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It will be shown that the number of equivalence classes of embeddings of a 3-connected 
nonplanar graph into a projective plane coincides with the number of isomorphism classes of 
planar double coverings of the graph and a combinatorial method to determine the number will 
be developed. 

1. Introduction 

Two embeddings of a graph G into a surface F e, say fl, f2: G---> F e, are said to 
be equivalent if there exist an automorphism o:G---> G and a homeomorphism 
h :Fe--->F e for which h ofl =fe o o. If one would like to work in the category of 
labeled graphs, the automorphism o should be chosen to be the identity map of G 
at any time. Our purpose is to develop a method for enumeration of the 
equivalence classes of embeddings of a graph into a projective plane. A 2-sphere 
and a projective plane will be denoted by S 2 and pc, respectively, throughout this 
paper. Our idea to do the enumeration is closely related to the fact that S 2 is the 
double universal coveting space of pc. We shall count the number of the 
equivalence classes of projective-planar embeddings of a graph by making each 
class correspond to a planar graph which covers the graph 2-fold. 

A graph (~ is called an n-fold covering of a graph G if there is an n-to-one 
correspondence q:V(G)---~ V(G) between their vertex sets, called the covering 
projection, which sends bijectively neighbors of each vertex v e V(¢~) to 
neighbors of q(v )e  V(G). Topologically, the coveting projection q:V((~)---> 
V(G) is realized by a local homeomorphism p :(~---> G with plv o)= q, and p 
itself is called the coveting projection. In particular, a 2-fold coveting of a graph 
G is called a double covering of G. Our main result states that: 

Theorem 1. There is bijection between the equivalence classes of embeddings of  a 
3-connected nonplanar graph G into a projective plane and the isomorphism 
classes of planar double coverings of  G. 

Let q :S2- '*P 2 denote the canonical coveting projection which projects each 
pair of antipodal points of S 2 to the same point of p2. For an embedding 
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f :  G---* p2, the pull-back t~ = q-aft(G)) of the image f (G)  is deafly a planar 
double covering of G. The bijective correspondence in the above theorem sends 
the equivalence class of f to the isomorphism class of t~. Note that the latter class 
means only the isomorphism class of t~ as just a graph, not referring to how t~ is 
embedded in S 2 and how it covers G. A single planar graph t~ might cover a 
nonplanar graph G in two or more ways. Our theorem however asserts that such 
a phenomenon does not occur if G is 3-connected. 

As an immediate consequence of Theorem 1, we have a characterization of 
projective-planar graphs, that is, those graphs which are embeddable in p2: 

Corollary 2. A connected nonplanar graph is projective-planar if and only if it has 
a planar double covering. 

In Section 2, we show how the combinatorics of double coverings of graphs can 
be used to enumerate the double coverings of a graph, thus yielding by Theorem 
1 a method to enumerate the projective-planar embedding of a graph. The proof 
of Theorem 1 is given in Section 3. 

Our graph G is a finite, undirected and simple one with the canonical topology 
as a 1-complex and its vertex set and edge set are denoted by V(G) and E(G), 
respectively. Our terminology is quite standard and can be found in [2] for graph 
theory and in [6] for topology. 

2. Double coverings of a graph 

The concept of covering space can be found in standard texts of topology, say 
[6]. However, they present it in a topological fashion completely. The best 
combinatorial approach to classifying regular coverings of graphs is that of Gross 
and Tucker [1]. In this section, we shall confine our objects to double coverings of 
graphs and show their standard construction and a special phenomenon we need 
later. 

Let G be an n-fold covering of a graph G with projection p : ¢~---> G. Then an 
automorphism r:¢~ ~ ¢~ is called a covering transformation if p =p o ~. Such an 
automorphism of (~ does not always exist except for the identity map of (~. 
However if ¢~ is a double covering of G, then ¢~ admits a unique non-trivial 
covering transformation z:¢~ ~ ¢~ which acts freely on ¢~ and has period 2. That 
is, T fixes no vertex and no edge of ¢~ and ~ is the identity map of ¢~. Hereafter, 
we shall say that T is a covering transformation, meaning that it is not the identity 
map. 

In general, two n-fold covering ¢~i of a graph G with projection Pi: ¢~i--~ G are 
equivalent if there exists ismorphisms o:  G-->G and O: ¢~1--* (~2 such that 
oopl=p2oO. When n=2 ,  ¢~a and ¢~2 are equivalent if and only if for their 
covering transformation r~: ¢~--, ¢~i, there is an isomorphism O: ¢~a--* ¢~2 such that 
0o~1-- ~2o~. 
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Let E be a subset of E(G) and let Ga, (72 be two copies of G - E. The copy of 
each vertex v e V(G) in Gi is denoted by vi e V(Gi) with subscript i (i = 1, 2). 
Join ux to v2 and u2 to v~, respectively, by an edge when and only when uv e E. 
Then the resulting graph, denoted by G[E], is a double covering of G with 
projection p :¢~[E]---> G such that p(v l )  =p(v2) = v e V(G) for vl, v2 e 
V(C~[E]) = V(G1) U V(G2) and its covering transformation r:  (~[E]---> ¢~[E] in- 
terchanges G~ and (3;2. In particular, G[~] is a disjoint union of two copies of G. 

Theorem 3. Every double covering of  a graph G is equivalent to ¢~[E] for a subset 
E of  E(G) as coverings. In particular, the set E can be chosen so as to be 
contained in a fixed cotree T* if G is connected. 

¢ ~ - / ~  consists of two 
other by 2. Take p(/~) 

Proof. Let (~ be a double covering of G with transformation ~:(~---> (~ and 
projection p:t~-->G. Choose a vertex-coloring 0:V((~)--->{1,2} such that 
O(v) 4= O(~(v)) for v e V((~), which deafly exists. Then the subset E = {uv e 
E(t~): O(u) 4= 0(v)} of E((~) is a cutset of t~ such that ~(uv) e E for uv e E, and 

disjoint subgraphs one of which is colored by 1 and the 
as E, then these subgraphs are nothing but G1 and (5;2 in 

the definition of (~[E]. Thus (~ and t~[E] are equivalent.. 
Suppose that G is connected and let T be a fixed spanning tree of G. By 

well-known properties of covering projections, p-~(T) consists of two disjoint 
copies T~ and T2 of T. In the above, we can take a vertex-coloring 0 especially so 
that all vertices on one copy T/(i = 1, 2) have the same color. Therefore, a subset 
E can be restricted within E(T*) for the cotree T* corresponding to T. [] 

When a connected graph G has p vertices and q edges, then its Betti number, 
denoted by fl(G), is equal to q - p  + 1. Since any cotree T* has precisely 
fl(G) edges, G admits at most 2 a(6) double coverings, up to equivalence, by 
Theorem 3. 

The following fact will play an nnportant role in our proof of Theorem 1. 

Lemma 4. Every planar double covering of  a 3-connected nonplanar graph is 
3-connected. 

Proof. Let G be a 3-connected nonplanar graph and G a double covering of G 
with projection p : G ~ G and transformation • :  ¢~ ~ ¢~. Suppose that G has a 
vertex-cut {v, u}. Let H =  G -  {p(v),  p(u)}. Since G is 3-connected, H is 
connected. Let H = p- l (H) .  Then the restriction p la :  H is a double covering 
projection. Since ¢ ~ -  {v, u} is disconnected, H must consist of two disjoint 
copies/-/1, /-/2 of H mapped isomorphieally by p onto H. Let G, and G2 be the 
subgraph of ¢~ induced by H, U {v, u} and/-/2 U {~(v), ~(u)}, respectively. Then 
• ( G 0  = G2. 

Suppose that ~ ( v ) ~  u. Since ¢~ is connected and {v, u} is its vertex-cut, there 
is a path joining/-/1 to/-/2 and any such path has to pass through at least one of v 
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and u. If there were a path xvy (or xvuy) in (~ with x e V(HO and y ~ V(H2), 
then the path z(x)lr(v)r(y) (or z (x ) r (v ) z (u ) r (y ) )  would join/-/2 to/-/1 but would 
contain neither v nor u. To exclude these paths, (~ must consist of the disjoint 
union G1 U (32 with precisely two edges vr(u)  and ulr(v). (If v and u were 
adjacent, then p(v )  and p(u)  would be joined by two multiple edges, contrary to 
G being simple.) It follows that G is isomorphic to G1 + uv. However, GI + uv is 
planar since its subdivision is contained in the planar graph (~, a contradiction. 

Now suppose that r ( v ) =  u and equivalently that p ( v ) = p ( u ) .  Every edge e 
incident to p(v )  is lifted to two edges e~ and e2 each of which joins/-/1 and He, 
respectively, to only one of v and u. Thus, Gi + uv (i = 1, 2) can be regarded as 
the result of vertex-splitting at p(v )  in G. In other words, G can be obtained from 
Gi + uv by contracting the edge uv. Since (~ contains a subdivision of Gi + uv, 
Gi + uv is planar and so its contraction G = (Gi + uv) /uv  is, contrary to G being 
non-planar. 

In either case, we have got a contradiction. Thus, (~ is 3-connected. [] 

Remark that the planarity of a double covering is essential in Lemma 4. For 
example, the complete bipartite graph K3,3 admits precisely 2 inequivalent double 
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2 Fig. 1. Two double coverings of K3,3. 
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coverings, shown in Fig. 1. (The labels on their vertices suggest how they cover 
K3,3.) The right hand one is a 3-connected planar graph with the form C6 x K2, 
but the left hand one is neither 3-connected nor planar. 

Let G be a 3-connected nonplanar graph and consider the double covering 
p : t~[{e}]---> G for an edge e e E(G).  Then p- l ( e )  is a 2-edge-cut of t~[{e}] and 
hence t~[{e}] is not 3-connected. Moreover it is not planar by Lemma 4. 
Therefore, if G[E] is planar, then E consists of two or more edges. This implies 
that a 3-connected graph G admits at most ( 2 ~ a ) - f l ( G ) )  planar double 
coverings and also projective-planar embeddings by Theorem 1. 

3. Graphs in a projective plane 

Theorem 1 is closely related to the uniqueness and faitlffulness of embedding of 
planar graphs into a 2-sphere S 2. Classically, Whitney proved in [7] that every 
3-connected planar graph has a unique dual. In [3], the author has pointed out 
that the uniqueness of a dual for a 3-connected planar graph splits into the two 
concepts: uniqueness and faithfulness of the spherical embeddings of such a 
graph. A graph is uniquely embeddable in a surface F 2 if there is only one 
equivalence class of its embeddings into F 2. An embedding f :  G ~ F 2 is faithful if 
for any automorphism tr: G---> G, there is a homeomorphism h : F2---> F 2 such that 
h of = f  o tr. A graph G is faithfully embeddable in a surface F 2 if G has a faithful 
embedding into F 2. The uniqueness and faithfulness of embedding of graphs into 
a projective plane have been discussed in [4] and [5]. 

An  involution on a surface F 2 is a homeomorphism h : F2---> F 2 of period 2, that 
is, h 2 is the identity map of F 2. An involution on a surface is said to be free if it 
has no fixed point. 

Lemma 5. Let K be a triangulation of  a sphere S 2, and let hi ,  h2:$2--'>S 2 be two 
free involutions on S 2 which are simplicial with respect to K. Then h~ = h E. 

Proof. Since both hi and h2 are simplicial with respect to K, the composition 
hi ° h2 has finite period, say n. Then hi and h 2 generate together a dihedral group 
Dn of order 2n, and h~ o h2 generates the normal cyclic subgroup H of order n and 
of index 2 in Dn. A free involution on a sphere is orientation-reversing, so both hi 
and hE are orientation-reversing while h~ oh2 is orientation-preserving. By Smith 
theory, ht oh2 is a rotation with two fixed points v and u, and the quotient S 2 / H  

of S 2 by H is a sphere. Since h l o h 2 ( v ) - ' l l  and hx is an involution, we have 
hi(v) = h2(v). Then 

hl o h2(hl(v)) = h~ o h2(h2(v)) = h~(v) ~ v. 

This implies that h~(v) is one of the two fixed points of h~oh2 and hence 
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Let p :$2"->$2/H be the canonical projection. Since H is normal in D,,, 
Dn/H = {H, h~H} is a cyclic group of order 2 and acts on S2/H, reversing the 
orientation of S2/H. By Smith theory again, Dn/H is realized by either a 
reflection or an antipodal map of S2/H. Then there is a cycle C' in p(K) which is 
invariant with respect to the action of DJH and which separates p(v) and p(u) 
on S2/H. Consider p(v) and p(u) as the north and south pole, respectively, then 
C' may be called the equator. If h~H is a reflection, then C' is its fixed point set. 
In either case, C = p-~(C') is a cycle in K such that hi(C) = C and h2(C) = C. 

Clearly, h~[c and h2[c coincide. Adding 2-simplices of K to C in order, we shall 
observe that the part where hi and h2 coincide extends to the whole of S 2. [] 

Proof of Theorem 1. Let G be a 3-connected nonplanar graph. Define the 
correspondence • in question as follows; Let q" $2--> p2 be the canonical double 
covering projection. Choose a representative f:G--> p2 out of each equivalence 
class [f] of embeddings of G into a projective plane p2. Then (~ = q - l ( f (G) )  is a 
double covering of G which is embedded in the sphere S 2 so as to cover f(G) 
2-fold via q. Set ~([f ] )  = [(~], where [(~] indicates the isomorphism class which t~ 
belongs to. Clearly • is well-defined. Now t~ is a 3-connected planar graph by 
Lemma 4, so it is uniquely and faithfully embeddable in S 2 by Whitney's result 
[7]. The uniqueness and faithfulness will imply that • is injective and surjective, 
respectively. 

(1) • / s  injective. Let j], ~ :G--*  p2 be two embeddings of G into p2 and t~ a 
double covering of G. Suppose that ~([f~])= ~([fz])= (~. Notice that t~ might 
cover G in two ways. Then let pi:(~--* G and r/: t~--> (~ be the covering 
projection and transformation of the double covering of G corresponding to f/ 
(i = 1, 2). There are two embeddings [1, f2:(~---> S 2, as lifts of)~ and j~, such that 
f~opi = q of~ (i = 1, 2). Since (~ is uniquely embeddable in S 2, there exist an 
automorphism 0:  (~--> (~ and a self-homeomorphism/~ :$2---> S z such that/zof~ = 

]2°o. 
Let r :S2-*  S 2 be the covering transformation of the double covering q:S2--> 

pe, namely the canonical antipodal map, then ~of/=f~ori ( /=  1, 2). Place a 
vertex on each face of f~(¢~) in S 2 and join it to all vertices lying on the boundary 
of the face, then a triangulation K of S e which contains f~((~) as a subcomplex will 
be obtained. We may assume that both r and/~- 1 o r o/~ are simplicial with respect 
to K. By Lemma 5, these involutions are equal and hence/~ o r = r o/~. Thus there 
is a self-homeomorphism h .p2__> p2 such that h oq = q o/~. From 0 =f£1o ofx 
and r~=f~-lozof/ (i=1,2), we conclude that Oor~=reOO, so there is an 
automorphism o" G--> G such that oop~ =p2 o O. Since/~of~ =f2oO, it holds that 
h °fl = A ° o. Therefore fl and f2 are equivalent, that is, [fl] = [f2]. 

(2) • / s  surjective. Choose a representative (~ out of each isomorphism class 
[(~] of planar double coverings of G. We can assume that ¢~ is faithfully 
embedded in S 2. Then for the covering transformation r" ¢~-* ¢~, there is an 
involution h :$2--* S e such that h[o = r. Since r is free, each fixed point of h must 
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be contained in S 2 -  (~, and hence the fixed set of h is empty or consists of 
isolated points. By Smith theory, this implies that there is a homeomorphism 
g :$2--* S 2 such that g oh og-1 is either the canonical rotation around the axis or 
the canonical antipodal map. After t~ is re-embedded by g, we can assume that h 
itself is such a canonical one. 

In the former case, G could be embedded in the quotient S2/h which is 
homeomorphic to a sphere, and G would be planar, a contradiction. Thus the 
latter is the case and S2/h is nothing but the projective plane p2, in turn, covered 
by S 2 via the canonical projection q : $2-~ p2. The embeddings of t~ in S 2 induces 
naturally an embedding f : G  ~ p2 and ~([f])  = [t~]. [] 

It should be pointed out that the isomorphism classes in Theorem 1 do not 
refer to the structure of coverings of a graph. They are just isomorphism classes 
of graphs as graphs. Using a combinatorial method developed in Section 2, we 
can list all of the double coverings of a given graph. Pick out only the planar ones 
and count their number up to isomorphism. Theorem 1 translates the topological 
problem of counting the number of projective-planar embeddings of a graph into 
a graph-theoretical problem. We need not take account of a projective plane, an 
object in topology. For example, Ka.3 has a unique planar double covering 
C6 x/(2,  as is mentioned in the last section, and hence it is uniquely embeddable 
in a projective plane. 

Now we shall prove our characterization of projective-planar graphs, Corollary 
2. Theorem t has already covered the case of 3-connected graphs. It remains to 
consider the case that the graph is not 3-connected. 

Proof of Corollim~ 2. The necessity is dear, since the pre-image of G under the 
canonical double covering q:S2"-> p2 provides a planar double covering of G. 

Now suppose that the sufficiency did not hold. Let G be one of the smallest 
counter examples to the corollary. By Theorem 1, G is not 3-connected and 
decomposes into G = (31 LI G2 such that both G1 and G2 are connected and they 
have at most two vertices u, v, (possibly equal) in common. Observe that G has 
not vertex of degree 2. Put Hi = Gi or Gi + uv (i = 1, 2), according to whether or 
not u and v are adjacent in Gi. Naturally, a planar double covering/~i of each Hi 
can be derived from a planar covering t~ of G. By the minimality of G, if Hi is 
nonplanar, then Hi is projective-planar. It is easy to see that if both or one of/-/1 
and HE were planar, then G would be planar or projective-planar, respectively, 
contrary to the hypothesis of G. Thus, both//1 and H2 are projective-planar, and 
hence both/~x and/~2 a r e  connected. 

We choose G~ to be small as possible. If/-/1 splits into two subgraphs H '  and H" 
which meet in at most two vertices then one of them, say H ' ,  contains the edge 
uv and the other H" can be regarded as a subgraph of G1. If H '  contained 
another vertex different from u and v, then H" would be smaller than G1, 
contrary to our choice of G~. Thus,//1 is 3-connected. 
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Embed (~ into a sphere S 2. Then there is a simple dosed curve F which 
separates the lifts (~1 and (~2 of G1 and G2, passing through the four (or two) 
vertices ul, u2 and vl ,  v2, the lifts of u and v, respectively. Join ul to v~ and u2 to 
v2 with edges along F. Then an embedding of H1 will be obtained from the 
embedding of (~  in S 2. Let ~:/tl--* H1 be the covering transformation. Since/-/1 
is 3-connected, so is/~x by Lemma 4, and it is faithfully embedded in S 2. Then r 
extends to a free involution h:S2"~ S 2 which carries the face A containing t~2 
onto itself. Since h is free, h would induce a free involution on the closure of A 
which is a disk. This contradicts the fact that any continuous map from a disk to 
itself has a fixed point, as is well-known as Brouwer's fixed point theorem. 
Therefore, there is no counter example to the corollary [] 
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