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In this paper we consider a sufficient condition for W(t, x(¢)) to approach zero
as t — o, where x(¢) is a solution of a non-autonomous functional differential
equation with finite delays and W(¢, x) is a so-called Lyapunov function. We shall
show that in the applications this provides useful information for asymptotic
behavior of the solution x(z). For example, we generalize examples given by J. R.
Haddock and J. Terjéki (J. Differential Equations 48, 1983, 95-122) to the case of
non-autonomous systems.  © 1996 Academic Press, Inc.

1. INTRODUCTION

In 1967 J. K. Hale [10] extended in a natural manner LaSalle’s invari-
ance principle to autonomous functional differential equations with delays
by Lyapunov functionals. However, it seems to be in general very difficult
to find a Lyapunov functional with conditions which the theorem needs
when one considers applications to mechanical engineering, mathematical
biology, population dynamics, and the other practical sciences. In order to
circumvent this difficulty, J. R. Haddock and J. Terjéki [9] developed a new
invariance principle by the Lyapunov—Razumikhin method which many
authors used in research of qualitative theory of solutions of functional
differential equations. They presented an asymptotic stability theorem of
the zero solution as a corollary of the main theorem and noted that this
corollary could not be expected to non-autonomous cases without exten-
sive modifications [9, p. 100].
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On the other hand there are various contributions by many authors to
the case of non-autonomous functional differential equations. For exam-
ple, T. A. Burton [1] discussed asymptotic behavior of solutions by intro-
ducing the pseudo-Lyapunov function and T. Yoshizawa [23], using this
function, presented an invariance principle for the non-autonomous case,
which is an extension of his own result [21]. Recently W. E. Hornor [13]
discussed the Haddock—Terjéki invariance principle by limiting equations.

In this paper we discuss under what conditions W(¢, x(¢)) approaches
zero as ¢ — o, where x(¢) is a solution and W(t, x) is a so-called Lyapunov
function, and we shall show that in the applications this result provides
powerful information for asymptotic behavior of the solution x(z). Since
we use the Lyapunov—Razumikhin method, we can avoid the difficulty of
finding Lyapunov functionals.

For example, we discuss the scalar equation

X (t) = —a(t)x() + f_or(t)b(s)x(t +5) ds

- x(t)f_or(t)c(s)xz(t +5) ds.

The case a(t) =a > 0 and r(¢) = r > 0 was considered by Haddock and
Terjeki [9]. We generalize their result (see Example 4.1). They also
considered the scalar equation x'(¢) = bx(¢r — r)[1 — x(¢)] — bx(¢), b,r > 0
which was studied in detail in [5] by the new invariant theorem. We discuss
the scalar equation x'(z) = a(£)g(x(t — r(e)XL — x(¢)) — a(t)x(¢), where
a(¢) is integrally positive and u > g(u) for all u > 0, g(0) > 0 and g(w) is
continuous and monotone nondecreasing (see Example 4.2). We also
consider the functional differential equation discussed by Burton [2] and
Yoshizawa [23].

The contents of this paper are as follows. In Section 2 we give prelimi-
naries. In Section 3 we discuss the asymptotic behaviors of solutions and
we give two theorems. In Section 4 we give several examples which
illustrate the theorems.

2. PRELIMINARIES

Let RY be the d-dimensional Euclidean space. Let C = C([—r,0], RY),
r > 0, denote the space of continuous functions that map [—r, 0] into R
If x(¢) is a continuous function defined on [—r, T'], then we define x, € C
by setting x,(s) = x(¢ +s), s € [—r,0] for each t < T where T > 0. For
¢ € C, let |||l denote sup{|e(s)|: s € [—r,0]}, where |- | is a norm of R%
For any fixed B > 0 let C(B) = {x, € C: |x(¢)] < B for all ¢t > ¢,}.
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We consider the functional differential equation
dx/dt = F(t,x,), x, =¢peC =0, (1)

where F: [0,0) X C — R? is continuous. Assume that any solution with
any initial value (¢y, ¢), £, > 0, ¢ € C, exists in the future. Let (¢, x) be a
continuous scalar function defined on [—r,%) X R? which satisfies locally
a Lipschitz condition with respect to x. Then, for any ¢ € C we define the
function

Vo (t, @) = |Lm3UP{V(f +h,@(0) + hF(t, @) = V(1. ¢(0))} /h.

Let x(¢) = x(¢; ¢,, ) denote a solution of (1) with an initial value (z,, ),
t, = 0, ¢ € C from now on in this paper.
The following definition was given by L. Hatvani [12].

DeriNITION 1. A continuous function p: [0,%) — [0,) is said to be
integrally positive if [,p(s)ds = o holds on every set J = U% _(a,,b,)
such that 0 < a,, a, <b, <a b, —a,>6>0(m=12...) for
some fixed 6 > 0.

m+1r Ym

For example, it is known that the function ¢?sin?¢, ¢ > 0 is integrally
positive.

We give the definition of stability of the zero solution of (1), where
F(z,0) = 0 for all # > 0 and the one of boundedness of solutions.

DerINITION 2. The zero solution of (1) is said to be stable if for any
e> 0 and any initial time ¢, > 0 there exists a &(¢y, &) > 0 such that
lx(t; 1o, @)l < &, t > 1, for any ¢ € C with [l¢ll < 8(¢,, &).

DerINITION 3. The zero solution of (1) is said to be asymptotically stable
if it is stable and furthermore, there exists a o(¢,) > 0 such that
|x(2; ¢y, @)l = 0 as ¢ — o for any ¢ € C with [[o|l < o(¢y). If o(zy) = o,
then it is said to be globally asymptotically stable.

DerINITION 4. The solutions of (1) are said to be equi-bounded if for
any « > 0 and any initial time ¢, > 0, there exists a B(¢,, @) > 0 such that
|x(2; ¢y, @)l < B(ty, ) for any ¢ € C with |l¢|| < «a.

The following theorem is known and useful [11].

THEOREM 2.1. For the functional differential equation (1) suppose that
the following condition is satisfied:



ASYMPTOTIC BEHAVIOR OF SOLUTIONS 779

(1) there exists a positive definite, continuous function V(t, x) defined on
[0,) X R? which is locally Lipschitzian with respect to x such that

Va(t, @) <0, 1>1

whenever ¢ € C, sup{V(t + s, ¢(s)): s € [—r, 0} < h(V (¢, ¢(0))), where h:
[0,00) — [0, ) is continuous with h(0) = 0 and h(u) > u for all u > 0.

Then, solutions are equi-bounded. Furthermore, if F(¢,0) = 0 forallt > 0,
then the zero solution is stable.

3. ASYMPTOTIC BEHAVIOR OF SOLUTIONS

Let V(¢t,x) defined on [—r,) X RY be a real valued, continuous
function which is locally Lipschitzian with respect to x. Then, M. E.
Parrott [19] considered under what conditions (¢, x(¢)) approaches some
finite value as ¢ — oo,

THEOREM 3.1 (Parrott). Suppose that there exists an integrable function p:
[0,%¢) = [0,%) such that V(t, ¢) < p(t) whenever t =0, ¢ € C(B),
sup{V(t + s, o(s)): s € [—r, 0]} = V(¢, o(0)). If for every & > 0 there exist a
K = K(&) > 0, an integrable function p,: [0,%) — [0,%), a continuous func-
tion h:[0,0) — [0,) with h(u) = h(e)Xu) > u for u > 0, h(0) = 0, and a
time T = T(&) > t, such that

Vot @) < Kpyo(1), =T,

whenever ¢ € C(B), sup{V(t + s, ¢(s)): s € [—r,0} < 2¢, V(¢, ¢(0)) > &,
and sup{V(t + s, o(s)): s € [—r, 0L} < h(V(¢, ¢(0)) for all t = T, then for
any solution x(t) of (1) such that x, € C(B) forall t > t,, lim,__, V(¢t, x(¢))
exists.

But we note that from Theorem 3.1 one cannot know whether V' (¢, x(¢))
approaches zero as ¢ — o or not. Thus, consider another so-called Lya-
punov function W(t, x) for discussing asymptotic behavior of the solution
x(¢) and, noting that limsup, . {V(¢ + s, x(t +5): s € [—-r, 0} =
limsup, .. V(t, x(¢)), we shall give a sufficient condition for W(¢, x(¢)) to
approach zero as ¢t — o,

THEOREM 3.2.  For the functional differential equation (1), assume that
there exist continuous functions V(t, x), W(t, x) on [—r,®) X R? which are
locally Lipschitzian with respect to x, an integrally positive function p:
[0, ) — [0, ®) and an integrable function e: [0, %) — [0, «). And suppose that
there exists an integrable function p,: [0,%) — [0,%) such that V/;(t, ¢) <
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p(t) whenever t >0, ¢ € C(B), sup{V(t + s, o(s)): s €[—r,0]} =
V (¢, ¢(0)), and furthermore, for every £ > 0 and any fixed B > 0 there exists
a H=H(e) > 0, a continuous h = h(e): [0,%) — [0, ) with h(u) > u for
u >0 and a time T = T(&) > t, such that

(3.2a) there exists an M > 0 such that W/, o) <M, t>T,
(3.2b) Vi (t, @) < —Hp(OW(t, (0) + e(t), t = T,

whenever ¢ € C(B), sup{V(t + s, ¢(s)): s € [—r,0]} < 2¢, V(¢, ¢(0)) > &,
and sup{V(t + s, o(s)): s € [—r,0l} < h(V(¢, (0)) for all t > T. Further-
more, assume that if lim,_  V(t, x(¢)) =0, then lim,_, x(t) =0 and if
lim,_  W(t, x(¢)) # 0, then lim,_  x(¢) # 0. Then, W(¢t, x(t)) - 0 as t —
o for any solution x(t) of (1) such that x, € C(B) forall t > t,.

Proof. Suppose that there exists a solution x(z) of (1) such that
W(t, x(¢)) » 0 as t = », x, € C(B). Then, since x(z) - 0 as t - «, we
have lim, . V(¢, x(¢)) = B > 0 by Theorem 3.1 and the hypothesis. First
assume that there exist two sequences {#}, {t;} with #, t; > % as j —> =,
t; <t;<t,(j=12,...)and some &> 0 such that

W(t, x(1;)) = 8/2,  W(t,x(1})) = 8,
8/2 <W(t,x(1)) <8, te(t,1).

7

Here, because of B> 0, we can take a A > 0 with A < 8 < 2A. Let
o(A) = min{|A(u) —ul: A <u < 2)} where h = h(A) and choose a time
Ty, > T = T()) such that sup{V(t + s, x(t +5)): se[-r 0} < B+
o(N)/2, sup{V(t + s, x(t +5): se[—r 0} <2A, V(& x(#) = A, and
WV (t, x(1)) — Bl < o(N)/2 for all t > T,. Then, since A < V(¢, x(1)) <
2) and B < o(A)/2 + V(& x(¢)), we obtain that sup{V(z + s, x(¢ + 5)):
sel-ro<B+oN)/2<a(N/2+a(N)/2 + V(t, x(t)) = min{|h(u) —
A <u<2A + V(t, x(1)) < h(V(¢t, x(2) for all ¢+ > T,. Therefore, by
condition (3.2a),

8/2=W(t;, x(t))) — W(1;, x(t;))
< ["Wi(s.x,) ds
<M(t —t;).

Thus, we have #; >, + 8/[2M] (j = 1,2,3,...). Furthermore, by condi-
tion (3.2b), we have that

Va(t,x,) < —Hp(t)W(t, x(t)) + e(t), t =Ty
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We may suppose ¢, > T, (j = 1,2,...) by taking a subsequence of {¢}, if
necessary. Thus,

V(ty, x(1)) <V(ty, x(1y)) +ftt2V(’l)(s, x,) ds

koo, "
<V(t;,x(ty)) + ~§1 /;"[—Hp(s)W(s, x(s))] ds +/; e(s) ds

i

< V(1) x(1) + Zf —Hp(5)8/2] ds+f:e(s)ds,

j=17%

which tends to —w as k — o since p(¢) is integrally positive and =1+
6/[2M1(j = 1,2,3,...). This is a contradiction. Next, suppose that there
exists a time T, > ¢, and y > 0 such that W(z, x(¢)) > y for all t > T,.
Then, since x, satisfies the condition of the theorem, we have that
V(t, x(0)) — V(Ty, x(T)) < —Hy[r, p(s)ds + [7e(s)ds. Thus, it follows
that 77(¢, x(¢)) > — as t — . This is a contradiction. Consequently, the
proof of the theorem is complete.

In some cases the next theorem will be useful.

THEOREM 3.3. For any fixed bounded solution 6(t)=(6,(¢),0,(2),...,
0,()) of (L), set

F(t) = Fy(1) = f b,.f_o {foe,.(z + u)? du} ds, b >0.

Assume that there exist continuous functions V(t, x), W(x), and U(t, x) on
[—r,] X R® which are locally Lipschitzian with respect to x, an integrally
positive function p: [0, ) — [0, ©) and an integrable function e: [0, %) — [0, ®)
such that

V(t,x) =U(t,x) + F(t), x€Rtx=>1,.
Here, consider V|(t, x,) for any solution x(t) of (1). If for x, = 6,, t > t,,
the following inequality is satisfied:
(3.32) Vy(t, 0) < —p(OW(6(1)) + e(t), t > t,,
then W(6(¢)) - 0 as t — .

Proof. Suppose that there exists a solution 6(z) of (1) such that
W(6(r)) » 0as t — =, where 6§, € C(B). First, assume that there exist two
sequences {7}, {t}WIth ;> oas joow ot <t;<t,, (j=12..)
and some 5 >0 such that w(6(t) = 8/2 W(H(t ) =28, §/2 <
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W(6(1)) < & for all ¢ € (¢;, ). Since 6(¢) is the bounded solution of (1),
there exists an M > 0 such that W (6) <M. Thus, t; >t + §/[2M]
(j =1,2,3,...). On the other hand, since condition (3.3a) holds, by the
same method as in the proof of Theorem 3.2, we have a contradiction.
Furthermore, by continuing the same discussion as in the proof of Theo-
rem 3.2, the proof of the theorem is complete.

4. APPLICATIONS

In this section we present several examples which illustrate Theo-
rem 3.2. Let B > 0 denote any fixed real number. First, we generalize the
example by Haddock and Terjéki [9].

ExampLE 4.1. Consider the scalar differential equation
0
¥(1) = —a(t)x(t) + [ b(s)x(t +s)ds
—r(t)

- x(t)f_or(t)c(s)xz(t + 5) ds, (2)

where a,b,c,r: [—r,) —> R" are real valued and continuous functions
such that 0 < r(z) < r for some r > 0, [°,,|b(s)| ds < a(?), and () = 0
forall t € [—r, ). Let V(t, x) = x?/2. Let x(¢) denote any solution of (2).
Then,

Vo (t, x,) =X(t){—a(t)x(t) + fi(t)b(s)x(t + ) ds

—x(t)f_or(t)c(s)xz(t +5) ds}.

If a(?) =a(t) — qf?,(,)lb(s)I ds > 0 with ¢ > 1 is integrally positive, then
any solution of (2) approaches zero as ¢t — «. To see this, let h(u) = g%u
for any u > 0. Then

Vatt.x) < ~{at =af* b5} las (0’

whenever ¢ >t,, V(t+s,x(t +5)) < h(V(¢, x(¢))) for any s €[—r,0l
Then we note that all solutions of (2) are bounded by Theorem 2.1. Let
W(t, x) = x? /2. There exists an M > 0 such that W/, (¢, x,) < M whenever
x, € C(B), t >t,, V(t+s,x(t +5) <h(V(t,x(2)) for any s € [—r,0]
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Thus, all conditions of Theorem 3.2 are satisfied. Therefore, since B is any
fixed real number, any solution x(¢) of (2) approaches zero as ¢ — . And,
since the zero solution of (2) is stable and solutions are equi-bounded by
Theorem 2.1, the zero solution of (2) is globally asymptotically stable.

If a(t) = ]2, ,|b(s)lds, t >0, and there exists an L > 1 such that
a(t) < L[, ,c(s)ds forall t >, >0, and [°,,c(s)ds — a(t)/L is inte-
grally positive, then any solution x(¢) of (2) approaches zero as t — «. To
see this, for any ¢ > 0, let h(u) = q%u, u > 0, where g = (1 + 2&/L).
Then, we obtain that

Vo (tix,) < — {a(t) -(1+ ZS/L)for([)lb(Sﬂds}xz([)
0 2
_ {fr(t)Zac(s) ds}x (1)

- _gg{fo OXE a(t)/L}xz(t),

—r

whenever sup{V(t + s, x(t + 5)): s € [—r, 0]} < h(V(¢, x(1), V(¢, x(2)) = &
for all t = T where T is a sufficiently large time. Therefore, by Theorems
2.1 and 3.2 the proof of the example is complete.

Remark 4.1. Leta(t)=a>0,r(t)=r>0forall t > 0. If [°, |b(s)|ds
<a, then there exists a g >1 such that a —q/°,|b(s)ds > 0. If
[2,16(s)lds = a and ¢(0) > 0, then there exists an L > 1 such that a <
L[ c(s)ds, and [° c(s) —a/L >0 is integrally positive since it is a
constant. Therefore, Example 4.1 is a generalization of Example 2.1 in
[9, p. 101].

Remark 4.2. T. A. Burton [2] and T. Yoshizawa [23] discussed the next
scalar differential equation

¥(t) = —[a+ (esine)?]x(r) + bx(r = r(1)),

where a > 0, b are constants. If a > b, 0 < r(¢) <r, then any solution
x(t) > 0 as t > » by Theorem 3.2. However, they used a Lyapunov
functional V(z, x(")) = x(t)*/2 + kJ" ,,,x(s)* ds where k > 0 and
under conditions b < a’(1 — @), —~-M <r'(t) < a,0<a<1and b? <
a’(1 — a), r'(t) < a, 0< a <1, respectively, they proved x(z) — 0
as ¢t — oo,

Next, we consider a generalization of Cooke’s model [5, p. 41]. See also
Haddock and Terjéki [9, p. 103].
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ExampLE 4.2. Consider the scalar differential equation

x(1) =a()g(x(r = r(1)))(L = x(1)) —a(t)x(r), 120, (3)

where a(t) > 0 is integrally positive, g(u) is continuous, monotone nonde-
creasing with g(0) > 0 and u > g(u) for any u > 0. For every £ >0
choose a positive real number g such that 1 + g(\/ﬂ) >q > 1. Let
h(u) = q*u for any u > 0 and let V(¢, x) = x2/2. r(¢) is the same one as
in Example 4.1. Then,

Vit x) = x(0){=a()x(1) + a()g(x(t = r(1)))
—a(t)x(1)g(x(r = r(1)))}.

Whenever x, € C(B), x(¢) > 0 forall t > ¢, and x(¢) satisfies sup{}(¢ + s,
x(t +5)). se[—r 0} <h(V(, x(@), V(t, x(t) > e, and sup{V(t + s,
x(t +5)). se[—r,0} <2 for all t > T where T is a sufficiently large
time,

—a(t)x(1)* + qa(t)x(t)* — g(V2&)a(t)x(1)?
= —(1+g(V2e) — q)a(t)x(t)’, t=T+r.

VES)(L x,)

IA

Let W(t, x) =x2/2. Then, all conditions of Theorem 3.2 are satisfied.
Therefore, since B is any fixed real number, any positive bounded solution
x(¢) of (3) approaches zero as t — .

Finally, we give an example which illustrates Theorem 3.3. The next type
of system was discussed by Burton [2] and Yoshizawa [23].

ExampLE 4.3. Consider the 2-dimensional differential equation

xX(t) =y(1) (4)
y'(t) = —c(t,x(2), y(1)) y(1) — g(x(1))

+f_0r(t)g’(x(t +5))y(t +s)ds,

where r(¢) is the same one as in Example 4.1, g: (—o0, %) — (—, %) is
continuously differentiable, and |g'(u)| < L for some L > 0 and ug(u) > 0
for any u # 0. Suppose that there exists a function a(¢z) > 0 such that
c(t, x, y) = a(¢), t = 0 and the function a(z) — rL > 0 is integrally positive.
Now, for any fixed bounded solution 6(¢) = (a(2), B(¢)) of (4) let F(¢) =
(L/2)f°,([B(t + ) du)ds. And set V(t, x,y) = G(x) +y?/2 + F(1),
and W(x,y) =y?/2 for all x,y € R*, where G(x) = [7g(s) ds. Then, for
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any solution (x(z), y(¢)) of (4)
Vit x3) < —a(0)y(0)" + (L/2) [ 2ly(0)|1y( +5) | ds

+(L/2)f_o (B(1)* = B(t +5)%) ds.
If (x(2), y(1)) = (a(t), B(1)), t > t,, then
Vit @, B) < —(a(t) —rL)B(1)"  (2ab <a’ +b?)

and there exists an M > 0 such that W/,(6,) < M. Therefore, by Theo-
rem 3.3 we have that W(a(t), B(¢)) = B%(t)/2 approaches zero as t — o,
Thus, all bounded solutions approach the x-axis as t — «. Thus, if
G(u) - = as |u| - «, then any solution (x(z), y(¢)) of (4) approaches the
x-axis and G(x(¢)) approaches a constant as ¢ — c.

Remark 4.3. T. Yoshizawa [23] proved the same conclusion under the
conditions 0 < r(¢) < B(¢), B'(t) < B, < 1, h(¢, x,y) = bB(¢), b > 0 and
L? < b*(1 — B,) via a Lyapunov functional

V(1 x(),¥()) = 2G(x(1)) +y(1)* + bff’ﬁ(t)(/fy(t + u)’ du) ds

assuming that B(¢) is integrally positive. See also T. A. Burton [2].
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