=
View metadata, citation and similar papers at_core.ac.uk brought to you by .. CORE

provided by Elsevier - Publisher Connector

Practical Computation of Matrix Functions

Hans-J. Runckel

Abteilung Mathematik IV
Universitit Ulm
7900 Ulm, Germany

and

Uwe Pittelkow

Abteilung Mathematik 1
Universitit Ulm
7900 Ulm, Germany

Submitted by Richard A. Brualdi

ABSTRACT

Several new representations for an analytic function f{A) of a complex matrix A,
and in particular for ¢#? and A’ are derived, which also are numerically useful in that
they avoid the computation of eigenvalues of A.

1. INTRODUCTION

The main purpose of this paper is to derive, in Sections 3 and 4, new
representations for an analytic function f{ A) of a complex matrix A which are
of particular importance for numerical computations (Theorems 2, 3, 6).
Section 2 contains new and short proofs of known formulas for f(A) and of
related topics in order to give a unified, elementary, and self-contained
approach to the subject (avoiding the Jordan canonical form). In Section 4 the
new formulas are applied to the solution of linear systems of differential and
difference equations and more general operator equations (Theorems 4, 5). In
particular, new formulas [(30)—(34)] for e?! and A’ are obtained, which are
theoretically interesting and numerically useful in that they do not require the
computation of eigenvalues of A. The many publications on this subject show
that there still is a demand for a theoretically simple and numerically useful
method to compute f{A).
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2. DEFINITION OF MATRIX FUNCTIONS

Let A be a complex m X m matrix, whose different eigenvalues are
.»A;, and denote by I the m X m identity matrix. Assume that ¢c(A)=10

for c(A): =TI¥_ (A —A,)" with n, + - -+ + n, = n. For instance, ¢(\) can
be the characteristic or the minimal polynomial of A or the polynomial
[e(N)/d(M)]* =TIk_ I(A A,)’, where c is the characteristic polynomial of A,

dthaaood of 2 and 2/ an

W i 5 Lall, UL U allu v, allu
put q,(A): = c(\)/(A = A, a(\): = Z_,q,(A), By = (A), B: = g(A). Al
considerations below remain valid if A belongs to an arbitrary topological
algebra over T with identity I such that ¢(A)= 0.

€ N sufficiently large. For i=1,...,k we then

Lemma 1. B is invertible.

(See also {12, Lemma 2].)

Proof. c(A)=0 and g(\)~ q(A,)=(A—A)r(A) imply ITf_ [q(A)—
q(A)I™ =0, or p(B)=0, where p(A)=IIf_;[X — g(A,)]™. Since g(A,)=
q,(X,) =0, p(0) = 0 follows, and hence Br(B)=I holds with r(A)=[p(0)—
p(M)]/Ap(0). =

Lemma 2. IfCp=BB '=B7'B,i=L,... .k then Tf_,C,= I, C,C;=0
fori= jand C?=C, fori, j=1,....k. If, in addmon Tk C’— Iholds, where
the C; are m X m matrices satisfying (A—)\il)"fCi'=0, i=1,....k, then

=C fori=1,...,k

Proof. Since for i = j, C, contains the factor (A — A I)", it follows that
CC] 0 and C,C;=0. Next, Lemma 1 yields L_,C;=I and hence C;=
5 CC= CC’ Z" \C,C/ = C/. In particular, C? = C; follows. |

As an application of Lemma 2 we obtain

TueoreM 1. Let
=V(A):={x€C™ (A=AI)"x=0).

ThenC™=V\® - - - ®V,. Furthermore the columns of B;(and C)) span V(A),
and the rows of B, (and C,) span V{ AT); hence rank B = rank C dlmV
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Proof. Let V/ be the subspace of C™ spanned by the columns of B,
Since (A —A,I)"B;= c(A)=0 holds, vicy, follows. Thus B = XX =1B; and

Lemma 1 1mply C’" =Vi+ .-+ Vk Vi+ - +V,. Assume that x,
+ - +x, =0, where x; €V, Since for i = §, B,. contains the factor (A —
AQ)%, we have 0=Bfx + -+ xk)= B].xj=(B1 + -+ Byx; = Bx,
Thus, x;=0, j=1,....k, and C" =V{® --- ®V;=V,® --- ®V,. This and
Vi C V,imply V/ = V] and hence rank B = rank C;= dunV

The rest follows from (AT )"JBJT— c(ATY=0. |

Lemma 2 and Theorem 1 imply

CororrLary 1. Though B; and n; depend on c(}), C; and hence V{A)
and \Z¢ AT are independent of the pamcular choice of c(?\)

(See also Corollary 3.)
Next, Lemma 2 yields for 1 <i, j<kandr,s20

C.Ci,=8,C .\ where C,=(A—-\,I)C,. 8]

Now for » > 0 and f(A): = X, Lemma 2 implies

k
flA)=a= ) AC,

i=1

k

k v
= L (A-MI+A)C= X X (M)(a-n DN,

i=1 i=1s=0

||[\/]»

Z f<f>(xi)(z:!—>\,.1)sc i "Z“fm(A)

i=1s=0

since ) =0 for s > v and C,, = (A — X\,I)*C, = 0 for s > n, because c(A) = 0.
Hence this also holds for arbitrary complex polynomials f(A), and we obtain

Lemma 3. If for a sequence of complex polynomials £(X) and for a
function f(A), FO(N)=lim, _,  £(X,) exist for 0< s <n,, 1 <i<k, then
f(AY: =lim,_, _ £(A) exists and

kK n;—1 s
A=z ¥ F0G @)

i=1s=0
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This formula now will be used as the definition of f{ A) for every complex
function f(\) for which the right side of (2) exists. See also [3], [5], [8], [26],

[27], [31], and [10, pp. 104, 107].
One verifies immediately:

if f(A),g(A)exist, then
(f+e)A)=1(A)+g(A) and (fg)(A)=f(A)e(A) (3)
(using Leibniz’s product differentiation rule);

if f(A) exists and ifall f{A,)=0, then

[£(A)] ! also exists and (4)
(2o £ 5, (bl

If some C, = 0, then (A — A,I)~! would exist by (4) and (3). Hence all B; and
C, are = 0. In particular, there exists 7, with

1<r<

ni’Ciri=0> Ci,riAl:‘:O' (5)

This yields the following converse of Lemma 3. If lim,_,  £(A) exists,
then lim, ,  £{9(A,) exists for 0 <s <7, 1<i<k by multiplying £(A) by
C,,s=r1—1,...,0 and using (1).

With B=g(A), (3) and (4) yield (1/gXA)=B~" and (f/q)A)=
f(A)B™!. From this, (2), and (1/¢)¥(A)=(1/g,) (A}, 0<s<n;, 1<i<
k, we obtain the following well-known formula (see also [20], [27], and [10, p.
101]):

flA)= inil( ((;\))St )(S)

i=1s5=0

(A-XI)B.
A=A

We observe that

o k ni—1 f(A) (s)
pla)i= 2 2 (q,-(x)s!)

k

(z=2)" IT (z=A)" (6)

A=A v=1p=i
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is the Lagrange-Sylvester interpolation polynomial (with p*(A;)= F¢Y(X,),
0<s<n, 1<i<k)and we have f{A)=p(A).

3. PRACTICAL COMPUTATION OF MATRIX FUNCTIONS

We now want to derive another representation for p(z) in (6) which
requires the following notatjon: Let

cN)= 2 ¢, N,  hy=cy=1, h(A)=Ah,_ (A +c,, r=1,...,n,
r=0

sothat A (A)= Zr: ¢,_ X and h,(A)=c(A). (7)

Then

n—1 n—1

(A=2) X by, s(M)z"=(A=2) 2 Nh,_,_(5)=c(M)—c(z) (8)
r=20 r=0
can be verified immediately. Using (8) we define
n—1
H(A,z):= )} h,_, ,(N)z”  with H(X,z)=H(z,\). (9)
r=9{
Observe that H(A, z) depends on the particular choice of c(A). If now c(A) is

an arbitrary complex polynomial satisfying c(A )= 0, then substituting A for z
in (8) and (9) yields

(M = A)H(X, A)= (AT — A)H(A, ) = c(M)I. (10)

Remark 1. If ¢(A)=c4(A): = |AI — A, then ¢,(A)=0 and (10) imply

m—1 m—1

adi(Al—A)= 3 h, . ,(M)A'= ) XNh,_, (A).

r=0 r=0
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Remark 2. For c,(A) = 0, (10) yields

m—1
Z N"*"ltraceh,(A)zCA(A)trace()\I_A)_l‘ (11)
r=0

Now trace A = — c{™ " 1(0)/(m — 1)!, and hence from |t —(A]— A)™ =
tmcy (A —t 1) /cy(A) and

=c;(N)

t=0

we obtain trace(AI — A) ! =c¢4(A)/c (). Then (11) yields

m~—1

m—1
Y N raceh (A)=ci(A)= Y (m—r)e X",
r=0 r=0

and by comparing coefficients of A" "~ we obtain trace h,(A)=(m — r)c,.
This and trace h,(A)= trace(Ah,_,(A))+mc, from (7) yield the following
well-known algorithm (see also [8]): If

A= Al= Y ¢, N, =1,
r=0

then

¢, = — trace r=1,....m

T

Ahr—l(A)
r 3

Next, let ¥ be a suitable simple closed positively oriented curve enclosing
Ays---» A, or the sum of k simple closed positively oriented sufficiently small
circles around A,,..., A

LemMma 4. Let p(A) be a complex polynomial of degree < n. Then with
the notation (7) and (9) we have

M@:/}%&Qdk (12)
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Choosing in particular p(z)= z* yields

X’hn—r—l(x) .
‘/;de—sw fOT Osv,r<n. (13)

Proof. (8) implies 1/(A — z)= H(A, z)/[c(A)— ¢(z)]. Then by Cauchy’s
integral formula

2mip(z) = f p()\)

p(MH(.2) o [ p(MH(A, 2)
L= ALy

fyp(Ax[c(A)—c(z)] “H—c(A) ) H(A, z) dA

[ P(VHQ2)
=) e = o]

dA =0,
because y can be replaced by an arbitrarily large circle around 0. ]
We now can prove (see also [2], [7]):

Tueorem 2. Let p(A) be the interpolation polynomial (6) of f. Then
with the notation (9),

f(A)=p(A)= f"—(l‘%%(;‘m—“‘)dx. (14)
If, in particular, f is analytic at A,,...,\,, then
AA)= j%—;ﬂdx. (15)

Proof. (14) follows from f{A)= p(A) in Section 2 and (12). (15) follows
from (14), since [ f(A) — p(A)]/c(A) has removable singularities at A, ..., A,,
and hence [, H(A, A)[ fAA) = p(A)]/c(A)dA = 0. [ |
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Applying the residue theorem to (14) and using p‘(A )= f (A ) 0s<s
<n, 1<j<k, yields (se [18] for a special case):

CoroLLarY 2. Ifm;>n;, 1< j< k, then

not k(N R (M(A =) )“‘”
Aa)= Y &
r}=:0 j=1 C(}\)(mjﬂl)‘ A=A,
n—1 n—r—1 -
= E;Oh,(A)’=1 (f(}\):(\x)( (.}\ )}_\) )

provided all required derivatives of f exist. Since always n;<n —k +1, one

can choose m;=n—k+1orm;=n for 1 < j<k.

As a generalization of a result in [6] we then obtain

CoroLLARY 3 [see Corollary 1 and (9)].

H(A,A) _
(A)_ (( f 1)') >\=)\j> (16)
’ HO A) (A=A )™\ ™0 _
if m;zn;, then C;= ) (m,—1)! ) . for 1< j<k.
(17)

Observe that G;is independent of the particular choice of ¢(A) by Lemma
2.

Proof. (16) follows from Corollary 2 with f{A) = q(}\) and m;= n, Next,

C,= f(A), where f(A)= ql()\)/q(k) by Lemma 2. Slnce LA - 1]/c(>\)
has a removable smgulanty at A,
_ ()‘ ~ )‘j)mj)(y)
v, b )

my @)
( (A=2)"HN) )
holds for 0 < » < m; Hence Corollary 2 yields (17). |

c(A)

A=A,
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ReEmark 3. If one defines f{A)= [ AANAI— A) " '/27id\ and C;=
/s (>\I — A) Y/27idX, where y;is a small circle around A, then (10) 1m—
medlately yields (15) and (17).

ReEMaRrk 4. In order to apply Corollary 2, only the different eigenvalues
As...,A of A have to be known, but not their exact multiplicities. Observe
that A,,...,A, are the simple zeros of the kth order polynomial c*(A)=
c(A)/d(X), where d(A) is the g.c.d. of ¢(A) and ¢'(A). ¢(A) may be replaced
by [¢*(A\)]* =T1X_ (A — A,)* for sufficiently large s € N.

REMARK 5. Assume that Aj,...,A, are known approximately. The ad-
vantage of the formulas in Corollary 2 over (2) is that only for the coefficients
of A%...,A""! or of hy(A),...,h,_,(A) is new computation necessary
whenever the accuracy of computation of A|,..., A, is increased.

ReMark 6. For other definitions of f{A) involving finite differences see
4, 11, 30].

We conclude this section by deriving from (15) new formulas for f{A).
(See also [2].)

TaeEOREM 3. Let 1/¢(A)=%2 . d A7 for |A\|> M: = max; . ;i {|A ]
and let f(A) be analytic in |\| <K where K> M. Then

>

FNH(A, A\
o= Lo (FEER) "
f(A)=n§Ar _Zni Coms 5 i ————-d”";{m(o)’ (19)
f(A)—"i hia) ¥ Gz T (20)

v=t

v!

fa="T 40§, F VO
r=0 : ]

Proof. Let y be a sufficiently large circle with center at 0. Then (15)
implies f(A) =X, d, [, fAANH(A, A)A™’/2xidA, which is (18) by Cauchy’s
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integral formula. Observing (7) and (9), we again obtain from (15)

n—1 n—r—1
_ . )X
=L a ¥ e L 1R
r=0 s=0 v=n Y
Wthh implies (19). (20) is obtained similarly from flA) =
o h (A [, AN Lre(M)2widA. Finally, using g (A): =X, _o¢c, N =
p{) \ — )"*'lh ()\\ we obtain

e I\ wo obiall

fﬁp_}%f)—l@‘“‘ AN ran ff()\)gg‘\gwldx.

Substituting this in (15) yields (21).

Remark 7. The obvious advantage of the formulas (18)-(21) over the
earlier ones is that the eigenvalues A,...,A, of A need not be known. In
1/e(\)=X%,d A", we have d,= [ X!/c(A)27idX and hence d, =

(since ¢, = 1), and for v > n,

n

T od,_,= [= =Y =0
PN JY c(N)2wi '}y 27i
Therefore d, can be computed recursively by
n
d,=-Y c¢d,_, for v>n (22)

using d, = 0 for » <n and d, = 1. From this the following upper bounds for
d, are obtained by induction on ». Put a: =X]_,|c | If a > 1, then|d | <
v>n.lfa<l, thenid,, .  |<a”<lforl <p <n,v>=0 Foraconnecnon of
the d, with the Lucas polynomials see [2]. By induction on » one can easily
prove that

(_1)”1 SRad erieet (vt + )
pleoom)

d,= >

¥, +2p+ - tny,=v—n,
v 20

holds for » > n.
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4. APPLICATIONS

Let T: F — F be a linear operator, where F is a vector space of complex
functions y(t), ¢ € R (a region in R or C). We define

N

T( g y,(t)A,)= = Y (Ty(t))A,

r=0

for N €N, y,(t)€ F, and arbitrary complex m X m matrices A, 0<r<N. T
may be D or E, where Dy(t)=y’(#), Ey(t) = y(t + 1). More generally, T may
be a polynomial in D and E.

Next, let L be an open set in R or C containing A ,...,A,, and let y(A, ¢),
fieifAs 1), 0< iy, i, < N be complex functions of A € L, ¢t € R such that
y( A,"t) and f; .;(A,t) exist according to (2) or (14). We assume that
(3/ XY (T"y(A, t)) and (/3N)°f; .., (A, t) exist and that (3/IA)’y(A,t)E F
forO0<r<u, 0<s<p:=max{n,,...,n.,A€L, t€R.

As an illustration how to apply matrix functions we prove (see also [29])

THEOREM 4. Assume that y(\, t) satisfies

N

Z:Oﬁo...i,,(x,t)[y(x,t)]"°[Ty(A,t)]"*~--[T“y(x,t)]“=0 (23)
and
rl() oo (v e en e
IL<r<uand 0<s<p. Then y(A,t) satisfies
T'(y(A, 1)) = (T'y(A,1))lr- 4 (25)
and
Y f (ADA O] [T(A 0] =0 for (=R
(26)

If, in addition, T'y(A,t)=a, for 0<r<v, AEL, and t, &R, then
T'y(A ty)=a,l,0<r <.
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Proof. (24) and (2) imply (25). (25) and (3) yield
Y fpeaf A0 Lu(A, 0] [TU9(A, )]
=T fi A Oy Oha] - [Ty )]
= (Th e [T 0]

which is =0 by (23). This proves (26), and T"y(A,t,)= «,I follows from
(25), (2) and Lemma 2. n

THEOREM 5. Assume that (24) and hence (25) hold. Assume furthermore
that y(A, t) satisfies

Ty(A,t)=Ay(A,t), y(A,t,)=1 for A€L, t,t,€R. (27)
Then
Ty(A,t)=Ay(A,t) and y(A,t,)=1  for t<R.

In addition

n—1

y(a.t)= ¥ a(0)A,

where for0 <r<n

k _a_)"f“l( y(A )k, (M)A —Aj)"’) (28)

% ()= L (3)\ c(A)(n;—1)!

j=1

A=A,
and

cA(T)e(t)=0, T'o(t,)=3,, for t€R, O0<r,v<n. (29)

Observe that also (14), (15), Cor. 2, (19) and (21) can be used to evaluate

Proof. The first part of Theorem 5 is a special case of Theorem 4. (28)
follows from Corollary 2. In order to prove (29) we observe that (24) and (27)
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imply
r{{25) vn) = (5) @i = (%) owon )
=>\(:9%)Sy()\,t)+s(£}:)s W)

or

(-1 5 ) v 0=s() wn)

or

(=2 ) v =sr -0 L) )
=sl{T—-A)y(A,t)=0 for A€L, te<R.

Hence
n d .
(T-2)) ’[(7\ y(A, t)‘ ] 0, O<s<n; 1l<j<k, t€R,

and therefore ¢(T )¢, (t)=0, t € R. Finally, (24), (27) and (13) imply

k v (n;— b
T',(t) = X (—————‘—A sy () )

=1\ e(W)(n;—1)! -
)\V n r— I(A)
‘]; c(N)2mi dr =3, for O0<r,v<n. m

REMARK 8. In order to find n solutions y = @(t), 0 < v <n, of (T )y =0
with T"p,(t,)=38,,, 0<7,» <n, one only has to determine a solution y =
y(A, t) of Ty = Ay with (A, t,)=1 for A € L and evaluate ¢,(t) according to
(28), provided (24) holds.
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Remark 9. The equation (T”+ A\ TP7'+ .- + A T)X(t)=0 with
v X v matrices Aj,...,A, can be transformed into TY = AY with

0 I 0
A=
0 0 I
- A, —A, -4,

The eigenvalues of A are the roots of |]API +AP7!1A + -~ + A | =0.

ExampLe 1. For T = D (27) has the solution y(A, t) = e™* =% for A, ¢, ¢,
€ C. Hence by Theorem 5, Y’ = AY has the solution Y(¢) = y(A, t)= e ),
which can be computed for t, t, € C according to (2), (15), (20):

A(t oy Z Z (t_t )S A(t— Co)cis
i=1s=0 s!
eMNt—to)
__f H(A, A)d)\
c(N)2mi

v=r

=n¥_h(A)Z _ﬁL'ﬂLf_O_)

and according to (15), (19), (21), (28) we obtain

n—1
102" )

r=0

with
et to)p (N)
t)= Rl dai
e (t) T e(N) 2
z - dv s—f(t_t )V
= Z Cn—s Z = V, 0
s=r+1 v=n+r—s )

(t B tO)r . - dv+s*r(t —t())y
—_‘-—-‘_sgocn_sv=n§r's V! ’ 0<T<n,

(30)
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Observe that the d, are given by (22) and that ¢(D)g,(t)= 0, D*p,(t,)=8,,,
0 <r,v<n. Since e = 0, (¢4¢~1))~ L exists by (4) for all ¢, t, € C. The
first representation of e~ shows that e*("%) tends to zero (remains
bounded) as t = + co if all Re A ; <()(1f for each j, Re)\]<OorRe)\]—0and
Cy=0 for s > O) The converse follows by multiplying e~ %) by C

s=r- < j< k, and using (5), (1).

s>

See also [1], [5], [9], [12]-[16], [18], [19], [21]-(23], [31], [10, pp. 116—
129], and 15, pp. 36-38].

Exampie 2. For T = E, (27) has the solution y(A, t)y=X""for A, ¢, ¢, €
C, A = 0. Hence by Theorem 5 the system of difference equations EY = AY
has the solution Y(¢)=y(A,t)= A" ‘>, which can be computed for ¢, t, € C
according to (2), (15) provided all A, = 0:

Lk n;—1
N-9H(X, A)
Az to — ( )N to— sC >

Z L y c(A)2mi

i=1s=0

dA,

where v does not wind around 0.
If, in particular, k = ¢ — ¢, and k + 1 €N, then also A ;=0is allowed and
(20) yields '

n—1
A= 3% h,_, (A)d,,,, withd, from (22). (31)
r=0

Next, (28), (19), and (21) yield for k +1 N

n—1

A= ) g(k)A, (32)

r=0

where

¢r(k)= Z Cn—sdk+s~r

s=r+1

r

=6r‘k— Z Cn~sdk+s~r
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satisfies

C(E)\Xbr(k):o’ E”\L,(O):S”, 0<T,V<ﬂ.

As in Example 1, one can easily see that A tends to zero (remains bounded)
as k — +oo iff all {A | <1 (iff for each j{A <1 or A, =1 and C; =0 for
s> 0).

RemMagk 10. In order to determine for k +1 €N the fundamental system
k), 0<r<n, of ¢c(E)y=0 with E*{(0)=4,,, 0<r,»<n, one has to
compute the particular solution d, (22) of the 1nhomogeneous equation
€@y _nis =0, withd, =0 for » <n and d, =1. Then ¢,(k) is given
by (32).

Using (32) we obtain
TuEOREM 6. f(A)=1L2  A"F*X0)/ ! exists iff

fa)=% A,( f":!(O) SRAG )f‘”’(O))

yr=n

exists and (see (28)) for0<r<n

3

A=0

wtr= (G anol_ e Evon () (442

!
y=n

provided the right side exists.
In particular, always (see (30)))

eA(tﬂo):nilA,( (t Z ¥, (v )(t“—to) )

r=0 y=n

Observe that Remark 7 yields |y (r)<a”*'" " for »>n if a>1 and
W(nr+pl<a’'<lforl<pgn,vzlifa<],0<r<n.

See also [2, 17, 19, 24, 25, 28].
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