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Abstract

The main part of gossip schemes are the kernels of their minimal orders. We give a complete
characterization of all kernels that may appear in gossip schemes on simple graphs with
a minimum number of calls. As consequences we prove several results on gossip schemes, e.g.
the minimum number of rounds of a gossip scheme with a minimum number of calls is
computed. Moreover, in the new context we give proofs of known results, e.g. the well-known
four-cycle theorem.

In the last part, we deal with order theoretic questions for such kernel posets. After
describing all p-grid-kernels in terms of permutations and subsets, isomorphism is investi-
gated and they are enumerated. Then we compute the order dimension and the jump number of
all possible kernels, and finally, we show how to determine the numbers of their linear
extensions.

1. Introduction

One of the main results of [16] is the description of the structure of gossip schemes
according to a decomposition of the corresponding minimal order. It turned out that
the most interesting part is the so-called kernel of the information flow. While the
remaining parts are structurally easy and well-understood, we have only very small
insight into all possible structures in kernels. Basically, the main known facts are
lower (see [16]) and upper (see [11]) bounds on the size of kernels. On the other hand,
the wide variety of different gossip schemes is generated by different kernels, i.e. for
a better understanding of information flows in general, we should start investigating
kernels more detailed. Of course, one of the most interesting tasks is to recover the
structure of kernels in information flows of minimum size. In the literature, two
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different parameters have been studied: the number of calls, or the number of rounds
in a parallelized scheme. We refer to [6,9] for surveys of known results.

In the present paper we give a complete characterization of all kernels which can
appear in an information flow on graphs with a minimum number of calls. This
continues [16] in the case of simple graphs as underlying networks. Moreover, several
consequences of the structural characterization are given. After listing known facts
along with some technical statements in Section 2, we will prove a conjecture of [16]
in Section 3: Every kernel with minimum number of elements has as many minimal as
maximal elements. Section 4 contains the structure analysis of such kernels. Finally,
applications are listed in Section 5, e.g. we show how the four-cycle theorem (which
was one of the most exciting results in the early research on gossiping) follows easily,
calculate how many rounds such an information flow needs in minimum, and
construct minimum size graphs corresponding to kernels.

The last two sections deal with the posets themselves. Section 6 presents the
complete characterization and enumeration of p-grid-kernels up to isomorphism.
Finally, in Section 7 we compute important order invariants related to linear exten-
sions (jump number, dimension), and enumerate the linear extensions.

2. Preliminaries

We list some facts proved in [16]. Note that we deal with simple graphs rather than
hypergraphs. Moreover, for the purposes of this paper, some notation has been
changed.

The kernel of an information flow is a poset K ., i.e. a set K of elements for which
a reflexive, antisymmetric, and transitive relation < is defined such that the following
properties are satisfied:

(K1) Every element of K. has at most 2 immediate predecessors and at most
2 immediate successors.

(K2) Every minimal element precedes every maximal element.

(K3) If for a given element x, every minimal (maximal) element preceeds
(succeeds) x, then x is a maximal (minimal) element.

We use the operators min and max to denote the sets of all minimal and all maximal
elements of a fixed poset P., respectively, and the operators pre and suc to denote the
sets of all immediate predecessors and all immediate successors of a fixed element,
respectively. For these we will also use the shorter terms lower cover, respectively,
upper cover instead. The sets of all predecessors or successors of an element x are x or
X, respectively, and more generally, N and N denote the lower, respectively, upper
ideal generated by a set N of elements. If there is no danger of ambiguity, P is used to
denote the ground set P and the poset P. simultaneously. Similarly, subsets stand for
a set as well as for the poset induced on it. Moreover, we will simultaneously work
with the poset and its Hasse diagram H(P) which can be considered as a digraph with
each edge directed to the top. In this context, we also speak about in-degrees, deg ™, or
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out-degrees, deg™, of the vertices resp. elements. Finally, let < denote the covering
relation of P_, ie. for x,y € P, we have x < y iff x < y and there is no z € P with
x<z<y.

If |/min K| = p and |max K| = q then we call K a (p, q)-kernel. Clearly, in this case
the inverse order K< = K, is a (g, p)-kernel. Hence, throughout the paper we may
assume w.lo.g. that p < gq.

From [16] we know that every poset K satisfying (K1) and (K2) contains at least
2(lmin K| + |max K|) — 4 elements. In particular, every (p, g)-kernel K contains at
least 2(p + q) — 4 elements, i.e. there are not less than p + g — 4 nonextremal ele-
ments which form the inner kernel Ky := K\ (min K u max K). We call a (p, g)-kernel
L-minimum if it has exactly 2(p + q) — 4 elements. These are important because every
information flow with a minimum number of calls, denoted by L in that context, must
have a (p, q)-kernel with 2(p + q) — 4 elements for some integers p, g. Since it is known
that there are no L-minimum (1, g)-kernels, throughout the paper we assume p > 2.
Note that together with (K2) this implies min K n maxK = @ for any kernel K
considered here.

An important tool in our proofs is to find kernels in certain posets. This follows the
general approach introduced in [16] to define the reduced minimal order of an
information flow. In any poset, P, satisfying (K1) and (K2) pick all elements which
preceed every maximal element of P, and let P’ be the set of all maximal among them.
Similarly, let P” be the set of all those elements succeeding each element of P’ which
are minimal with respect to the latter property. Now, the kernel of P is the poset
induced on ker P:= P’ n P”, i.e. ker P collects all elements ‘between’ the antichains P’
and P” including themself. Obviously, P’ = min ker P and P” = max ker P. By similar
proofs as in [16] it immediately follows from the above definition:

Proposition 2.1. ker P satisfies (K1)-(K3), and |ker P|=|P|— (|min ker P| +
max ker P|) + (|min ker P| + |max ker P|).

Next we show a technical statement later used frequently.

Proposition 2.2. Let K be any kernel. For any antichain McK,
M| >2|MminK|—|M| and |M| > 2|M Amax K| — |M|. Moreover, in case of
equality, the Hasse diagram of M, resp., M consists of | M| components each being
a binary tree.

Proof. We count the edges in the Hasse diagram H(M) twice: ¥, _, deg™ x <
2(IM| - |[M ~nminK|) because of (K1), and ¥ __,, deg* x> (M| — |M|) because
every element except the generators has a successor. This immediately implies the first
inequality. If equality holds then every nonmaximal element has exactly one suc-
cessor, i.e. each maximal element generates a tree component, and every nonminimal
element has exactly two predecessors, i.e. the trees are binary. The proof is analog
for M. O
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3. Existence of L-minimum kernels

For any p > 2, L-minimum (p, p)-kernels were constructed in [16]. As the first part
of our characterization results, in the present section we prove the nonexistence of
L-minimum (p, g)-kernels for p # q.

The crucial statement is the following:

(x) If K is an L-minimum (p, q)-kernel then for all x € K, |pre x| = 2.

We first show that this is sufficient for the main result.

Lemma 3.1. (a) Let K be kernel. Then for all x e minK, |sucx|=2, and for all
xemaxK, |[prex | = 2.

(b) Assume (%) holds, and let K be any L-minimum (p, q)-kernel. Then p = q, and for
all x € Ky, [sucx| = |prex| = 2.

Proof. Let xemaxK be fixed arbitrarily. Clearly, 1 < |prex|< 2. Assume,
prex = {y}. Then by (K2), ynminK = x nminK = min K, ie. minK < y which
contradicts (K3) because y ¢ max K. Hence, pre x contains at least 2 elements. If
x € min K, the proof of (a) is similar.
To see (b), let us count the edges of the Hasse diagram of K twice. This gives
2(|K|—p)= ) deg”x =} deg’x<2(K|-q)<2(K]|-p).
xeK xeK

Hence, we must have equality, ie. p=q and ¥ _,deg” x =2(K|— g). Since
deg* x = |sucx| < 2 for all elements, the latter equality implies |sucx| = 2 for all
x¢max K. [

Thus, after having proved (x), we will have the following result.
Theorem 3.1. An L-minimum (p, 1)-kernel exists iff p = q.
3.1. Proof of (%)

We use double induction overq,g > 2,and p,2 < p < q. Forg =2, weknowp = 2,
and it is easy to see that there is only one L-minimum (2, 2)-kernel the Hasse diagram
of which is shown in Fig. 1. Since here Ky = @, () holds in this case.

For the rest of the proof, let ¢ > 3 be arbitrarily fixed and suppose that (x) holds for
all L-minimum kernels with 2,3, ..., or ¢ — 1 maximal elements. Then additionally, by
Lemma 3.1 it is known that those kernels must have as many minimal as maximal
elements, and all indegrees and outdegrees are either 0 or 2. These statements are
called the g-induction hypothesis.

In [16] (Theorem 6.2) it was proved that an L-minimum kernel with 2 minimal
(resp. maximal) and more than 2 maximal (resp. minimal) elements cannot exist.
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Fig. 1. The L-minimum (2, 2)-kernel.

Therefore, the asserted implication () holds for p = 2 and our fixed q > 3. This starts
the induction on p. To carry out the induction step, we fix any p, 3< p < ¢, and
assume that () also holds for all L-minimum kernels with ¢ maximal and 2,3, ..., or
p — 1 minimal elements. This is called the p-induction hypothesis, and by Lemma 3.1
it only means the nonexistence of such kernels.

For the rest of the proof let any L-minimum (p, g)-kernel K be fixed. Suppose there
is an element v € K, with exactly one immediate predecessor w € K. Then clearly,
v=wu {v} and ynmin K = wnmin K. Set r:= |v " min K|, and note that by (K3),
1<r<p— 1. Hence, min K\p # @, and this set generates a nonempty upper ideal,
P:= min K\v.

Proposition 3.1. P satisfies (K1) and (K2). Moreover, P= K\v, and |P|=
2(p+q—r—4

Proof. Obviously, P = K satisfies (K1). Since (K2) holds for K, every element of
min P = min K\ v # @ precedes every element of max K. Hence, max P = max K,
and P also satisfies (K2). Consequently, |P|=2(minP|+ [maxP|)—4 =
2(p — r + q) — 4. On the other hand, P ~v = §, ie. |P| < | K| — |v]. By definition of
the L-minimality and by Proposition 2.2 we have |K|=2(p+q)—4 and
[v] = |w| + 1 = 2r, respectively. Therefore, |P| < 2p + 2q — 2r — 4, which forces
equality in all estimates. In particular, |P| = |K| — |v|, that is, P and v are com-
plementary in K. O

Now, let us consider the kernel ker P. Because all elements of P, which precede each
element of max P = max K, belong to min K we know that min ker P = min K\ v. Let
s:= |max ker P|.

Proposition 3.2. ker P is L-minimum (p — r,s)-kernel, and s < q.

Proof. By Proposition 2.1, ker P is (p — r,s)-kernel, which implies |ker P| >
2(p — r + s) — 4. On the other hand, in this particular situation Proposition 2.1 yields

|ker P| = | P| — |max ker P| + [max ker P|.
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We use Proposition 2.2 to get [max ker P| > 2q — s, and put this and Proposition 3.1
into the above equation:

lkerP|<2(p+qg—1r)—4—-2q+s+s=2(p—r+s) —4

Hence, |kerP|=2(p—r+s)—4, and moreover we must have equality in
all estimates. Particularly, 2q — s = |[max ker P| = |max ker P| = s which implies
g=zs. [

If s=gq then p—r <p and the p-induction hypothesis applies to ker P. For
p—r<s<gq, we may apply the g-induction hypothesis to ker P, and finally for
s < p—r, we apply it to its inverse order (ker P)”. As shown in the beginning of
Section 3, (x) implies s = p — r > 2, and all elements of ker P except the minimal resp.
maximal have exactly two lower resp. upper covers which also belong to ker P.
Roughly spoken, in the Hasse diagram ker P is a part which is connected to the rest of
K only from max ker P upwards. The main consequence of this is that no element of
ker P has a predecessor not in ker P, i.e. ker P is the lower ideal generated by
max ker P. Hence, for the upper ideal Q:= v " minK, Q n ker P = {) because Q is
generated by elements not belonging to ker P.

Proposition 3.3. Q@ satisfies (K1) and (K2). Moreover, Q = K\kerP, and
1Q1=2(p+4q) -8

Proof. (K1) is obvious. Since v n min K # ) and (K2) holds for K, max Q = max K
and Q also satisfies (K2). Therefore, Q| = 2(r + g) — 4. On the other hand,
|Q] < |K|— |ker P| = 2q + 4r — 2p, and both inequalities together imply p — r < 2.
But we already know p — r > 2, i.e. equality holds in all estimates above. In particular,
r=p—2,Q0=K\kerP,and |Q|=2(p+¢)—8. O

Remark. Note that by p — r = 2, ker P is the unique (2, 2)-kernel drawn in Fig. 1.
Moreover, 2(p+4q)—82|Q|=2(p—2)+ g+ 1 because minQ umaxQ < Q,
and v € Q but v belongs neither to max Q nor to min Q. Hence, p + ¢ > 7and q > 4.

As we did before with respect to P, we now continue with considering the corres-
ponding kernel ker Q. Again we know min ker @ = minQ = v » min K. First we
prove a helpful statement.

Proposition 3.4. For any x € Q\v with minQ < x, x € max K.
Proof. By Proposition 3.1, xe P, but by Proposition 3.3, x¢ ker P. Hence,

x € max ker P which implies min ker P = min P = x. Consequently, minK =
min P uminQ < x, and x e max K by (K3). O
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Proposition 3.5. ker Q is L-minimum (p — 2,q — 2)-kernel.

Proof. Because all elements of @, which precede each element of maxQ =
max K, belong to minK, we know that minkerQ =minQ = v nmin K, and
|min ker Q| =p — 2.

It remains to determine max ker Q. By Proposition 3.1, |w|=|v|—1=2r — 1.
Hence, in Proposition 2.2 equality holds, and we know that the Hasse diagram of w is
a binary tree. Therefore, w and v are the only elements of v succeeding all elements of
w n min K = min Q, but » is not minimal with respect to this property since w < v.
Consequently, max ker Q n v = {w}.

This implies that (max ker Q\v) n w = 0. Clearly, every element of max K succeeds
every element of min Q, but by Proposition 3.4, outside of v there are no smaller
elements with that property. Altogether we have max ker Q\ v = max K\w.

Now, let W:= w\{w,v}. Since y 1 W = §, every element of W satisfies the assump-
tions of Proposition 3.4, i.e. W < max K. Consequently, max K\w = max K\ W, and
W consists of at most 3 elements: two upper covers of v and the remaining upper
cover of w.

This finally yields

max ker Q = (max K\W) u {w}, kerQ = Q\(W v {v})

and
Imax kerQ| = |maxK|—|W|+1=q— |W|+ 1,

lker Q| =1Q| - |W|—-1=2(p+q) -9 —[W|

But on the other hand, |ker Q| > 2(q — 2 + |max kerQ|) —4 =229 — {W| - 1) — 4.
Consequently, |W|>2(@q—p)+ 3 =3, ie |W| =3 as well as [maxkerQ|=q—2
and |[kerQ|=2(p+4¢)—12. O

As a consequence of Proposition 3.3 we got g>4, and an element
x € max(ker Q)\ {w} can be chosen. Moreover, by the results of [16], an L-minimum
(1,9 — 2)-kernel does not exist. Hence, p — 2 > 2, and we may apply the g-induction
hypothesis to ker Q which, in particular, says that every nonminimal element of
ker @ must have both its lower covers also in ker Q. Consequently, x < ker Q, and
x n min K contains at most the p — 2 elements of min Q. By (K2), x ¢ max K. But on
the other hand, x € max ker Q\ {w} = max K. This contradiction implies that — con-
trary to our assumption — the element v € K, cannot have exactly one lower cover in
K. Thus, the induction, the proof of (), and the proof of Theorem 3.1 are complete.

3.2. Consequences
The results of the previous section confirm what was conjectured in [16]-already.

There are some remarkable consequences for the structure of gossip schemes with as
few calls as possible. Note that the following facts also hold for the more general
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situation of (X, Y)-complete information flows considered in [16]. Here pairwise
different items of information each generated in exactly one vertex of a subset X of
vertices in a given graph G = (V, E) are all to be conveyed to every vertex of a subset
Y of vertices whereby information transmission follows the usual rules of the
‘classical’ gossip model. As shown in [16] such process requires at least | X| + | Y| — 4
calls. Clearly, for X = Y = 7, the original case is contained. In the following we use
terms and notation defined in [16].

Corollary 3.1. For any (X, Y)-complete information flow on simple graphs which has
exactly | X| + | Y| — 4 calls, the numbers of irredundant F~- and F-calls are equal.
Moreover, even the sets of F~- and F-points are equal.

Proof. The kernel of the minimal order of all calls of the given information flow is
L-minimum because the number of calls is as small as possible. The irredundant
F - or F-calls are its minimal or maximal elements, respectively. Hence, their numbers
are equal by Theorem 3.1.

Assume now there is a vertex v being F- but not F ™ -point, i.e. v participates in a call
which is maximal in the kernel, K, of the reduced minimal order, but v does not
participate in any of the minimal calls. Hence, the smallest call in K which v takes part
in is nonminimal but cannot have two lower covers because there is no smaller call
containing v, too. This contradicts (x) or Lemma 3.1(a). Analogously, there is no
vertex being F ~-point but not F-point. O

The approach of [16] yielded a structural description of (X, Y)-complete gossip
schemes. Now we are able to improve this if the number of calls is minimum. Then
necessarily the information flow must have the following structure:

Pick p > 4 ‘master’ vertices in X n Y each of which in Phase 1, collects one block of
items whereby every item generated by a vertex of X belongs to exactly one block.
Phase 2 is a complete gossiping with 2p — 4 calls among the master vertices, i.e. after
Phase 2, all master vertices know all necessary information. Finally, in Phase 3 this is
sent to every vertex of Y. The structure of Phases 1 and 3 is ‘tree-like’ as described in
[16] but it was not known that Phase 2, the kernel, must have this very special
structure.

Remarks. (1) We obtained that (X, Y)-complete gossiping with | X| + | Y| — 4 calls is
possible only when | X n Y| = 4. This was proved before in [17,19].

(2) In[11] we tried to maximize the number of calls. The gossip scheme presented
there based on the idea to introduce many calls with only one lower cover in the
kernel.

Corollary 3.2. For any (X, Y)-complete information flow on simple graphs which has
exactly | X| + | Y| — 4 calls, the reduced minimal order and the minimal order coincide.
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Proof. As shown above, in the minimal order no element of the inner kernel is lower
or upper cover of an element not belonging to the kernel. Therefore, no relation can be
omitted. O

Order-theoretically, this means that already in the minimal order, every saturated
maximum chain contains both an irredundant F~- and an irredundant F-call, i.e. the
antichains of these elements are cut-sets.

By Lemma 3.1 we know that in our situation, no edge in the Hasse diagram of the
kernel can be omitted without destroying property (K2). This means that here the
kernel of the minimal order, or equivalently, the gossip scheme is not only minimal
with respect to the calls but also with respect to relations. This does not remain true in
general and in the whole minimal order there might well be redundant relations.
To omit these was the basic idea which led to the definition of the reduced minimal
order in [16].

4. Structure of L-minimum kernels

Because of Theorem 3.1, we may use p-kernel instead of L-minimum (p, p)-kernel
for the rest of the paper.

Let L-minimum kernels K and K’ be called audiomorphic, K =, K’, iff the corres-
ponding inner kernels K, and Kj are isomorphic in the usual order-theoretic sense,
Ko = Kj. To see the meaning of this notion, let K =,K' but even such that
K\max K = K’\max K’. In the underlying information flow, before the final round of
the kernel, exactly the same blocks of items were built both in K and K'. Hence, the
only difference is how these blocks are put together during the irredundant F-calls.
The Hasse diagrams of K and K’ can be made identical by interchanging edges
leading to maximal elements. We leave this distinction out of account to give an easy
classification of all kernels by describing the classes corresponding to the audio-
morphism equivalence between them, i.e. describing the inner kernels. Note that
|IK|=4p— 4 and |Ky| =2p — 4.

Let any p > 2 and any p-kernel K be fixed. We start with technical statements.

Proposition 4.1. For any xeK,, |xnKy|=2[XxnmaxK|—1 and |xn Ky| 2
|x "minK|—1. For any xeminK or xemaxK, |[xnKyl=p—2 or
|x n Ko| = p — 2, respectively.

Moreover, in case of equality, the Hasse diagram of x or x is a binary tree
rooted in x.

Proof. The statements immediately follow from Proposition 2.2 by setting M = {x}.
If xeminK, then additionally note that x nmaxK =maxK and x¢ K, ie.
X" Ko|22p—1—p—1=p-2.

The proof for x € max K is analog. [
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As mentioned before (see Section 3.1 and Fig. 1) there is a uniquely determined
2-kernel. Hence, let p > 3 in the following. Now we distinguish two types of kernels:

Type 1: None of the maximal elements covers a minimal element.

Type 2: There is a maximal element covering a minimal element.

4.1. Type 1 kernels

The Hasse diagram H(K,) contains |Ky| = 2p — 4 vertices and by Lemma 3.1,
2|Ky|{ — 2|min K| = 2p — 8 edges because in Type 1 kernels, every edge starting in
min K ends in an element of K,. Hence, this case is possible only if p > 4, and
a component of H(K,) must be a tree. Therefore, we find an element v € K with
deg™ v + deg* v < 1in H(K,). It is extremal in K, w.l.o.g. let v be maximal in K,. In
K, v has exactly two lower covers, ¢, c;, and two upper covers, d,,d,, by Lemma 3.1.
By the above setting, sucv = {d,,d,} c maxK and |prev n Ko| < 1, ie. wlo.g.
we may assume c¢; € min K. Finally, let w be the second upper cover of c;.
Note that w e K, because K is of Type 1. Moreover, by the basic property (K3),
maxK\w#0 and w.log we may assume d;¢w. Then d; nw=0 and
|dy N Kol + |w n Ko| < |Ko| =2p — 4.

Proposition 4.2. |w N Ky| =p — 3.

Proof. From Proposition 4.1 we know |w n K| = [w n max K| — 1. But on the
other hand, maxK =¢; nmaxK = (i uw) nmax K = {d;,d,} U (W n max K).
Thus, [WnmaxK|2p—2 and [WnKy|=2p—3. But |[dinKy|=Zp—2 by
Proposition 4.1. This yields [w n K| < p — 2. Now the assertion is proved if we can
show that |w n Kyl < p— 2.

Assume, |w N Kol = p — 2. Then|d, n Ky| = p — 2and (d; N Ky) v (W N Kp) = K.
Moreover, for d,, in Proposition 4.1 equality holds and we know that H(d,) is
a binary tree with all elements of min K as its leaves. Therefore, any element ¢ € min K
has its second upper cover neither in d; nor in max K, i.e. in w n K,. On the other
hand, w may have two, but every other element of w n K, at most 1 lower cover in
min K. Altogether this yields the contradiction p=|minK|<|wn Ky +
1=p—-1. O

Note that according to the first part of the previous proof, w N maxK =
max K\ {d,,d,}. Therefore, although we prove statements on d,, they hold for d,, too.

Proposition 4.3. Fori=1,2,|d;n Ko|=p— 2.

Proof. Clearly, [d, " Ko| <2p— 4 — |[Wn Kol =p— 1. Assume |dy n Ko|=p — 1,
ie. again (d, N Ko) U (W n Kg) = Kg. As above, one can see that the elements of
w n K, together cover of at most |W » Ky| + 1 = p — 2 minimal elements of K.
Consequently, there are two elements in min K covered from above by elements of
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d; N K, only. Hence, in H(d,), ¥4, deg” x > |dy N Ko| + IminK| + 2 =2p + 1,
but ., deg” x = 2|d; n K| + 2 = 2p. This contradiction completes the proof. [
Corollary 4.1. (a) For i = 1,2, there is exactly one element u; € Ko with u; ¢ d; U Ww.

(b) For any x e w n K¢, prex n min K # @, and prew = min K, pre u; < min K.

Proof. (a) Note that |[d; n Ko| + |[W N Ko| =2p—5=|Ko| — L

(b) By Propositions 4.3 and 4.1, H(d,) is tree, and as in the proof of Proposition 4.2
this implies that every element of min K has one upper cover in d, and the other one in
(W N Ko) © {u;}. Therefore, u; must cover 2, and the elements of w n K, must cover
p — 2 elements of min K. Since |w n K| = p — 3, w itself covers two, and every other
element in w N K, exactly one of them. [

Now we distinguish two cases in each of which finally, we will precisely know the
kernel.

Lemma 4.1. Ifd, n Ky #d, n K, then p = 4, and K is isomorphic to the poset shown
in Fig. 2.

Proof. Since d; nw =0 and v is common lower cover of d, and d,, both the
second lower covers of d, and d, must be different elements z,,z, € Ko\w. From
Proposition 42, we have p—2=|d;n Ko|=|vn Kg| +|z; » Kyl. Hence,
|z N Kol = |22 n Kyl ie. z; and z, are incomparable. Therefore, z, € K, but z, ¢ d,
z, ¢ w. By Corollary 4.1, z, = uy, z; = u,, and prez; = min K. For i = 1,2, because
H(d) is a tree, vnz; =0 which together with minK < d; implies that
z; nmin K = min K\p. Hence, pre z; = pre z, consists of two elements c;,c, € min K.

Next, let d; be the remaining upper cover of z;, i = 1,2. Clearly, d; #d;_;, and
d; # z5_; because z; and z, are incomparable. Moreover, d; ¢ d; since otherwise
z; < d; < d; and z; would not be covered by d;. Finally, we know that every element of
w N K covers at least one minimal element. But d; € w n K, implies d; > z;, d; > w,
and pred; n min K = {. Hence, d; ¢ w n K. Altogether, we got d; e max K\ {d,,d,}.

Now, for the minimal element ¢y € min K, we have maxK = é; nmaxK =
(Z; v Z;) nmax K = {d,,d},d;,d5}. Consequently, p=4. This immediately gives
|Ko|l =4 and K¢ = {v,w,z,,2,}, as well as min K = {c,,¢;,¢3,¢4}. Then necessarily
¢, < w<dj,i=1,2, which finally gives the poset shown in Fig. 2. O

Lemma 4.2. Ifd, n Ko =d,; n K, then p = 4, and K is isomorphic the poset shown in
Fig. 3 or the inverse of that shown in Fig. 2.

Proof. Here we find an element z #v with z<d;, i=1,2. Let us consider
K':= K\{d,,d,,v,z}. Let cs,c, be the lower covers of z. For this poset,
min K’ = min K because neither v nor z are minimal in K. Since H(d,) is a
tree rooted in d,, every element of d; m Ko has an upper cover which does not
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Fig. 2. The ‘twisted’ 4-FFT-kernel. Fig. 3. The 4-FFT-kernel.

belong to d, or d,. Hence, every element of K' n K, has an upper cover in
K’, i.e. maxK' = maxK\{d,,d,} and Kj = K,\{v,z}. Moreover, since sucv =
sucz = {d,,d,} even for K', every minimal element precedes every maximal element.
Therefore, K’ satisfies (K1) and (K2) and we may consider ker K'.

Obviously, max ker K’ = max K’ which in Proposition 2.1 gives

|ker K'| = |K’| — |min ker K'| + |min ker K'|.
Proposition 2.2 yields

|min ker K| = 2|min ker K’ » min K’| — Jmin ker K’|

= 2}min K| — |min ker K|,
and together with |K’'| = |K| — 4 = 4p — 8 and |min K| = p in the above equation:
ker K'| € 2p — 8 + 2|min kerK'|.
Since [max ker K’'| = |max K’| = |max K| — 2 = p — 2, this means
|ker K'| < 2(|max ker K'| + |min ker K'|) — 4.

But the converse inequality is known from [16]. Hence, ker K’ is even L-minimum, i.e.
ker K’ is (p — 2)-kernel!

By the results of Section 3 we know that every nonmaximal element of ker K’ must
have two upper covers in ker K. This does not hold for the lower covers of v, ¢y, 5,
and for those of z,c¢54. Consequently for i=1,2,3,4,c;¢ ker K’ which means
¢; 2 max ker K’ = max K\{d,,d,}. Clearly, ¢; < v < d,,, or ¢; < z < d; ;. Altogether,
we got max K = ¢; which implies ¢;eminK since K satisfies (K3). But then
minK =d;, nminK =@ u z) nminK = {¢,,¢;,¢3,¢,}. Consequently, p =4, and
|K,| = 4. Besides v, z, and w we find another element, u, in K,, and besides d, and d,
two more elements d,d5 € max K, which necessarily cover w and u.

If c; <w and c3,cq < u, then K is isomorphic to the poset shown in Fig. 3.
Otherwise, let w.Lo.g. ¢3 < w and ¢;,¢4 < u. Then K is the inverse poset to the one
shown in Fig. 2. [

The analysis of Type 1 kernels finally yielded only two nonisomorphic 4-kernels
which form an audiomorphism class because the inner kernel always is an 4-element
antichain. The most interesting kernel is the one shown in Fig. 3. It represents the
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well-known and often used ‘standard’ gossip scheme on the 3-dimensional cube with
12 calls and 3 rounds. According to the Hasse diagram of this, we call the kernels of
this audiomorphism class 4-FF T-kernels.

4.2. Type 2 kernels

It is easy to check that there is only one 2-kernel which was shown already in Fig. 1.
So, let us assume p = 3. In Type 2 kernels we have ¢, € min K and d; € max K with
¢y <d,. Let v; and w; be the remaining upper cover of ¢, and lower cover
of d,, respectively. By (K2), maxK = ¢; nmaxK = {d,} u (5; » max K), but by
(K3), 7, # max K. Hence, 7, n max K = max K\{d,}. This means |#; n max K| =
p — 1 > 2 which implies v, ¢ max K. Then by Proposition 4.1, |5, n Ky| 2 p — 2.
Analogously, w; nminK = minK\{c,}, |w; nminK|=p—1, w, ¢ minK, and
lwy " Kol Z2p—2.

Because d, ¢ 7,, v, does not precede w,, ie. 7, N w, = @. Therefore, 2p — 4 <
1) N Kol + |wy N K| = |(0; W wy) N Kol < |Ko| =2p — 4, and we know that even
equality holds above: |7, N Ko| = |w; n Kg| = p — 2 and K, = §; U w,. Moreover,
in this case Proposition 4.1 says that H(7;) and H(w,) are binary trees with p — 1
leaves each.

Each of the p — 1 elements of min K\ {c, } has exactly one upper cover in w, and the
second one in #;. But on the other hand, any of the p — 2 elements in #; N K, can
have at most one lower cover in min K\ {c,}. Consequently, we find ¢, € min K\ {c;}
not covered by any element of 5; N Ky, i.e. there is d, e max K\{d;} = #; n max K
with ¢, < d,. Let v, and w, be the remaining upper cover of ¢, and lower cover of d,,
respectively. Note that the above statements about #; and w, hold analogously for ©,
and w,. For any elements x, y € K, let [x, y] denote the interval X n y.

Proposition 4.4. [v,,w,] and [v,,w,] are chains of length p — 2 — |w; N w, N Kg|.

Proof. Since ¢, € w, and w, € K, there is an upper cover of ¢, belonging to w,. But
d, ¢ wy, ie. v, € w,. Because H(w,) is a tree, [v,,w,] has to be a chain.

Moreover we know winKo=win@uw)nKei=(0,nw;nKpu
(wy nw, N K,). Here, 5, nw, #0 implies (5, nw; n Ko) 0 (w; nw, 0 Kg) =0.
Therefore, |[v;, w1]| = |72 N wy N Ko| = [wy N Ko| — [wy N wz 0 Kol By lwy n K| =
p — 2, the assertion follows immediately for [v,,w;]. The proof for [v,,w,] is
analog. O

Note that w; and w, are incomparable because min K = w; U w, but neither
min K € wy nor min K € w, by (K3). Analogously, v; and v, are incomparable.

Proposition 4.5. w, nw, N Ko = 0.

Proof. Assume the contrary, and let v be a maximal element of w; N w, N Kq. By
(K3), we find an element d, € max K which does not succeed v. Because for i = 1,2,
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v<w; <d;,do¢ {d,d,}. Hence, dy € b; N ,, and we may choose a minimal element
w among all elements in o, n #, which precede d,. Clearly, v # w; and w # v; for
i=1,2. Now let elements ce v " min K and d e w n max K as well as x € [¢c,d] be
fixed arbitrarily. Note that [c,d] # @ because ¢ < d by (K2).

Claim 1. If xew, U w, then x < v.

Proof. Assume x € w,. Then ¢ < v < w; and ¢ € x < wy, i.e. x and v must be compar-
able because H(w,) is a tree.

For suppose, v < x. Then x € w\w; = w; N 7, since v is maximal in w; N w,. If
x <w then v < x < w<d, in contradiction to our construction. If w < x then
x €y, nw; but we already know that #;, nw, = . If, otherwise, x and w are
incomparable then v, < x € d and v, < w < d which contradicts the fact that H(p,) is
a tree, too. So altogether we have x < v, and analogously, x € w, implies x < v.

Assume now that x = v, and let x’ be that upper cover of v also belonging to [c,d].
Because v < wy and v < w,, but v is maximal in w, N w,, either x" e w,;\w, or
x" € wy\w;. Consequently, v < x" and x’ € w; or x’ € w,, and application of the above
proof ideas to x’ instead of x leads to a contradiction. Hence, x # v, which completes
the proof of Claim 1. O

Claim 2. If x € 6, N 7, then x > w.

Proof. Because v, < x < d and v, < w < d, x and w must be comparable to ensure
that [v;,d] is a chain in the tree H(7,). But x < w < d, would contradict the
minimality of w in 7y N 7, N dy. Hence, w < x.

If x = w, then again due to the minimality of w, the lower cover x’ of x which
also belongs to [c,d] is in either 0,\0, = w, or ¥,\0; < w;. In contradiction,
Claim 1 implies x’' < v € wy N w,, i.e. x’ ¢ 0, U 7,. Therefore, necessarily x > w, and
the proof of Claim 2 is complete. O

In the above, let x =d =d,. Then from Claim 2 we know that d, > w, ie.
wé¢ max K and |W nmax K| > 2.

Now, we finally consider the poset K’ the Hasse diagram of which is the subgraph of
H(K) on the elements belonging to (v\{v}) U (W\{w}). Note that in general
this approach does not yield the induced poset. Because for i = 1,2, Ko & w; U 1,
Claims 1 and 2 mean that chains from any element of min K’ = v n min K to any
element of max K’ = w n max K completely belong to K’'. Hence, K’ satisfies (K2),
and, obviously, (K1).

Because H(v) and H(w) are binary trees with v » min K| resp. |W n max K|
leaves, IK'|=|pv|+ |Ww|—-2=2|p nminK| + 2|Ww nmax K| — 4 =2|minK'| +
2|max K’'| — 4, i.e. K’ even is of minimum size with respect to (K1) and (K2).

We consider kerK'. Application of Propositions 2.1 and 2.2, and
minker K' nmin K = minK’, max ker K’ n max K = max K’ yield |kerK'|<
}K'} — 2(lmin K'| + |max K’'|) + 2(|min ker K’| + jmax ker K'[). Furthermore, we
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obtain |ker K'| < 2(jmin ker K’| + |max ker K'|) — 4, by putting in the above equa-
tion for |K'|. This means, equality must hold and ker K’ is even L-minimum, too.

Because |W\{w}| = 2|max K’| — 2, no element of w\{w} precedes each element of
max K. Hence, min ker K’ < v\ {v}. But these elements have exactly one upper cover
in K" which contradicts our basic result about L-minimum kernels in Section 3.
Hence, the assumption on the existence of » is false. [

Lemma 4.3. In every p-kernel K of Type 2, K, is the union of two disjoint chains of
length p — 2. K is audiomorphic to the poset shown in Fig. 4.

Proof. For p > 3, by Propositions 4.4 and 4.5, two disjoint chains of length p — 2
belong to K, and there are no more elements because |K,| = 2p — 4. Obviously, the
case p = 2 discussed earlier, now can be formally included.

It can easily be checked that the poset shown in Fig. 4 indeed is a p-kernel
of this type. O

The analysis of Type 2 kernels yielded one audiomorphism class for each p > 2.
Due to the pattern of the most regular example, we call these p-grid-kernels. Actually,
the NOHO gossip schemes studied in [22] already do have such kernels, and we used
a certain generalization in [16].

For later purposes, we add a conclusion concerning the structure of p-grid-kernels.
The notation of the proof of Proposition 4.4 is used.

Fig. 4. The standard p-grid-kernel.
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Corollary 4.2. For every c e min K\{c,,c,} and every d € max K\{d,,d,}, succ < K,,
and pred < K, respectively. Furthermore, each of both chains in K contains exactly
one upper cover c resp. lower cover of d.

Proof. For i = 1,2 it holds: Because ¢ is incomparable with ¢; but ¢ < d; by (K2), we
have ¢ < w;. Consequently, succ n w; # @ and succ consists of one element of each
chain w;\min K. The proof for the maximal elements is analog. [

This enables us to give an easy description of p-grid-kernels: Let the
elements of K, be denoted by a; resp. b; (1<i,j<p-—2) such that
<V =a1 <A< - <Apy =Wy <d; and ¢, <v;=b,_ ;< <by<b; =
wy < d;. (see Fig. 4) For every a;, we find a unique ¢ € min K\{c,, ¢,} with ¢ < a;,and
by Corollary 4.2, a unique b; with ¢ < b;. Thus, a permutation gx on {1,...,p — 2}
is well-defined by gk(i) =j iff a; and b; share a common lower cover. Analogously,
let another permutation oy be defined by ok(i) =j iff a; and b; have a common
upper cover. The following property of those permutations will be used frequently.

Proposition 4.6. For i =1,2,...,p— 2, ox(i)=i— 1 and ox(i) < i+ 1.

Proof. Let ceminK be the uniquely determined common lower cover
of a; and b, ). Because maxK c¢=4;u B‘,Km, we have p < |a nmaxK|+
|bogy "maxK|=p—i+og()+1, and gg())>i—1 The proof for ox is
analog. O

Clearly, any p-grid-kernel is characterized by a pair of permutations. For
@Ok = ox = id, we get the ‘standard’ p-grid-kernel shown in Fig. 4. All possible pairs
will be given in Section 6. Note finally that throughout the rest of the paper, we will
always use the above notation for the elements of a p-grid-kernel.

S. Applications of the structure results

In the following we present some results on gossiping with minimum number of
calls proved basing on our knowledge about the structure of L-minimum kernels.

5.1. The four-cycle theorem

In [1] it was shown that for n > 4, a graph on n vertices allows to gossip with the
minimum number of calls, 2n — 4, iff it contains a 4-cycle. While it is easy to see that
the existence of a 4-cycle is sufficient, necessity was a longstanding conjecture, see e.g.
[8]. The paper [12] which actually was at the beginning of our investigations of the
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Fig. 5. The 2 kernel.

order background of gossiping contains a shorter proof of the above fact. Now we are
able to conclude it even easier from the kernel structure.

Lemma 5.1. Every p-kernel contains 4 calls between exactly 4 different vertices of the
underlying graph which induce the 2-kernel as a subordering.

Proof. We denote the calls of a 2-kernel as shown in Fig. 5. Since the calls c and 4" are
incomparable they have no participant in common, i.e. we may assume that vertices
1 and 2 take part in ¢ while vertices 3 and 4 take part in d'. By the definition of the
minimal order, ¢’ and d must share a common participant with each of ¢ and d'.
Hence, only 1, 2, 3, or 4 are involved in ¢’ and d. This proves our assertion for 2-kernels
itself as well as for 4-FFT-kernels because those contain the structure of Fig. 5 in their
Hasse diagram.

Let us consider any given p-grid-kernel K, and let ¢ € min K and d € max K be such
that ¢ < d. Then by definition and Lemma 3.1, ¢ and d share precisely one common
participant. So, w.lo.g. let 0 and 1 or 1 and 2 be the vertices taking part in ¢ or d,
respectively. By Corollary 3.1, there is ¢’ € max K which involves 0. Let vertex « be the
second participant of ¢’. Similarly, let d’ be the minimal call involving vertex 2, and
p be the remaining participant of this call. By definition of the minimal ordering,
c¢<c¢ and d’' < d, and ¢ and d’' as well as ¢’ and d are incomparable. Furthermore,
d < ¢ by (K2).

If even ¢’ covers d’, then a = B, ie. ¢,c',d,d’ use the 4 vertices 0, 1,2, and « and
induce a 2-kernel. Otherwise, d’ has an upper cover, v, preceding ¢’. By Corollary 4.2
this belongs to one of the two chains ¢ » K, or d n K, for suppose, v € ¢ » K. Then
védn K, ie. v and d are incomparable and vertex 2 is no participant of v.
Consequently, d’ and v share f as a common participant. Since v < ¢’, v belongs to the
uniquely determined saturated chain from c to ¢’ in the tree H(¢). On the other hand,
¢ and ¢’ are connected by the chain of all calls in which vertex 0 takes part in. Thus,
0 has to be the remaining participant of v. Altogether, ¢, v,d, d’ involve vertices 0, 1,2, 8
and induce a 2-kernel. If v € d N Ky, vertices 2 and « take part in v and our assertion is
proved similarly. O

It can very easily be checked that in any of the above situations the 4 edges along
which information is passed during the 4 specified calls form a 4-cycle. This completes
our proof of the four-cycle theorem.
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5.2. Multigraph gossiping

This section deals with a slightly modified model for gossiping (see [3] for a survey):
Instead eventually assigning several numbers to an edge of a simple graph, we allow
multiple edges but each edge can be used at most once. This is just an ordinary
edge-labeling of a multigraph, and an important question to answer is which multi-
graphs can be labeled such that the labeling represents a complete gossip scheme. The
remarkable results is the following.

Theorem 5.1 (Burosch et al. [4]). A multigraph G = (V,E) with |V| = n = 4 permits
gossiping if and only if it is of one of the following types:
(1) G contains the union of two spanning trees which have at most one common edge.
(2) G contains the union of three pairwise edge-disjoint subgraphs: a cycle C of length
at least 4, and two spanning forests F|,F, each consisting of exactly 4 components
whereby for i = 1,2, every component of F; shares a common vertex with C.

It is easy to see that gossiping on multigraphs of the first type requires 2n — 3 calls.
Here the kernel of the corresponding minimal order is just a single call, see [16] for
a discussion of this situation. Therefore, it is interesting to characterize those multi-
graphs which allow to gossip in the minimum number of calls, 2n — 4. In view of the
above and the four-cycle theorem, the following result of [7] does not surprise. It can
also be concluded from [4].

Theorem 5.2 (Gobel et al. [7]). A multigraph G = (V,E) with |V| = n = 4 permits
gossiping within 2n — 4 calls if and only if it contains the union of three pairwise
edge-disjoint subgraphs: a cycle C of length exactly 4, and two spanning forest F;, F,
each consisting of exactly 4 components whereby for i = 1,2, every component of F;
shares a common vertex with C.

In the following, we discuss a proof of Theorem 5.2. Sufficiency is easy to see by the
old standard idea: Use the edges of F, to bring all items to one of the vertices of C; this
requires n — 4 calls. After carrying out two rounds each of two parallel calls along the
edges of C, every vertex in C knows everything. Finally, use the edges of F, to bring
the collected block of all items to any other vertex; this again requires n — 4 calls. Note
that this procedure uses the 2-kernel.

The hard part is to prove necessity. From [16] we know that we may restrict
ourselves to consider the kernel because all calls before resp. after it always form
tree-components, i.e. forests, attached to a vertex which participates in a call of the
kernel. So what really remains to be proved is the following.

Lemma 5.2. Let K be an arbitrarily fixed p-kernel. There are four calls along the edges
of a 4-cycle C, and the remaining calls generate two disjoint forests Fy, F, which consist
of four components each intersecting C in a vertex.



R. Labahn | Discrete Mathematics 143 (1995) 99-139 117

Fig. 6.

Proof. For K being a 4-FFT-kernel, the underlying gossip scheme is for 2p = 8
vertices within 3 rounds and 12 calls. It is known [13] that this can be achieved on the
3-dimensional cube or on the ‘twisted cube’ only (see Fig. 7). In Fig. 6 we show an
appropriate decomposition for the cube which can be carried over to the twisted cube
easily. Now let K be a p-grid-kernel. We continue the proof of Lemma 5.1 with the
same notation. It was proved there that we always find an induced 2-kernel involving
c and d and one call, x, of ¢\ {c,d} (v or ¢’) and one call, y, of d\{c,d} (v or d'). Let C be
the 4-cycle generated by these calls.

Let us consider ¢ resp. d. Because max K = ¢ and min K < 4, both involve all
vertices. Hence, the calls of ¢ resp. d generate connected graphs on 2p vertices with
2p — 1 edges, i.e. trees T, and T,. After deleting ¢ and d and the corresponding edges
{0,1} and {1,2}, each of them splits into 3 components and moreover, the arising
forests F, and F; now are edge-disjoint.

Finally, we consider F,. The vertices 1 and 2 form one component of F, each because
neither 1 nor 2 is involved in any of the calls of ¢\{c,d}. The third component of F,
must contain the edge with x uses, i.e. deletion of x produces one more component and
finally we have a forest F;. Each of its four components has a common vertex with C.
Note that deletion of y does not affect F, because y ¢ C.

Analogously, after deleting all edges of C, F, becomes a forest F, with the same
properties as F, has. Clearly, F. and F, are edge-disjoint, too. [J

Lemma 5.2 completes our proof of Theorem 5.2. Note that these results also apply
to simple graphs: A simple graph allows to gossip such that every edge is used at most
once iff it satisfies the condition of Theorem 5.2.

5.3. Minimum time

Let any complete information flow on n > 4 vertices with 2n — 4 calls be given. In
the following we investigate how many rounds this gossip scheme must have at least.
In [13] we gave estimates to this, in particular, an algorithm was presented how to
complete gossiping within 2[ log, n'| — 3 rounds. Already [18] asserts that this is best
possible but we will discuss at the end of the present section why the proof contained
in that paper cannot be accepted.



118 R. Labahn | Discrete Mathematics 143 (1995) 99-139

We use terminology and results of [16], and consider the full minimal order, P,
throughout this section. Remember that the number of rounds, 7, is at least as large as
the length of the longest chain in P. By M or M? we denote the lower or upper ideal
generated by the set M in P.

Theorem 5.3. Any gossip scheme on n = 4 vertices with 2n — 4 calls has at least
2[log, n] — 3 rounds.

Proof. Let K be the kernel of the corresponding minimal order.

Case 1. K is 4-FFT-kernel: From [16] we know that in P, below min K there are at
least n — 8 elements, i.e. |min K p| > n — 4. On the other hand, |minK | < 4-(2' - 1)
where ¢ denotes the maximum length of an ascending chain in P ending in min K.
Hence, ¢t >[log, n’]— 2. Analogously, we find a chain of length [log, n] — 2 begin-
ning in an element of max K. Altogether, we know that P contains a chain of length at
least 2-([log,n|— 2) + 1 = 2[log, n|— 3, because one additional element of K is
included.

Case 2. K is p-grid-kernel. Let the elements of the kernel be denoted as shown in
Fig. 4, and for simplicity set ao:= ¢y, a,-,:= d3, bo:=d;, b,~,:= c,. Moreover, let
i be the smallest index for which |g; .| > n/2 — 1. Clearly, such an index exists because
we know from [16] that |a, ;. |=p—1+|minKpl=p—-1+n—p=n—1
Since g;, is a binary tree, ‘we find an ascending chain of length at least
[log(n/2 — 1 + 1)]=[log;n|— 1 leading to g; in this lower ideal.

For suppose, i = 0. Then analogously, |a,”| = n — 1, and there is an ascending
chain of length at least [ log, n]in this upper ideal which begins in a,. Consequently,
in the whole minimal order we find a chain of length at least 2[ log, n| — 2 passing
through a,, ie. T > 2[log,n]— 2. So, throughout the rest of this proof, we may
assume i > 1.

Now, let j be the largest index for which {gx(i), k(i + 1),...,0x(p —2)} <
{j.j + 1,...,p — 2}. Because the latter set must contain at least p — i — 1 elements, we
have j < i. On the other hand, Proposition 4.6 implies j > i — 1. By the definition of j,
minK € g;_; v b;,. Consequently, |g;—;,, U b;, | =({—1)+(p—j— 1)+ |minKp| =
(p+i—j—2)+n—p>n—2 But by the definition of i, |a;—;,| <n/2— 1, ie.
[b;,l >n/2 —1, and we find an ascending chain up to b; with length at least
[log;n]— 1 in b;,, too.

By Propositi_on 46, ogx'(j)<j+1<i+1. If gg'(j)<i, then already
{j+1,...,p — 2} would contain all of gg(i),...,0x(p — 2) which contradicts the
maximality of j. Hence, i < ox'(j) < i+ 1.

If ox'(j)=1i, then a; and b; have a common lower cover in minK and
necessarily maxK < @”ubf. If, otherwise, ox!(j)=1i+ 1, then analogously
max K € a;;;7 ub/. Because @;7;° < af, we always have maxK < af ub;” and
@*ubf|=(p—i—1)+j+|maxKF|=p+j—i—1+n—p=2n—-2byj>i— 1L
Therefore, @;” or b;* must contain at least n/2 — 1 elements which implies that in one
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of these upper ideals, there is an ascending chain of length at least [log,n]— 1
starting in a; or b;, respectively. So altogether, through one of these elements it passes
a chain of length at least 2([log,n]— 1) — 1 =2[log,n]—3. O

For any of the above cases, there indeed are gossip schemes achieving all required
lower bounds. In the following drawings we present both the minimal order (left) and
the graph (right). In the minimal ordering, calls are marked by the vertices involved in,
while in the graph, edges are marked by the round the incident vertices make a call in.

Fig. 7 shows the ‘twisted cube’ (see [22]) and the well-known gossiping in
L =2n-4=12calls and T = 2[log,n]— 3 = 3 rounds. This has a 4-FFT-kernel.

Fig. 8 shows the situation in the NOHO-gossiping for n = 10, L = 2n — 4 = 16,
and T = 2[log,n]— 3 = 5 which was constructed firstly in [22]. In our context, it
turns out that the standard 5-grid-kernel is the corresponding kernel.

The above examples can be extended to larger values of n by attaching trees to the
vertices used in the kernel. So in our first example, extending each of the 8 vertices to
a minimal broadcast tree of size | n/8 | or [ n/87 will easily produce a gossiping on

Fig. 7.

5,7 2,4

S

0,1 23 45 67 89

Fig. 8.
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n vertices with 2n — 4 calls and 2[ log, n'] — 3 rounds. This construction is contained
in [18], too. But for some values of n, the same can be reached by a suitable extension
of 5- or 3-grid kernels. Both are shown in Fig. 9 for n = 12 or n = 24. Note firstly, that
on the left-hand side, now the minimal order contains more calls than only the kernel.
We rearranged the placement slightly such that calls belonging to the same round are
on the same level. Calls outside the kernel are marked by O.

Moreover note that from the last example for every n < 3-2/'°®:"1, one can get an
information flow with 2n — 4 calls and 2[ log, n'] — 3 rounds containing the 3-grid-
kernel. Combining the ideas of both examples yields the same with a p-grid-kernel
where p is odd and p < 2[log, n| — 3.

Remark. The key lemma of [18] asserts that any graph on n vertices that allows to
gossip with 2n — 4 calls and 2[log, n'] — 3 rounds must contain the 3-dimensional
cube with minimal broadcast trees of size | n/8 | or [ n/8] attached to each of its
vertices. As our examples show this is only one special case out of many essentially
different possibilities. Besides the trivial counterexample of the ‘twisted cube’ which is

79 58 3A 6B 14 0,2

5,7 2,4
3,5 4.6

1,3 6,8

Fig. 9.
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nonisomorphic to the cube, all gossip schemes containing grid-kernels are of com-
pletely different structure. From the point of view of minimum number of calls, [ 18]
only covers the one exceptional ‘sporadic’ type, 4-FFT-kernel, while the ‘regular’ type,
p-grid-kernel, does not appear at all. Hence, the bound on the number of rounds has
not really been proved there.

5.4. Minimum size graphs for kernels

As the examples in the previous section show, there are several graphs which we can
construct a gossip scheme on that has a p-kernel as minimal order. For fixed p, we are
interested in those with minimum number of edges among them. Clearly, this number
cannot exceed the number of calls, 4p — 4. On the other hand, it might well be possible
to use certain edges more than once which could result in smaller graphs.

The 4-FFT-kernels represent gossip schemes on 8 vertices within 3 rounds. It is
well-known [13, 15] that in this case, 12 edges are required. Moreover, the 3-dimen-
sional cube and the ‘twisted cube’ are the only 8-mgg’s, i.e. graphs of minimum size
that allow gossiping between 8 vertices in minimum number of rounds. In our context,
this result can also be verified easily by checking all appropriate assignments of edges
to the Hasse diagrams shown in Figs. 2 and 3. Note that no edge may be used twice,
and consequently, 4-FFT-kernels are the worst realization for minimizing the graph
size.

Next, we investigate p-grid-kernels. Let a graph G = (V, E) and an information flow
with minimal order isomorphic to a p-grid-kernel K be given. Then clearly,
n=|V|=2pand L =2n—4.

Lemma 5.3. (a) |E| = 3p — 2.
(b) If |E| = 3p — 2, then K is the standard p-grid-kernel.

Proof. (a) Let ¢ and d be calls of round ¢, and r,, respectively, which use the same
edge {u,v} € E, and t; <t, wlo.g. In the p-grid-kernel, there are two different
ascending chains from ¢ to d, namely those consisting of all calls including u and all
calls including v between rounds ¢, and t,. Thus, in the Hasse diagram we must have
a cycle through ¢ and d.

Now, let the elements of K be denoted as in Section 4 (see Fig. 4). We know that
H(¢;) and H(d;) all are trees, i.e. there is no cycle in any of them. Consequently, ¢ ¢ ¢;
and d ¢ d; (i = 1,2). But then, necessarily ¢ € min K\{c,,c,} and d € max K\{d,,d,}.
This implies that any edge can be used at most twice, that is in the first and last
round, and that there are at most {min K\{c;,c,}| = p — 2 of such edges. Hence,
|E|2L—-(p—2)=3p—2.

(b) With the above notation, let 4; and b; be the upper covers of c. Then
¢=a; U b;u {c}, and d must belong to both G and b;. Because max K < max d; U
maxE,-, this means |maxd;| + Imaxl_)jl > |max a; u maxle +1=2p+ 1. Since
|maxd,~|=p—iand|max5,-|=j+ 1, thisamountstop—i+j+1=2p+lorj=i
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If |E| = 3p — 2 this must hold for every of the p — 2 elements in min K\ {c,,¢c,}, i.e.
the permutation gy which describes the lower part of K is such that for any
ie{l,...,p—2}, okx(i) > i. Hence, gy — and analogously o for the upper part
— leaves every i fixed. As mentioned at the end of Section 4, these permutations
produce the standard p-grid-kernel. [

Fig. 10. Minimum size graphs for p-grid-kernels.
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Now, up to isomorphism, it is uniquely determined which edges the calls of K must
take place: w.l.o.g. we start with calls on {2i,2i + 1} for i =0,...,p — 1 in round one,
in particular, let ¢, be on {0,1} and ¢, on {2p — 2,2p — 1}. Moreover, let w.L.o.g. 1 or
2p — 2 be the common participant of ¢, and d, or ¢, and d,, respectively, and for
i=1,...,p— 2, let 2i participate in g; while 2i + 1 participates in b;. Then necessarily
0 or 2p — 1 is the remaining participant of all g; and d, or b; and d,, respectively. The
other maximal calls are along {2i,2i + 1} for i = p — 2,..., 1 again. Fig. 10 shows both
the kernel where each call is labeled by the participating vertices, and the arising graph.

6. p-grid-kernels

Throughout this section, let any p > 3 be fixed. At the end (see Section 6.4), we
illustrate all investigations for p = 5. By the results of Section 4, a p-grid-kernel K is
a poset satisfying the conditions (K 1)—(K3) with p minimal and p maximal elements,
and such that its inner kernel K, consists of two chains of length p — 2. Let
ay<a< ---<@ap-, and b, ,<b, 3< .- <by be those chains. Then by
Corollary 4.2 and Proposition 4.6, K is determined by two permutations ¢ = gx and
¢ = o describing which a; and b ; share a common lower or upper cover, respectively.
These permutations satisfy for i = 1,...,p — 2:

(P1) o()=i—1.
(P2) o) <i+ 1.

Conversely, given two permutations g and o, a poset of the discussed pattern is well
determined: Take two chains c¢o<a;<a, < -<a,_ ;< d,~; and
Cp-1<b,_y<b, 3« -+ <b; < dy together with the relations c, < do and
¢p-1 < d,—1. Then add p — 2 more minimal elements ¢;,i = 1,...,p — 2, and let ¢; be
covered by a; and b,;. Analogously, add p—2 more maximal elements d,,
i=1,...,p— 2, and let d; cover g; and b,;. By this construction, (K1) and (K3) are
satisfied, but we obtain a p-grid-kernel only iff (K2) holds, too.

Unfortunately, on the one hand, given any permutation o satisfying (P1) we will
always get a p-grid-kernel for ¢ = id and vice versa. But on the other hand, not all
possible pairs of permutations ¢ and ¢ satisfying (P1), (P2) describe a kernel because
the important condition (K2) may be violated. Therefore, it remains to determine all
pairs (9,0) corresponding to kernels. Having this we will be able to solve the
isomorphism problem and to enumerate p-grid-kernels up to isomorphism.

6.1. Characterization

To every permutation o on {1,...,p — 2} satisfying (P1), we assign a subset
floc{l,....,p—3} by flo:={ie{l,....,p—3}: oli+1)>i+1}. Note that
because of (P1), oi+ 1)=i+1 iff o({i+1,...,p—-2})={i+1,...,p—2} iff
o({L,...,i}) ={1,...,i} whereby as wusual o(X):={g(i)ieX} for any
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X = {1,...,p— 2}. Hence, in f(g) we have all elements i # p — 2 for which ¢ sends
{1,...,i} to itself.

Lemma 6.1. [ is a bijective mapping from the set P,_, of all permutations on
{1,...,p — 2} satisfying (P1) onto the set &,_ 5 of all subsets of {1,...,p — 3}.

Proof. Let X = {x,,...,x,} = {1,...,p—3} be chosen arbitrarily, and
O0=xp< Xy < X< - < Xp < Xm+1:=p— 2. The product of cycles o= o(X):=

T (xjx; — 1---x;_; + 1) belongs to 2, , and it holds f(g) = {x1,...,Xn} = X.
Hence, f is surjective, and it remains to prove that the preimage o(X) is always
uniquely determined.

For some g€ #,_,, assume f(g) = X, and let any ie{l,...,p — 2} be fixed.
Moreover, let j be the index with x;_; <i<x;. For i=x;-;+2,...,x;, it
holds o(i)=i—1, because i—1¢ f(9), 1ie. o(i)<i, and (P1). But
o{xj-1+ 1,...,x;))={x;-1 + 1,...,x;} because {1,...,x;_;} and {1,...,x;} are
mapped onto itself by g. Hence, g(x;—; + 1) = x;, and the restriction of ¢ to
{xj-1+1,...,x;} is the cycle (x;x;—1---x;-;+1). This immediately gives
e=oX) O

Similarly, to any permutation ¢ satisfying (P2), we assign the set f(c ™ ') e &, .
Note that this is a bijection, too, because 6! € Z,_,. Now, we are able to give the
characterization of all admissible pairs of permutations.

Theorem 6.1. Permutations ¢ and o satisfying (P1) and (P2) determine a p-grid-kernel iff
f(Q) Uf(a_l) = {1, ap - 3}

Proof. We have to investigate those permutations for which the corresponding poset
satisfies (K2). Due to the construction, (K2) holds iff for i,j =1,...,p — 2, ¢; < d; (1).
But by definition, ¢; < a; < a; < d;iff i < j, and this holds independently from g and
o. Therefore, instead of (1), we may equivalently require that for j<i—1,
€; < byy < byjy < djor (i) = a(j) (2). Since g(i) >i—1 and o(j)< j+1<iby
(P1), (P2), (2) is violated only iff for some ie{l,...,p—2}, o()=i—1 and
o(i — 1) =i, or o(i) = 6~ (i) = i — 1. Hence, (2) is equivalent to the condition that for
anyi=1,...,p—2,0()=i— limpliesc (i) = i,iefori=2,...,p—2,i— 1 ¢ f(0)
= i— 1€ f(c~ ') which immediately implies the assertion. [J

Theorem 6.1 gives a convenient possibility for handling p-grid-kernels in terms of
subsets of {1,...,p — 3}, that is in the Boolean lattice £, ;. In particular, we now can
easily check whether a given pair of permutations determines a p-grid-kernel.

In the following, we use that any p-grid-kernel K can be represented by a uniquely
determined pair of sets X = Xx, Y= Yge®, 3 with XuY={1,...,p—3}, or
a uniquely determined pair of permutations ¢ = gk, 6 = ox with g6 ' € #,_, and

floa=X, fle™)=7Y.
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6.2. Isomorphism

Two kernels K, K’ are called isomorphic iff the poset K’ is order-isomorphic to
either the poset K or its inverse order K. The latter case is included in our definition,
because K~ obviously belongs to the inverse gossip scheme which is not essentially
different from the original one. For different pairs of permutations and sets, the
corresponding p-grid-kernels eventually are isomorphic. Therefore, we should deter-
mine all possible isomorphisms between p-grid-kernels and characterize all the
isomorphism classes in terms of permutations and subsets.

For this, let #,_3:= {(X,Y)e B2_5: X v Y = {L,...,p — 3}}, ie. the set of all pairs
of sets which correspond to p-grid-kernels. Then, let « and f be bijections of .#,_;
onto itself defined for all (X, Y)e .#,_; by

(X, Y):=(Y,X), BX,Y)=(X",Y"),

whereby foranyset X e #,_3, X ={ie{l,...,.p —3}:;p—2—ieX}eRB, ;. Note
that indeed a(X,Y), PB(X,Y)e .#,-; because X UY =(XuY) =
{1,...,p=3}"={1,....,p—3}.

Proposition 6.1. For any permutation 0€ @,_,, f(eo™ '¢) = f(0)~ whereby the permu-
tation ¢ is defined by e(i):=p—1—ii=1,...,p— 2.

Proof. By definition, i ¢ f(eo™ 'e)iff i+ 1 >eo 'e(i+ )=p—-1—po Yp—-1—-i—1)
if oo (p—2—-i)>p—2—i By (P1), o (p—2—i)<p—1—i ie. the above
holds only iff go(p—1—i)=p—2—i Therefore conversely, icf(eo 'g) iff
olp—1—i)=p—1—i which equivalently means that p—2—ief(g) or
ief9”. O

Remark. Via the bijection f:2,.,— %,-3, « and § generate a mapping between
pairs of permutations. Clearly, (0,0) v (6”07 %), and (g,0) LA (0 te,e0 'g) by
Proposition 6.1.

Obviously, « and B are mappings of order 2, i.e. 2? = B2 = id, and «f = fo. Hence,
the generated group H = (a, ) is Klein’s four-group. We consider the action of H on
M, _ 3. The following theorem shows that the orbits exactly are the types of p-grid-
kernels corresponding to the above isomorphism.

Theorem 6.2. For fixed p = 2, two p-grid-kernels K and K’ are isomorphic iff (X, Yx)
and (X, Yx') belong to the same orbit of #,_ 5 under the action of H.

Proof. Let X = X, Y= Y, X' = Xi., Y' = Yy for short, and let the elements and
corresponding permutations of K, K’ be denoted as above where ' is used to specify
everything associated with K'.
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Assume firstly, that (X, Y) and (X', Y') belong to the same orbit. It suffices to
consider the generates of H, i.e. the cases (X', Y')=a(X, ¥) and (X, Y') = B(X, Y).

Case 1.1. X'=Y,Y = X: Then o' = 67,6’ = 907!, and the following mapping is
an order isomorphism between K~ and K’ which in fact just turns the kernel upside
down and reflects left and right:

a; — b;, b;r a; i=1..,p—-2),
Cinl,(,), diHC,I,(,') (l=0,,P_1)

Case 12. X'=X", Y=Y : Then ¢ =¢0 'e, ' =e0™ !¢, and the following
mapping is an order isomorphism between K and K’ which in fact just reflects the left-
and right-hand side of the kernel:

ai—b, iy bi—a, - i=1..,p-2),
Ci > Cpm 1 —oli)s din/p—l—a(i) (i=0,...,p—1).

Now assume conversely that K and K’ are isomorphic kernels.

Case 2.1. K =~ K": The two chains in K, must be assigned to the two chains in K.
Ifa;— aifori=1,...,p— 2,thenb; > bj,ie. 0= ¢ ,6 =c¢’,and (X, V') = (X, Y). If
otherwise a; + b,_,_;for i=1,...,p — 2, then b; — a,_,_;. Hence in K', b,_,_;
and a,_;_,; have a common lower cover, ie. g(p—1—po()=p—1—1i
or (j)=p—1—9o Y p—1—j)=¢e0 'e(j) for j=1,...,p—2. Analogously,
¢’ = g0~ '¢ which by Proposition 6.1 implies that (X', Y") = (X", Y") = B(X, Y).

Case 2.2. K~ =~ K": Here the order of the chains in the inner kernel has
to be reversed. If for i=1,...,.p—2, a;+>a,_;-; and b;+—b,_;_;, then
o'(p—1—1i)=p—1— g(i) because the common lower cover of a; and b, implies
that aj,_,-; and bj,_, _,; share a common upper cover. Hence for j=1,...,p — 2,
d(j)=p—1—0o(p—1—j)==¢e0e(j). Because e*=id, f(o' !)=f(ege)=X".
Analogously, f(¢)=f(ece)=f(c™") =Y ,ie. (X,Y)=(Y",X )=af(X,Y). If
otherwisefori=1,...,p — 2,a4; — b,_; _;and b; — a,_, _;, then we analogously get
by composing the above mappings that (X', V)= (Y, X)=a(X, Y). O

Altogether we know that for any p-grid-kernel K the isomorphic kernels correspond to
X, ), (Y,X),(X",Y"),or (Y ,X7). This is a very easy criterion for isomorphy.

6.3. Enumeration

Theorem 6.2 allows to compute the number of isomorphism classes of p-grid-
kernels as the number of orbits in .4, ; under the action of H. For this, we use the
standard Poélya type approach.

Theorem 6.3. For fixed p > 3, there are
33773 4 31 =321 4 3L=321 4 )

pairwise nonisomorphic p-grid-kernels.
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Proof. By Burnside’s lemma, H generates (1/[H|) Y. | #,| orbits in .4, _ 3 where for
any ye H, #,;:={(X,Y) e #,_5: 7(X,Y) = (X, Y)}, ie. #, contains the fixpoints of
the mapping 7. In the following, we determine the size of the 4 fixpoint sets.

Clearly, #,; = #,_3. By definition, for any fixed X e ®#,_;, (X,Y)e 4, 5 iff
Ye ®#,-; belongs to the interval [{1,...,p— 3}\X, {L,...,p — 3}]. Since this is
a subcube of dimension |X|, |Fil=|Mp-3l=T x4, ,I[{L....p=3N\X,
(L0 = 311 = T e, ., 2 = TP = 373,

c=(1)(2)3) Y={1,2}
({1,2},{1,2})
e=(1)(2)B) X ={1,2}
c=(1)23) Y={1}
({1,2},{1})
({1}, {1,2})
({1,2},{2})
({2}, {1,2h)
e=1)@B) Xx={12}
o = (123) Y=0
({1,2},0)
@, {1,2})
e=(1)2)B) X ={1,2}
o = (1)(23) Y = {1}
({1},{2})
({2}, {1}
e=(12)3) X={2}

Fig. 11. Isomorphy types of 5-grid-kernels.
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Similarly, we handle B and of. Consider any (X,Y)e%; Because
X, Y)=(X",Y)=(X,Y)if X=X, Y=Y, both X and Y are uniquely deter-
mined by the respective intersection X', Y" with {1,...,[ (p — 3)/27]}. Moreover in this
situation, XU Y= {1,...,p—3} iff X' 0 Y ={1,...,[(p — 3)/27}. Hence, |F;| =
Teary sy LT (P = 32 TAX, {1, T (p — 327}]) = 30921,

Next, let (X, Y) € 4. Because af(X, V)= (Y, X )= (X, V)iff X=Y",Y=X"
and the latter conditions are equivalent, pairs in %,; bijectively correspond to
sets XedB, 5 with XuX~ ={l,...,p—3}. Let X' :=Xn{1,...,[(p—3)2]}
and X":=Xn{{(p—3/2])+1,...,p—3}. Then XuX' ={1,...,p—3} iff
XuX ™ ={,..,|(p—3)/2)} and [(p—3)/2]eX if p is even. Hence,
|Zagl = Txean, ooy ({1, Lp = 32X, {1, L(p = 3)/271]1 = 30 - 92

Finally, «X,Y)=(V,X)=(X,Y) ff X=Y But X, X)ed, 5 Iiff
XuX=X={1,...,p—3},ie. | %, = 1. Putting all into Burnside’s lemma immedi-
ately gives the assertion. [

6.4. Example

This is for illustrating the above investigations in a summarized form for p = 5. In
Fig. 11 we show the Hasse-diagrams of the 4 pairwise nonisomorphic 5-grid-kernels
together with their corresponding permutations g,o represented as a product of
pairwise disjoint cycles, the sets X, Y € £, and their images under the action of H, i.e.
the orbits of .#,. Note that indeed, all 32 = 9 possible pairs (X, Y) € .#, appear.

7. Linear extensions of p-kernels

In the present section, we shall compute some important numbers related to a poset
P. All of them use linear extensions, i.e. linear (total) orderings containing P. Let £ (P)
denote the set of all of them. Then we are interested in the number of linear extensions
I(P):=)|%(P)|, the order dimension dimP:= min|.%#| where the minimum is
extended over all subsets £ = L(P) with (e L =P, and the jump number
s(P):= mingc g | {(x,y) € P*: x < Ly and (x,y) ¢ P}|. We refer to [20] for a general
introduction.

Due to our notion of isomorphy between kernels we shall consider the standard
4-FFT-kernel (Fig. 14), the twisted 4-FFT-kernel (Fig. 12), the standard p-grid-kernels
(i.e. o = ¢ = id), and the remaining (nonstandard) p-grid-kernels (i.e. (0, ) # (id, id)).

7.1. Jump number

We start with a general estimate. In the following, we call any pair (x, y) counted in
s(P) a jump from x to y.

Lemma 7.1. For any p-kernel K, s(K) = 2p — 2.
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Fig. 12. Minimum jump number for the twisted 4-FFT-kernel. Fig. 13. The N-poset.

Proof. Clearly, for any L € #(K), and for all but one minimal (maximal) elements,
there is a jump to (from) it. By the general property (K2), all of those jumps are
different because any jump to a minimal element has to precede any jump from
a maximal one. Hence, we have at least 2(p — 1) jumps. [

This easy lower bound gives the final answer in all but one case.

Theorem 7.1. Let K be any p-kernel. Then

S(K) = {2p — 1 if K is isomorphic to the standard 4-FF T-kernel,
2p — 2 otherwise.

Proof. Let K be any p-grid-kernel with all notation as used in Section 6,
ie. co<ay< < ap<dymy, Cp1< b << b <dy, o< do,
Cp-1< dp_y, and ¢; < a; < d;, ¢; < by, by < difor i=1,...,p— 2. The chain
€oC181C20y +++ Cp1dy—1by_2ds-1(p—2ybp_3ds-1(p—3y*++ b1d,-1(1ydo 1S an extension of
K with the 2(p— 1) jumps (¢;,¢i+1) (=0,....,0 —2), (dp-1,bp-3), (ds-14,bi-1)
(i=p—2,...,2),(d,-1), do). Together with Lemma 7.1, this proves the assertion for
p-grid-kernels.

Fig. 12 shows the ‘twisted’ 4-FFT-kernel, and the labeling gives a linear extension
of it having exactly 2-4 — 2 = 6 jumps.

Finally, for the standard 4-FFT-kernel, we follow the method of [2]. Note that in
this case, K is an N-free poset, i.e. there is no induced subordering, isomorphic to the
one shown in Fig. 13.

Then it is known that K has a so-called root, i.e. there is a poset K such that the
Hasse-diagram of K is the line-digraph of the Hasse-diagram of K. Both are shown in
Fig. 14.

In this particular situation, the jump number of K is known to be one less than the
difference between the number of edges in H (K) and the number of non-extremal
elements of K: s(K)=12—4—-1=7. O

7.2. Dimension

We refer to [10, 23] for more details about dimension theory and an extensive list of
references. Clearly, the dimension of any of the p-kernels is at least 2 because they are
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Fig. 14. 4-FFT-kernel (left) and its root (right).

aj ba(j)

Ag-1(j) b;

Fig. 15. 3-irreducible poset in nonstandard p-grid-kernels.

not just chains. To decide whether the dimension exceeds 2, we must check the
existence of an induced subordering belonging to the known list of 3-irreducible
posets, i.e. posets of dimension 3 with no proper subordering of dimension 3.

Theorem 7.2. Let K be any p-grid-kernel. Then

dimK = {2 if K is‘ standard,

3 otherwise.
Proof. Firstly, let K be nonstandard, and ¢ = o # id. Note that for o = gx # id, the
proof is similar just by inverting everything.

Now, let j be the largest i with (i) # i. Then ¢(j) < jand 6™ !(j) < j. Consequently,
dj, a;, by, ds-1(jy, 5-1(5), b; induce the subordering shown in Fig. 15. From [20] we
know that this is 3-irreducible, ie. dim K > 3.

It remains to list linear extensions the intersection of which equals the given
p-grid-kernel K. Let L,, L, be the chains

€CoC141C283 -+ Cp— ldp—lbp—Zda"(p—Z)bp—3da‘1(p—3) o bld(,—l(l)do

and

Cp—1Co- 1(p_2)bp..26'p— 1(p_3)bp_3 2 Co- 1(1,b1c0d0a1d1a2d2 ap_zdp_zd‘,_ 1s

respectively. If ¢ = ¢ = id then clearly L, n L, = K, and dim K = 2 is shown. Other-
wise, the pairwise incomparability of all minimal resp. maximal elements is not yet
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guaranteed in L, n L,. So, let L; be the chain
Cp—1Cp—2°"C1Coly **+Ap_2bp_5+++byd,_1d,_5---ddy.

Then all ¢’s or all d’s are conversely ordered in L, and L, or in L, and L,, respec-
tively. Hence, L, n L, n Ly = K which proves dim K = 3 for nonstandard p-grid-
kernels. O

Theorem 7.3. Let K be any 4-FF T-kernel. Then

dimK = {3 if K i_<>" standard,

4 otherwise.
Proof. In Figs. 12 and 14, we denote the elements of K by a,b,...,k, I levelwise
bottom-up, and each level from left to right.

If K is standard then the 6 elements q, c, ¢, g, i, j induce a subordering isomorphic to
the 3-irreducible poset shown in Fig. 15, ie. dimK > 3, and it holds equality
because K is the intersection of the 3 chains abefcdhjlgik,dcghbafl jeki, and
abcdegikfhjl

Now, let K be twisted. In general, it is known (see e.g. [10]) that the dimension does
not exceed the width of the poset, i.e. the maximum size of an antichain. For
4-FFT-kernels, it is easy to see that the latter value is 4, and hence, dim K < 4. For
suppose, there are 3 linear extensions L,,L,,L; — referred to by <,, <, <3
—such that L; n L, n Ly = K. Because of symmetries, we assume w.l.o.g. thatin L,,
e is the smallest element among {e, f,g,h}, and moreover that h<,g. Then
a < ,e < h but because a and h are incomparable in K, there it must be another
linear extension, say L,, where h <, a.

The scheme in Fig. 16 shows thate <, f,h <,9,h <,a,and e < ;g imply g <,!
fori = 1,2,3. Therefore,g < lin L, n L, n L3 which contradicts the incomparability
of g and ! in K. Note that in the scheme, a junction of two implications means that for
two incomparable elements x,y, x < y in two linear extensions forces y < x in the
third one. [

7.3. Enumeration

Firstly, we explain our approach to count linear extensions in general. For this, let
P be any poset. By #(P) we denote the set of all lower ideals in P, i.e. any I € #(P) is
a subset I = P such that xe I, y < x imply y e I for all x,y € P. Moreover, for any
I € #(P), the poset induced on P\I — we denote it by P — I — is an upper ideal, i.c.
xel, y=x imply yel for all x,y e P. The following statements are of general
interest.

Lemma 7.2. Let k, 0 < k < |P|, be fixed arbitrarily. Then
Py= ) II)up-1I.

Ies(P),|I|=k
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e<i f h <1 g— h<2a—1 6<11g
e <1 h<ik h<iy h<ae l——-h<2f—- a<i1g
| h<2k hizj c<a f
.
k<13h —-]<3h—l
e<azh f<ash g<sh

——l—ve<3l f<st

I<ze
,_f<2e)l
f<ak f<21 1
1 <a f
h<:f
c<1 f l
f<sc
[vfjsy—l
f<ak a<3g
ki f g<2a
g<1f g<2f

Fig. 16. Implications for the proof of Theorem 7.3.

Proof. For any linear extension L of P, the first k elements form a lower ideal I of size
kin P, and the remaining elements clearly are the upper ideal P — I. Hence, L induces
a linear extension of both I and P — I. This gives a mapping
A U 20xgre-1.
Ies(P),|I|=k
Conversely, given any lower ideal of size k in P and linear extensions of / and P — I,
concatenating them yields their uniquely determined pre-image under «. Hence, « is
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bijection, and the assertion follows immediately, because all the £ (I)x ¥ (P — I) are
pairwise disjoint. ([

For general P, Lemma 7.2 cannot be expected to yield I(P) easily because comput-
ing I(I) or I(P — I) might be as hard as the original problem. We only use it in the
special cases k = |P| — 1 or k = |P|/2:

For k=|P|—1, P—1I 1is just one maximal element of |P|, ie.
Py =73 caximar {(P — {x}) (see [5]).

For kernels K, there are reasonably few types of lower or upper ideals of size |K|/2
which moreover have an easy structure because we know from [12, 16] that any lower
(upper) ideal of size | K|/2 in a kernel K contains every minimal (maximal) but none of
the maximal (minimal) elements.

The next statement will be used for counting the linear extensions of those ideals.
Here as usual, for posets P, Q on disjoint sets of elements, the sum (direct sum, disjoint
union) P + Q is the union of the two relations defined on the union of both ground
sets. This result can be found in [21].

Lemma 7.3. Let P,,..., P, be posets on pairwise disjoint sets of elements. Then

(IPs + -~ + P!

S TN TRV

I[(Py) -~ 1(Py).

Proof. Any linear extension of P, U --- U P, is uniquely determined by choosing
arbitrary linear extensions of P,,...,P,_, and P, independently, and by choosing
which of its |P| + --- + | P,| elements is to be taken from P,,...,P,_,, or P,. The
latter choice is a permutation with repetitions for any choice of the linear extensions of
P,,...P. O

7.3.1. 4-FFT-kernels
An easy case analysis yields that in 4-FFT-kernels (standard or twisted), any lower
or upper ideal with 6 elements is order isomorphic to one of the posets drawn in
Fig. 17 or its inverse.
By Lemma 7.3 we immediately get
6!

6!
1(11)=m’4'1'1=120, 1(13)=ﬁ'2-2=8()

I

ML NN L NN

Fig. 17. 6-ideals of 4-FFT-kernels.
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and

1y =2H(INN) 1= 602:0(0N L)

sn!
by Lemma 7.2 for k = | P| — 1, and finally

4
I(Iz)= 12‘3'—1!'21 = 96.

Theorem 7.4. Let K be any 4-FF T-kernel. Then

1K) = {51200 if K is standard,

49920 otherwise.
Proof. If K is standard, then the (§) = 6 different lower ideals I of size 6 in K are such
thattwice ] = I,and K — I ~ I3, twice I @ I;and K — I = I{, and twice I = I, and
K — I =1I;5. Hence, I(K) = 2(2-120-80 + 80-80) = 51200. If K is twisted, then we
have I I and K —I=I; four times, and I =~ I, and K — I =I5 twice, ie.
I(K)=4-80-96 + 2-120-80 = 49920. O

7.3.2. p-grid-kernels

For the remaining, let K be any p-grid-kernel for an arbitrarily fixed p > 3, and let
all elements be denoted as in Section 6. In particular, K is determined by the
permutations ¢ = gk, 6 = 6 or by the sets X = Xy = f(9), Y = Yx = f(¢™'). Any
lower ideal of size |K|/2 = 2p — 2 consists of the p minimal elements of K and p — 2
elements taken upwards from the two chains of K. We get all such ideals by including
the r =0,..., or p — 2 smallest elements from the a;’s and the remaining p —2 —r
smallest elements from the bs. If I, = {co,...,Cp-1,01,...,8,,b,4 1, ..., b, 5} is this
ideal, then by Lemma 7.2, I(K) = Y?_21(1,,)- (K - I,,,).

Lemma 74. Let J,, and J,, ;, be the posets shown in Fig. 18. Then

I _{JN ifreXu{0,p—2},
P st fre{l,...,p—31\X,

whereby in the second case, t is the smallest element in X U {p — 2} larger than r and
-1
s=0 (1)

Proof. If r € X then by definition, o({1,...,r}) = {1,...,r}, ie. none of ¢y,...,c, is
covered by any of b, 1,...,b,_,. Hence, o '({r+ 1,...,p =2 ={r+ 1,...,p— 2},
and I,, = J,,. The cases r = 0 and r = p — 2 are obvious.

Now, assume | <r< p— 3 but r¢ X. Then g(r + 1) =1, ie. ¢,+; is maximal in
I,, because a,.,¢{a,,....,a,} and byes1) ¢ {by+1,....0,—2}. But for
i=r+2,...,p—2 p()2r+1 and b, € I,,. Hence c,; is the only element of
min K without an upper cover in I,,.
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Ip,r
br+l
bp—2
) c1 Cr  Co-i(r41) Co-1(p-2) Cp-1
Ip,rst

ay br+1

bo(s)

as

a

Co (5] Cs Cr Cr41 CQ-x(r+1) Cg—l(p_z) Cp—1

Fig. 18. 2p — 2-ideals of p-grid-kernels.

This immediately implies that there is exactly one element ¢, € min K having both
its upper covers, g, and b,,, in I, .. Consequently, s < r and g¢(s) = r + 1. But then
o o)) =s<o(s) which by o '())<i+1 for all i means that
o '{L,...,00)}) ={1,...,0(s)}, and g(s) € X U {p — 2}. Finally assume that there is
ant' withr + 1<t < o(s)and ¢’ € X. Then ({1, ...,t'}) = {1, ...,t'} and because of
s<r <t wewould get o(s) < t' in contradiction to the above. Therefore, altogether
we know that ¢ := g(s) is the smallest element of X U {p — 2} larger thanr. O

Note that the above characterization works for the upper ideal K — I,, in an
analogous way with respect to Y instead of X. In particular by Theorem 6.1, if r ¢ X
then r € Y, i.e. whenever I, , is of the more complicated second type, K — I, = J,,
is easy.

It remains to enumerate the linear extensions of both types of ideals.
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Lemma 75. ForO<r<p-2,

Up)=20"2-(3050) i (p— 2 — 1)L,

Proof. Let J;,, be the poset shown in Fig. 19. Then by Lemmas 7.2 and 7.3,

@n)!

I(J;’.r) = m

A1) 1= 2810, y).
Because I(J,0) = 1, this amounts to I(J,,) = 2"-r!. But Jor=Jdp,+Jy p-2-,. Hence,
Lemma 7.3 yields

2p—2)!

IJ,,) = 2T 2P (p — 2 — )
Vo = Grv e —2r =3 2" (r )

2p—2
=2"‘2-<2f+ 1)'r!(p— 2—nt.

This completes the proof. [

Finally, we compute I(J,, ;) for arbitrary values of r € {,...,p=3}, 1<s<r,
andr+1<r<p-—2.

Lemma 7.6.

r—s e — — i
Z t,i,_ll l)(l(pzpt_+zst_13+1))
(p~—t+s—1+i)(P 1234

I(Jp,r,s,t) = 2p—2(p - 1)‘[:

i=0

t—r—1

+ Z ("3 THCETEND)
(p—t+s—1+iF sty |

r

Fig. 19. The poset J,,.
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Proof. For the sake of brevity, letu:=s— lL,v:=p—-2—t,x:=r—s,y:=t—r— L
Then 0<u,v,x,y, and u+ v+ x+y=p—4. For arbitrarily fixed u,v with
0 < u,v < p — 4, we consider I(J,,, ,,) as a function f(x, y). By Lemmas 7.2 and 7.3, the
following recurrence formulas hold:

M) fey)=2u+v+x+y+3)[fx-Ly+flx,y—D]ifx,y =1,

@) fx0)=2u+v+x+3)[fx— 1,0+ I(Jurosxs30)] i x> 1,

@) fOy)=2u+v+y+3) [Jurosy+3. + Oy —D]if y =1,

4) £0,0) =2(u + v + 3) [U(Jusp+3.0) + Jusv+3.0)]

Starting with the values known by Lemma 7.5, standard techniques show that

f(x’y)=2u+v+x+y+2(u+v+x+y+3)!

X

y Z (x+;—i)(2(u;::i'+2)) N Zy: (x+;v—i)(2(u;:‘)1-i+2))
~ (u+l)+i+2)(u+v:i+l) = (u+v+i+2)(u+v:i+l)

satisfies all of the recurrences. In terms of p,r, s, t, this is the assertion.
To see the technical part, for z € {u,v}, let

Cesir?)

ai(z):= (u+v+i+2)(u+v:i+l)'

Then for x,y > 1,
2u+v+x+y+3)[fx—= Ly + flx,y— 1]

= 2u+v+x+y+2(u +o+x+y+ 3)'

(B ) B0

= i=0

x . y-1 .
+Zai(v)<x+y_—l—1>+ Z ai(u)<x+y—t—l>:|
i=0 y—1 x

i=0

=2u+v+x+y+2(u+ v+ x +y+ 3)1

[Zeo(t ) Ba( )
=J(x,)

because (*;!) = (*;1)= 0.
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The proof of (2) and (3) is analog, and to see (4), the same steps have to be done. We
show (2):
2(“ +tv+x+ 3) [f(x - 1a0) + I(Ju+v+x+3,v)]
x—1
= Qutorx+2, {(u +v+x+3)! [ Z a;(v) + ao(u):|

i=0

2
+(u+v+x+3)( (“+2§:’1‘+2’)-v!(u+x+1)!}

=242 4o+ x + 3)!

x—1
(U5t )
x [ ;) () + ao(u) + w+v+x+ 2)(“”:"“)]

= 2u+v+x+2(u +v+x+ 3)' l:z ai(v) + ao(“)]

i=0
= f(x,0).
This completes the proof. O

Now, given any p-grid-kernel by the two sets X and Y, we know the structure of any
I,,or K—1I,, by Lemma 7.4 as well as the numbers of their linear extensions by
Lemma 7.5 or Lemma 7.6. Hence, I(K) = ¥?-21(I,,)- (K — 1,,) can be computed.
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