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a b s t r a c t

In this paper, we present a unified family of polynomials including not only the
Apostol–Bernoulli, Euler and Genocchi polynomials, but also a general family of
polynomials suggested by Özden et al. [H. Ozden, Y. Simsek, H.M. Srivastava, A unified
presentation of the generating functions of the generalized Bernoulli, Euler and Genocchi
polynomials. Comput. Math. Appl. 60 (10) (2010) 2779–2787]. We obtain the explicit
representation of this unified family, in terms of a Gaussian hypergeometric function. Some
symmetry identities and multiplication formula are also given.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

The generalized Apostol–Bernoulli polynomials B
(α)
n (x; λ) are defined, by Luo and Srivastava [1–4], through the

generating relation
t

λet − 1

α

ext =

∞−
n=0

B(α)
n (x; λ)

tn

n!
(|t + log λ| < 2π, 1α

:= 1),

where α and λ are the arbitrary real or complex parameters and x ∈ R. The Apostol–Bernoulli polynomials and the
Apostol–Bernoulli numbers can be obtained from the generalized Apostol–Bernoulli polynomials by

Bn(x; λ) = B(1)
n (x; λ), Bn(λ) = Bn(0; λ) (n ∈ N0),

respectively. The case λ = 1 in the above relations gives the classical Bernoulli polynomials Bn(x) and the Bernoulli numbers
Bn.

Recently, for the arbitrary real or complex parameters α and λ and x ∈ R, Luo [5] generalized the Apostol–Euler
polynomials Eα

n (x; λ) by the generating relation
2

λet + 1

α

ext =

∞−
n=0

Eα
n (x; λ)

tn

n!
(|t + log λ| < π, 1α

:= 1).

The Apostol–Euler polynomials and the Apostol–Euler numbers are given by

En(x; λ) = E1
n (x; λ), En(λ) = En(1; λ),

respectively. The above relations give the classical Euler polynomials En(x) and the Euler numbers En when λ = 1.
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Let x ∈ R. For an arbitrary real or complex parameters α and λ, the Apostol–Genocchi polynomials of order α are defined
by (see [6,7])

2t
λet + 1

α

ext =

∞−
n=0

Gα
n (x; λ)

tn

n!
(|t + log λ| < π, 1α

:= 1).

The Apostol–Genocchi polynomials and the Apostol–Genocchi numbers are given by

Gn(x; λ) = G1
n(x; λ), Gn(λ) = Gn(0; λ),

respectively. When λ = 1, the above relations give the classical Genocchi polynomials Gn(x) and the Genocchi numbers Gn.
We should note that the above polynomials have recently been studied in the papers [8–12].
Motivated by the generating relation [13]

fa,b(x; t; k, β) :=
21−ktkext

βbet − ab
=

∞−
n=0

yn,β(x; k, a, b)
tn

n!
;

t + b log


β

a

 < 2π, x ∈ R


(k ∈ N0; a, b ∈ R+, β ∈ C),

where the associated numbers are given by

yn,β(0; k, a, b) := yn,β(k, a, b),

in this paper, we consider the following unified form of the Apostol–Bernoulli, Euler and Genocchi polynomials

f (α)
a,b (x; t; k, β) :=


21−ktk

βbet − ab

α

ext =

∞−
n=0

P (α)
n,β(x; k, a, b)

tn

n!
; (k ∈ N0; a, b ∈ R \ {0}; α, β ∈ C). (1)

For the convergence of the series involved in (1), we have

(i) If ab > 0 and k ∈ N, then |t + b log( β

a )| < 2π; 1α
:= 1, x ∈ R, β ∈ C.

(ii) If ab > 0 and k = 0, then 0 < Im(t + b log( β

a )) < 2π; 1α
:= 1, x ∈ R, β ∈ C.

(iii) If ab < 0, then |t + b log( β

a )| < π; 1α
:= 1, x ∈ R, k ∈ N0, β ∈ C.

It should be noted that, the family of polynomials P (α)
n,β(x; k, a, b) includes the above mentioned well known polynomials

some of which we list below:

Remark 1.1. Setting k = a = b = 1 and β = λ in (1), we get

P (α)
n,λ (x; 1, 1, 1) = B(α)

n (x; λ),

where B
(α)
n (x; λ) are the generalized Apostol–Bernoulli polynomials.

Remark 1.2. Choosing k + 1 = −a = b = 1 and β = λ in (1), we get

P (α)
n,λ (x; 0, −1, 1) = E (α)

n (x; λ),

where E
(α)
n (x; λ) are the generalized Apostol–Euler polynomials.

Remark 1.3. Letting k = −2a = b = 1 and 2β = λ in (1), we get

P (α)

n, λ
2


x; 1,

−1
2

, 1


= Gα
n (x; λ),

where Gα
n (x; λ) are the generalized Apostol–Genocchi polynomials.

Remark 1.4. Setting α = 1 in (1), we get

P (1)
n,β(x; k, a, b) = yn,β(x; k, a, b).

For the other known polynomials which are related with the generalized family P (α)
n,β(x; k, a, b), we refer [14–19]. We

organize the paper as follows.
In Section 2, we obtain the explicit representation of the unified family P (α)

n,β(x; k, a, b), in terms of Gaussian

hypergeometric function. In Section 3, some symmetry identities for the polynomials P (α)
n,β(x; k, a, b) are given. In Section 4,

multiplication formula is obtained for this unified family.
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2. Explicit expression

In this section, we aim to obtain the explicit expression of the polynomials P (α)
n,β(x; k, a, b), in terms of a Gauss

hypergeometric function F(a, b; c; z), which is defined by

F(a, b; c; z) = 2F1(a, b; c; z) :=

∞−
n=0

(a)n(b)n
(c)n

zn

n!

where c ∉ ̸Z−

0 := {0, −1, −2, . . .}; |z| < 1; z = 1 and Re(c − a − b) > 0; z = −1 and Re(c − a − b) > −1. Our main
result in this section is stated in the following theorem.

Theorem 2.1. For n, l, k ∈ N0, a, b ∈ R, β ≠ a, we have

P (l)
n,β(x; k, a, b) = 2(1−k)l(kl)!

 n
kl

 n−kl−
i=0


l + i − 1

i


n − kl

i


βbi

(βb − ab)l+i

×

i−
m=0

(−1)m


i
m


mi(x + m)n−i−klF


−n + kl + i, i; 1 + i;

m
m + x


.

Proof. Let Dt =
d
dt . We have, by (1), that

P (l)
n,β(x; k, a, b) = Dn

t


21−ktk

βbet − ab

l

ext


t=0

= 2(1−k)l
n−

s=0

n
s


xn−sDs

t [t
kl(βbet − ab)−l

]|t=0

= 2(1−k)l
n−

s=kl

n
s


xn−s(kl)!

 s
kl


Ds−kl
t [(βbet − ab)−l

]t=0

= 2(1−k)l
n−

s=kl

n
s


xn−s(kl)!

 s
kl


Ds−kl
t [(βb

− ab + βb(et − 1))−l
]t=0.

Now, since

(A + w)−l
=

∞−
i=0


l + i − 1

i


A−l−i(−w)i (|w| < |A|)

and since (see [20, p. 58 (15)]),

(et − 1)i = i!
∞−
j=i

S(j, i)
t j

j!
,

where S(j, i) are the Stirling numbers of the second kind, we get

P (l)
n,β(x; k, a, b) = 2(1−k)l

n−
s=kl

n
s


xn−s(kl)!

 s
kl

 ∞−
i=0


l + i − 1

i


(βb

− ab)−l−i(−βb)iDs−kl
t [(et − 1)i]t=0

= 2(1−k)l
n−

s=kl

n
s


xn−s(kl)!

 s
kl

 ∞−
i=0


l + i − 1

i


(βb

− ab)−l−i(−βb)iDs−kl
t


i!

∞−
j=i

S(j, i)
t j

j!


t=0

= 2(1−k)l
n−

s=kl

n
s


xn−s(kl)!

 s
kl

 s−kl−
i=0


l + i − 1

i


(βb

− ab)−l−i(−βb)ii!S(s − kl, i).

Using the formula (see [20, p. 58 (20)]),

S(j, i) =
1
i!

i−
m=0

(−1)i−m


i
m


mj,

and n
s

  s
kl


=

 n
kl

n − kl
n − s


,
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we obtain

P (l)
n,β(x; k, a, b) = 2(1−k)l

n−
s=kl

n
s


(kl)!

 s
kl

 s−kl−
i=0


l + i − 1

i


(−βb)ixn−s

(βb − ab)l+i

i−
m=0

(−1)i−m


i
m


ms−kl

= 2(1−k)l(kl)!
 n
kl

 n−kl−
i=0

n−
s=i+kl


n − kl
n − s


l + i − 1

i


(−βb)ixn−s

(βb − ab)l+i

i−
m=0

(−1)i−m


i
m


ms−kl

= 2(1−k)l(kl)!
 n
kl

 n−kl−
i=0

n−i−kl−
s=0


n − kl

n − s − kl − i


l + i − 1

i


(−βb)ixn−s−i−kl

(βb − ab)l+i

i−
m=0

(−1)i−m


i
m


ms+i.

Since

(n − s − kl − i)! =
(−1)s(n − kl − i)!

(−n + kl + i)s
,

we get

P (l)
n,β(x; k, a, b) = 2(1−k)l(kl)!

 n
kl

 n−kl−
i=0


l + i − 1

i


n − kl

i


βbixn−i−kl

(βb − ab)l+i

×

i−
m=0

(−1)m


i
m


miF


−n + kl + i, 1; 1 + i; −

m
x


.

Applying the Pfaff–Kummer hypergeometric transformation

F(a, b; c; z) = (1 − z)−aF

a, c − b; c;

z
z − 1


(c ∉ Z−

0 ; | arg(1 − z)| ≤ π − ε (0 < ε < π)),

we obtain

P (l)
n,β(x; k, a, b) = 2(1−k)l(kl)!

 n
kl

 n−kl−
i=0


l + i − 1

i


n − kl

i


βbi

(βb − ab)l+i

×

i−
m=0

(−1)m


i
m


mi(x + m)n−i−klF


−n + kl + i, i; 1 + i;

m
m + x


.

Whence the result. �

For l = 1, we get the explicit representation of the polynomials yn,β(x; k, a, b).

Corollary 2.2. For n, k ∈ N0, a, b ∈ R+, β ≠ a, we have

yn,β(x; k, a, b) = 2(1−k)k!
n
k

 n−k−
i=0


n − k

i


βbi

(βb − ab)1+i

×

i−
m=0

(−1)m


i
m


mi(x + m)n−i−kF


−n + k + i, i; 1 + i;

m
m + x


.

For k = a = b = 1 and β = λ, we get Theorem 1 of [3].

Corollary 2.3. For n, l ∈ N0, λ ∈ C \ {1}, we have the following explicit representation of the generalized Apostol–Bernoulli
polynomials [3]:

B(l)
n (x; λ) = l!

n
l

 n−l−
i=0


l + i − 1

i


n − l
i


λi

(λ − 1)i

×

i−
m=0

(−1)m


i
m


mi(x + m)n−i−lF


−n + l + i, i; 1 + i;

m
m + x


.

For k + 1 = −a = b = 1 and β = λ, we get Theorem 1 of [5] when α = l ∈ N0.
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Corollary 2.4. For n, l ∈ N0, λ ∈ C \ {1}, we have the following explicit representation of the generalized Apostol–Euler
polynomials [5]:

E (l)
n (x; λ) = 2l

n−
i=0


l + i − 1

i


n − l
i


λi

(λ − 1)l+i

i−
m=0

(−1)m


i
m


mi(x + m)n−iF


−n + i, i; 1 + i;

m
m + x


.

For k = −2a = b = 1 and 2β = λ, we get Theorem 1 of [21].

Corollary 2.5. For n, l ∈ N0, λ ∈ C \ {1}, we have the following explicit representation of the generalized Apostol–Genocchi
polynomials [21]:

G(l)
n (x; λ) = 2ll!

n
l

 n−l−
i=0


l + i − 1

i


n − l
i


λi

(λ − 1)l+i

×

i−
m=0

(−1)m


i
m


mi(x + m)n−i−lF


−n + l + i, i; 1 + i;

m
m + x


.

3. Symmetry identities for the unified family

For each k ∈ N0, Sk(n) =
∑n

i=0 i
k is known as the power sum and the following generating relation is straightforward:

∞−
k=0

Sk(n)
tk

k!
= 1 + et + e2t + · · · + ent =

e(n+1)t
− 1

et − 1
.

For an arbitrary real or complex λ, the generalized sum of integer powers Sk(n, λ) is defined, in [22], via the following
generating relation:

∞−
k=0

Sk(n, λ)
tk

k!
=

λe(n+1)t
− 1

λet − 1
.

Obviously Sk(n, 1) = Sk(n).
For each k ∈ N0, Mk(n) =

∑n
i=0(−1)kik is known as the alternative integer powers given by the generating relation:

∞−
k=0

Mk(n)
tk

k!
= 1 − et + e2t − · · · (−1)nent =

1 − (−et)(n+1)

et + 1
.

For an arbitrary real or complex λ, the generalized sum of alternative integer powersMk(n, λ) is defined, in [22], by
∞−
k=0

Mk(n, λ)
tk

k!
=

1 − λ(−et)(n+1)

λet + 1
.

ObviouslyMk(n, 1) = Mk(n). On the other hand, if n is even, then

Sk(n, −λ) = Mk(n, λ). (2)

We start with obtaining several symmetric identities, which includes the results given in [23–26,22].

Theorem 3.1. For all c, d,m ∈ N, n ∈ N0, we have the following symmetry identity:

n−
r=0


n
r


cn−rdr+kP (m)

n−r,β(dx; k, a, b)
r−

l=0


r
l


Sl


c − 1;


β

a

b

P (m−1)
r−l,β (cy; k, a, b)

=

n−
r=0


n
r


dn−rcr+kP (m)

n−r,β(cx; k, a, b)
r−

l=0


r
l


Sl


d − 1;


β

a

b

P (m−1)
r−l,β (dy; k, a, b).

Proof. Let

G(t) :=
2(1−k)(2m−1)t2km−kecdxt(βbecdt − ab)ecdyt

(βbect − ab)m(βbedt − ab)m
.
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Expanding G(t) into a series, we get

G(t) =
1

ckmdk(m−1)


21−kcktk

βbect − ab

m

ecdxt


βbecdt − ab

βbedt − ab


21−kdktk

βbedt − ab

m−1

ecdyt

=
1

ckmdk(m−1)


∞−
n=0

P (m)
n,β (dx; k, a, b)

(ct)n

n!


∞−
n=0

Sn


c − 1;


β

a

b


(dt)n

n!


∞−
n=0

P (m−1)
n,β (cy; k, a, b)

(dt)n

n!



=
1

ckmdkm

∞−
n=0


n−

r=0


n
r


cn−rdr+kP (m)

n−r,β(dx; k, a, b)
r−

l=0


r
l


Sl


c − 1;


β

a

b

P (m−1)
r−l,β (cy; k, a, b)


tn

n!
. (3)

In a similar manner,

G(t) =
1

dkmck(m−1)


21−kdktk

βbedt − ab

m

ecdxt


βbecdt − ab

βbedt − ab


21−kcktk

βbect − ab

m−1

ecdyt

=
1

ckmdkm

∞−
n=0


n−

r=0


n
r


dn−rcr+kP (m)

n−r,β(cx; k, a, b)
r−

l=0


r
l


Sl


d − 1;


β

a

b

P (m−1)
r−l,β (dy; k, a, b)


tn

n!
. (4)

From (3) and (4), we get the result. �

For k = a = b = 1 and β = λ, we get Theorem 2.1 of [22].

Corollary 3.2. For all c, d,m ∈ N, n ∈ N0, λ ∈ C, we have the following symmetry identity for the generalized Apostol–
Bernoulli polynomials [22]:

n−
r=0


n
r


cn−rdr+1B

(m)
n−r(dx, λ)

r−
l=0


r
l


Sl(c − 1; λ)B

(m−1)
r−l (cy, λ)

=

n−
r=0


n
r


dn−rcr+1B

(m)
n−r(cx, λ)

r−
l=0


r
l


Sl(d − 1; λ)B

(m−1)
r−l (dy, λ).

For k + 1 = −a = b = 1 and β = λ, we get the following corollary, by taking into account (2).

Corollary 3.3. For all m ∈ N, n ∈ N0, λ ∈ C, we have for each pair of positive even integers c and d, or for each pair of positive
odd integers c and d, that [22]:

n−
r=0


n
r


cn−rdr+1E

(m)
n−r(dx, λ)

r−
l=0


r
l


Ml(c − 1; λ)E

(m−1)
r−l (cy, λ)

=

n−
r=0


n
r


dn−rcr+1E

(m)
n−r(cx, λ)

r−
l=0


r
l


Ml(d − 1; λ)E

(m−1)
r−l (dy, λ).

For k = −2a = b = 1 and 2β = λ we get the following corollary, by taking into account (2).

Corollary 3.4. For all m ∈ N, n ∈ N0, λ ∈ C, we have for each pair of positive even integers c and d, or for each pair of positive
odd integers c and d, that

n−
r=0


n
r


cn−rdr+1G

(m)
n−r(dx, λ)

r−
l=0


r
l


Ml(c − 1; λ)G

(m−1)
r−l (cy, λ)

=

n−
r=0


n
r


dn−rcr+1G

(m)
n−r(cx, λ)

r−
l=0


r
l


Ml(d − 1; λ)G

(m−1)
r−l (dy, λ).

Theorem 3.5. For all c, d,m ∈ N, n ∈ N0, β ∈ C we have the following identity:
n−

r=0


n
r

 c−1−
i=0

d−1−
j=0


β

a

b(i+j)

crdn−rP (m)
r,β


dx +

d
c
i; k, a, b


P (m)
n−r,β


cy +

c
d
j; k, a, b


=

n−
r=0


n
r

 d−1−
i=0

c−1−
j=0


β

a

b(i+j)

drcn−rP (m)
r,β


cx +

c
d
i; k, a, b


P (m)
n−r,β


dy +

d
c
j; k, a, b


.
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Proof. Let

H(t) :=
22m(1−k)t2kmecdxt(βbcecdt − abc)(βbdecdt − abd)ecdyt

(βbect − ab)m+1(βbedt − ab)m+1
.

Expanding H(t) into a series, we get

H(t) =
1

(cd)km


21−kcktk

βbect − ab

m

ecdxtab(c−1)




β

a

bc
ecdt − 1

β

a

b
edt − 1

 21−kdktk

βbedt − ab

m

ecdytab(d−1)




β

a

bd
ecdt − 1

β

a

b
ect − 1


=

ab(c−1)ab(d−1)

(cd)km

c−1−
i=0


β

a

bi  21−kcktk

βbect − ab

m

e(dx+ d
c i)ct

d−1−
j=0


β

a

bj  21−kdktk

βbedt − ab

m

e(cy+ c
d j)dt

=
ab(c−1)ab(d−1)

(cd)km


c−1−
i=0


β

a

bi ∞−
n=0

P (m)
n,β


dx +

d
c
i; k, a, b


(ct)n

n!



×


d−1−
j=0


β

a

bj ∞−
n=0

P (m)
n,β


cy +

c
d
j; k, a, b

 (dt)n

n!



=
ab(c−1)ab(d−1)

(cd)km

∞−
n=0


n−

r=0


n
r

 c−1−
i=0

d−1−
j=0


β

a

b(i+j)

crdn−rP (m)
r,β


dx +

d
c
i; k, a, b


P (m)
n−r,β


cy +

c
d
j; k, a, b

 tn

n!
.

Similarly,

H(t) =
1

(cd)km


21−kdktk

βbedt − ab

m

ecdxtab(d−1)




β

a

bd
ecdt − 1

β

a

b
ect − 1

 21−kcktk

βbect − ab

m

ecdytab(c−1)




β

a

bc
ecdt − 1

β

a

b
edt − 1


=

ab(c−1)ab(d−1)

(cd)km

∞−
n=0


n−

r=0


n
r

 d−1−
i=0

c−1−
j=0


β

a

b(i+j)

drcn−r

× P (m)
r,β


cx +

c
d
i; k, a, b


P (m)
n−r,β


dy +

d
c
j; k, a, b

]
tn

n!
.

Whence the result. �

For k = a = b = 1 and β = λ, we get Theorem 2.7 of [22].

Corollary 3.6. For all c, d,m ∈ N, n ∈ N0, λ ∈ C, we have the following symmetry identity for the generalized Apostol–
Bernoulli polynomials [22]:

n−
r=0


n
r

 c−1−
i=0

d−1−
j=0

λi+jcrdn−rB(m)
r


dx +

d
c
i, λ


B
(m)
n−r


cy +

c
d
j, λ


=

n−
r=0


n
r

 d−1−
i=0

c−1−
j=0

λi+jdrcn−rB(m)
r


cx +

c
d
i, λ


B
(m)
n−r


dy +

d
c
j, λ


.

For k + 1 = −a = b = 1 and β = λ, we get the following corollary.

Corollary 3.7. For all c, d,m ∈ N, n ∈ N0, λ ∈ C, we have the following symmetry identity for the generalized Apostol–Euler
polynomials:

n−
r=0


n
r

 c−1−
i=0

d−1−
j=0

(−λ)i+jcrdn−rE (m)
r


dx +

d
c
i, λ


E
(m)
n−r


cy +

c
d
j, λ


=

n−
r=0


n
r

 d−1−
i=0

c−1−
j=0

(−λ)i+jdrcn−rE (m)
r


cx +

c
d
i, λ


E
(m)
n−r


dy +

d
c
j, λ


.

For k = −2a = b = 1 and 2β = λ, we get Theorem 2.5 of [27].
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Corollary 3.8. For all c, d,m ∈ N, n ∈ N0, λ ∈ C, we have the following symmetry identity for the generalized Apostol–
Genocchi polynomials [27]:

n−
r=0


n
r

 c−1−
i=0

d−1−
j=0

(−λ)i+jcrdn−rG(m)
r


dx +

d
c
i, λ


G
(m)
n−r


cy +

c
d
j, λ


=

n−
r=0


n
r

 d−1−
i=0

c−1−
j=0

(−λ)i+jdrcn−rG(m)
r


cx +

c
d
i, λ


G
(m)
n−r


dy +

d
c
j, λ


.

Theorem 3.9. For all c, d,m ∈ N, n ∈ N0, β ∈ C, we have the following identity:

n−
r=0


n
r

 c−1−
i=0

d−1−
j=0


β

a

b(i+j)

crdn−rP (m)
r,β


dx +

d
c
i + j; k, a, b


P (m)
n−r,β(cy; k, a, b)

=

n−
r=0


n
r

 d−1−
i=0

c−1−
j=0


β

a

b(i+j)

drcn−rP (m)
r,β


cx +

c
d
i + j; k, a, b


P (m)
n−r,β(dy; k, a, b).

Proof. Let

L(t) :=
22m(1−k)t2kmecdxt(βbcecdt − abc)(βbdecdt − abd)ecdyt

(βbect − ab)m+1(βbedt − ab)m+1
.

Expanding H(t) into a series, we get

L(t) =
1

(cd)km


21−kcktk

βbect − ab

m

ecdxtab(c−1)




β

a

bc
ecdt − 1

β

a

b
edt − 1

 ab(d−1)




β

a

bd
ecdt − 1

β

a

b
ect − 1

 21−kdktk

βbedt − ab

m

ecdyt

=
ab(c−1)ab(d−1)

(cd)km

c−1−
i=0

d−1−
j=0


β

a

b(i+j)  21−kcktk

βbect − ab

m

e(dx+ d
c i+j)ct


21−kdktk

βbedt − ab

m

ecdyt

=
ab(c−1)ab(d−1)

(cd)km


c−1−
i=0

d−1−
j=0


β

a

b(i+j) ∞−
n=0

P (m)
n,β


dx +

d
c
i + j; k, a, b


(ct)n

n!


∞−
n=0

P (m)
n,β (cy; k, a, b)

(dt)n

n!



=
ab(c−1)ab(d−1)

(cd)km

∞−
n=0


n−

r=0


n
r

 c−1−
i=0

d−1−
j=0


β

a

b(i+j)

crdn−rP (m)
r,β


dx +

d
c
i + j; k, a, b


P (m)
n−r,β(cy; k, a, b)


tn

n!
.

Similarly,

L(t) =
1

(cd)km


21−kcktk

βbect − ab

m

ecdxtab(d−1)




β

a

bd
ecdt − 1

β

a

b
ect − 1

 ab(c−1)




β

a

bc
ecdt − 1

β

a

b
edt − 1

 21−kdktk

βbedt − ab

m

ecdyt

=
ab(c−1)ab(d−1)

(cd)km

∞−
n=0


n−

r=0


n
r

 d−1−
i=0

c−1−
j=0


β

a

b(i+j)

drcn−rP (m)
r,β


cx +

c
d
i + j; k, a, b


P (m)
n−r,β(dy; k, a, b)


tn

n!
.

Whence the result. �

For k = a = b = 1 and β = λ, we get Theorem 2.10 of [22].

Corollary 3.10. For all c, d,m ∈ N, n ∈ N0, λ ∈ C, we have the following symmetry identity for the generalized Apostol–
Bernoulli polynomials [22]:

n−
r=0


n
r

 c−1−
i=0

d−1−
j=0

λi+jcrdn−rB(m)
r


dx +

d
c
i + j, λ


B

(m)
n−r(cy, λ)

=

n−
r=0


n
r

 d−1−
i=0

c−1−
j=0

λi+jdrcn−rB(m)
r


cx +

c
d
i + j; k, a, b


B

(m)
n−r(dy; k, a, b).
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For k + 1 = −a = b = 1 and β = λ, we get the following corollary.

Corollary 3.11. For all c, d,m ∈ N, n ∈ N0, λ ∈ C, we have the following symmetry identity for the generalized Apostol–Euler
polynomials:

n−
r=0


n
r

 c−1−
i=0

d−1−
j=0

(−λ)i+jcrdn−rE (m)
r


dx +

d
c
i + j, λ


E

(m)
n−r(cy, λ)

=

n−
r=0


n
r

 d−1−
i=0

c−1−
j=0

(−λ)i+jdrcn−rE (m)
r


cx +

c
d
i + j; k, a, b


E

(m)
n−r(dy; k, a, b).

For k = −2a = b = 1 and 2β = λ, we get the following corollary.

Corollary 3.12. For all c, d,m ∈ N, n ∈ N0, λ ∈ C, we have the following symmetry identity for the generalized Apostol–
Genocchi polynomials:

n−
r=0


n
r

 c−1−
i=0

d−1−
j=0

(−λ)i+jcrdn−rG(m)
r


dx +

d
c
i + j, λ


G

(m)
n−r(cy, λ)

=

n−
r=0


n
r

 d−1−
i=0

c−1−
j=0

(−λ)i+jdrcn−rG(m)
r


cx +

c
d
i + j; k, a, b


G

(m)
n−r(dy; k, a, b).

4. Multiplication formula for the unified family

Now let us recall some basic identities which are needed to prove the multiplication formula for the unified family.

Lemma 4.1 (Multinomial Identity). If x1, x2, . . . , xr are commuting elements of a ring, then for all n ∈ N0, we have

(x1 + x2 + · · · + xr)n =

−
n1,n2,...,nr≥0

n1+n2+···+nr=n


n

n1, n2, . . . , nr


xn11 xn22 · · · xnrr .

Lemma 4.2 (Generalized Multinomial Identity). If x1, x2, . . . , xr are commuting elements of a ring, then for all n ∈ N0 and
α ∈ C, we have

(1 + x1 + x2 + · · · + xr)α =

−
n1,n2,...,nr≥0


α

n1, n2, . . . , nr


xn11 xn22 · · · xnrr ,

where
α

n1, n2, . . . , nr


=

α(α − 1) · · · (α − n1 − n2 − · · · − nr + 1)
n!n2! · · · nr !

.

Theorem 4.3. For r ∈ N, k, n ∈ N0 and a, b ∈ R; α, β ∈ C, we have the following multiplication formula:

P (α)
n,β(rx; k, a, b) = rn−kα

−
n1,n2,...,nr−1≥0


α

n1, n2, . . . , nr−1


β

a

mb

P (α)

n, βr

ar−1


x +

m
r

; k, a, b


where m = n1 + 2n2 + · · · + (r − 1)nr−1.

Proof. From (1), we have

∞−
n=0

P (α)
n,β(rx; k, a, b)

tn

n!
=


21−ktk

βbet − arb

α

erxt =
1
abα

 21−ktk
β

a

b
et − 1


α

erxt .

Since

1
β

a

b
et − 1

=

1 +


β

a

b
et +


β

a

2b
e2t + · · · +


β

a

(r−1)b
e(r−1)t

β

a

rb
ert − 1
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we get

∞−
n=0

P (α)
n,β(rx; k, a, b)

tn

n!
=

1
rkαabα

 21−k(rt)k
β

a

rb
ert − 1


α 


β

a

rb
ert − 1

β

a

b
et − 1


α

erxt

=
1

rkαabα

 21−k(rt)k
β

a

rb
ert − 1


α 

r−1−
j=0


β

a

jb

ejt
α

erxt .

By generalized multinomial identity, we have

∞−
n=0

P (α)
n,β(rx; k, a, b)

tn

n!
=

1
rkαabα

−
n1,n2,...,nr−1≥0


α

n1, n2, . . . , nr−1


β

a

mb

 21−k (rt)k
β

a

rb
ert − 1


α

e(x+ m
r )rt

=


rn−kα

−
n1,n2,...,n−1≥0


α

n1, n2, . . . , nr−1


β

a

mb

P (α)

n, βr

ar−1


x +

m
r

; k, a, b
 tn

n!
.

Whence the result. �

For k = a = b = 1 and β = λ, we get Theorem 2.1 of [28].

Corollary 4.4. For r ∈ N, n ∈ N0, α, β ∈ C, we have the following multiplication formula for the generalized Apostol–Bernoulli
polynomials [28]:

B(α)
n (rx, λ) = rn−α

−
n1,n2,...,nr−1≥0


α

n1, n2, . . . , nr−1


λmB(α)

n


x +

m
r

, λr


.

Now observe from (1) that, for k, l ∈ N, a ∈ R+
; β ∈ C, we have

P (l)
n,−β(x; k − 1, −a, 1) =

(−2)l

(n + 1)l
P (l)
n+l,β(x; k, a, 1) (5)

and

P (l)

n, −β
2


x; k,

−a
2

, 1


= (−2)lP (l)
n,β(x; k, a, 1) (6)

where (γ )ν , (γ )0 ≡ 1 denotes the Pochhammer symbol defined by

(γ )ν :=
Γ (γ + ν)

Γ (γ )

by means of familiar Gamma functions. By (5) and (6), we have

E (l)
n (x, λ) =

(−2)l

(n + 1)l
B

(l)
n+l(x, λ) (7)

and

G(l)
n (x, λ) = (−2)lB(l)

n (x, λ), (8)

respectively.
For k + 1 = −a = b = 1 and β = λ, taking into account (7), we get Theorem 3.1 of [28].

Corollary 4.5. For r ∈ N, n, l ∈ N0, α, β ∈ C, we have the following multiplication formula for the generalized Apostol–Euler
polynomials:
When r is odd, we have

E (α)
n (rx, λ) = rn

−
n1,n2,...,nr−1≥0


α

n1, n2, . . . , nr−1


(−λ)mE (α)

n


x +

m
r

, λr

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and when r is even, we have

E (l)
n (rx, λ) =

(−2)lrn

(n + 1)l

−
0≤n1,n2,...,nr−1≤l

n1+···+nr−1=l


l

n1, n2, . . . , nr−1


(−λ)mB

(l)
n+l


x +

m
r

, λr


.

For k = −2a = b = 1 and 2β = λ, taking into account (8), we get the following corollary.

Corollary 4.6. For r ∈ N, n, l ∈ N0, α, β ∈ C, we have the following multiplication formula for the generalized
Apostol–Genocchi polynomials.
When r is odd, we have

G(α)
n (rx, λ) = rn−α

−
n1,n2,...,nr−1≥0


α

n1, n2, . . . , nr−1


(−β)mG(α)

n


x +

m
r

, βr


and when r is even, we have

G(l)
n (rx, λ) = (−2)lrn−l

−
0≤n1,n2,...,nr−1≤l

n1+···+nr−1=l


l

n1, n2, . . . , nr−1


(−λ)mB(l)

n


x +

m
r

, λr


.

References

[1] Q.-M. Luo, On the Apostol Bernoulli polynomials, Cent. Eur. J. Math. 2 (4) (2004) 509–515.
[2] Q.-M. Luo, H.M. Srivastava, Some relationships between the Apostol Bernoulli and Apostol Euler polynomials, Comput. Math. Appl. 51 (3–4) (2006)

631–642.
[3] Q.-M. Luo, H.M. Srivastava, Some generalizations of the Apostol Bernoulli and Apostol Euler polynomials, J. Math. Anal. Appl. 308 (1) (2005) 290–302.
[4] H.M. Srivastava, Some formulas for the Bernoulli and Euler polynomials at rational arguments, Math. Proc. Cambridge Philos. Soc. 129 (1) (2000)

77–84.
[5] Q.-M. Luo, Apostol–Euler polynomials of higher order and Gaussian hypergeometric functions, Taiwanese J. Math. 10 (2006) 917–925.
[6] Q.-M. Luo, Fourier expansions and integral representations for the Genocchi polynomials, J. Integer Seq. 12 (2009) 1–9. Article 09.1.4.
[7] Q.-M. Luo, Extension for the Genocchi polynomials and its Fourier expansions and integral representations, Osaka J. Math. 48 (2) (2011).
[8] I.N. Cangul, H. Ozden, Y. Simsek, A new approach to q-Genocchi numbers and their interpolation functions, Nonlinear Anal. 71 (12) (2009) e793–e799.
[9] I.N. Cangul, H. Ozden, Y. Simsek, Generating functions of the (h; q) extension of twisted Euler polynomials and numbers, Acta Math. Hungar. 120 (3)

(2008) 281–299.
[10] H. Ozden, Y. Simsek, Interpolation function of the (h; q)-extension of twisted Euler numbers, Comput. Math. Appl. 56 (4) (2008) 898–908.
[11] Y. Simsek, Complete sum of products of (h; q)-extension of Euler polynomials and numbers, J. Difference Equ. Appl. 16 (11) (2010) 1331–1348.
[12] Y. Simsek, q-Hardy–Berndt type sums associated with q-Genocchi type zeta and q–l-functions, Nonlinear Anal. 71 (12) (2009) e377–e395.
[13] H. Ozden, Y. Simsek, H.M. Srivastava, A unified presentation of the generating functions of the generalized Bernoulli, Euler and Genocchi polynomials,

Comput. Math. Appl. 60 (10) (2010) 2779–2787.
[14] B.K. Karande, N.K. Thakare, On the unification of Bernoulli and Euler polynomials, Indian J. Pure Appl. Math. 6 (1975) 98–107.
[15] Q.-M. Luo, q-Extensions for the Apostol–Genocchi polynomials, Gen. Math. 17 (2009) 113–125.
[16] H. Ozden, Y. Simsek, A newextension of q-Euler numbers and polynomials related to their interpolation functions, Appl.Math. Lett. 21 (2008) 934–939.
[17] Y. Simsek, Twisted (h, q)-Bernoulli numbers and polynomials related to twisted (h, q)-zeta function and L-function, J. Math. Anal. Appl. 324 (2006)

790–804.
[18] Y. Simsek, Twisted p-adic (h, q)-L-functions, Comput. Math. Appl. 59 (2010) 2097–2110.
[19] H.M. Srivastava, M. Garg, S. Choudhary, A new generalization of the Bernoulli and related polynomials, Russ. J. Math. Phys. 17 (2010) 251–261.
[20] H.M. Srivastava, Junesang Choi, Series Associated with the Zeta and Related Functions, Kluwer Academic Publishers, Dordrecht, Boston, London, 2001.
[21] Q.-M. Luo, H.M. Srivastava, Some generalizations of the Apostol–Genocchi polynomials and the Stirling numbers of the second kind, Appl. Math.

Comput. 217 (2011) 5702–5728.
[22] Z. Zhang, H. Yang, Several identities for the generalized Apostol–Bernoulli polynomials, Comput. Math. Appl. 56 (12) (2008) 2993–2999.
[23] E. Deeba, D. Rodriguez, Stirling’s series and Bernoulli numbers, Amer. Math. Monthly 98 (1991) 423–426.
[24] J.L. Raabe, Zurückführung einiger Summen und bestimmten Integrale auf die Jakob Bernoullische Function, J. Reine Angew. Math. 42 (1851) 348–376.
[25] H.J.H. Tuenter, A symmetry of power sum polynomials and Bernoulli numbers, Amer. Math. Monthly 108 (2001) 258–261.
[26] S.L. Yang, An identity of symmetry for the Bernoulli polynomials, Discrete Math. 308 (4) (2008) 550–554.
[27] V. Kurt, A further symmetric relation on the analogue of the Apostol–Bernoulli and the analogue of the Apostol–Genocchi polynomials, Appl. Math.

Sci. (Ruse) 3 (53-56) (2009) 2757–2764.
[28] Q.-M. Luo, The multiplication formulas for the Apostol–Bernoulli and Apostol–Euler polynomials of higher order, Integral Transforms Spec. Funct. 20

(5–6) (2009) 377–391.


	Unified Apostol--Bernoulli, Euler and Genocchi polynomials
	Introduction
	Explicit expression
	Symmetry identities for the unified family
	Multiplication formula for the unified family
	References


