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von Neumann regular, and so it is only for more general rings that this has 
much significance.) 

Given an n X n Hermitian von Neumann regular matrix H, then there is a 
welldefined nonsingular Hermitian form R"H x R"H + R, ((a,)H, (hi)H) 
+ CIGzihijbj [where H = (hii)], R"H being a projective R-module. Denote 
this form by (H). Kanzaki shows that every finitely generated projective 
nonsingular Hermitian R-module is isometric to (H) for some finite 
von Neumann regular matrix H. The isometry problem may be formulated in 
matrix terms as follows: (H,) and (H,) are isometric if there exist matrices 
L, L' of size n, X nZ, n2 x n 1 respectively (where H, is n, X n,, i = 1,2), such 
that 

LH&'=H,, LL'H,=H,, L'LH,= H,. 

(Note that the first equation is the usual congruence one; the other two are 
needed to induce isomorphisms between R"lH, and R"l*H,.) This matrix 
problem does not seem all that tractable. 

Also in [l], matrix criteria for (H) to be hyperbolic and metabolic are 
given, and in addition a matrix description of the orthogonal group of (H) is 

presented. 
An application of the methods of [l] appears in [2]. 
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The remarkable success of supersymmetric theories of elementary par- 
ticles, in which states are Grassmann algebra-valued functions on space-time, 
provides motivation for the study of Grassmannified mathematical structures. 
By Grassmanification we mean the replacement of an underlying field of 
scalars or parameters, usually the reals or complex numbers, by a Grassmann 
algebra. The physical background to this is given in the review article of P. 
van Nieuwenhuizen [S], and its application to manifolds, for example, devel- 
oped by A. Rogers [6]. 

Linear transformations between particle states can be represented by 
matrices whose entries belong to some fixed Grassmann algebra G, say. These 
matrices are called supermatrices and have the special partitioned form 

where the entries in the square matrices A, D (the rectangular matrices B, C) 
belong to the even (odd) sector of G, considered as a &-graded algebra. 
Although physicists are principally interested in supermatrices, a relativist, D. 
Ebner [4], initiated a study of general Grassmann matrices for which there is 
no even-odd restriction on the matrix elements. Ebner gave a criterion for the 
invertibility of a Grassmann matrix and found a recursive method for the 
inverse in terms of the Zgraded components of the given matrix M. We have 
an alternative, closed expression for the inverse in terms of the nilpotent 
component M,, and its complement M,, = M - Mnil, the numeric compo- 
nent. In this, Mnjl has entries consisting of the nilpotent parts of the entries of 
M, as Grassmann numbers. In these terms, M is invertible if and only if the 
ordinary matrix M,, is invertible, and then 

M-‘=M;&(l+M,,M&-r> 

which can be expanded as a finite series if G is finite-dimensional. 
Also of interest are eigenvalue problems for Grassmann matrices. In fact 

there are two eigenvalue problems: 

Mu=?w, the left-eigenvalue problem, 
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and 

Mv=vp, the right-eigenvalue problem, 

reflecting the fact that G is a noncommutative algebra. It turns out that the 
left and right spectra of M coincide, but the eigenvectors are different. 

Ebner’s paper [4] was principally concerned with the Grassmannification 
of ordinary matrix groups, but he came to the conclusion that only the general 
linear groups are suitable candidates for this process. By a mild generalization, 
we [3] have now been able to Grassmannify the orthogonal, unitary, and 
symplectic groups. 

For super-matrices there is explicit form for the inverse in terms of its 
blocks. This was first written down by P. van Nieuwenhuizen [5] and is given 
more fully by N. B. Backhouse and A. G. Fellouris [2]. More important, 
however, for the applications are the invariants of a super-matrix. Because of 
the noncommutative nature of G, although tr M is well defined, it is not 
invariant under similarity. Worse still, the determinant cannot be calculated 
unambiguously and is certainly not multiplicative. Instead we have the 
so-called supertrace and superdeterminant: 

(1) str M = trA - tr D. The important relation is str M,M, = str M,M,, 

which implies invariance under similarity. The supertrace has been known for 
some time (see R. Amowitt et al. [l]); but recently we have shown that it is 
essentially unique. 

(2) sdet M = (det A)det( D - CA - ‘B) ‘, if M is invertible. This ap- 
parently lop-sided function, which is a rational function of matrix entries, 
obeys the important relations 

(sdet M,)(sdet M,) = sdet M,M, 

and 

sdet exp M = exp str M. 

We have rigorous proofs of both of these relations, the first appearing in [2], 
to remedy the deficiencies of the “physicists’ proofs” given by P. 
van Nieuwenhuizen [5] and R. Amowitt et al. [l]. Our proof is based on the 
identity 

det(l - PQ) = det(1 - QP), 

where P, Q are compatible rectangular matrices. 
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1, Introduction 
A Toeplitz (respectively, Hankel) matrix is characterized by the property 

that its entries depend on the difference (sum) of the row and column indices. 
Thus, in a Toeplitz (Hankel) matrix, the entries on diagonals parallel to the 
main (secondary) diagonal are identical. (While the entries can be from any 
ring, we shall suppose throughout this note that they belong to the complex 
field C.) 

Whereas a Hankel matrix is always symmetric, a Toeplitz matrix, in 
general, is not; but the class of Hermitian Toeplitz matrices is particularly 
interesting and has come in for a good deal of attention. 

Toeplitz (and Hankel) matrices can be finite, singly infinite, or doubly 
infinite; but, of whatever size, they are square. If finite, they induce linear 
transformations on finite-dimensional Euclidean spaces; if infinite, they in- 
duce linear transformations between the vector space of complex sequences 
which have only finitely m?ny nonzero entries and subspaces of the space of 
all complex sequences. In some instances, they determine continuous linear 
transformations-called operators-between certain normed sequence spaces. 
Undoubtedly, the most extensively studied infinite Toeplitz (and Hankel) 
matrices are those that give rise to operators on spaces of squaresummable 
sequences; and of these, far and away the most interesting are those singly 
infinite ones that act on the Hilbert space of squaresummable sequences 
indexed on the nonnegative integers. These have also been investigated 


