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We consider Kaluza–Klein (KK) models where internal spaces are compact Einstein spaces. These spaces 
are stabilized by background matter (e.g., monopole form-fields). We perturb this background by a 
compact matter source (e.g., the system of gravitating masses) with the zero pressure in the external/our 
space and an arbitrary pressure in the internal space. We show that the Einstein equations are compatible 
only if the matter source is smeared over the internal space and perturbed metric components do not 
depend on coordinates of extra dimensions. The latter means the absence of KK modes corresponding 
to the metric fluctuations. Maybe, the absence of KK particles in LHC experiments is explained by such 
mechanism.

© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
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1. Introduction

One of the main tasks of the Large Hadron Collider (LHC) is 
to search for physical phenomena beyond the standard model. If 
such events occur, they should suggest the directions of the fur-
ther development of physics. Extra spatial dimensions are among 
these phenomena. The idea of multidimensionality of our Universe 
demanded by the theories of unification of the fundamental inter-
actions is one of the most breathtaking ideas of theoretical physics. 
It takes its origin from the pioneering papers by Th. Kaluza and 
O. Klein [1], and now the most self-consistent modern theories 
of unification such as superstrings, supergravity and M-theory are 
constructed in spacetimes with extra dimensions (see, e.g., [2]). 
One of the clearest evidence for the existence of extra dimensions 
is the detection of Kaluza–Klein (KK) modes/particles which corre-
spond to appropriate eigenfunctions of the internal manifold, i.e. 
excitations of fields in the given internal space. Such excitations 
were investigated in many articles (see, e.g., the classical papers 
[3–5]). However, up to now, such particles were not detected in the 
LHC experiments (see, e.g., [6,7]). In our Letter we present a possi-
ble explanation of this problem in the case of KK models where 
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stabilized internal spaces are compact Einstein spaces. We per-
turb this multidimensional background by gravitating masses and 
show that multidimensional Einstein equations are consistent only 
if the gravitating bodies are uniformly smeared over the internal 
space and, consequently, the metric fluctuation components de-
pend only on the coordinates of the external/our space. Obviously, 
this means the absence of KK modes corresponding to the metric 
fluctuations. We also demonstrate that the coupling constant be-
tween gravitating masses and radions depends on the equation of 
state parameter Ω for the gravitating masses in the internal space. 
In the case of black strings/branes (Ω = −1/2) the coupling disap-
pears and the gravitating masses do not perturb the internal space. 
This explains the excellent agreement of black strings/branes with 
the gravitational tests.

2. Smearing over extra dimensions

Let

ĝMN(y)dX M ⊗ dX N = ημνdxμ ⊗ dxν + ĝ(d)
mn(y)dym ⊗ dyn (1)

be a metrics on a (D = 1 + D = 4 + d)-dimensional background 
spacetime manifold MD = M4 ×Md , where M4 is the Minkowski 
spacetime and the internal space Md is a compact Einstein one:

R̂mn
[

ĝ(d)
] = λĝmn, R̂m

m

[
ĝ(d)

] = R̂(d) = λd, λ ≡ const. (2)
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In general, Md can be an orbifold. In what follows, M = 0, 1,

2, . . . , D; μ = 0, 1, 2, 3; μ̃ = 1, 2, 3 and m = 4, 5, . . . , 3 + d. Ac-
cording to our sign convention, λ < 0 (λ > 0) corresponds to the 
compact Einstein space with positive (negative) curvature. For ex-
ample, in a particular case of the d-dimensional sphere of the 
radius a we have λ = −(d − 1)/a2. The case of a Ricci-flat internal 
space λ = 0 and its particular example of the toroidal compactifi-
cation were studied in our previous papers [8,9] and will not be 
considered here.

Obviously, to create the curved background spacetime with the 
metrics (1), we should introduce also the background matter. The 
properties of the energy–momentum tensor (EMT) of this matter 
can be easily determined from the Einstein equations [10]:

κ T̂ ′ M
N = R̂ M

N −
(

1

2
R̂(d) + κΛD

)
δM

N , κ ≡ 2S D G̃D
c4

, (3)

where ΛD is the multidimensional cosmological constant, S D =
2π D/2/Γ (D/2) is the total solid angle, G̃D is the gravitational con-
stant in the (D = D + 1)-dimensional spacetime. For the metrics 
(1) we get

T̂ ′ μ
ν = −

(
λd

2κ
+ ΛD

)
δ
μ
ν ,

T̂ ′ m
n = −

(
λ(d − 2)

2κ
+ ΛD

)
δm

n . (4)

It is worth noting that these equations coincide with Eqs. (11) and 
(12) in [11] in the case of Einstein internal spaces. It was indicated 
there that the multidimensional cosmological constant ΛD is nec-
essary to get a solution with the flat external space. In Section 3, 
we will show additionally that we need this constant to ensure the 
stable compactification of the internal space. We can rewrite these 
expressions in the form of the components of a perfect fluid:

T̂ ′ M
N = diag

(
ε̂′,−p̂′

0,−p̂′
0,−p̂′

0,−p̂′
1, ...,−p̂′

1︸ ︷︷ ︸
d times

)
, (5)

ε̂′ ≡ −[
(λd/2κ) + ΛD

]
, p̂′

0 = ω0ε̂
′, p̂′

1 = ω1ε̂
′, (6)

where the parameters of equations of state are

ω0 = −1, ω1 = [
(2 − d)λ − 2κΛD

]
/(λd + 2κΛD). (7)

Here, ω0 = −1 corresponds to the vacuum-like equation of state 
in the external space, and in the internal space the parameter 
ω1 is an arbitrary. Choosing different values of ω1 (with fixed 
ω0 = −1), we can simulate different forms of matter. For exam-
ple, ω1 = 1 corresponds to the monopole form-fields (the Freund–
Rubin scheme of compactification [12–14]1). For the Casimir effect 
we have ω1 = 4/d [11,16]. Obviously, for these forms of matter we 
can calculate the energy density and pressures in the external and 
internal spaces, and Eqs. (6) and (7) should be treated as the fine 
tuning conditions.

Eqs. (6) and (7) result also in the following useful auxiliary re-
lation:

ε̂′ = −λ/
[
κ(1 + ω1)

]
. (8)

Now, we perturb the above background by a perfect fluid with 
the following EMT (see also [9]):

1 Different compactification schemes (i.e. choices of the form of the electromag-
netic field) may result in different values of ω1 [15].
T̃ Mν = ρ̃(D)c2 ds

dx0
uM uν, uM = dX M

ds
,

T̃ mn = −p̃gmn + ρ̃c2 ds

dx0
umun, p̃ = Ωρ̃(D)c2 ds

dx0
. (9)

This perfect fluid is pressureless in the external/our space but it 
has pressure in the internal space. Ω is the equation of state pa-
rameter in the internal space. Usually we assume that this matter 
source is compact. For example, such EMT can correspond to a sys-
tem of gravitating bodies, e.g., ordinary astrophysical objects. It is 
well known that the pressure inside of these masses (e.g., inside of 
our Sun) is much less than the energy density. Therefore, we can 
neglect it. However, we do not know the pressure of these bod-
ies in the internal space. So, we keep it. We should note that this 
pressure is not connected with motion of gravitating masses, i.e. Ω
is the parameter of a body. Obviously, in the case of a gravitating 
body with the mass m the rest mass density is

ρ̃(D) = [|g|]−1/2
mδ(X). (10)

We can easily generalize this expression to the case of a system of 
gravitating masses [9]. For our purpose, it is sufficient to consider 
a steady-state model. For example, we can consider only one grav-
itating mass and place the origin of a reference frame on it. That 
is, we disregard the spatial velocities of the gravitating masses.

It is worth noting that the metric components gMN in Eqs. (9)
and (10) are perturbed ones, and in the weak-field approximation 
up to O (1/c2) correction terms they can be written in the form

gMN ≈ ĝMN + hMN, (11)

where correction terms hMN ∼ O (1/c2) can be found with the help 
of the Einstein equation:

1

κ
RMN = TMN − 1

d + 2
T gMN − 2

d + 2
ΛD gMN. (12)

The total EMT on the right hand side of this equation is TMN =
T ′

MN + T̃MN , where T ′
MN is the EMT of the perturbed background 

matter. To get the metric correction terms hMN ∼ O (1/c2), we 
should determine the components of TMN up to O (c2) terms. For 
example, the components (9) are approximated as

T̃00 ≈ ρ(D)c2, T̃μ̃ν̃ ≈ 0, T̃0M ≈ 0,

T̃mn ≈ −Ωρ(D)c2 ĝmn, T̃ ≈ ρ(D)c2(1 − Ωd), (13)

where ρ(D) denotes the rest mass density (see (10)) with respect 
to the unperturbed metrics ĝMN .

Concerning the EMT of the background matter, we suppose that 
perturbation does not change the equations of state in the exter-
nal and internal spaces, i.e. ω0 and ω1 are constants. For example, 
if we had monopole form-fields (ω0 = −1, ω1 = 1) before the per-
turbation, the same type of matter we have after the perturbation. 
Thus, the EMT of the perturbed background is

T ′
μν ≈ (

ε̂′ + ε′
1

)
gμν, T ′

mn ≈ −ω1
(
ε̂′ + ε′

1

)
gmn, (14)

where the correction ε′
1 is of the same order of magnitude as the 

perturbation ρ(D)c2.
According to the EMT (9), the pressure is isotropic in each factor 

manifolds. Obviously, such perturbation does not change the topol-
ogy of the model, i.e. the topologies of the factor manifolds. Addi-
tionally, it preserves also the block-diagonal structure of the metric 
tensor. In the case of a steady-state model (our case) the non-
diagonal perturbations h0M̃ are also absent. Therefore, the metric 
correction terms are conformal to the background metrics and can 
be written in the block-diagonal form:[
hMN(X)

] = [ξ1η00] ⊗ [ξ2ημ̃ν̃ ] ⊗ [
ξ3 ĝ(d)

mn
]
, (15)
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where ξ1,2,3 = ξ1,2,3(X) ∼ O (1/c2). Then, the EMT (14) is approxi-
mated up to O (c2) correction terms as follows:

T ′
00 ≈ ε̂′(1 + ξ1) + ε′

1, T ′
μ̃ν̃ ≈ [

ε̂′(1 + ξ2) + ε′
1

]
ημ̃ν̃ ,

T ′
mn ≈ −ω1

[
ε̂′(1 + ξ3) + ε′

1

]
ĝ(d)

mn,

T ′ ≈ (4 − ω1d)
(
ε̂′ + ε′

1

)
. (16)

Taking into account the reasoning in Appendix A [9] as well as 
the background relations (7) and (8) above, the Einstein equation 
(12) reads (up to O (1/c2) terms):

�Dξ1 = 2
1 + d(Ω + 1)

d + 2
κε̃ + 2

d(1 + ω1) − 2

d + 2
κε′

1, (17)

�Dξ2 = −2
1 − Ωd

d + 2
κε̃ + 2

d(1 + ω1) − 2

d + 2
κε′

1, (18)

�Dξ3 = −2
1 + 2Ω

d + 2
κε̃ + 2λξ3 − 4(ω1 + 2)

d + 2
κε′

1, (19)

where ε̃ ≡ ρ(D)c2 and �D is the D-dimensional Laplace operator 
with respect to the metrics ĝMN . To get this system, we used the 
well known gauge condition [17]

∇̂LhL
N − 1

2
∂NhL

L = 0, hM
N ≡ ĝM ShN S , (20)

which in our case is reduced to the system

∂0ξ1 − (1/2)∂0(ξ1 + 3ξ2 + ξ3d) = 0, (21)

∂ν̃ξ2 − (1/2)∂ν̃(ξ1 + 3ξ2 + ξ3d) = 0, (22)

∂nξ3 − (1/2)∂n(ξ1 + 3ξ2 + ξ3d) = 0. (23)

This condition simplifies considerably the Einstein equations. Ob-
viously, it does not affect the physical results. The condition (21)
is satisfied automatically for the stationary perturbations ξi . Also, 
for the stationary perturbations ξi and the compact matter source 
with the EMT (9), the conditions (22) result in the following:

ξ1 + ξ2 + ξ3d = C(y)||r|→+∞ → 0

⇒ ξ3 = −1

d
(ξ1 + ξ2), (24)

where we took into account that at large distances |r| from the 
compact matter source the metrics goes asymptotically to the 
background one. Hereafter, r denotes the radius-vector in the ex-
ternal three-dimensional space.

Now, applying the Laplace operator �D to the relation (24) and 
comparing it with Eqs. (17)–(19), first, we get

ε′
1 = (λd/2κ)ξ3 (25)

and, second, Eq. (19) takes the form

�Dξ3 = 2

[
λ

2 − d(1 + ω1)

d + 2
ξ3 − 1 + 2Ω

d + 2
κρ(D)c2

]
. (26)

The relation (24) shows that functions ξı (ı = 1, 2, 3) are not lin-
early independent. So, ξ1,2 can be presented as

ξı = −(d/2)ξ3 + βı f , ı = 1,2, (27)

where f is a new function and constant parameters βi satisfy the 
condition β1 + β2 = 0. Then, taking into account Eq. (26), we can 
easily show that Eqs. (17) and (18) are reduced now to the system

β1�D f = κρ(D)c2, β2�D f = −κρ(D)c2. (28)
Therefore, we can put

β1 = −β2 = 1 ⇒ �D f = κρ(D)c2 (29)

and, hence, for the functions ξ1 and ξ2 we get

ξ1 = −(d/2)ξ3 + f , ξ2 = −(d/2)ξ3 − f . (30)

Now, coming back to the gauge condition (23), we get

(d + 2)ξ3 + 2 f = C1(r), (31)

where C1(r) is a function that depends only on the external co-
ordinates. Applying to this relation the Laplace operator �D and 
using Eqs. (26) and (29), we arrive at the following crucial equa-
tion:

λ
[
2 − d(1 + ω1)

]
ξ3 − 2Ωκρ(D)c2 = C2(r)/2, (32)

where C2(r) = �D C1(r). As we will see below, the condition of sta-
ble compactification leads to the requirement λ[2 −d(1 +ω1)] > 0. 
Then, from (32) we conclude, that in the region outside the com-
pact matter source with the EMT (9) (i.e. where ρ(D) = 0), ξ3
depends only on the external coordinates. Hence, the function 
ρ(D) , and, therefore, also the function f depend only on the ex-
ternal coordinates. This means that the matter source with the 
EMT (9) (e.g., a system of gravitating masses) should be uniformly 
smeared over the internal space. In this case the D-dimensional 
Laplacian �D in Eqs. (26) and (29) should be replaced by a three-
dimensional one �3 (with respect to the flat metrics), and the 
multidimensional rest mass density ρ(D) is reduced to a three-
dimensional one: ρ(D) = ρ(3)(r)/V int where V int is the unper-
turbed internal space volume. Thus, Eqs. (29) and (26) read

�3 f = 8πG N

c2
ρ(3), (33)

�Dξ3 − μ2ξ3 = −2(1 + 2Ω)

d + 2

8πG N

c2
ρ(3), (34)

where we introduced the Newton gravitational constant 4πG N =
S D G̃D/V int and the Yukawa radion mass squared μ2 ≡ 2λ[2 −
d(1 + ω1)]/(d + 2). In our case, the Yukawa scalar particle is a ra-
dion/gravexciton [16]. It is well known that to get the physically 
reasonable solution of (34) with the boundary condition ξ3 → 0
for |r| → +∞ the parameter μ2 should be positive. This results in 
inequalities:

λ
[
2 − d(1 + ω1)

]
> 0 ⇒

{
ω1 > (2/d) − 1, λ < 0,

ω1 < (2/d) − 1, λ > 0.
(35)

In the case of a point-like source ρ(3)(r) = mδ(r), and the solutions 
of Eqs. (33) and (34) are

f = 2ϕN

c2
, ξ3 = − 4ϕN

(2 + d)c2
(1 + 2Ω)exp

(−μ|r|), (36)

where the Newtonian potential ϕN = −G Nm/|r|. If the internal 
space is a d-dimensional sphere of the radius a (i.e. λ = −(d −
1)/a2), then the solutions (36) exactly coincide with the ones in 
[18]. We can conclude from (36) that the Yukawa coupling con-
stant g between any massive particle and the radion is determined 
as g2 ∼ (d/(2 + d))G N (1 + 2Ω). In contrast to the radion mass 
μ ∼ 1/a, the coupling constant does not depend on the size of the 
internal space. Moreover, in the case of black branes Ω = −1/2
[19], the coupling disappears at all. As a result, the presence of 
a gravitating mass does not excite the internal space: ξ3 ≡ 0 (see 
Eq. (36)).
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3. Internal space stabilization

Let us show now that inequalities (35) correspond to the in-
ternal space stability conditions. To prove it, we suppose, that the 
scale factor of the internal space is a function of time:

ĝ(d)
mn(y) −→ e2β(t) ĝ(d)

mn(y), t ≡ x0. (37)

Without loss of generality, we may put β(t = t0) = 0 where t0 is 
the present time. Then, from the conservation law T ′ M

N;M = 0 for 
the diagonal EMT (5) (ω0 = −1), we get

ε′(t) = ε′
ce−β(1+ω1)d, (38)

where ε′
c is a constant of integration. The stabilization of the inter-

nal space is possible if the effective potential (see for details [16,
20])

Ueff(β) = e−dβ
[(

R̂(d)/2
)
e−2β + κΛD + κε′

ce−β(1+ω1)d] (39)

has a minimum at t = 0. Since in the considered model the exter-
nal space is flat, Λ(4)

eff = Ueff(β = 0) = 0, then

R̂(d) = λd = −2κ
(
ΛD + ε′

c

)
, (40)

that coincides with (6) for ε′
c = ε̂′ . The necessary condition for an 

extremum of the effective potential ∂Ueff/∂β|β=0 = 0 leads to the 
relation

λ = −(1 + ω1)κε̂′, (41)

which exactly coincides with (8). The sufficient condition of the 
minimum ∂2Ueff/∂β

2|β=0 > 0 results in inequality

λ
[
2 − d(1 + ω1)

]
> 0. (42)

Obviously, this inequality coincides with condition (35) of the pos-
itiveness of the Yukawa radion mass squared. If we also demand 
the positivity of the unperturbed background energy density ε̂′ de-
termined in (8), then we finally get ω1 > (2/d) − 1 for λ < 0 and 
ω1 < −1 for λ > 0. Additionally, it can be easily seen that in the 
case ΛD = 0 we have ω1 = (2 − d)/d ⇒ ∂2Ueff/∂β

2|β=0 = μ2 = 0. 
Therefore, the presence of ΛD is the necessary condition for the 
internal space stabilization.

4. Summary

In this Letter, we have considered KK models where internal 
spaces are compact Einstein spaces, e.g., orbifolds. These spaces are 
stabilized by background matter, e.g., monopole form-fields. We 
perturbed this background by a compact matter source with the 
zero pressure in the external/our space and an arbitrary pressure 
in the extra dimensions. For example, such matter source can be 
modeled by a gravitating mass. Then, we investigated the metric 
perturbations in the weak-field limit and showed that the Einstein 
equations are compatible only if both the metric perturbations and 
the energy density of the compact matter source do not depend 
on the coordinates of the internal space. For gravitating masses, 
this means their smearing over the internal space. For the met-
ric perturbations, this means the absence of the KK modes. The 
KK modes/particles are the object of the active search in LHC ex-
periments. However, up to now such modes are not detected [6,7]. 
As we show in our Letter, the reason for this may be smearing of 
particles and fields over the internal spaces, although it looks un-
natural from the point of view of statistical physics because any 
nonzero temperature should result in fluctuations, i.e. in KK states.

It should be mentioned that the metric and field perturba-
tions are often considered without taking into account the reason 
of such fluctuations (see, e.g., [21,22]). Our analysis clearly shows 
that the inclusion of the matter sources, being responsible for the 
perturbations, imposes strong restrictions on the model. Moreover, 
these restrictions are not caused directly by the made choice of the 
energy–momentum tensors of the sources. For instance, KK exci-
tations do exist under a similar choice with Ω = 0 in the case 
of toroidal compactification [23], but then there is a contradiction 
with the relativistic gravitational tests [24].

Besides, it is worth noting that our investigation is related also 
to the popular Universal Extra Dimension models [25] if the inter-
nal spaces are orbifolds. Clearly, the brane world models require 
a separate investigation. There are also models with combined KK 
and brane topology [26]. Our research shows that in such com-
bined models the smearing of gravitational sources can also occur.
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