i/2
lollo= (| #udz)
-1

[|[Blloo = mazze[-1,1116(2)I,

gl = (16113 + lle=12)""%, ¢ € C2((-1,1]),
1

where w(z) = Worerd is the Chebyshev weight. It is well-known that it is possible to find

two constants Cy,C2 > 0 such that:

Ciligllo < liglles < Calldlh, V6 € C°([-1,1]). (1)

On the other hand, if we denote by Py the space of polynomials whose degree is less or
equal to N, the following inverse inequalities hold (see [1] and {4]):

ll6lly < CLN*?||gllec < C2N?|I8ll0, Vo € P, ()

where Cy,C3 > 0 do not depend on N.
Besides, denoting by ng) = cos &, j = 0,..., N the Chebyshev Gauss-Lobatto nodes in
[-1,1], we can consider the norms in Py:

1/2

N
T 2
ollvo= [ 23762
j=0

9llv, 0 = maz ogi<nid;l

vt = (llvo + l18:lIn0)/?, ¢ € Py,

where ¢; = ¢o(z§N)) and the symbol 3" indicates that the first and the last terms in
the summation are halved. Let us remark that these norms are those actually used in
computations.
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In (2] it is shown that discrete and continuous Sobolev norms are uniformly equivalent;
i.e., we can determine C;, Cy > 0 such that:

Cilllin,i < ll¢lli < Calldlln,i, Y6 €PN, i=0,1. (3)

This does not apply anymore for the maximum norm. Actually we have:

l6llv.co < [I¢llec < o(N) ll8]lv,00 » V6 € P, (4)

where ¢ is an increasing function of N which grows at least like log(N) (see (5], p.13).
Here we shall show the exact equivalent of (2) for the discrete norms; more exactly we
can prove the existence of two constants C, Cy > 0 such that:

I$lln1 < CLN3?|i8]In00 < C2N?|18lIn0 , V8 € P (5)

We remark that (5) cannot be trivially obtained by {2}, (3) and (4).

Proof. The right hand side inequality in (5) is easily obtained by noting that:

N 1/2
" [N
[18ll¥,c0 < (JX:% ¢,2) =\ = l1éllno , Vo € Pn.

To prove the left hand side inequality, we first note that:

N

1/2
“¢”N,0 S “¢”N,oo (’17\:[' Z”l) = \/:‘F “d’”N.co ’ V¢ € PN. (6)

i=0

Afterwards, we define E( ) = cos %err ,i = 1,..., N ; therefore we have the quadrature
formula (see [5]):

N N
/ pwds = 3 w(E") , V6 € Pav-y.
- ji=1

In [4] it is shown that for any ¢ € Py we have:

N

1= (€M)

l6:(6")] < lélln.co » 5=1,.., N

Thus, one gets by (3):

1
l18:=ll30 < lle:lis = & Zm (&) < = ||¢|le5_‘, e (N)) , V6 € Py.
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Now, recalling that sinz > 2%, z € [0, Z] we obtain the estimates:
g Z 2

x !

N N . -2 {N/2] . -2
1 . 2-1 .25 -1
- = 2 sin ——1m
Z e Z (sm 7r> <1+ < )
i=1 1- (E] ) ji=1 N i=1 2N (8)
(N/2) N 2 © 4
< < 2 — < 2
1 + 2 J-E:l <2j—1> <1+ 2N jE.:ljg CsN

Combining (6), (7) and (8), we can easily conclude.
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