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1. Introduction

Work on obstruction theory for projective modules started with the work of N. Mohan Kumar
and M.P. Murthy [Mk,MkM,Mu1l]. It is a result of Murthy [Mul] that for a reduced (smooth) affine
algebra A with dim A = n, over an algebraically closed field k, the top Chern class map Co : Ko(A) — CHo(A)
is surjective. This result is a consequence of the result [Mul] that given any local complete intersection
ideal I of height n, there is a projective A-module P with rank(P) = n that maps surjectively onto I.

For real smooth affine varieties such propositions will fail. Most common examples are that of real
spheres. We denote the real sphere of dimension n by S" and A, denotes the ring of algebraic func-
tions on S". We have, the Chow group of zero cycles CHy(A,) = Z/2 (see 3.1) and by the theorem of
Swan [Sw2], Ko(An) = KO(S"). By the periodicity theorem of Bott (see 5.10), for nonnegative integers
n=8r+3,8r+5,8r+6,8"+7 (r >0) we have Ko(A,) = KO(S") = Z. In these cases, the top Chern
class map Co =0 and it fails to be surjective.

On the other hand, by Bott periodicity (see 5.10), I?E)LAsr) =KO(S®") = Z, Ko(Agr41) = KO(S¥+1) =
7/(2), Ko(Agry2) = KO(S¥12) = Z/(2), Ko(Asr44) = KO(S®*4) = Z. Therefore, in these cases, the
question of surjectivity of the top Chern class map Co : Ko(An) — CHo(Ap) fully depends on the top
Chern class of the generator 7, of Ko(A). In analogy to the obstruction theory in topology, it makes
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more sense to consider the Euler class group E(A;) of A, as the obstruction group, instead of the
Chow group CHg(Ap).

For (smooth) affine rings A with dimA =n > 2, over a field k, the original definition of Euler
class groups E(A) was given by Nori [MS,BRS2]. For a projective A-module P, with detP = A and
an orientation x : A = det P, an Euler class e(P, x) € E(A) was defined. We mainly refer to [BRS2],
for basics on Euler class groups and Euler classes. For such a ring A, P0O,(A) will denote the set
of all isomorphism classes of pairs (P, x), where P is a projective A-module rank n, with trivial
determinant, and x : A S det P is an isomorphism, to be called an orientation.

So, our main question is whether the Euler class map e : PO,(An) — E(Ap) is surjective. In fact,
E(A;) = Z. For reasons given above, the Euler class map fails to be surjective for n = 8r + 3, 8r +
5,8r+6,8r+7 (r > 0). In fact, we also prove that for n = 8r + 1 this map fails to be surjective. For any even
integer n > 2, we prove that any even class N € E(Ay) = 7Z, is in the image of e. For n = 2, 4, 8 we prove that e
is surjective. For n = 8r, 8r + 2, 81 + 4 > 2, we prove that e is surjective if and only if the top Stiefel-Whitney
class wy (1) = 1 where t, is the generator of Ko(Ay). It remains an open question whether wy(t,) = 1.
It follows (see 6.4) that wy(t,;) =1 if an only if Co(ty) = 1.

Among other results in this paper, we compute (see 3.3) the Euler class of the algebraic tangent
bundle T over Spec(A;). As in topology (see [MiS]), e(T, x) = —2, when n is even and zero when n is
odd. This provides a fully algebraic proof that the algebraic tangent bundles T over even dimensional
spheres Spec(A;) do not have a free direct summand.

Given any real maximal ideal m of A,, we attach (see 4.2) a local orientation @ on m in an
algorithmic way and compute the class (m, w) =1 or (m, w) =—1 in E(Ap).

2. Preliminaries

Following are some of the notations we will be using in this paper.

Notations 2.1. First, the fields of real numbers and complex numbers will, respectively, be denoted by
R and C. The quaternion algebra will be denoted by H.

1. The real sphere of dimension n will be denoted by S". Let

_ R[Xo, X1, ..., Xal

Ap = =R[x0, X1, ..., Xn]
o Xt -1 '
denote the ring of algebraic functions on S".

2. For any real affine variety X = Spec(A), let R(X) = S~'A, where S is the multiplicative set of all
f € A that do not vanish at any real point of Spec(A). Also, X(R) denote the set of all real points
of X.

3. For any noetherian commutative ring A and line bundles L on Spec(A), the Euler class group
will be denoted by E(A, L) and the weak Euler class group will be denoted by Eg(A, L). Usually,
E(A, A) will be denoted by E(A) and similarly Eg(A) will denote Eg(A, A). We refer to [BRS2] for
the definitions and the basic properties of these groups.

The following theorem would be obvious to the experts (see [BRS1]).
Theorem 2.2. Let X = spec(A) be a smooth affine variety of dimension n > 2 over R. Then, the natural map
Eo(R(X)) — CHo(R(X))

is an isomorphism and CHo(R(X)) ~ Z/(2)" where r is the number of compact connected components
of X(R).



S. Mandal, AJ.L. Sheu / Journal of Algebra 321 (2009) 205-229 207

Proof. It follows directly from [BRS1, Theorem 5.5] and Theorem 2.3 below that Eg(R(X)) =
CHo(R(X)). Also, by [BRS1, Theorem 4.10], CHo(R(X)) ~Z/(2)". O

Theorem 2.3. (See [BDM].) Let X = spec(A) be smooth affine variety of dimensionn > 2 over R. The following
diagram of exact sequences

0 EC(L) E(A, L) —= E(R(X),L) —= 0
0 CH(C) CHo(A) ——= CHo(R(X)) —= 0

commute and the first vertical map ¢ is an isomorphism.

Proof. We only need to prove that ¢ is injective. The proof is given in the proof of [BDM, Proposi-
tion 4.29]. O

We also include the following easy lemma.
Lemma 2.4. Let A be any smooth affine ring over R with dim A =n > 2 and L be a line bundle on Spec(A).
Let P be a projective A-module of rank n and detP = L. Let x,n: L S A" P be two orientations. Suppose

e(P, x) = (I, w) where I is an ideal of height n and w is a local orientation on I and n = u x where u is a unit
in A. Thene(P,n) = (I, uw).

Proof. Write F = L @ A""!. By theorem in [BRS2], there is a surjective map f : F — [ that induces
(I, w) as in the commutative diagram:

Y~X
——> P/IP <—— FJIF

| I

1/12 F/IF.
w3

Here y is an isomorphism with determinant x, and § is any isomorphism with det(§) =u. So y§ ~
uy =nand e(P,n)=(,uw). O

3. The tangent bundle

It is well known that the tangent bundle T,, over the real sphere S", of even dimension n > 1,
does not have a nowhere vanishing section. The purpose of this section is to compute the Euler class
of the algebraic tangent bundle explicitly.

First, note that all line bundles over S", with n > 2 are trivial, we have only one Euler class group
E(An, Ap) to be denoted by E(Ap). Similarly, we have only one weak Euler class group Eg(A;). The
following proposition entails some of the basic facts about Euler class groups of the spheres.

Proposition 3.1. The Euler class group of the sphere is given by E(A,) = Z, generated by (m, w) where m is
any real maximal ideal and w is any local orientation of m. Similarly, the weak Euler class group is given by

Eo(An) ~ CHo(A _z
0(An) ~ CHo( n)—(z)-
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Proof. From Theorem 2.3, we have the commutative diagram of exact sequences:

0 —— EC(Ap) E(Ap) ERES") —0

T

0 — CH(C) —— CHo(Ap) — CHo(R(S")) —— 0.

Since complex points in A, are complete intersection [MS, Lemma 4.2], we have CH(C) = E€(A,) =0
and the above diagram reduces to

0 E(An) —— ER(S") — 0

0 —> CHo(Ay) —> CHo(R(S")) — 0.
We have by Theorem 2.2, Eq(Ap) 5 CHo(Ap). Therefore, by [BRS1, Theorems 4.13, 4.10]
E(R(S"))=Z and CHo(An) ~ Eo(R(S")) =Z/(2).

The proof is complete. O

The following definition will be convenient for subsequent discussions.
Definition 3.2. Let mg = (xop — 1, X1, ..., X;) be the maximal ideal in A, that corresponds to the real
point (1,0, ...,0) € S". Write F = A}l and let ey, ..., e; be the standard basis of F. Define local orien-
tation

wo : F/mgF — mo/m% where fori=1,...,n, w(e;) =image(x;).

By Proposition 3.1, (mg, wg) will generate the Euler class group E(Ap) = Z. This generator (mg, wg) = 1
will be called the standard generator of E(Ay). Similarly, the class of mg =1 will be called the stan-
dard generator of Eq(Ap) =7/(2).

Unless stated otherwise, we use these standard generators in our subsequent discussions.

We compute the Euler class of the algebraic tangent bundle over Spec(A;) as follows.
Theorem 3.3. Let T, be the projective A,-module corresponding to the tangent bundle over S". There is an
orientation x : Ay = A" Ty such that, if n > 2 is even, then the Euler class e(Tp, x) = —2 € E(Ay) and if

n > 3 is odd, then the Euler class e(Ty, x) =0 € E(Ap).

Proof. Write mg = (xg — 1,X1,...,Xp), M1 = (Xo + 1,X1,...,X,) € Spec(An). Then mg, my correspond,
respectively, to the points (1,0,...,0), (—=1,0,...,0) in S". We have

2 2
mo = (X1, ..., X%p) +mg, my=(xq,...,%) +my,

and mo Nmy = (X1, ..., Xn). Write F = A} and let ey, ..., e, be the standard basis. For j=0,1 we
define local orientations

wj:F/mjF — mj/m? where fori=1,...,n, wj(e;) =image(x;).
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Therefore, (mg, wg) =1 is the standard generator of E(Ap) = Z. We write | =mg Nmy = (xq, ...

and define the surjective map
o:F— ] wherefori>1, o«(e;)=x;.
Then, « induces the local orientation
w:F/JF— ]/]2 where w(e;) = image(x;).
Since (J, w) is global, it follows
(mo, wo) + (M1, w1) = (J,w) =0.

Hence

(m1, w1) = —(mo, wo) = —1.
Since E(A;) = E(R(S")), we can apply [BDM, Lemma 4.2] and we have

(my, w1) + (my, —w1) =0.
Therefore

(Mo, wo) + (M1, —w1) = 2(mp, wo) = 2.

209

» Xn)

Let D = diagonal(—xp,1,...,1) : F/JF — F/]JF, then D is an automorphism and det(D) =

image(—xp). Now, let n =wD : F/JF — J/J?. In fact,
n(e1) =image(—xpx1) and n(e;) =image(x;) Vi> 1.
Note that
D = diagonal(—1,1,...,1) mod my, D=1Id mod mj.
Since, w; are the reductions of w modulo m; we have

(J.m) = (Mo, —wo) + (M1, w1) = —[ (Mo, wo) + (M1, —w1)] = 2.

Now we apply [BRS2, Lemma 5.1], to « : F — ], with a =b = image(—xp). We have the following:

1. Define T by the exact sequence
05T A @F=A"1%4, 50
where
D =—(X0,X1,...,%) = (b, —x).

2. We have (], w) is obtained from (o, xo = Ida,).
3. By [BRS2, Lemma 5.1], T has an orientation x : A, — A" T such that

e(T, x) = (J.image(—xo)" ' @) = (mo. (=1)" o) + (M1, w1).
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4. If n is EVEN, we have
e(T, x) = (mg, —wo) + (M1, w1) = —2.
And if, n is ODD, we have
e(T, x) = (mo, wo) + (M1, 1) =0.
5. Note that T = ker(®) ~ ker(—®) = T, is the tangent bundle.
So, the proof is complete. O
4. An algorithmic computation in E(A;)

Lemma 4.1. Let A,, be as above and let my, M1, my, M», ..., my, My € spec(Ay) be a set of distinct maximal
ideals that correspond to distinct real points in S". We will assume that these points are in S! = {xj=0:
Vji>2}CS"“Fori=1,...,N,let L =0, x =0, ...,x, = 0 be the line passing through the pair of points
corresponding to m; and M;j. Then

N N
ﬂ(mi NM;) = (l—[L,-,xz,.‘.,xn),
i=1 i=1

Proof. Let ]| denote the right-hand side. Claim that
J<meSpec(A;)) = m=m; or m=M; forsome i.
To see this, note for such an m, we have L; € m for some i. Therefore,
miNM;=(Li,x2,...,%X;) Cm.

Hence m =m; or M;. Let m be such a maximal ideal and assume m =m;. We have, Lj ¢ m; Vj#1i and
Jm; = (Li, X2, ..., Xp)m; = (M;)m;. The proof is complete. O

Given various points m in S", the following is an algorithm to compute class (m, w) € E(Ap).
Theorem 4.2. As in Definition 3.2, let (mg, wg) = 1 € E(A,) = 7Z be the standard generator. Let p =
(a,b,0,...,0) be a point in S™ and let M = (X9 — a,X; — b, X2, ...,X,) € Spec(A,) be the maximal ideal
corresponding to p. Assume mg # M and so a # 1. Let

L=1—a)x;+b(xg—1), so (L,x3,X3,...,X,) =mgN M.
Asin(3.2), F= A} and ey, ..., e, is the standard basis of F. Define
wy : F/MF — M/M2 by wy(e1) =x1 —b, wpm(e;) =x; Vi=2.
Ifa#0 (i.e. p is not the north or the south pole), then wy, is a surjective map and
(Mo, wo) + (M, —sign(@)wy) = 0.

So, ifa > 0 then (M, wy) =1 and a < 0 then (M, wy) = —1.
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Proof. Define the surjective map
f:F—>mpNM by f(e1) =L, f(ej))=x Vi=2.

We will see that f reduces to wp modulo mg. With s = —1/2,t =1/2 we have, 1 =s(xog — 1) +
t(xo +1). So

(xo— 1) =sxo — D> +t(x§ — 1) =s(xo — D* + ri —x? emp.
i=1
Therefore L — (1 —a)x; € mé. Also since M # mg we have a # 1. In fact a < 1. Hence f reduces to
wo : F/moF — mg/m3.
Now define
ym: F/MF — M/M? by ym(e) =L, ym(e)=x; Vi>2.
Since yp is the reduction of f, we have
(mo, wo) + (M, ym) =0.
Let wy : F/MF — M/M? be as in the statement of the theorem. We will assume a # 0 or equivalently,
—1 < b < 1. In this case, we prove that wy is a surjective map. (Note below that for wy to be surjective,
we need a # 0.) We have
L= -ax1 +bxo—1)=(1—a)(x1 —b) + b(xo — a).

We also have a? 4+ b? — 1 =0. Now again, with s = —1/2a,t = 1/2a we have 1 =s(xo —a) + t(xo + a)
and

n
(X0 — a) =s(xg —a)® + t(x% — a2) =s(xo—a)* + t(b2 - x%) — thiZ.
i=2

Therefore, wy, is surjective. Further,
(b —x8) = (b —x1)(b+x1) = (b—x1)[2b — (b —x1)] =2b(b — x1) — (b — x1)*.

So,

(X0 —a) =sxo—a)* +t[2b(b —x1) — (b—x1)*] =t Y _xZ =b/a(b —x1) +w
i=2
for some w € M2. So,
(X0 —a) —b/a(b — x1) € M?.

Therefore, modulo M, we have

L=(1—-a)x1 —b) +b(xo —a) = (1 —a)(x; —b) + b(b/a)(b — x1)
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or
L=(x1 —b)[1—a—b*/a] = (x —b)[(a—1)/a].

So, ym and wy differ by an isomorphism of determinant (a — 1)/a. Since a — 1 < 0, we have yy =
—sign(a)wy. Therefore,

(Mo, wo) + (M, —sign(@)wy) = 0.
Hence, if
a>0 = M ,om)=—-M,—-wm)=(mg,w) =1
and
a<0 = (M,wy)=—(mg,wy)=-1.
So, the proof is complete. O

Remark 4.3. We will continue to use the notations of (3.2, 4.2). As we remarked in the proof of
Theorem 4.2, if p is the north pole or the south pole and M is the corresponding maximal ideal, then
wpy, as defined in 4.2, will fail to define a local orientation. If p = (0,+1,0,...,0) is the north or
the south pole, then M = (xg,x1 F 1,X2,...,Xp). For p = N the north pole or p =S the south pole, a
natural local orientation is defined by:

wp : F/MF — M/M2 where wp(e1) =X, wple) =% Vix2.
Then (M, wp) = —1 if p is the north pole and (M, wp) =1 if p is the south pole.

Proof. Let p =N =(0,1,0,...,0) be the north pole. Then M = (xg,Xx1 — 1,X2,...,X,). Write L =
Xo+x1 —1. Then mgNM = (L, X2, ..., X). Consider the surjective map f : F - moN M given by these
generators. Note that L — xg = x; — 1 € M2. This follows because 1 = —(x; — 1)/2 + (x; + 1)/2. So, it
follows that f reduces to wp. Similarly, f reduces to wg on mg. Therefore, (M, wp) = —1.

If p=S=(0,-1,0,...,0) is the south pole, then M = (xg, x1 +1, X2, ..., Xp). We replace the equa-
tion of L by L =xg —x; — 1. Then L —xg = —(x1 + 1) € M2. It follows, that f reduced to wp. Similarly,
L+xi=x0—1¢€ mg. This shows that f reduces to —wg on mg. Therefore, (M, wp) — (Mo, wg) = 0. So,
(M, wp) = 1. The proof is complete. O

Remark 4.4. In the statement of (4.2), we assumed that p = (a,b,0,...,0) € S! € S". Now suppose
p ¢S! is any point in S™. Let eg, ..., e, be the standard basis of R™. So, mq is the ideal of eg. There
is an orthonormal transformation (Eq, ..., En)! = A(eq, ..., en)" of R™1 such that Eg =eq and p =
aEo+bEq. Write A= (a;j: i, j=0,...,n). It follows, ago =1 and apj =ajo=0forall j=1,...,n. We
can assume det A =1.

Write (Yo, ..., Yn)!=A(Xo, ..., Xn)!. Then Yo = Xp, and for i =1,...,n we have Y; = 22:1 a;jX;.
It follows that in the Y-coordinates, eg = (1,0, ...0) and p = (a, b, 0, ..., 0). Let @’ be the local orien-
tation on mq defined by (Y1, ..., Yy). Since det A = 1, it follows that (ing, «’) is the standard generator
of E(A,) (see 3.2). Now, we can write down local orientation on M in Y-coordinates, as in (4.2) and
the rest of (4.2) remains valid.
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5. Bott periodicity

In this section, we will give some background on Bott periodicity, mostly from [ABS,F,Sw1]. We

will recall the definition of the Clifford algebras of a quadratic forms.

Definition 5.1. (See [ABS].) Let k be a commutative ring and (V,q) be a quadratic k-module. Then a
k-algebra C(q) with an injective map i: V — C(q) is said to be the Clifford algebra of g, if i(x)%2 = q(x)
and if it is universal with respect to this property. Following are some of the properties of C(q):

1.

Note C(q) = % where T(V) is the tensor algebra of V and I(q) is the two-sided ideal of T (V)

generated by {x> —q(x): xe V}.

. The Z,-grading on T(V) induces a Zp-grading on C(q) as C(q) = Co(q) ® C1(q) where Co(q)

denotes the even part and Cq(q) denotes the odd part.

. Also, if (V,q’) is another quadratic k-module, then

C(qLlq)~C(@)®C(q) as graded rings.

This means, the multiplication structure is given by (u ® x;)(y; ® v) = (—l)ijuyj ® x;v for x; €
Ci(@),yj € Cj(@.

. If V =@D}_; ke; is free with basis e; then

Cl@) = b keiyi...i;-

0<iy <-<ir<n; 120

We will mostly be concerned with this case where V is free. Further, if ¢ = Z?:l a,-X,.2 is a diag-
onal form, then

Vi,j=1,...,n; withi#j, e,-Z:a,- and ejej = —eje;.

Notations 5.2. We will introduce some notations for our convenience.

1

5.1

Let k be a commutative ring and (V, q) be a quadratic k-module and V = @'f:] ke; is free and q =
q(X1,...,Xp). As in [Sw1], we denote Ry (q) = R(q) = % We usually drop the subscript k
and use the notation R(q).

. Suppose C is a ring. Then:

(a) The category of finitely generated (left) C-modules will be denoted by M (C).

(b) If C has a Zp-grading, the category of finitely generated (left) Z,-graded C-modules will be
denoted by G(C).

(c) The category of finitely generated (left) projective C-modules will be denoted by P(C).

. Given a category C, with exact sequences, the Grothendieck group of C will be denoted K(C).
. Given a ring R, we will denote Ko(R) = K(P(R)). If the rank map rank : Ko(R) — Z is defined,

we denote I?B(R) = rank™1(0).

. Given a connected smooth real manifold X, the Grothendieck group of the category of real vector

bundles over X will be denoted by KO(X). As above, E()(X) will denote the kernel of the rank
map.

. For a commutative noetherian ring R of dimension n and X = Spec(R), the Chow group of

zero cycles will be denoted by CHp(R) or CHp(X). When the top Chern class is defined, Co =
C": Ko(R) — CHp(R) will denote the homomorphism defined by the top Chern class.

Generators ofI%(An)

In this subsection, we describe the generators of fff)(An).
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Proposition 5.3. Let k be ring with 1/2 € k and let ¢ = a1 Xf + -4+ anXﬁ be a diagonal form. Let eq, ..., e
denote the canonical generators of C(—q). Let M = M®° @ M' € G(C(—q)) be a Z,-graded C(—q)-module and

N=R@L1)@M=N’a@N!
where
N =R@LD &M’  N'=R@L1) @M.
Let x; denote the image of X; in R(q L 1). Define
n n
e =) x(1®@e):N' >N, y@=) x(1®@e):N°—N".
i=1 i=1

Writeq L 1=q+ X(z] and let y = xo = image(Xo) € R(q L 1). Define

_ o 11—y o).
pM_p_2<_1//(x) 1_}_y).N—>N.

That means, for ng € N° ni € N! we have

p (o, n1) = ((1 — y)ng + @(n1, =y (Xno + (1 + y)ni)/2.
Then,

PPy =—q:N°—>N°%  Yo®=—qx:N' - N'
and p is an idempotent homomorphism.

Proof. By direct multiplication, it follows ¢y = —q(x), ¥ ¢ = —q(x). Again, we have

2=l ((1 -2 = oMY () 29(x) )
4 —2¢(%) —Y (P + (1+¥)?

which is

l((l—y)2+q<x> 20() )_1 (2<1—y> 20(0) >:p
4 =29 (x) a0 + (14 ) —2¢yx) 2(1+y) '

T4
This completes the proof. O
Definition 5.4. We use the notation as in Proposition 5.3. Define a functor

o:G(C(—q)) > P(R(@® 1)) by (M) = kernel(py).

Since, k — R(q L 1) is flat, it follows easily that « is an exact functor. Therefore, o induces a homo-
morphism

Oq: K(G(C(—))) — Ko(R(g L 1)
where YM € G(C(—q))

Oy (IM]) = [a(M)] — rank(a(M)).
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Before we proceed, we will describe (M) in (5.4) by patching two trivial bundles on the two
(algebraic) hemispheres along the (algebraic) equator, as follows.

Proposition 5.5. We will use all the notations of (5.3, 5.4). We have q = q(X1,..., Xn),q L1=q+ X% and
y = xo = image(Xo). Let M = M® @ M' € G(C(—q)), N=N° @ N', ¢, ¥ be as in (5.3). Write

0 0 2 0 1 1 2 1

F :N]+y:R(q+x0)1+y®M, F :N17y:R(q+X0)1_y®M.

Then «(M) is obtained by patching F® and F' via Yy_y2. In particular, if k is a field, rank(a(M)) =
dimk M/2 = dimk Mo.

Proof. Define

=y (no)
a:F?_y—> Fllﬂ, by o (ng) = ity
and
@ny)
n:Fiy, —>F_, byom)= =y
Then for ng € F?_y, we have
no (o) = —¢¥ (o) _ q(x1, ..., Xn)(Mo) — o

1—y2 1—y2
So, no =1 and similarly, o7 = 1. Consider fiber product

R@Ll) —— R@L D1y

| |

R(@L 114y —— R@L 1)173,2

and define P(o) by the patching diagram

P(o) F!
o
FO F_, Fliy-
Define
. 0 0 ¥ (o)
fo:F =N1+y—>0!(M)1+y by fo(no) = <n0, m)
and

fi:F! =N}7y —a(M)1—y by fi(n)= —(%(n;),m).
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We check that fp, f1 are well-defined isomorphisms. Recall that

_ 11—y o®
"M_p_z<—x/f<x) 1+y>'

Using the identities q(x) + y*> =1, o = —q, ¥ ¢ = —q, direct computation shows

fotno) = (no, 'f:'f“y)) frm) = —(]‘p_(”y“,m) € kernel(p) = a/(M).

So, fo, f1 are well defined. Clearly, fo, fi are injective and their surjectivity can also be checked
directly. Now consider the patching diagram:

P(o) F!
R \
~
N
a(M) a(M)1-y
o
FO F, Fiiy
\fo‘& X \
Id

a(M)14y a(M)y_y2 —— a(M);_y.

We check fio = fp. For ng € F?_y, we have
~¢0(H53") —y (o)
fld(no)——( =y 1+y)
_ (1 —y o)\ Y(no)\
= <1—y2(n0)’ 1ty >—<ﬂ0,1+y>—fo(no),

since q(x) =1 — y2. In this patching diagram above, f is obtained by properties of fiber product
diagrams. Now, since fo, fq are isomorphisms, f : P(c) — «(M) is also an isomorphism. Let P(Yri_y2)

denote the projective module obtained by patching F® and F! via ¥1_y2. Since P(0) ~ P(;_,2), the
proposition is established. O

5.2. Further background on Bott periodicity

For the benefit of the readership, in this subsection, we give some further background on Bott
periodicity from [ABS,Sw1]. We establish that @ defined in (5.4) is a surjective homomorphism,
when g = Z’f:l Xl.2 € R[Xq, ..., Xp]. In this case, R(qg L 1) = A,;. We have the following proposition.

Proposition 5.6. (See [ABS].) We continue to use notations as in (5.3, 5.4). The composition

@ ~
K(@G(C(—q L -1))) —— K(G(C(—q))) — Ko(R(g L 1))
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is zero. Further, as in [ABS,Sw1], define ABS(q) by the exact sequence
K(G(C(—=q L -1))) —— K(G(C(—=q))) —= ABS(qg) ——= 0.
So, there is a homomorphism ag : ABS(q) — I%(R(q 1 1)) such that the diagram

K(@G({C(—qL-1)) —— K(G(C(—q)) — ABS(g) ——— 0
O
Ko(R@@ L 1))
commute.
Proof. We reinterpret the proof of Swan [Sw1, 7.7], and sketch a direct proof. Let ey, ..., e, denote

the canonical generators of C(—q) and f be the other generator of C(—q L —1). Let M=M° @ M! e
G(C(—q—Z?)). Write N=M®R(q L X?) and define f*: M — M such that fio = fimo- Fiin = —Fin

and similarly define e.

With the notations as in (5.3, 5.4), we have p = FTV where

_(Yy —e\_(y O &
y—<¢ —y)_(O _y)+;x,e,-

So, a(M) = {w € N: w =y (w)}. Also note y2 = 1. Define

L% =Ker(f*—1)= {(mo, fmo): mo € MO} ={(=fmy,mp): m; € Ml}
and

L' =ker(f*+ 1) ={(fmi,my): my € M'} = {(mo, — fmo): mo € M°}.

So, M=1"@L"and N=Q°® Q' with Q°=1°® R(g L X3), Q' =L'® R(q L X3). We check that
diagonal(1, —1)L° € L and efL° € L. So, y(Q% < Q! and similarly, ¥ (Q") < Q°.

We have Q°Na(M)< Q%N Q! =0, and for n=n®+n'! with n' € Q!, we have n= (n® — y(n")) +
' +yn")) e Q% +a(M). So, N=Q° @ a(M) and a(M) ~ N/Q%= Q! is free. The proof is com-
plete. O

The following theorem relates topological and algebraic K-groups.

Theorem 5.7. (See [ABS,F,Sw1].) Let ¢ = Xf 4.+ X,% € R[X]. Then the following is a commutative diagram
of isomorphisms:

ABS(q)

o

Ko(An) ——= KO(SM).
In particular, the homomorphism

Oq: K(G(C(—q)) — I?B(R(q L 1)) is surjective.
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Proof. Note that R(q L 1) = %‘Hfﬂ = A;,. The diagonal isomorphism is established in [ABS]. The
Ziq—

horizontal (equivalently the vertical) homomorphism is an isomorphism due to the theorem of Swan
[Sw2, Theorem 3]. So, the proof is complete. O

5.3. Patching matrices

Proposition 5.5 exhibits the importance of a suitable description of the homomorphism v_,2, as
a matrix. We are interested in the cases of real spheres Spec(Ap) with Ko(A;) ~ KO(S") nontrivial.
So, q = Z'le Xi2 € R[X1,...,Xy] and n =8r,8r + 1,8r + 2,8r + 4. We only need to consider the
irreducible Z;-graded modules M over C, = C(—q).

We will include the following from [ABS] regarding Bott periodicity.

Theorem 5.8. Let g, = q = Z}; Xi2 e R[X1, ..., Xp] and C, = C(—q). Write a, = (dimr Z,) /2 = dim]RI,?
where Z, = I,? EBI,} is an irreducible Z,-graded C,-module. The following chart summarizes some information
regarding C, = C(—q):

n Gy K(G(Cn)) ABS(qn) ap
1 C 7 7> 1
2 H 7 7 2
3 HeH Z 0 4
4 My (H) ZeZ 7 4
5 My4(C) zZ 0 8
6 Msg(R) Z 0 8
7 Msg(R) @ Mg(R) Z 0 8
8 Mis(R) YASY/ VA 8
Further
Chys ~ C3 ® Cp ~ Mis(R) ® Cy
and

K(G(Cnt8)) ~ K(G(Cn)),  ABS(qnis) #ABS(qs),  dnis = 16ay.
The following corollary will be of some interest to us.
Corollary 5.9. With notations as above (5.8), for nonnegative integers r, we have
Csr ~ Mier (R), Csr1 ~ Myer (0), Csri2 ~ Mg (H), Caria =~ Mayer (H)
and
agr =16"/2, agry1 = 16", agriz =2 % 16", agriq =4 % 16"

Proof. First part follows from (5.8). For the later part, let I, be an irreducible C,-module. Note that
for n =8r,8r + 1, 8r + 2, 8r + 4, Clifford algebras C, are matrix algebras. Form general theory, I, is
isomorphic to the module of column vectors. So, dimp I, is easily computable. One can also establish,
by induction, that there are Z;-graded C,-modules Z, with dimZ, = dimI,,. So, Z, is irreducible and
ap = (dimZ,)/2 = (dimI)/2. This completes the proof. O
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Theorem 5.10. Following chart describes the @(S“) groups.

n 8 8r+1 8r+2 8+3 8 +4 8 +5 8 +6 8r+7
KosYy z 7, 7 0 7 0 0 0

Proof. It follows from Theorem 5.7 and Corollary 5.9. For a complete proof the reader is referred to
the book [H] or [ABS]. O

Now we state our result on the matrix representation of . In fact, we will do it more formally at
the polynomial ring level.

Proposition 5.11. Let n = 8r,8r + 1,8r + 2,8r + 4 be a nonnegative integer and q(X) = Z}; Xi2 €
R[X1, ..., Xnl. As before, C, = C(—q) and eq, ..., e, are the canonical generators of Cp.
Let M = M° @ M! be a Z,-graded irreducible C,,-module. Write m = a, = dimr M°. Define

n
lI/:lI/nzzx,-(l®e,-):R[X1,...,Xn]®M0—>]R[X1,...,Xn]®M1
i=1

and

n
P=dy=) Xi(1®e):R[X1,.... Xa] @M' - R[X1,..., Xa] ® M.
i=1

Then, there are choices of bases u1, ..., uym of M® and v+, ..., vi, of M1 such that the matrix I' of ¥ and the
matrix A of @ have the following properties:

1. Each row and column of I', A has exactly n nonzero entries and fori =1, ..., n exactly one entry in each
row and column is £X;.
2. As a consequence, A = —I"* and they are orthogonal matrices.

Proof of (1) = (2). Suppose we have bases of MY M! as above that satisfy (1). Write u =
1,...,um)',v=(v1,...,vm)". Then we have —q(x)(u) = @ (u) = FA(v). So, I'A = —q. Let I de-
note the ith-row of I and Af denote the ith-column of A. So, I'TAf = — > Xl.z. Comparing two
sides, we have I = —(Af)f. So, A= —T". Since I'A = —q, we have I', A are orthogonal matrices.
Proof of (1) comes later. O

Before we get into the proof of 5.11, we wish to deal with the initial cases of n =2, 4, 8 with some
extra details.

Lemma 5.12. Let q = X% + X% € R and C; = C(—q). Then C, = H, where the canonical basis of]R2 CCyis
e1 =1, ey = j and the matrices of ¥, and @, have the property (1) of Proposition 5.11.

Proof. A matrix representation of ¥ is given by
v\ _ (X1 X2 i
wky )\ X2 —Xq i)’
Similarly, we can get a matrix representation of @. The proof is complete. O

Now we consider the case n = 4. We will include additional information that will be useful later.
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Lemma 5.13. Let g = Zf:] Xi2 € R[X1, X2, X3, X4] and C4 = C(—q). Then:

1. We have C4 = M (H) where the canonical basis of R4CCyis given as follows:

o (i 0 o (10
1_01" 2—0]-7
e_Ok e_kO
37\k o)’ 4=\o —k /-

2. Following [F], write wq = 1 + e1ezeses. We have the following identities,

and

€1€26364W4 = Wy, —€1e2W4 = €3€4Wy, €1€3W4 = €284 W4, —€164W4 = €2€3W4.

3. Let M = C4wy4. Then, M is irreducible.
4. Then ¥y, ®4 have the desired property (1) of (5.11).

Proof. Proof of (1) follows by direct checking. Identities in (2) are obvious. The statement (3) is a
theorem of Fossum [F]. To see a proof, let M = Cws = M® @ M' be the Z,-graded decomposition

of M. We have

MO = Rwy + ZRe,-qw;; + Rejezezeswy; M' = ZRe,-W4 + Z Rejejerwy.

i<j i<j<k
Using the identities above, it is easy to check that a basis of M? is given by
up = Wy, Uy = —e1exWy, Uz = —e1e3Wwy, Ug = —€1€4Wy4
and a basis of M! is given by
Vi =e1wg=¢e1uUq, V) =€eyWy, V3 =e3Wy, V4 = €4W4 = €1€2€83W4.
Since dimension of an irreducible module over C4 = M (H) is eight, M is irreducible. This estab-

lishes (3).
Now, we write down the matrix of ¥y, @4 with respect to the above bases:

¥(u1) X1 X2 X3 Xy V1
) | _[ X2 X1 X4 X3 1P
W (us) X3 —X4 X1 X V3
¥ (uq) X4 X3 X2 X V4
Also
D(vy) X1 X2 X3 Xa uq
Qv | _[ X2 —X1 X4 —X3 uz
D(v3) —X3 —X4 —Xi X3 us
D(vsq) X4 X3 —-X2 —Xi Ug

The proof is complete. O

Now we will consider the case of n =8.
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Lemma 5.14. Let g = Z?:l X,.2 € R[X1,...,Xgland Cg =C(—q). Let Eq1, E3, ..., Eg be the canonical gener-
ators of Cs. Following Fossum [F], let

wg = (1+ E{E2EsEg + E1E3EsE7 + E1E4EsEg)(1 + E1E2E3E4)(1 + EsEE7Eg).
Then M = Cswg is irreducible and Wg, ®g have the desired property (1) of (5.11).

Proof. It is a theorem of Fossum [F], that M = Cgwsg is irreducible. A basis of M is also given in [F].
We will describe this basis of M and provide a proof of irreducibility. By (5.1), there is an isomorphism
Cg ~ C4®Cy4. As in (5.13), we denote the canonical generators of C4 by eq, ez, e3, e4 and wy =
1+ eqezesey.

We will identify Cg = C4® C4. Under this identification, the canonical generators of Cg are given
by Ei=e;®1fori=1,2,3,4and E;=1Qe;_4 for i =5,6,7,8. Also, wg is identified as

wg = (Wq ® Wq +e1e2Wy @ e162W4 +€183W4 @ e1€3W4 + €184W4 @ e1€4Wy).

We denote w = wg. Let M = Cgwg = M @ M be the Z,-graded decomposition of M. We denote the
basis [F] of M® by u; as in the table:

uy up us Ug Us Ue uz us

= w E{E;w E{Es3w EyEsw E{Esw EyEsw EszEsw E{EyE3Esw

and similarly, v; will denote the basis [F] of M! as follows:

Vi V2 V3 V4 Vs Ve V7 Vs

= Eiw Ey;w Esw E{Ey;Esw Esw E{ExEsw Eq{E3Esw EyE3Esw

The following multiplication table will be useful for our purpose:

uq uz us Uy Us Ug uz us

E1 v —Vy —V3 V4 —Vs5 Vg V7 —vg
Ey vy Vi —V4 —V3 —Vg —V5 Vg i
Ez vs3 V4 V1 Vo —Vv7 —Vg —V5 —Vg
Es vy —V3 V2 —V1 Vg —V7 Vg —Vs5
E5 Vs Ve V7 Vs Vi V2 V3 V4
Es vg —Vs —Vg V7 Vo —V{ —Vgq V3
E7; vy Vs —V5 —Vg V3 V4 -V —V
Eg —vg vy —Vg Vs V4 —V3 Vv —V1q

This table is constructed by using the identities in (5.13). For the benefit of the reader, we give proof
of one of them. We prove Eguy = Egw = vg. First, we have Egw = —E5(EsEgw) = —E5(1 ® e1ea)w.
We compute
EsEew = (1 ®eje)w
= (Wg®e1e2Wyq +e1e2Wq @ e1e2e182W4 +e1€3W4 @ e1€2€183W4 + e1€4W4 @ e162e184W4)
=(—ere2 @ 1[e1eaws @ er1eawy + wg @ Wy +e2e3W4 ® €2e3W4 +€284Wy @ 24 W4]

=—E1Ez[e1eaws ® e1e2Ws + Wy @ Wy + (—e1e4Wyy @ —e1e4Wy) + e1€3W4 ® e1e3W4].
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Therefore, EsEgw = (1 ® e1e2)w = —E1Eaw. So,
EGW = —E5(E5E(3W) = —Es(—E] EzW) =E; EzE5W = Vg.

This establishes Egu = vg.

A similar multiplication table (E;v;) can be constructed using the fact E;v; =uy & —v; = Ejuy.
This shows that the vector space V generated by {u;,vj: i,j=1,...,8} is a Cg-(left)module. So
V = M. Since, an irreducible Cg-module has dimension sixteen, M is irreducible.

Now we compute the matrix I” of ¥ with respect to these bases. We have, ¥ (u;) = Z?zl XjEju;.
The (i, j)th entry of the matrix I" of ¥ is X if and only if Exu; = %v;. For a fixed i there is exactly
one j such that Eyu; = +v; and similarly for a fixed j there is exactly one i such that Eyu; = %v;.
So, for k=1,...,8; +X} appears exactly once in each row and column. In fact, The matrix of ¥ is

Xq X5 X3 X4 Xs Xg X7 —Xg
Xo X1 —X4 X3 —Xg Xs X3 X7
X3 Xa —X1 —X2 —X7 —Xg X5 —Xg
X4 X3 —-X2 Xj Xg —X7 Xg X5
X5 X6 X7 Xg X1 —X2 —X3 X4
X6 X5 —Xg X7 —Xo X1 X4 —X3
—X7 Xg X5 —Xg —X3 X Xq X5
—Xg —X7 Xg X5 —X4 —X3 X2 —Xi

I =

Similar argument can be given for &. So, ¥, & have the property (1) of (5.11).

We remark that the property (2) of (5.11) was established as a consequence of property (1). Al-
ternately, we can use the fact E;vj =uy < —vj = E;uy to establish property (2). This completes the
proof of (5.14). O

Now we are ready to give a complete proof of Proposition 5.11.

Proof of 5.11. We already proved (1) = (2). So, we only need to prove (1). The case n =1, is obvious
and Lemmas 5.12, 5.13, 5.14, respectively, establish the proposition in the cases n =2, 4, 8.

We will use induction, i.e. we assume that (1) of the proposition is valid for some m = 8r,
8r+1,8r +2,8r +4 and prove that the same is valid for n =m + 8.

First, we set up some notations. For a matrix A, the ith-row will be denoted by A; and the ith-
column will be denoted by (A;. We have m+ 8 variables X1, ..., Xm, Xm+1,..., Xmys. Fori=1,...,8,
we will write Y; = Xj;44. In our cases, there is only one irreducible Z,-graded Cp;-module, which will
be denoted by M(m) = M(m)° & M(m)'. We have Cp,g = C;n ® Cg. Comparing dimensions (see 5.9),
we have M(m + 8) = M(m) ® M(8).

Write N = dimg M(m)o. We assume that there are bases uq,...,uy of M(m)0 and vq,...,vy of
M(@m)' and bases ji1, ..., ug of M(8) and vy, ..., vg of M(8)! such that

Yin(u1) V1 Y (u1) Vi
=AX)| | and |=BM
Yin (UN) VN W5 (1Ls) Vg

where A(X) = (ajj(X1,..., Xm)) and B(Y) = (b;j(Y1,...,Yg)) have the properties I" of the proposi-
tion. Also

M(m + 8 =Mm°eM®)°’edMm)'® M(S)l with basis u; @ (tj, vi ® v;
and

M(m+8)' =Mm)!' ® M(8)° & Mm)° ® M(8)" with basis v; ® uj, u; ®v;.
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The canonical generators of Cp;, will be denoted by e, ..., ey and the canonical generators of Cg will
be denoted by e),...,eg. With E; =e1 ®1,....,En=en®1; Ej=En1=1®¢e),...,Eg =Emyg =
1® eg, we have

N 8
Unis =) XiEi+ ) ViEj.
i=1 i=1

We have
N 8
Wnps( ® 1) = Y XiEi(ur @ ju1) + »_ ViEj(u1 @ ju1)
i=1 i=1
N 8
=Y aiXOvi® p1 + Y bi(Y)u1 @ vi.
i=1 i=1
We will use the notations u = (ug,...,un)t, v=w1,...,vn), = (1,..., u8), v=_(v1,...,v8)k.

With these notation,
Yints(U1 @ 1) =rAX)1v @ w1 +rB(Y)1u1 @ v.
Fori=1,..., N, likewise, we get

Umis (Ui ® (1) =rAX)iv @ 1 +rB(Y)1u; @ v.

Therefore,
V& M
AIX) O ... 0] (Bi(Y) O 0 0
AX) 0 ... O 0 B1(Y 0 0 Ve
Unis®pun) = | " .2.(.) 0.0 o .].(.) u1®“5
AN) O ... 0 0 0 0 Bi(Y)
unN ®v

Given a row vector a(Y) of length 8, let R(a(Y)) € Miyxgn denotes the matrix as on the right-hand
side of the above matrix. With such notations,

VU

vV Us

Unps@® p1) = (A 0 ... 0 | RGBu)) [ "o

uy®v

Using similar calculations for ¥, ;g(u ® ;) we have

V& U
Winig(U ® 1) A(X) o ... 0 R(GB1(Y))
Umis(U® p2) | _ 0 AX) ... 0 R(@B2(Y)) vV ug
UL Qv
Win (U @ ig) 0 0 ... AX) | R(Bs(Y)

Uy ®v
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This gives the upper 8N rows of the matrix of ¥;;;g which form a 8N x (8N + 8N) matrix. Now we
proceed to compute

Yn+s(V1 @ V)
Yint+s(v2 ® v)

Yn+s(VN @ V)

Again, the matrices of &, Pg are respectively —A(X)!, —B(Y)'. We have,

m 8
Unig(vi @ V1) = in(ei @ D(v1® V1) +ZY:'(1 ®e;)(vi ® V1)
i=1 i=1
N 8
=Pu(v1) @ Vi — Vi @ Pg(v1) =— Y a1 (X)uj @ vi+ Y _bj(Y)vi® i;
j=1 j=1

= —rA1 (XU ®v1 +:B1(V)'v1 ® 1.
Similarly, for i=1,...,8, we have
Winis (V1 ® Vi) = Pm(V1) ® Vi — V1 ® Pg(vj) = —rA1(X) U @ vi + Bi(Y)'v1 ® 1u:
and for k=1, ..., N, we have
Uni8 (Vi ® Vi) = P (Vi) @ Vi — Vi ® Py (1) = —r Ap(X)'u ® vi + 1 Bi(Y) v @ .
So, the left half of the matrix of ¥, 3(v{ ® v) is given by
(thl 0 --- 0 | 535 0O --- 0 | ‘ CBE 0 --- O)EMsst.
Similarly, the left half of the matrix of ¥p,13(vy ® v) is given by
(0 cBg ... 0 | 0 cBE ... 0 | ‘ 0 cBg 0)€M8><8N-

So, the left-lower block of the matrix ¥;,g is given by

B 0o - 0 | Bg() 0 - 0
0 BVt ... 0 0 Bg(Y)t ... 0
0 0 - BVt 0 0 <o (Bg(V)t
RGB1(Y)\*

R(rl.i“z'(Y)) = (Upper-Right Block)! € Mgnxsn.
R(+Bs(Y))

Now we compute the right half of the same matrix of

Yint+8(v1 ® V)
Ynig(V2 @ V)

Yn+s(VN ® V)
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Let Ig denote the identity matrix of order 8. Then, the right half of this matrix is given by

an(X)lIg  an(Xly -+ an1(X)Ig
a(X)lg  an(X)ls -+ an2(X)Ig
an(X)Ig an(X)Ig -+ ann(X)Ig

Now, the upper left and lower right blocks of the matrix of ¥, s involve only the variables
X1,..., Xm and the upper right and lower left blocks involve only the variables Yq,..., Yg. Recall
that A(X) and B(Y) have the properties of I" of the proposition. Examining all four blocks of the
matrix of ¥p.g, it follows that the matrix of ¥;,,g also has the property of I' of the proposition.
By symmetry, the matrix of @p,4g also has the property of A of the proposition. This completes the
proof of Proposition 5.11. O

6. Complete intersections

In this final section, we consider the question whether a local complete intersection ideal I of A,
with height(I) =n, is the image of a projective A,-module P of rank n. For an affirmative answer to
this question for all such ideals I it is necessary that the top Chern class map Cq : Ko(An) — CHo(Ap)
is surjective. Since CHo(Ap) =Z; and for n =8r + 3,8r + 5,8r + 6, 8r + 7, by (5.10), Ko(A,) = Z, the
top Chern class map Cy fails to be surjective. So, in these cases, the question has a negative answer.

We consider the stronger question whether each element of the Euler class group E(Ap) =Z is
Euler class of a projective Ap-module P of rank n. We start with the following two theorems about
even classes and odd classes.

Theorem 6.1. Let A, be the ring of algebraic functions on S", as in nation (2.1), and n > 2 be even. Let N = 2r
be an even integer. Then there is a stably free A,-module P of rank n and an orientation x : A, 5 det(P) such
thate(p, x) =N.

Proof. By Lemma 2.4, we can assume N > 0. Let my,...,my be even number of distinct real max-
imal ideals and assume that the corresponding real points are on S' = (x =0, ...,x; = 0). As in
Lemma 4.1,

N N/2
mm,' =(L,x2,...,x) where L= l_[ L; with L; linear.
i=1 i=1

Write F= Al and | = ﬂ,N:] m; = (L, X2, ..., Xn). The standard basis of F will be denoted by eq,...,ep.
Define

f:F—] by fer)=L, fle)=x Viz2
Let
w:F/JF— J/J* and fori=0,1 w;:F/miF — m;/m?,

be induced by f. Therefore

N
(J,@) =) (mi,w) =0¢€ E(Ap).

i=1
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We can assume
(mj,wj)) =1 Vi=1,...,s, (mj,wj)=—1 Vi=s+1,...,N.

LletueAbesuchthatu—1em;fori=1,...,sandu+1em;fori=s+1,...,N.Note u? —1¢€ J.
Define P by the exact sequence

0>P—AdF %A o
By [BRS2, Lemma 5.1], P has an orientation x such that
s N
e(P.)=u" "V )= (miw)+ Y —(miw)=N.
i=1 i=s+1

The proof is complete. O

Theorem 6.2. Let A, be the ring of algebraic functions on S™. Assume n = dim A, is even. Then, there exists a

projective Ap-module P with rank(P) = n and an orientation x : Ay, = det P with e(P, x) = N for some odd
integer N if and only if the same is possible for all odd integers N.

Proof. Suppose N odd and e(P, x) = N. By Lemma 2.4, we can assume N > 0. Now assume M be
any other odd integer. Again, we can assume M > 0. Let my, ..., my be distinct real maximal ideals
and (m;, w;) =1 € EL(Ay) =Z. Write F = A} and I = ﬂfil m;. Let w; : F/IF — I/I? be obtained from
w1, ...,wy. Then M = (I, wy). Note that the weak Euler class group

Eo(An) ~ CHo(An) =Z/(2).

Therefore, the weak Euler class eg(P) = image(N) = 1 = image(M) = (I). So, by proposition [BRS2,
Proposition 6.4], there is a projective A;-module Q of rank n and a surjective map f: Q — I, and also
[P]=1[Q] € Ko(Ap). Fix an orientation xo : Ap = det Q. Using an isomorphism y : F/IF S Q/IQ,
with dety = xo, f induces orientations n: F/IF — I/I? and n; : F/miF — m;/m?, for i =1,..., M.
Then, by definition,

M
e(Q, xo) =, =Y (mi, ).
i=1
We can assume that
(mij,n))=1 Vi<s, and (m;,n)=-1 Vi>s.
Pick u € A, such that u — 1 em; for i <s and u+1em; for i >s. Let Q' be defined by

0>Q > A;0Q =4 o

Then, by [BRS2, Lemma 5.1], Q' has an orientation x’ such that

s N
e, x)=(La " Pn) =Y (mi, =" Vni) + Y (mi, @ " V).
i=1 i=s+1

Here n is even. So, e(Q’, x') = Y_;_; (mi, n;) + Z,stﬂ (mj, —n;) = M. This completes the proof. O
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Before we proceed, we need the following proposition that relates top Chern classes with Stiefel-
Whitney classes.

Proposition 6.3. Let A, be the ring of algebraic functions on the real sphere S" and X = Spec(Ay). Then, the
following diagram

Ko(X) —— KO(SM)

CHo(X) — H"(S",Z/(2))
commutes, where Cq denotes the top Chern class map and wy, denotes the top Stiefel-Whitney class.

Proof. Note, CHy(R(X)) =7Z/(2) and H"(S",Z/(2)) =Z/(2). Any element in Ko(X) can be written as
[P]1—[A}], where P is a projective A,-module of rank n. By Bertini’s theorem (see [BRS1, 2.11]), we
can find a surjective map f : P — [ where  =mjNmyN---Nmy is intersection of N distinct maximal
ideals. Assume myq, ..., m, are real maximal ideals and m;1, ..., my are the complex maximal ideals.
Fori=1,...,r, let y; € S" be the point corresponding to m;. So, Co(P) =T € Z/(2), where T is the
image of r in Z/(2). ~

Let P denote the bundle on S" induced by P. Then f induces a section s_on the bundle P,
transversally intersecting the zerosection, exactly on the points y1,..., yr. So, w,(P) =T. The proof is
complete. O

Remark. In a subsequent paper [MaSh], a more general version of Proposition 6.3 was proved later.
Now, we have the following corollary to Theorem 6.2.

Corollary 6.4. Let A, be the ring of algebraic functions on S". Assume n = dim A, > 2 is even. Then, the
following are equivalent:

1. e(P, x) =1 for some projective Ay-module P with rank(P) = n and orientation x : A, = detP.

2. For some odd integer N, e(P, x) = N for some projective A,-module P with rank(P) = n and orientation
X : Ap > detP.

3. For any odd integers N, e(P, x) = N for some projective A,-module P with rank(P) = n and orientation
X : Ap = detP.

4. The top Chern class Co(P) =1 for some projective A,-module P with rank(P) =n.

5. The Stiefel-Whitney class w, (V) = 1 for some vector bundle V with rank(V) =n.

Let n = 8r,8r + 2,8r + 4 and let P, be a projective Ap-module of rank n such that [Pp] —n = 1, is
the generator of Ko(Ap). Then above conditions are equivalent to w,(Py) = 1 (which is equivalent to
Co(Py) =1).

Proof. By (6.2), (1) & (2) & (3). It is obvious that (2) < (4). Also by (6.3), we have (4) < (5),
because we can assume [Sw2] that V is algebraic.

For the later part, we only need to prove that (5) = wy(P;) = 1. To prove this assume that
wy(Py) =0 and let V be any vector bundle of rank n over S". We have [V] — rank(V) = kt,. So, the
total Stiefel-Whitney class w(V) = w(kt,) = w(tp)¥ = 1. So, w,(V) = 0. The proof is complete. O

Remark 6.5. We have the following summary. Let P denote a projective Ap-module of rank n > 2 and
X :An = det P be an orientation. Then
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1. For n=8r+3,8r + 5, 8r + 7 we have EE)(AH) =0. So, the top Chern class Co(P) =0. By [BDM],
P~ Q @ Aj. Therefore e(P, x)=0.

2. For n = 8r + 6, we have Ky(A;) =0. So, Co(P) =0, and hence e(P, x) is always even. Further,
by (6.1), for any even integer N there is a projective A,-module Q with rank(Q) =n and an
orientation 7 : A, = det Q, such that e(Q,n)=N.

3. For n =8r + 1, we have I?B(An) Z/2. If e(P, x) is even then Co(P) =0. So, P~ Q & A, and
e(P, x) =0 for all orientations . So, only even value e(P, x) can assume is zero.

4. Now consider the remaining cases, n = 8r, 8r + 2, 8r + 4. We have K()(Agr) =17, Ko(Angrz) =7/2,
Ko(AgH_4) Z. As in the case of n = 8r + 6, for any even integer N, for some (Q,7n) the Euler
class e(Q,n) = N. The case of odd integers N was discussed in (6.4).

This leads us to the following question.

Question 6.6. Suppose n = 8r,8r + 1,8r + 2,8r + 4 and 1, is the generator of I?B(An). Then, whether
wp(tp) = 1 (which is equivalent to Co(ty) =1)?

Apparently, answer to this question is not known. For n =1, the question has affirmative answer.
We will be able to answer this question for n = 2,4, 8 using the description (5.11) of the patching
matrix .

Theorem 6.7. Let n = 2, 4, 8 and Ay denote the ring of algebraic functions on S". Let T, be the generator of
Ko(Ap). Then, the top Chern class Co(ty) = 1.

Proof. Here n=2,4,8 and q=q, =Y i X2. If M= M°@®M! is an irreducible Z,-graded C,-module,
then 7, = [P] — rank(P), where P = (M) as defined in Proposition 5.5. We have R(q + Xz) = A, and

P is obtained by patching together FO = (Ap)14x, ® M® and F' = (Ap)1-x, ® M! via ¥ = ¢,. In the
cases of n =2,4,8, by (5.9), rank(P) = dim Mg = n. By (5.11), with respect some bases of MY, M1, the
matrix of ¥ has the first column (x1, ..., x;)".

We write y =xo and F = All. Let eq,...,e; denote the standard basis of F. We identify FO =

Fity, Fl= F1_y and consider ¢ as a matrix with first column (xq, .. x)t
Let I =(y — 1,X1,...,xy) be the ideal of the north pole of S". Then, I1+y = (X1, ..., Xy). Define
surjective maps fo: FO — I14, where fo(e;) =x; fori=1,...,n; and fi: F! — I;_, where fi(e1) =1

and fi(ej) =x; for i =2,...,n. We have the following patching diagram:

P F!
N
N \1\\
N
RN
1 Ii_y
v

FO 1+y

Iiyy Ii_y2 *> Ly

The map f is induced by the properties of fiber product diagrams. Since fg, f1 are surjective, so is f.
Therefore, the top Chern class Co(P) = cycle(A,/I) = 1. Since 1, = [P] —n, we have Co(t,;) = 1. This
completes the proof. O



S. Mandal, AJ.L. Sheu / Journal of Algebra 321 (2009) 205-229 229

Corollary 6.8. Let n = 2, 4, 8. Then, given any integer N there is a projective A,-module Q of rank n and
orientation x : Ap = det Q, such that the Euler class e(Q, x) = N.
Also, suppose I is a locally complete intersection ideal of height n and w : (An/I)" — 1/12 is a surjective

homomorphism. Then, there is a projective Ap-module P of rank n, and orientation x : Ay S detP and a
surjective homomorphism f : P — I such that (I, w) is induced by (P, x).

Proof. First part follows immediately from (6.1, 6.4, 6.7). The later part follows from [BRS2, Corol-
lary 43]. O
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