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1. Introduction

The generalized Apostol-Bernoulli polynomials B (x; 1) are defined, by Luo and Srivastava [1-4], through the
generating relation

t : Xt _ S (@) (- t" a .
<ﬁ> e _2;:3,1 (2) (It +logh| < 2m, 1":=1),
n=

where o and A are the arbitrary real or complex parameters and x € R. The Apostol-Bernoulli polynomials and the
Apostol-Bernoulli numbers can be obtained from the generalized Apostol-Bernoulli polynomials by
Bi(x; 1) = BV (6 1), By(h) =Ba(0;2) (n €N,

respectively. The case A = 1in the above relations gives the classical Bernoulli polynomials B, (x) and the Bernoulli numbers
B,.

Recently, for the arbitrary real or complex parameters @ and A and x € R, Luo [5] generalized the Apostol-Euler
polynomials E{ (x; 1) by the generating relation

) e =Y et nt (elogal <. 1= 1)
— ) M = X \)— 0 <, =1).
et +1 = n! &
The Apostol-Euler polynomials and the Apostol-Euler numbers are given by
En(x2) = €(x; 1), En(A) = Ex(1; 1),

respectively. The above relations give the classical Euler polynomials E,(x) and the Euler numbers E, when A = 1.
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Let x € R. For an arbitrary real or complex parameters « and X, the Apostol-Genocchi polynomials of order « are defined
by (see [6,7])

2 o

(keur]) Zg,n(x A) (It +logi| <7, 1% :=1).

The Apostol-Genocchi polynomials and the Apostol-Genocchi numbers are given by
Gi(; M) =Ga(x: A),  Ga(A) = Gu(0; 1),

respectively. When A = 1, the above relations give the classical Genocchi polynomials G, (x) and the Genocchi numbers G,,.
We should note that the above polynomials have recently been studied in the papers [8-12].
Motivated by the generating relation [13]

1- ktk Xt

2
Jap(X: 3k, B) = i Zynﬁ(x k,a, b) (‘t—i—blog <§>

(k € Ng; a,b e R", B € ),

<2n,xeR>

where the associated numbers are given by

.Vn,ﬁ(O, ka a5 b) = .Vn,ﬂ(l@ a7 b)5
in this paper, we consider the following unified form of the Apostol-Bernoulli, Euler and Genocchi polynomials

1—k¢k o
9%tk B) = (ﬁ) Zp““(x k, a, b) (k€ No; a,b e R\ {0};a, B € C). (1)

For the convergence of the series involved in (1), we have

(i) Ifa®* > 0and k € N, then|t+blog(§)| <2m; 1*:=1,xeR,BeC.
(ii) Ifa® > 0and k = 0, then 0 < Im(t—i—blog(%)) <2m; 1:=1,xeR,B eC.
(iii) Ifa® < 0, then |t+blog(§)| <m; 1 =1, xeR, keNy,p eC.

It should be noted that, the family of polynomials P("” (x; k, a, b) includes the above mentioned well known polynomials
some of which we list below:

Remark 1.1. Settingk =a=b = 1and 8 = X in (1), we get
P 1,1,1) = 8 (x; ),
where 3("‘) (x; 1) are the generalized Apostol-Bernoulli polynomials.
Remark 1.2. Choosingk+ 1= —a=b = 1and 8 = Ain (1), we get
P 0,-1,1) = € (x; ),
where 8,5“) (x; A) are the generalized Apostol-Euler polynomials.

Remark 1.3. Lettingk = —2a =b = 1and 28 = A in (1), we get
P <x; iy 1) = %% A),
ny 2
where §; (x; 1) are the generalized Apostol-Genocchi polynomials.

Remark 1.4. Setting @ = 1in (1), we get

Py(x: k, a,b) = ynp(x; k. a, b).

For the other known polynomials which are related with the generalized family P(a) (x; k, a, b), we refer [14-19]. We
organize the paper as follows.

In Section 2, we obtain the explicit representation of the unified family P(O’)(x k,a,b), in terms of Gaussian

hypergeometric function. In Section 3, some symmetry identities for the polynomials P(“) (x; k, a, b) are given. In Section 4,
multiplication formula is obtained for this unified family.
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2. Explicit expression
In this section, we aim to obtain the explicit expression of the polynomials P,Ef)};(x; k,a, b), in terms of a Gauss
hypergeometric function F(a, b; c; z), which is defined by
2. (@)n(b), 2"
F(a,b;c;z) = Fi(a.bic;2) =) @B 22
(O 1l
wherec ¢ 7, =1{0,—-1,-2,...};|z| < 1;z=1andRe(c —a—b) > 0;z = —1and Re(c — a — b) > —1. Our main
result in this section is stated in the following theorem.

Theorem 2.1. For n, I, k € Ny, a,b € R, B # a, we have

n—kl . bi
o . -k n I+i—1 n—kl B
Py koa.b) = 207t () D ( l. D) e

i=0
i i ; ; m
x Y (=" ( ) m'(x + m)"KF (—n + ki, i 1+ ) .
— m m+x

Proof. Let D, = <. We have, by (1), that

zlfktk [

a /. _pn xt
Pn,ﬂ(x, k,a,b) = Dj |:<,3bef — ab) e
t=0
" /n
= 20700 (T) ¢ DI A% — )Mo
s=0

_ 003" (D) xsar () D18 — @) 'l

s=kl
5=kl ViAW S\ ys—kiy gb _ b bt 1yl
=2 ;(s)" k! () DB — @+ B = 1) o,
Now, since
2 (l+i—1 . ,
(A—i—w)_':Z( +ll. )A""(—w)’ (lw] < |A]
i=0

and since (see [20, p. 58 (15)]),
b i NS o
e —1i=1i Zso, z)ﬁ,
j=i
where S(j, i) are the Stirling numbers of the second kind, we get

O NS (T s SN (IHi=T\ i abvimsp ot i
PO (x; k,a, b) = 2 ;(S)x (kl)!(kl);( ‘ )(,3 a®)~=i(— 1) D5 M (e — 1)1,

1

n o0 I | — i i - '
_ - ; (:) 5 (kD) (;) ; ( + li 1) (° —a) (=D |:i! .50, i)]t.!l0

=

s—kl

_ 50k ; (2’) X5 (k! (1:1) ; (1 * ii_ 1) (B” — a") " (= B)ilS(s — kI, ).

Using the formula (see [20, p. 58 (20)]),

1< ; i\
SG.) =5 D (=" (;) m,
“m=0

(:) (1:1) - (:1) (Z__@ ’

and
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we obtain
Sl i byign—s _i i
I+i—1\ (—B")'x -
PO (x; k, a, b) = 200! ki (° EBXT Di-m .
"y (x: k. a,b) g( ) ) (kl>; i) a2 Z( (L) m
n—kl n . ; '
_ — ki I+i—1 (— 'B)xns
— 20-0lp n n oim -
(k) (kl) i=0 s=itkl NS i (ﬂb ab)l+' Z( D
= ()Y (TR (T Miemm Y e
= “\ki ~ = \n—s—kl—i i (B> — ab)i =~ m .
Since
(n—s_kl_,')'_w
T (—n+ kI + i)
we get

n—ki biyn—i—kl
I+i—1\ /n—k\ Bx
) _ (=Rl o
Pys(x;k,a,b) = 2 (kD! (”) E ( >< i ) (Bb — abyH+

i=

x n;)(—nm (;) m'F (—n + ki, 1141 —%) )

Applying the Pfaff-Kummer hypergeometric transformation

F(a,b;c;z)=(l—z)"’F<a,c—b;c; z 1) (c€Zy;larg(1—2)| <m —e(0 <€ <m)),
7 —

we obtain

n—ki _ _ bi
P(l) (k.. b) = 20 k)z(kl),( ) <l+l 1) <n ikl) ﬁ

i=0

1‘ .
x Yy (=" ( ' ) m!(x +m)" M <—n ki 1 i — ) :
= m m+Xx

Whence the result. O

For I = 1, we get the explicit representation of the polynomials y, g (x; k, a, b).

Corollary 2.2. For n, k € Ny, a,b € R, B # a, we have

- n n—k n—k ’Bbi
Yup(x: k.a.b) = 20 “k!(k)Z( i )ﬁ

i=0
i i ; : m
x Y (=" ( ) m'(x + m)"kF (—n + k4,0 1+ ) .
= m m-+x

Fork =a=b = 1and 8 = A, we get Theorem 1 of [3].

Corollary 2.3. For n,l € Ng, A € C\ {1}, we have the following explicit representation of the generalized Apostol-Bernoulli
polynomials [3]:

n—I . _ i
B0(x; ) = ”<Tll)2<l+li 1) (ni l) (Ai])i

i=0

i i . . m
x Y (=p" ( ) mi(x + m)" " F (—n 1401+ ) )
—= m m+x

Fork+ 1= —a=b=1and 8 = X, we get Theorem 1 of [5] when @ = | € Nj,.
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Corollary 2.4. For n,l € Np,A € C\ {1}, we have the following explicit representation of the generalized Apostol-Euler
polynomials [5]:

— )Li i ) '
&6 2) = 212 (IJH ) (n i l) WZ(— )m< )m'(x+m)"’1F (—n+i, i 141 mn_il_x).

i=0

Fork = —2a = b = 1and 28 = A, we get Theorem 1 of [21].

Corollary 2.5. For n,l € Ny, A € C\ {1}, we have the following explicit representation of the generalized Apostol-Genocchi
polynomials [21]:

(1+i—1 —1 Al
sion =2 (NS () () ol

i=0

i i . i m
x Y (=" ( )m’(x+ m)"=IF (—n I i1+ —) :
= m m+x

3. Symmetry identities for the unified family

For each k € Ny, Si(n) = Z?:O i* is known as the power sum and the following generating relation is straightforward:
00 tk e+t _ q
ZSk(n)— =14e +e¥4+. . . fe"=_——
= k! el —1

For an arbitrary real or complex A, the generalized sum of integer powers Si(n, 1) is defined, in [22], via the following
generating relation:

(¢ aem™r—1
Z Sk Vg = o
Obviously Si(n, 1) = Sk(n).
For each k € Ny, My (n) = ZLO(— 1)¥i* is known as the alternative integer powers given by the generating relation:

1— (_et)(n+l)

2t t_
ZMk(n) Fe e (e = —

For an arbitrary real or complex A, the generalized sum of alternative integer powers My (n, A) is defined, in [22], by

00 tk 1-— )»(—et)("H)
E My (n, )\)j =0
= k! ret +1

Obviously M(n, 1) = M (n). On the other hand, if n is even, then
Sk(n, _)") - Mk(ns )“) (2)

We start with obtaining several symmetric identities, which includes the results given in [23-26,22].

Theorem 3.1. Forallc,d, m € N, n € Ny, we have the following symmetry identity:

n
Z (?) o rdr+kp(m) ﬂ(dx k,a, b) Z < ) ( 1; (5) )Pr(mIIB])(Cy; k,a, b)
r=0
n r B\’
<r> d"TeRP™ L (ex: k, a, b) Z (1) S, (d —1 <a> ) P D (dy; k. a, b).
=0

2(1—k) (Zm—l)tzkm—kecdx[ (leecdt _ ab)ecdyt

(lgbect _ ab)m(ﬂbedt _ ab)m

Il
M-

Proof. Let

G(t) .=
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Expanding G(t) into a series, we get
1 zlfkcktk m et ﬂbecdt _ ab 217’(dktk cdyt
G(t) = ckmgkm=1) \ gbect _ gb € ﬁbedt —ab phedt — g
b
dt "
Mw—l : >< )M ey
a

T oS (1) e sk pm (m—1) ‘
= g 2; [2; (r) AP (dx: k, a, b)Z Pl s kab) | — (3)
r=

n=

= Ckmdk(m—]) |:
n=

In a similar manner,
1 Zl_kdktk m e ﬁbecdt 21 k ktk cd
_ Iyt
G(t) = dfkm ck(m—1) (ﬁbedt _ ab) € <ﬂbedr —ab ) (ﬂbec[ ab)
T &y kp(m) B\ pon-n t"
n—r r+kp(m . m=
T 2; 2;( )d P™ s(cx: k. a, b)Z() d— (E) Py ab) | = (4)
n= r=|

From (3) and (4), we get the result. O
Fork =a=b = 1and 8 = A, we get Theorem 2.1 of [22].

Corollary 3.2. Forallc,d,m € N, n € Ng,A € C, we have the following symmetry identity for the generalized Apostol-
Bernoulli polynomials [22]:

> (f) "Td ' 8™ (dx, A)Z( )S,(c —1;08™ V(. 1)

r=0
= (?) " 8 (ex, A)Z( )5'<d —1; 08" Vdy, 1).
r=0

Fork+ 1= —a=b = 1and 8 = X, we get the following corollary, by taking into account (2).

Corollary 3.3. Forallm € N, n € Ny, A € C, we have for each pair of positive even integers c and d, or for each pair of positive
odd integers c and d, that [22]:

Z (f) " Td 1 e™ (dx, 1) Z( )M,(c —1; 0™ Y (cy, )

r=0

= ( )d" rertet™ (ex, mZ( )M,(d—l 0EM TV (dy, ).
r=0

For k = —2a = b = 1and 28 = X we get the following corollary, by taking into account (2).

Corollary 3.4. Forallm € N, n € Ny, A € C, we have for each pair of positive even integers ¢ and d, or for each pair of positive
odd integers c and d, that

n

Z <r> n rdr+19(m) (dX )\) Z < )Ml(C - 1 )\)g*im ])(Cy’ k)

r=0

=Y ('rl) d 1M (ex, 1) Z < )M,(d — 1, 0™ V(dy, 1.
r=0

Theorem 3.5. Forallc,d, m € N, n € Ny, 8 € C we have the following identity:

Q.

n\ & 1d-1 b(i+j) d c
<r> Z ( ) crd"p") (dx +ika b) P (cy + ik a, b)
i=l

1 c—-1

7 b(i-H) c d
Z ( ) drc””Pr(Tg) (cx + ai; k,a, b) P,Sm)r B (dy + Ej; k,a, b) .

j=0

i =
/-\
\_/
T
o

=0
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Proof. Let
22m(1—k) tzkm ecdxt (’Bbc ecdt _ abC) (’Bbdecdt _ abd)ecdyt

(ﬂbect _ ab)m+1(ﬂbedt _ ab)m—H

Expanding H (t) into a series, we get

H(t) ==

bc bd
E) cdt <ﬁ) cdt
1=k kek \ T e 1 1=k gkek \ ™ e 1
H() 1 ( 277"t ) QClxt gb(e=1) (‘1 ( 2t ) eivtgb@-n | N4/

a
km bact __ gb badt _ 4b b
(cd)m \ prect —a (g) ol _ prett —a () e -1

_ _1) c—1 bj _
_ ab(c l)ab(d 1) CX: é 21 kC [’k m (dx+ z)c[ é ] 21 kdktk me(cy+%j)d[
(Cd)km — a ﬁbect a lgbedt _ ab
abc=D gb@d-1 bi oo (cH)
_ (m) =
= @ [2{;( ) ZP (d + -k, ,b) -
d—1 )j oo
de)"
|:Z( ) Z (cy—i—C],kab>( ')i|
Py — d n!
cfl d—1 b(i+j) d c ¢
Z Z < ) Crdn—rpr@;) <dx + Ei; k, a, b) P,ET)KB (Cy + Ej; k,a, b) o
il !

i=l

gbe=1 ghd=1)
(cd)km

Similarly,

B bd cdt B be cdt
1 21 kdktk " cdxt b(d 1) <E) € —1 zl_kcktk " cdyt b(c—1) (E) € —1
H(t) (Cd)km ﬂbedt —ab € 8 b ﬂbect —ab € a

(5

b(c ”ab(d 1) o0 n d—1 c—1 ﬂ b(i+j) -
- L EOEE () e

=0 i=0 j=0
d t"
P;m)rﬁ(dy—k —j; k, a, b)] o

Fork =a=b = 1and 8 = A, we get Theorem 2.7 of [22].

x P (cx—l— El k,a,b

Whence the result. O

Corollary 3.6. Forallc,d,m € N, n € Ny, A € C, we have the following symmetry identity for the generalized Apostol-
Bernoulli polynomials [22]:

n c—1 d-1 . d c
( ) Nﬂcrdnfrggr(m) (dx + —i, k) £,(1T)r (cy + Ej’ A)
c
i=

0 j=0
n n d—1 c—1 o c d
Z <r> Z A1+]drcn7r£r(m) (CX + al', )\.) 3,52; (dy + E], )\.) .
r=0 i=0 j=0

Fork+ 1= —a=b = 1and 8 = A, we get the following corollary.
Corollary 3.7. Forallc,d, m € N, n € Ny, A € C, we have the following symmetry identity for the generalized Apostol-Euler
polynomials:

1d-1

Z <’:) i Z( A)Hc g g™ (dx + gi, x) gm (cy + gj, A)

i=0 j

-3 (7):

Fork = —2a = b = 1and 28 = X, we get Theorem 2.5 of [27].

a I
| o

1c-1

=L d
> (=n)iHde e (cx + gi, A) gm (dy + 5 x) .

j=0

Iy
<)
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Corollary 3.8. Forallc,d,m € N, n € Ng,A € C, we have the following symmetry identity for the generalized Apostol-
Genocchi polynomials [27]:

n n c—1 d-1 d ( )
AHcrd g™ [ dx l A) gl (c ,A)
;(r)z (—1) g, (dx+ y+ i
1

d—1 c—
d
) Z( )1+Jdr n— rg(m) (CX+ Bl )\') (m) (dy+ ],}\-) .

i=0 j=0

Theorem 3.9. Forallc,d, m € N, n € Ny, 8 € C, we have the following identity:

n) & 1d-1 b(i-+j) d
<r> Z( ) crd" P (dx—l— “itika, b) P{™ 4(cy; k. a,b)
i=

0 j=0
n n d—1 c—1 b(i+j) c
(r) ( ) drc" ™ (cx+ Sitjik a, b) P™ (dy; k, a, b).
r=0 i=0 j=0 d
Proof. Let
L(t) . 22m(1_k>tkaeCdX[(,BbCeCd[ _ abC)(ledecd[ _ abd)ecdyt

(Igbect _ ab)m+1([3bedt _ ab)m+1

Expanding H(t) into a series, we get

B be cdt B bd cdt
- m 4 -1 B _1 B m
L(t) = 1 21—k ckpk Qcdxt b(c—1) L o) (a) S 91—k gkk -
(Cd)km ﬂbeC[ — ab (é)b odt _ 1 (ﬁ)b ot _ 1 ﬂbedt — ab
a a
b —1d-1 b(i+j) K m ) m
= @~ Vg b CZ é i 21 kel e(dx+%i+j)cr L‘iktk ecdyr
= (Cd)km — a Igbect ab phedt — gb
b(c—1) ,b(d—1) [ c=1 d—1 b(i+j) oo N
a a ﬂ d ( ) ( )
=T (E) ZP,(I";) (dx+ —i+j k a, b) ZP<m)(cy, k, a, b)
i=0 j=0 n=0 ! —o
b(c—1) zb(d—1) n c—1d-1 b(i+j) "
. n 2 —r p(m) d. . t
= WZ[ <r> > (g) P (dx+ Sitgikab) R (kb |
n=0 [ r=0 i=0 j=0
Similarly,

bd cdt B be cdt

—k kek \ T e“t —1 (7> e —1 —kgkek \ ™

L(t) = 1 21k ocdxt gb(d—1) ()7 Qe [ e 2!kt cctyt
- (Cd)km 5bect —ab b b ﬂbed[ —_ab

<§> ECt - 1 <§> ed[ - 1

able=Dgbd-1 n n d—1 c—1 B b(i+j) - c - tn
— m . . m
= W E 2 (r) 4 2 :<E> dcn rPr,ﬂ (cx+ al +j; k, a, b) P,_ rﬂ(dy; k, a, b) o

n=0 [ r=0
Whence the result. O
Fork =a=b = 1and 8 = A, we get Theorem 2.10 of [22].

Corollary 3.10. Forallc,d,m € N, n € Ny, A € C, we have the following symmetry identity for the generalized Apostol-
Bernoulli polynomials [22]:

c—1d-1 ) d
Z ( ) Z Z)\,I-H(:rdn_rc(Br(m) (dx + El +], )\.) (m) (Cy, )\’)

n —1

. c
) AT e g™ (cx + Ei +j:k, a, b) 8™ (dy; k, a, b).
=0

—_
o

Iy
<)
.
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Fork+ 1= —a =b = 1and 8 = A, we get the following corollary.

Corollary 3.11. Forallc,d, m € N, n € Ny, A € C, we have the following symmetry identity for the generalized Apostol-Euler
polynomials:

For k = —2a = b = 1and 28 = X, we get the following corollary.

Corollary 3.12. Forallc,d,m € N, n € Ny, A € C, we have the following symmetry identity for the generalized Apostol-
Genocchi polynomials:

n c—1 d-—1 d
Z( )ZZ( )\)Hrjc i rg(m) <dx+7l+], > (m) (cy, )

r=0 i=0 j=
n n d—1 c—1
= Z (r) Z Z( A)Hd g m (CX + al +ji k, a, b) 9(”” (dy; k, a, b).
r=0 i=0 j=0

4. Multiplication formula for the unified family

Now let us recall some basic identities which are needed to prove the multiplication formula for the unified family.

Lemma 4.1 (Multinomial Identity). If x1, X2, . . ., X, are commuting elements of a ring, then for all n € Ny, we have

n n
n 1 n,
(X] +X2+"'+Xr) = E <n1 1, nr) X4 X2 . er.
,Noy vy

nq,ny,...,nr >0
nq+ny+--+nr=n

Lemma 4.2 (Generalized Multinomial Identity). If xq, X2, .. ., X, are commuting elements of a ring, then for alln € Ny and
a € C, we have
a _ o n
(Itx+n+otx)’= ) (m,nz,...,nr)XlX 0
nq,ny,...,ny>0
where
o _al@a—1-(la—nm—np—--—n+ 1)
ny,ny,...,n. ) n'ny! - - - n,! )

Theorem 4.3. Forr € N, k,n € Nyanda, b € R; «, 8 € C, we have the following multiplication formula:

mb
m
P (rx; k, a, b) = r" * b P, (x+"ikab)
(rx a ) r Z 0 Ny, N, .o, Mg a n i £+ r’<7a’

N1,y Mp_1> a1

wherem =ny+2n, +---+ (r — Dn,_1.

Proof. From (1), we have

0 zl—ktk a 1 21_ktk
> P k.a, b) ( — rb) M= — | ———— | ™.
n=0 pet —a a (%) et —1

Since
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we get
“ B "o “
0 o 1 21—k )k <7) e —1
> P koab) = " : e
, n! rkotaba 8 rb P b
n=0 (E) et —1 (5) el —1

a

1 21—k(rt)k r—1 ,B jb )
— t Xt
T ko gba b (7> e e
r¢a (ﬁ) et — 1 = a

By generalized multinomial identity, we have

00 n mb 1—k k
t 1 B 21k (rt) n
(COI—- _ o P (x+Myrt
;Pnﬁ(rx, k, a, b)n! = Thagha Z (nl,nz, .--,nr_1> (a) ( et

rb
nq,ng,....nr—1=0 ﬁ) et —1
a

n

mb
_ o m t
= |:r” ket E (n . N > <é) P(O()ﬁr (x + —:k, a, b):| =.
Ry 120 1 1825 o ooy Hr—1 a n, a1 r n!

Whence the result. O

Fork =a=b = 1and 8 = A, we get Theorem 2.1 of [28].

Corollary 4.4. Forr € N, n € Ny, o, B € C, we have the following multiplication formula for the generalized Apostol-Bernoulli
polynomials [28]:

(@) _ on-a o m () mo,
B (B =t Z (nl,n27--~»nrl))\' Bn (X+ r’k>'

ny,ny,...nr—1=0

Now observe from (1) that, fork, € N, a € RT; B € C, we have

G
PO (i k—1,—a,1) = PO L(x: ka1 5
0 )= g P ) 5)
and
0] T _ In® (.
Pn,—Tﬁ (x, k, —- 1) = (=2) P, s(x; k., a, 1) (6)
where (y),, (¥)o = 1denotes the Pochhammer symbol defined by
I'(y +v)
W= ——
I'(y)
by means of familiar Gamma functions. By (5) and (6), we have
G
eV (x, 1) = 8" (x, A 7
n (X, A) R (X, 2) (7)
and
G (x, 2) = (=2)'8(x, 1), ®)
respectively.

Fork4+ 1= —a =b = 1and 8 = A, taking into account (7), we get Theorem 3.1 of [28].

Corollary 4.5. Forr € N, n,l € Ny, «, 8 € C, we have the following multiplication formula for the generalized Apostol-Euler
polynomials:

When r is odd, we have

o m
@ (rx, 1) =" Z (nl,nz,...,nr,)(_”mgrga)(”?’”)

ny,ng,...,np—1=0



2462 M. Ali Ozarslan / Computers and Mathematics with Applications 62 (2011) 2452-2462

and when r is even, we have

_9)\ln
€0,y = 2T > ( ! )(—A)"’:e,j’j, (x+ ?x)

(D gy o T2
ny+-4np_q=l
Fork = —2a = b = 1and 28 = A, taking into account (8), we get the following corollary.

Corollary4.6. For r € N,n,l € Ny, «,8 € C, we have the following multiplication formula for the generalized
Apostol-Genocchi polynomials.

When r is odd, we have

(@) = o _gymg@ m. .,
GOy =" 3 (nl,nz,...,nr_1>( AIg” (x+ = F)

ny,ny,...,ny_1>0

and when r is even, we have

) I m
0 ozl 3\ Rd o
60 (rx, 1) = (=2)'r 3 (nl,nz"..’nrq)( "B (x+ r,x).
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