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1. Introduction

The theory of rough paths can be described as an extension of the classical theory of controlled
differential equations which is sufficiently robust to allow a deterministic treatment of stochastic
differential equations, and equations driven by signals which are even more irregular than semi-
martingales. Recently various attempts have been made to extend this theory to partial differential
equations (PDEs), with the aim of obtaining some form of deterministic treatment for stochastic par-
tial differential equations (SPDEs) and at the same time allowing more general driving signals.

In [16], a non-linear evolution problem driven by a Hoélder continuous path with values in a
distribution space is studied. Young integration is used to obtain a mild solution for this equation.
A non-linear one-dimensional wave equation driven by signals which satisfy appropriate Holder reg-
ularity conditions is considered in [31]. The authors use a 2-dimensional Young integration theory to
solve the wave equation in a mild sense. In both these papers, Holder exponents are assumed to be
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greater than % and applications to equations driven by Fractional Brownian Motion with Hurst index
greater than % are given.

The goal of the present paper is to deal with partial differential equations of parabolic type of the
form (with summation over repeated indices)

8u_1aij(t ) 32u hic ) du au VEQy )dxt
ac 208V yia y
dxlt
= L. y) = Vut.y) - Vi(y) - (1)
with given initial data u(0, -), subjected to a (finite-dimensional) driving signal x; = (xg, ce x‘tj) where

X may only possess the “rough” regularity of a typical sample path of a stochastic process; Vlk (-) are
sufficiently regular coefficients. By combining ideas from rough path theory and with some classical
PDE estimates we are able to prove the existence of a unique solution (and then a “universal” limit
theorem) for rough partial differential equations (RPDEs); that is, equations of type (1) where the driving
signal x(-) is a genuine (to be precise: weak, geometric) p-rough path and where we are given initial
data u(0, -) € BUC(R®).3 Perhaps the easiest way to understand RPDE solutions is their identification
as limit points of classical parabolic equations along the following statement (which will be implied
a fortiori from Theorem 17 and the extensions discussed in Section 3.3).

Theorem 1. Let p > 1 and assume that

(1) (x")nen is a sequence of smooth paths in RY such that the sequence of step-[p] signatures (Stp1(X")nen
is Cauchy in the %-H(’)’lder metric;

(2) V= (Vq,...,Vy) is acollection of Lip” vector fields on R for y > p + 3;

(3) (@n)nen C Cp°(R®) is Cauchy in uniform norm on R®.

Suppose that the coefficients a and b’ are taken to be sufficiently regular such that the PDEs

dun _ dice 92u . du,  dup dx™
- bl t, -, — — t )
T a’(t, }’) 'ayJ +b'(t,y 3y ayk Vi) ——

un(0,y) = ¢n(y)

have unique (bounded) classical solutions uy. Then the sequence (up)nen is Cauchy in the uniform norm on
[0, T] x RRE.

The main example of such a rough path is given by (almost every realization of) Brownian motion
and Lévy’s area and this allows for a robust treatment of the corresponding classes of SPDEs. Linear
parabolic SPDEs have been studied for quite a long time. Among the early works on this subject
we mention [3,22,30]. We remark that in this paper we do not make any assumptions of super-
parabolicity for our coefficients. This condition stated in [22] and [30], will not come into play because
the SPDEs we consider are limits of equations driven by smooth paths, and hence can be interpreted
as being in Stratonovich form.

Approximation problems for SPDEs have been investigated by a number of authors using various
techniques. Among these we mention Kunita (Section 6.4 in [23]), Brzezniak and Flandoli [1] and
Gyongy [18-20], who also proved support theorems for these SPDEs. Although our results do not
cover all the equations treated in these papers (our regularity assumptions on the coefficients and

3 BUC(X) is the space of bounded uniformly continuous functions defined on X. If u € BUC(X), then llulluccxy =
SUPye x |U(X)|X_



142 M. Caruana, P. Friz / ]. Differential Equations 247 (2009) 140-173

initial functions tend to be stronger), the approach in this paper can be used to study equations
driven by Gaussian and Markovian signals, besides Brownian motion. The use of rough path theory in
the context of SPDEs has been conjectured by various people (and in particular by Lyons himself in
the introduction of his '98 article [26]). The present results, together with those in the just appeared
preprint [17], seem to be the first steps in this direction.

This paper is organized as follows. In Section 2 we discuss various concepts we will need from
rough path theory, while in Section 3 we present our results on PDEs driven by weak geometric
rough paths. Sections 4, 5 and 6 are devoted to SPDEs with multi-dimensional Brownian, Markovian
and Gaussian signals (Fractional Brownian Motion, for instance, is covered for H > %) respectively.
Using the continuity of our solution map, together with results on the support of the law and large
deviation statements for Markovian and Gaussian rough paths, we get a description of the support of
the law of the solution, and a generalization of the Freidlin-Wentzell theorem for these SPDEs. In the
case of first order equations driven by a class of non-degenerate Gaussian signals, we also obtain the
existence of a density for the solutions.

2. Preliminaries
In this section we are going to recall those notions and results from rough path theory, that will
be used in the rest of this paper. For a more complete exposition of this theory, we refer the reader

to [15,27,29].
By a smart limiting procedure, ordinary differential equations (ODEs) of type

dye =) Vi(y)dx; = V(ye) dxe

1

defined on the time interval [0, T], started at yo € R® at time 0, with Lipschitz vector fields
V =(V1,...,Vy) on RE give rise to so-called rough differential equations, denoted formally by

dye =V (yr) dx; (2)

where X is weak geometric p-rough path,? that is a %—Hblder continuous path from [0, T] to GIP}(RY)
(the step-[p] nilpotent free group over RY), i.e.

1
IXs.cll S|t —s|P foralls,te[0,T],

where || - || is a homogeneous norm on G!PI(R?). The space of weak geometric Holder p-rough paths
1 43 l_ P
is denoted by 7 %[0, T, G!P)(RY)), and for x € C7 %[0, T}, GIPI(RY)), we define

[1Xs.¢
x|l L_HsL10,T) — sup T
p 0<s<t<T |t —s| il
We also set
-1 ~
g o X5 ® K¢
1-Hotfo,1) X X) = SUp ——————
p 0<s<t<T |t —s|»

In the next definition we explain the notion of an RDE solution for (2).

4 Strictly speaking we should speak of weak geometric Hélder p-rough paths.
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Definition 2. Let x be a weak geometric p-rough path, and suppose that (x"),cn is a sequence of
smooth paths® such that

i) =X — x

uniformly on [0, T] (Sp)(x™) is the step-[p] signature of x") and sup, ||x"||l_Hb.,,[0 7 < 00.5 We call
5-HoL[o,
any limit point (in uniform topology on [0, T]) of
{mv) (0, yo: ¥"): n>1}

an RDE solution for (2) and we denote it by m(v)(0, yo; X). Here, 7(v)(0, yo; x*) denotes the solution
of the controlled differential equation

dyf =V (y{)dxt
started at yo € R® at time 0.

The existence of a sequence (x")yen with the above properties was established in [9]. In our def-
inition, RDE solutions are genuine R®-valued paths. It is possible to define RDE solutions as proper
rough paths, but this is of no significance in the present work.

The Universal Limit theorem is one of the main results in rough path theory. It gives a sufficient
condition on the vector fields for the existence of a unique RDE solution, and furthermore, it states
that the It6 map, which sends the driving signal to the solution, is continuous.

Theorem 3. Let x be a weak geometric p-rough path and assume that the vector fields V = (V1, ..., Vy) are
Lip? (R®) for y > p. Then the RDE

dye =V (yr) dx;

started at yo € R® at time 0, has a unique RDE solution, denoted by (v (0, yo; X). Furthermore if (Xp)nen C

-
c» M0, T1, GIP)(RY)) converges to x with respect to d1_pgp.0.7) then
1-He o,

7wy (0, yo; X") = 7(v)(0, yo; X)
uniformly (in fact, in 1/p-Hélder norm).
Proof. Cf. [14,26,29]. O

One of the elementary operations on rough paths described in [27], is time reversal. Given

7Hb'l([

1
xe(Cr 0, T], GIPI(RY)), and a fixed t € (0, T], we can define a new weak geometric p-rough

path X! by

X':[0,t] - GPI(RY),

s> XE=xs.

From [27], we know that the map which sends x to X?, is continuous in %-Hﬁlder topology.

5 We take C*([0, T], RY) to be the set of paths which are restrictions on [0, T] of paths in C®°((—¢, T +¢), Rd) for ¢ > 0.
6 Equivalently one can take x" to be Lipschitz continuous (in the p-variation context x" is taken to be of bounded variation).
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Our interest in these time reversed paths comes from the following important fact. If we again
denote the RDE solution for (2) by 7(v)(0, y; X), we have

7wy (0, vy (0, yo: X),: X), = 7w (0, (v (0, yo: X)r; X°),
=JYo.
Thus,
7wy (0, 5 X7 (¥) =7 (0, ¥; X'),.
i.e. for each fixed t, the inverse of the map y — m(y)(0, y;X); can be obtained by solving a rough
differential equation driven by the time reversal of the original driving signal.
The inverse map m(v)(0, -; x)t_1, and thus vy (0, y; X%, the RDE solution for

dys =V (ys)dX}

started at y € R® at time 0, will play a very important role in our definition of a solution for PDEs
driven by weak geometric rough paths.

3. Rough partial differential equations

Consider partial differential equations of the form

du(t, y) = Leu(t, y) dt — %(t, Vi dxi,
y
u(0,y) =¢(y) (3)

on the time interval [0, T], with driving signal x : [0, T] — R, d vector fields V1, ..., V4 on Re, initial
function ¢ : R® — R and L; an elliptic operator of the form

1 . 92 , d
Ly = —al](t, )— +b,(t, )—
2 aytay’ ay!

with? a:[0,T] x R® — S, and b: [0, T] x R¢ — RR®. In this section we are going to define a notion
of a solution for the above PDE when the driving noise is a weak geometric p-rough path, and then
discuss the existence and uniqueness of these solutions.

With the definition of an RDE solution (Definition 2) in mind, we give the following definition.

Definition 4. Let X be a weak geometric p-rough path, and suppose that (x"),cn is a sequence of
smooth paths such that

S[p](x”) =x"—>Xx
uniformly on [0, T] and sup,, ||X"|| 1_yetfo.1] < O°- Assume that for each n € N,
5 -HoL[O,

dun(t, y) = Leup(t, y) dt — Vu(t, y) - V(y) dxi,
un(0,-) =¢(-) € Cp(R)

7 S, is the set of symmetric non-negative definite e x e real matrices.
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has a unique C;’z—solution up. Then any limit point (in the uniform topology) of

{un(t, y): n>1}

is called a solution for the rough partial differential equation, denoted formally by

du(t,y) = Leu(t, y)dt — Vu(t, y) - V(y) dxt,
u0,y)=¢(). (4)

Note that since we define a solution of an RPDE to be a limit point of approximating solutions, this
definition will be justified a posteriori because of the uniqueness of the limit. Similarly, once unique-
ness is proved, the solution will depend only on the driving rough path and not on any approximating
sequence.

The rest of this section will be devoted to proving the existence and uniqueness of solutions for (4).
The continuity of the map which sends the driving signal to the solution will also be proved. We will
first look at the case L; =0, i.e. we solve a transport equation driven by a weak geometric p-rough
path. The second order equation (L; # 0), which is treated next, can then be seen as a perturbation
of the first order equation.

3.1. Linear first order RPDEs (L; =0)

As a motivation for our approach, let us first recall how linear first order equations are treated
in the classical and stochastic cases. Consider the PDE given in (3) with L; = 0. When the
path x:[0,T] — R? is smooth and the vector fields V; are C'(R¢,R¢), with an initial function

¢ € C1(R¢, R), we can use the method of characteristics to obtain a unique solution for this equation.
Indeed, let 7(v)(0, y; x) be the unique solution of the controlled differential equation

dye =V (yr)dx;

started at y € R® at time 0. Then one can easily show that for any solution u of

ou i i
du(t, y) + W(t’ NV (y)dx; =0,
u(0, y) = p(y) (5)

we have

u(t, mv) (0, y; X)¢) = ¢ ().

Thus we deduce that

u(t, y) = () (0, 507 ()

= (7w (0, y; %°),)

is the unique solution of (5) with a smooth driving signal, where 3?@ =x;_s for s € [0, t].

H. Kunita studied first order SPDEs in [23] using a stochastic characteristics system, which can be
thought of being a generalization of the method of characteristics to the stochastic case. For a first
order linear SPDE driven by a Brownian motion (B¢)>o in RY,
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du(t, y) + VI (y)—(¢t, y) 0 dB} =0,
ayJ
u(0,y) =¢(y) (6)
the stochastic characteristic is given by the following Stratonovich SDE,
dys =V (yt) odBy, yo=y€R" (7)

If the vector fields V; and the initial function ¢ are C3*¢, then one can use the theory of stochastic
flows to prove that the unique solution of (6) is given by

u(t, y) = ()0, B 1 (y)

where (v (0, -; B); is the unique stochastic flow associated with (7).

From these brief remarks, we see that the problem of solving first order linear PDEs with smooth
and Brownian signals, can be reduced to solving an ordinary and stochastic differential equation re-
spectively. Therefore a natural question to ask is whether one can use an RDE to solve a first order
linear PDE driven by a weak geometric p-rough path.

In the following theorem we give sufficient conditions on the vector fields and the initial function
which guarantee the existence of a unique solution for a linear first order rough PDE driven by a
weak geometric p-rough path. Moreover, we prove that the map which sends the driving signal to
the solution, is continuous in the uniform topology.

Theorem 5. Let p > 1 and let X be a weak geometric p-rough path. Assume that

(1) V= (Vq,..., V) is acollection of Lip¥ vector fields on R® for y > p;
(2) ¢ € R R).

Then the RPDE

du(t, y) + Vu(t,y) - V(y)dx =0,
u(0,y) =9(y) (8)
has a unique solution u, given explicitly by
u(t,y)=¢(mw)(0,y: <?Tt)t)

where 1(v) (0, y; X) was introduced in Theorem 3. We denote the solution u by ITy)(0, ¢; X). Furthermore,
the map

XH—u :H(V)(0,¢;X)

. . 1_Hel
is continuous from C»

topology.

([0, T1, GPI(RY)) into C([0, T] x R®) when the latter is equipped with the uniform

Proof. Let (x"),en be a sequence of smooth paths such that
Sp(¥") =x" > x 9)
uniformly on [0, T], and

SLH‘P“"n I 1-Hor[0.1) < ©°-
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If we consider the time reversed paths, ;FF :=x{_, we deduce from (9), that for each fixed t € (0, T},
<«

ot ¢
xtt - xt

uniformly in s € [0, t]. Furthermore, for 0 <s < u <,

1
Rl = IR < 1] s gyt =51
and hence,

sup||Ft |+ ! sup [x"] « g < 00. (10)
sup -Hl[0.6] S -H5L;[0.T]

From the Universal Limit Theorem 3, we deduce that 7(y)(0, y; ;(T-t)S converges uniformly in s € [0, t]
to 7y (0, y; X*)s, the unique solution of the RDE

dys =V (y5) dX (1
started at y € R® at time 0. In particular we get that
<«
JT(V)(O, S Xn’t)t = N(V)(O, y; Yt)[.

This can of course be done for each t € [0, T].
Our next task is to prove that the family

{10, TI X R 5 (¢, y) > 711 (0, y; X1, € R¢)

neN

is equicontinuous. For t,t’ € [0, T] (w.lo.g. t' <t) and y, y’ € R®,

|ﬂ(v)(0,y;x”’ ), — )0,y ,th/)t,
St
< ]mv)(o,y;x ’ )t —n(v)(O,y,x )t” (12)
+ 7y (0, 75 X71), = 7wy (0, /s X1),, (13)
+|7'[(V)(0, y/;)ﬁt)t, —n(v)(O,y ,;Tt )t’ . (14)

From the Generalized Davie Lemma in [14], we get that

1
<Clt=t'|?

<« <«
|7 v) (0, y: X™F), — vy (0, y: x™1),,
where the constant C can be chosen to be independent of both n and t, but may depend on T and

A:= sup sup”)ﬁs [ %-H(‘J‘l;[o,s] sup sup||x" ||1 < 00. (15)

s€[0,T] neN s€[0,T] neN -Hol;[0,T]

For (13) and (14), we need the uniform continuity on R¢ x {x: %11 1 .07 < M), M >0, of the It
 ~HoL; [0,
map (y,X) — (v (0, y; X). In fact,

<7 (0,33 ;‘Tt) — 7w (0, ¥; ;(T’t)|oo;[0,t’] -0

7wy (0. y:X™),, = 70y (0. /5 X™),

uniformly in n, as |y — y'| = 0, because the uniform bounds in (15) guarantee that we stay on a

bounded set in C? “Hol 10, T, GP1(RY)), which does not depend on n or t.
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For (14) we have

«—

[, (0. y,;;(T’t)t’ — ) (0¥ x"),,

«

< ) (0. X) = 71 (0. ¥ ™)

o0;[0,t']"

Again using the uniform continuity on R® x {x: ”X”l-Ho‘l-[o 7 S M} of the It6 map (y,X) —
5 -HOL[0,
7(v)(0, y; X),

«

|7T(V)(0,y/;Ft) —TF(V)(O, y/;x”'t/) -0

00;[0,t']

uniformly in n, as |t —t’| — 0, if we can show that

-
n,t'

TN
d1_psiior (x™,x
p

)—0 (16)

uniformly in n, as |t —t’| — 0, for some p’ > p. From the interpolation results proved in Proposition 11
in [9], we deduce that (16) will follow if we show that

sup SUP”;FS I 1_HeLjo.s] < (7)
s€[0,T] neN p T
and
) —
do,jo.o (X", X" )= sup d(xP,'.x3,")—>0 (18)
o<s<u<t ’ ’

uniformly in n as |t — t'| — 0. The required uniform bounds (17) are precisely those obtained in (15).
This estimate guarantees that we stay on a bounded set which does not depend on n or t. In [11], the
distances dp and do, are shown to be locally “171—H61der equivalent, and hence (18) will follow if we
can show that

<, —,
nt oomt'y _ nt ot
doc: 0,01 (X5, XM ) = sup d(x]"',x]") —> 0
0<s<t!

uniformly in n, as |t —t'| — 0. But,

—, —,

nt o n,t"y _ n,t  n,t

docifo,e (X5, X") = sup d(x]f, ")
0<s<t!

= sup d(x_s, X} _,)
0<s<t!
1
n "y
<|x “%—Hi)‘l:[o,t’]lt —rlr
1
<At —t'|?
and hence, the required convergence (uniform in n) is obtained. Therefore the family

{(ti y) = ”(V)(O’ y;;‘?’[)r}neN

is indeed equicontinuous in t € [0, T] and y € R®.
From the pointwise convergence and the equicontinuity, we can conclude that

(V) (0, Yy ;‘n-,t)t —> (V) (0, y; Yt)[
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uniformly in t € [0, T] and y € R®. The initial function ¢ is assumed to be C; (R¢,R) and hence we
get that

0 (1) (0.7:X™),) > 07 (0. 7: X°),) (19)

uniformly in t € [0, T] and y € R®. Therefore if we define

u(t,y) =¢(ww) (0, y; X*),)
we immediately see that u is a solution of (8).
Having established the existence of a solution of (8), we now show that a Lip” assumption on

the vector fields guarantees the uniqueness of solutions. Suppose that v:[0, T] x R® — R is another
solution of (8). Then there exists a sequence of smooth paths z": [0, T] — R? such that

S[p](z") =7" > x

and v(t, y) =limy_ o vu(t, ¥), with v, solving

v : .
dva(t, y) + —= (. »)Vi(y)dz}' =0,
ayt
vn(0,y) =0 (y).

Then,

v(t,y)= lim vy(t, y) = nIL‘Eo¢(”<V>(0’ ¥; im)t)
=¢(7w)(0.y: X%),)
=u(t,y)

since (v (0, y;Z%t) converges to the unique solution 7wy, y; X*) of the RDE (11). Therefore the
rough solution u(t, y) = ¢ (wv)(0, y; X)) is indeed unique.

We still have to prove the continuity of the map which sends the pair the driving signal x to the
solution u. To this end, suppose that (X"),cn is a sequence of weak geometric p-rough paths converg-
ing to x in %-Hﬁlder topology, i.e. d1 -H5L:[0.T] (x",X) — 0. This implies a fortiori uniform convergence

of x" to X, with the uniform boundps sup, ”Xn”%—Hb'l;[O.T] < oo. Using the same reasoning as in the
existence part of the proof, we can show that
7 (0, y: XY), = 7w (0, y; XY,
uniformly in t € [0, T] and y € R®. Thus,
un(t, y) = () (0, y; X)) = b (e (0, y; X7),) = ut, y)

in C([0, T] x R®) equipped with the uniform topology. Therefore we conclude that the map which
sends the driving signal to the solution is indeed continuous in the uniform topology. O

Remark 6. If we take our initial function ¢ to be bounded and uniformly continuous on R¢, i.e.
¢ € BUC(R®), then similar reasoning as that used in the above proof, allows us to conclude that the

map

x— Iy)(0, ¢;X) :=p( (v (0, s X).)



150 M. Caruana, P. Friz / ]. Differential Equations 247 (2009) 140-173

1
is continuous from C? HOI([O, T], GIPI(RY)) into BUC([0,T] x R€). In this case however,

¢ ()0, y; Ft)t) must be interpreted as a weak (e.g. viscosity) solution of

dun(t, y) + ain-(t, y)Vij(y)dx'g'i =0,
ayJ
un(0,y) = (y).

Remark 7. If we take ¢ € C1(R€), but not bounded, the map x — I1v)(0, ¢; X) is continuous in the
compact uniform topology.

In the next corollary, we show that as in the case of classical and first order SPDEs, if we assume
more regularity on the vector fields and the initial function, our solution will be smoother in y.

Corollary 8. Let p > 1,k € {1, 2, ...} and let X be a weak geometric p-rough path. Assume that

(1) V= (Vq,...,Vg)is acollection of Lip” vector fields on R® fory > p —1+k;
(2) ¢ € CK(RE; R).

Then the RPDE
du(t,y) + Vu(t,y) - V(y)dx; =0,
u©,y)=¢(1)
has a unique solution u € C%K ([0, T] x R¢, R).
Proof. From our assumption on the vector fields, we know that for each t € [0, T],
y 1w (0, y: XY),

is k times continuously differentiable (cf. [15]). Therefore we immediately deduce that for each
te[0,T],

u(t, ) =¢(ww) (0, X°),)
is also k times continuously differentiable. O
3.2. Second order linear RPDEs
We study second order linear PDEs driven by weak geometric p-rough paths,
du(t,y) = Leu(t, y)dt — Vu(t, y) - V(y) dx;,
u0,y) =¢() (20)

where L; is an elliptic operator of the form

2

1 .. ) 9
Le=—a(t,- — +b'(t, ) — 21
t=3 ( )8y18y1+ ( )Byl (21)
with a: [0, T] x R® — S and b : [0, T] x R® — R, These equations can be regarded as perturbations

of first order RPDEs. The approach we use to prove existence and uniqueness of solutions, is based on
a technique for second order linear SPDEs described by Kunita in [23]. Kunita shows that solving
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du(t,y) = Leu(t, y)dt — Vu(t,y) - V(y) odBy,
u(0,y) =¢(y) (22)

can be reduced to proving the existence and uniqueness of solutions for the following second order
PDE,

av

=Lve v =9w (23)

where the coefficients of L; are now random.8

The equivalence of problems (22) and (23) was stated under suitable assumptions by Rozovskil in
[32]. In [35], Tubaro used results from the theory of abstract evolution equations to solve (23), and
thus obtain a unique solution for the SPDE (22).

In what follows we are going to show that these ideas can be generalized to equations driven
by weak geometric p-rough paths. In our case the PDE analogue to (23) will have coefficients which
depend on the flow of an RDE (we will sometimes speak of PDEs with rough coefficients).

Suppose we are given the elliptic operator L,

L —1aij(t ) 0 +bict, ) 9
720 T Taylayi oyl

with a:[0,T] x R® — S, and b:[0, T] x R® — R®. Let x be a weak geometric p-rough path, p > 1,
and let V = (V1, ..., Vy) be a collection of Lip” (y > p + 1) vector fields® on RE. For each t € [0, T],
we define the linear map w¥ on CH(R®) by

wi:CH(R®) — C'(R?)
¢+ Iy)(0, ¢; Xz,

i.e. w¥(¢) is the solution of the RPDE (20) with L; = 0. From Section 3.1, we deduce that w}(¢)(y) =
(T v)(0, y; Xt)¢). This map is bijective and its inverse, W¥, is given by

WE ) (¥) = ¢ (v (0, y: X)p).
We can define a new operator LY by
Li‘:ﬁ/foL[owz‘.

This is again a second order operator represented by

1 92 ; d
LX: —al] t,- - +bl t,)—
= o) gy ki )
with
TP . i et i (et
ax (6. y) = a (6. 71wy (0. y: X)) 7ty (0.5 XT) 1 01 ATy (05 K)o 0y (24)
and

8 These coefficients depend on the flow of the SDE dy, = V (y;) o dB;.
9 We need this regularity condition on the vector fields, because to define ay and by in (24) and (25) we need a C? flow for
our RDE (cf. Corollary 8).
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. 1 Kl .
by(t, y) = §a< (t’ Tw)(0,y; X)t)akl”(lv) (0’ K Yf)t!mw(ﬂ.y;x)r

+ bk(t’ )0, y: x)f)a"n(iV)(O’ E Y[)I|H(V)(0,Y;X)t' (25)

To better understand why we need the operator L¥, consider the smooth path x: [0, T] — RC.
Suppose that u is a classical solution of

du(t,y) = Leu(t, y)dt — Vu(t, y) - V(y) dx,
u(0,y) =¢(y) € CA(R%), (26)

ie.uisa C;‘z function such that

t t
u(t,y)=¢(y)+/LSU(s,y)ds—/Vu(s,y)~V(y)dxs.
0 0

We then have the following lemma.

Lemma 9. (Cf. [23].) u is a classical solution of (26) if and only if v(t, y) := w}(u(t, ))(¥) is a classical
solution of

av X
=L v =4, (27)

Proof. Let u be a classical solution of (26). Then,

dv(t, y) =du(t, ww)(0, y; X))
=du(t, vy (0, y; X)¢) dt + Vu(t, )0, ¥; X)¢) - dmev) (0, ¥; %)
= deu(t, mv)(0, ¥; X)) dt + Vu(t, wvy (0, y; X)) - V(v (0, y: X)) dx;
= Leu(t, vy (0, y; x)¢) dt

= Wi (Lewf(v(t,))(y)dt

and therefore v(t, y) satisfies (27). O
Conversely, we can show that if v is a C;’z—solution of (27), then
ut, y) == wi(v(t, )) ()

is a C;’z-solution of (26).

Recall that in Definition 4, we defined a solution of the RPDE (20) to be a limit point of a sequence
of solutions of equations driven by smooth paths converging to x in rough path sense. Thus one of the
first things that we need to do, is discuss the conditions on a, b, the vector fields V = (Vq,..., Vy),
and the initial function ¢, which guarantee the existence of a unique C;'Z-solution for the classical
PDE (3). To this end, we have the following regularity hypothesis on a and b.

Hypothesis 10. a : [0, T] x R® — S, and b : [0, T] x R® — R® are bounded continuous functions such
that



M. Caruana, P. Friz / ]. Differential Equations 247 (2009) 140-173 153

(1) a is uniformly elliptic, i.e. there exists A > 0 such that
(0.a(t, y)0) = 110/

for all (t,y) € [0, T] x R® and 0 € R¢;
(2) there exist constants Cq, >0 and 0 < 8 < 1 such that

lat. y) —a(t’. y)| + |b(t. y) = b(t". y)| < Cap(t = t'1F + |y = y'|F)
for all (t,y), (t'y") € [0, T] x RE.

From Theorem 16, Chapter 1 in [5] and Theorem 3.1.1 in [34], we know that if a and b satisfy
Hypothesis 10, then the PDE

9
37‘; =Lv, v(0,)=¢()eCp(R%)

has a unique C;’z-solution.

Proposition 11. Let V = (V1,..., V4) be a collection of Lip¥ vector fields, y > p + 1, on R, and suppose
thata:[0,T] x R® — S. and b: [0, T] x R® — R€ satisfy the regularity Hypothesis 10. Then the functions ax
and by defined in (24) and (25) respectively, satisfy

(1) there exist constants Cp; > 0 (uniformly on {x: ||X|| 1 Lol < M}) such that

lax(t, y) — ax(t', )| + |bx(t. ) — be(t. ¥)| < Cu (1t — £1P°5 + [y — y|P5)

forall (t,y), (t'y") € [0, T] x R¢, where B is the Holder exponent of a and b;
(2) ay is uniformly elliptic and there exists Ay > 0, such that

(6, ax(t, y)0) > AmloJ?
0 X1 <

forall (t,y) €[0,T] x R¢ and 6 € R®.
Furthermore, if we assume that a and b have two bounded, continuous spatial derivatives and

V =(Vq,...,Vq) are Lip¥, y > p + 3, then ax(t, -) and bx(t, -) are again Cﬁ functions and their C2-norms
are uniform over {X: ||X||1_ps < M}
p

Proof. Remark that
Twy(0,¥,X)e =Y+ 7,0, -, X)¢

where V = V(y +-) has the same Lip”-norm as V. It follows that estimates for any derivatives are
automatically uniform over y. For instance (cf. [15]),

D (0, y, X), | < Crexp(Cr - (IV hupr X111 _pitgo,71)) (28)

where Cp is a constant independent of y. If we iterate this argument, we can deduce from (24) and
(25), and our regularity assumption on a and b, that ax(t, -) and bx(t, -) are again twice differentiable
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in space, with bounded derivatives. Furthermore, we can also see from (28), that the C2-norms'

llax(t, ) llc2 and |[bx(t, -)[c2 are bounded uniformly on {X: [[X[l1_ys < M}.

To prove the uniform ellipticity of ax, we first note that by assumption, there exists A > 0, such
that

(0,a(t, y)6) > 11601
for all (t,y) €[0, T] x R® and 6 € R®. Hence,

(9’ ax(t, y)@) > )‘|DH(V)(O' B Yt)[|n(v)(0,y,x)[ : 9|2

A
6|2

> 0
|(D7T(v)y(0, 3 Xl 0,930

since

<« -1
161 = |(D7T(V)(O’ " xt)t|71(v)(0,y,x)t) : (DN(V)(O, B Yt)[|7r(v)(0.y,x)[) '6|

—1 <«
<|(Dmw) (0, Yt)r|7r(v)(0,y,x)t) |[(D7rv) (0, - xt)t’rr(v)(o,y,x)t) -6].

To obtain the uniform ellipticity, we note that

-1
(DT[(V) (0, . Yt)t‘n(v)(ﬂ,y.x)z) =Dm (0, ; X)t|ﬂ(v)(0'y,x)r.

Using the already discussed uniformity (with respect to the starting point) of the Jacobian and other
derivatives of the flow, we see that

-1
|(D7(v) (0, Yf)t}ﬂ(v)(o,y,x)f) |<Cu

where the constant Cy; does not depend on y. This finishes the proof of the third part of the propo-
sition, since,

(0. ax(t, y)6) > AmlO?

111 i<

with Ay = 2.
The Hélder continuity of ay and by can be deduced from the Hoélder continuity of a and b, and
estimates on the derivatives of the flow, similar to those in (12) and (13) in Theorem 5. O

Therefore, given a weak geometric p-rough path X, and Lip”, y > p + 1, vector fields, we can
again deduce from Theorem 16, Chapter 1 in [5] and Theorem 3.1.1 in [34] that the PDE with rough
coefficients

av
=l v0)=00) G (R
has a unique C ;’z-solution. We have the following proposition on classical PDEs of the form (3).

10 For f e CK(R®,R), we define | fllc = 2o al <k SUPx ID F (1.
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Proposition 12. Let x: [0, T] — R? be a smooth path. Assume that

(1) V = (V1,..., Vg) is a collection of Lip? vector fields on R®;

(2) L; is a second order elliptic operator of the form (21), with coefficients a : [0, T] x R® — S, and
b: [0, T] x R® — R satisfying the regularity Hypothesis 10;

(3) # € (R, R).

Then the PDE

du(t,y) = Leu(t, y)dt — Vu(t, y) - V(y) dxe,

u@,y)=¢() (29)

has a unique C;‘z—solution u, which we denote by 1, . v)(0, ¢; X).

Remark 13. If x € W1 ([0, T], RY), we can define the solution to (29) via the unique extension of the
map C®([0, T],RY) 3 x> u = IT(q p.v)(0, ¢; X) with respect to the W' !-norm (cf. Remark 25).

Proof of Proposition 12. This result follows immediately from Theorem 16, Chapter 1 in [5] and The-
orem 3.1.1 in [34]. O

If we now go back to RPDEs, we see from the remarks after Proposition 11 and the result in
Lemma 9, that an obvious candidate for the solution of the RPDE (20) is given by

u(t, y) = wiv)(y) = v(t, 7w (0, y;: X'),) (30)
where v is the unique Cg’z-solution of

av_

== L*v, v(0,) =¢() € Cp(R°, R).

To be able to show that u is the unique solution for (20), we first have to prove two propositions,
which we will use to show that u is in fact the uniform limit of solutions of classical PDEs.

Proposition 14. Let V = (V1, ..., V) be a collection of LipY vector fields, y > p + 1, on R® and suppose that
a:[0,T] xR — Seand b : [0, T] x R® — R® satisfy the regularity Hypothesis 10. Let (X"),en be a sequence

of weak geometric p-rough paths converging to a weak geometric p-rough path x uniformly on [0, T] with
uniform bounds, i.e. sup,, || X" || 1_yg < 0o. Then,
p

axn (t, y) — ax(t, y)
and
bxn (t, y) — bx(t, y)
uniformly on [0, T] x R®.
Proof. To prove that axn(t, y) — ax(t, y) converges uniformly on [0, T] x R¢, we are first going to ob-

tain pointwise convergence, and then show that the family {(t, y) > axn(t, y)}nen iS equicontinuous.
For fixed (t, y) € [0, T] x Re¢,11

"' In this proof we use the notation &©Y) =7 (y(0, y; X); and ¢(¢, y) = 7(v)(0, y; XO);.
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|alh e, y) —ai (e, y)|
< [a¥ (e, Enargi (. Enagd ¢, &) — dE ) (. )ac (k. 8)
<|a¥ (e &) — d¥ (. )] |k (. )3t (8. 6)]
+ |a¥ (e &) || sl (€. 8 (8. En) — B (£ £)a1E (2. 6)|
< Caplntt. y) — £ »)|° D (e £ )|
+ llalloo | Dgn(t, &) — D (t, €)|(| Den(t, )| + |DL(E, §)]).

If we let n — oo, we deduce from (28) and the continuity of the It6 map, that ax«(t, y) converges
pointwise to ax(t, y).
To prove equicontinuity, take (t, y), (t’, y") € [0, T] x R¢. Then,
la ¢, y) —ah(t', v
|akl(t §(t y))akin(t g(t y))8{n (t 5“ y)) kl(t §<t y))a §n(t E(t y))ald(t/’srst’-y’))|
< |a’d(t é(t y)) kl( (t y))HakCH(f E(t y))alfn (t 5([ y))}
+|akl( rgt’,y) Ha Cn t S(t y))3l§'n (t S(t y)) 3 Cn( (t y))ald(t/’éét’,y’))‘
< Cap(it =1 + 6" — ") D" (e, 68) (31)

+ lalloo (|DE (£, &5P) | + [De"(¢, &Y ))) |De" (¢, &5) — D" (¢, &5 7). (32)

Since &Y — £®¥ uniformly on [0, T] x R¢, we deduce that {(t, y) — & }nen is equicontinuous,
and hence we can make (31) arbitrarily small by taking |t —t’| and |y — y’| small enough. The term
(32) can also be made arbitrarily small by taking t close to t" and y close to y’, because the family

{&, y) = Dealt, )} ey (33)

is also equicontinuous. This follows because D¢, solves an RDE, and hence similar reasoning as that
in Theorem 5 can be used to prove the equicontinuity of (33).
Therefore we can conclude that

axn (t, y) — ax(t, y)

uniformly on [0, T] x R®. The uniform convergence of bxn(t,y) to bx(t,y) can be proved using a
similar procedure. O

Before proving the second proposition, we recall a result by Oleinik (cf. Theorem 3.2.4 in [34]).

Theorem 15 (Oleinik estimate). Let L; be an elliptic operator of the form (21) with a € Cb ([0 T] x RE; Se)
and b € Cb 2([0, T] x R¢; R®). Given ¢ € le(Re) and g € C ([O T] x R®), suppose that f € Cb ([O T] x
R®) satisfies

af
— —1L
at tf=g

with f(0,) = ¢. If

fecy?(10,T1 x R®) N C%4([0, T] x R)
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then % € C%2([0, T] x R®) and there exist constants A and B such that

sup ||f(t,)] 2 <A+ 1$llc2) +B sup |g(t, ).
0<t<T o<t<T

Using these estimates, we have the following result.
Proposition 16. Suppose that for eachn € N, a, : [0, T] x R® — S, and by, : [0, T] x R® — R satisfy the
regularity Hypothesis 10, and furthermore assume that they have continuous bounded first and second order
spatial derivatives which are bounded independently of n.

Leta:[0,T] x R® — Seand b : [0, T] x R® — R satisfy the regularity Hypothesis 10, and suppose that
they have bounded first and second order spatial derivatives. Assume that

ap(t, y) —a(t, y)
and
bﬂ(ta J’) - b(t7 }’)

uniformly on [0, T] x R®. Set

= el i b -
ET 27 Tayigyd T Mgyl
and
1 . 92 . 9
Le=—-aV(t, )——— +b'(t, ) —.
0= 0 () g HH )

Then if we define v, vy, : [0, T] x R® — R to be the unique C;’Z—solutions of

av

So=lve v =40 e (R (34)
and
Sh e (0.9 =60 € G(EY) (35)

respectively, we have that
va(t,y) = v(t, y)
uniformly on [0, T] x RE.

Proof. From Theorems 12 and 16, Chapter 1 in [5], we know that (34) and (35) have unique C;’z—
solutions v and v,, given by

vt y) = / (. y:0,2¢(2)dz (36)
]Re
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and

vn(t,y)=/1“n(t,y;0, 2)¢(2)dz (37)
RL’
where I'(t, y;0,z) and Iy(t, y;0,z) are fundamental solutions of %—‘t’ =L¢v and 83% = Ltv, respec-
tively. Furthermore, since a and b have bounded continuous first and second order spatial derivatives,
we deduce from Proposition 11 and Theorem 10, Chapter 3 in [5] that v,, v € C%4([0, T] x R®). Thus
it follows from Theorem 15 that

sup ||[va(t, )] 2 < K1 (1 + llgllc2)

tx

where the constant K; can be taken to be independent of n because of the uniform boundedness
assumption on the spatial derivatives of a, and b,. Then,

vy

—Liv
ot tVn

= |Lvy — Leva|

g (|a1‘l(ti }’) _a(t’ }’)| + |bn(t» }’) - b(ts J’)|)”Vn(t» ’)Hc2
<Ki(1+I¢lc2)(|an(t, y) —at, y)| + |ba(t, y) — b(t, y)|)

and hence

BAZY
— — Ltv 0 38
ot tVn — (38)

uniformly on [0, T] x R¢. Our next task is to deduce from (38) that the sequence {v,} converges
uniformly. To do this, recall (Theorem 12 in [5]) that under a local Holder continuity assumption on
the function g,

t

O(t,y):/qb(y)F(t,y;O,Z)dZ—/(/g(s,Z)F(t,y;s,z)dZ) (39)
Re

0 Re
solves the inhomogeneous PDE

v . A
5 Lv=g, v(0,y)=¢ ).

Trivially, for v pm := vy — vim, we have

Vnm
ot

—Ltvim = gnm

with gn.m = (% — Le)va,m(t, y). We can use the representation (39), together with (38) to deduce that
{vn} converges uniformly on [0, T] x R® to some function V.

The last step in this proof is to show that v = v. This follows because if we repeat the above
argument with g, = (& — L;)v,, we get that

v(t, y)=/F(t,y;0,Z)¢(Z)dz

Re
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and thus from (36) we see that v = v. Therefore we can conclude that
vn(t,y) = v(t,y)
uniformly on [0, T] x R¢. O
In the following theorem we prove the existence of a unique bounded solution for a linear second

order RPDE. Furthermore, we prove that the map which sends the driving signal to the solution is
continuous in the uniform topology.

Theorem 17. Let p > 1 and let X be a weak geometric p-rough path. Assume that

(1) V= (Vq,..., Vy) is acollection of Lip” vector fields on R for y > p + 3;

(2) a:[0,T] xR® — Se and b: [0, T] x R® — RE satisfy the regularity Hypothesis 10, and furthermore, have
continuous bounded first and second order spatial derivatives;

(3) ¢ € CZ(R®, R).

Assume L; is of the form (21) with coefficients a, b. Then the RPDE

du(t, y) = Leu(t, y)dt — Vu(t, ) - V(y) dx;,
u(0,y) =¢() (40)
has a unique (bounded) solution u, given by
uct, y) =v(t,mwv)(0, y: X°),)
where v is the C;’z—solution of

Vv, v0,9=60)

at bt e ’

We denote this solution by I p v)(0, ¢; X). Furthermore the map
X—Uu=1Ilqgpv)0,¢;X)

. . 1_Hel
is continuous from C?

form topology.

([0, T1, GPI(RY)) into C([0, T] x R¢; R) when the latter is equipped with the uni-

Proof. We note that the Lip”, y > p + 3, condition on the vector fields guarantees a C* flow for the
associated RDE, and hence the coefficients ax and by will have bounded continuous first and second
order spatial derivatives (cf. Proposition 11). Let (x"),en be a sequence of smooth paths such that

S[p](X") Ex” — X
uniformly on [0, T], and

Sﬂpu"n I 1-Hot[0.1] =

Let u, be the unique C;’z—solution of
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dun(t, y) = Leun(t, y) dt — Vun(t, y) - V() dx{,
un(0,y) = (y).
We know that such a solution exists from Proposition 12. Then,
tn (6, ¥) = va(t, 70, (0, ¥ X))
where v, is the unique C;‘Z—solution of

3\/” X"
?ZLt Vn, Vn(07Y)=¢(Y)

We claim that the function u defined by
u(t,y) =v(t, 7v)(0, y: X%),)
is a solution of (40), and hence we have to show that
u(t,y) = lim un(t, y)

n—oo

uniformly on [0, T] x RS, i.e.
t : ot
v(t,mw)(0,y: X )t) =nll)HgoVn(f, ) (0, y; X )t)

uniformly on [0, T] x R€,
Our first task is to prove pointwise convergence. For fixed (t, y) € [0, T] x R®,

[Va(t. 7y (0. y: X)) = v (€, 70, (0, y: X°),)|
< |va(t, ) (0, y: X),) = v(t, 7 (0, y: X))

+[v(E 770 (0. y: X)) = v(t. 771 (0. y: X),) |-

The second term on the right-hand side of this inequality can be made arbitrarily small by taking n
large enough since v(t, -) is continuous, and

n(v)(O,y;;Ft)ten(v)(O,y; Yt)t' (41)

For the other term in the inequality, we have that

[ 6770 (03X, ) = v (6 70 (0, 95 X7), )|
< V(700 (0. 73 X™),) = V(. 70 (0, y: X))

+ |67 (0.y:X™),) = V(. 70w (0, y: X))

+[va(t, 7w (0, 3 X7),) = v (6, ) (0, y; X)) (42)

From the results in Proposition 11, we see that Oleinik’s estimates in Theorem 15 can be used for v,

and v, to get
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[Va (€. 770 (0. y:X79),) = va(t. v (0. y: X°), )|

< K1 (14 Iller) | (0, y; X0), — ey (0, y; X0, | (43)

and

v (£, ) (0. y: X)) = v (. 71wy (0. y: X7) )|
<«
<Kay(1+l1¢llcr) |y (0, y: X™F), — vy (0, y: XF), | (44)
Hence we deduce from (41) that both (43) and (44) go to zero as n — oo.
The remaining term in (42) can also be made arbitrarily small as n — oo because the convergence

results in Propositions 14 and 16 can be used to deduce that v, — v.
To prove that the family

{10, TT x RE 3 (¢, y) > v (£, 77y (0, ¥3 X))} oy

is equicontinuous, we take t’,t € [0, T] (w.l.o.g. t’' <t) and y’, y € R®, and consider

Va6 72 (0, 3 X1),) = V(€' 77w (0, Vs X0, ) |
<«

< Jvn(t. ) (0. y:X70), ) = vi (£ 77 (0. y: X7F) )|

+[va(t' 770 (0, ¥ X)) = va (€, ) (0, ¥/ X)) |- (45)
For the first term,
‘ d
«— «— «—
[va(t. vy (0. y: X)) = va(t', 71wy (0, y: x™) )| </‘%(Sv”m(0,y;xm)t) ds
J
t
:/|L§‘nvn(s,n(v)(0,y;x”’t)t)|ds
t/
<K3(1+[19llc2)lt =t (46)

where K3 is a constant which does not depend on n. To get the last inequality we again use the
estimate in Theorem 15. For the other term in (45),

[va(t', vy (0, y; Ft)t) —va(t' ) (0, ¥ )((T’“)t,)

< Ka(1+ Il )|y (0, v X0), — 7y (0, /s X7T),. .

(47)
In Theorem 5, we proved that the family

{10.T] x RE 5 (t, y) > 71w (0, y: X™F), € R}

neN

is equicontinuous and hence we deduce from (46) and (47) that

{€&. y) = va(t, 7w (0, y; F[)t)}neN

is also equicontinuous.
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Therefore we can conclude that

u(t,y) =v(t,7v)(0,y: X*),)
is indeed a solution of (40).

Having established existence of solutions for (40), we now prove uniqueness. However, as in the
case of first order equations, this follows immediately from the pointwise convergence of

va(t, Ty (0, y; X)) = v(t, 7v) (0, y: X*),)
proved in the first part of the proof.
We still have to prove the continuity of the map which sends the driving signal x to the solution u.

To this end, suppose that (x")ncn is a sequence of weak geometric p-rough paths converging to x in
%—Hélder topology, i.e. d%—Ho‘l;[o,T](xnﬁx) — 0. This implies a fortiori uniform convergence with the

uniform bounds sup, ||x”||l_H(.jl,[0 1] < 00 Using the same reasoning as in the existence part of the
5 -HoL: [0,

proof, we can show that
Va (€, ) (0, y: X)) = v(t, 7w (0, y; XF),)
uniformly in t € [0, T] and y € R®. Thus,
Un(t, y) = va(t, w) (0, y; ;F‘)t) —v(t, ) (0. y: X'),) =u(t, y)

in C([0, T] x R, R) equipped with the uniform topology. Therefore we conclude that the map which
sends the driving signal to the solution is indeed continuous in the uniform topology. O

3.3. RPDEs with BUC(R®) initial functions

We consider RPDEs with initial functions which are less smooth than those used to obtain the
existence and uniqueness result in the previous section.

Proposition 18. Let p > 1 and let x be a weak geometric p-rough path. Assume that
(1) V= (Vq,...,Vg) is acollection of Lip” vector fields on R® for y > p + 3;
(2) a:[0,T] xR® — Seandb : [0, T] x R — RE satisfy the regularity Hypothesis 10, and furthermore, have
continuous bounded first and second order spatial derivatives;
(3) (Pn)nen C Cﬁ(Re, R) such that ||¢n — ¢mllucerey — 0 asn, m — oo.
Then,
|| n(a.b,V)(Os Pn; X) — H(a,b,V)(O» Om; X) ||BUC([0,T]><1RE) -0

asn,m— oo.
Proof. In Theorem 17, we have shown that

Ma,b,v)(0. $n: X)(t, y) = va(t. v (0, y: X'),)
where v, is the unique C;’z-solution of

A

5 = [Xv, vn(0, ) = ¢n(¥).
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Using the Feynman-Kac formula for parabolic equations which are inhomogeneous in time (cf. Theo-
rem 2.2 in [4]), we get that

va(t, y) =E(¢n(Y;”))
where for t > 0, Y*Y is the solution of the Itd SDE,
dyhY = oX(t—s, Yst’y) dWs +b*(t —s, Yst’y) ds,
Y(t)’y =y

with a* = 6*(6®)T and a Brownian motion (W), and thus,

sup  |va(t, ) (0, y; Yt)[) — Vi (t, vy (0, y; Yt)t)|
(t,y)€[0,T]xRe

= sup |E(¢n (ytt*ﬂ(V)(ani(it)[) _ ¢m (ytl',ﬂ(v)(o,y;()?t)[)”
(t,y)el0,T]xRe

< sup|¢n(2) — Ppm(2)].
zeRe

The required result follows immediately from this estimate. O

Using the above proposition and Theorem 17, we can now prove a continuity result which implies
Theorem 1.

Theorem 19. Let p > 1, and assume that

(1) x")nen is a sequence of weak geometric p-rough paths such that

X" > x
uniformly on [0, T] and sup,, || X" || 1_pstjo.1) < (this holds in particular if d 1 _; (X", X) — 0);
p T p
(2) V= (Vq,..., Vg) is a collection of Lip" vector fields on R® for y > p + 3;
(3) a:[0,T] xR® — S, and b: [0, T] x R® — RE satisfy the regularity Hypothesis 10, and furthermore, have
continuous bounded first and second order spatial derivatives;
(4) (¢n)nen C BUC(R®) such that ||¢n — ¢ llpuccre) — 0 asn — oo.

Then
| ab.v)(0, n: X") = Miap,v(0, $5 %) HBUC([O,T]XRE) -0
asn,m— oo.
Proof. Let € > 0 be given. From the proof of Proposition 18, we know that, for n > ng(¢) large enough
| 7T@.6,v)(0, @3 Xn) = M(ap,v) (0. 6 Xn) | guic .71 xme) < 190 — DllBucere) <&

On the other hand, for any k and smooth function ¢*
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| Za,b,v)(0. 63 Xn) — M(a.b,v)(0. &%) || gyc .7y xe)
< || n(a.b,V)(Os ¢, xn) - n(a.b,V) (Ov ¢k; xn) ||BUC([0¢T]><RE)
+ Hn(a,b,v)(ov ok Xn) - H(a,b,V>(0’ ¢ X) ”BUC([O,T]X]RE)

+ [ T@p.v)(0, ¢ X) = Ma,b,v)(0, ¢; X)HBUC([O,T]leee)

and by taking k = k(¢) large enough we see that

[T @.b.v)(0, ¢; Xn) — Mia.p.v)(0, $; %) HBUC([O.T]xRP)

<&+ [Mapv) (0. ¢ Xn) — Ma,p,v) (0. ¢"; x) ”BUC([O,T]x]RE) +e
and by taken n also larger than nq(k, &) =nq(¢) we use Theorem 17 to see that
|7 a,b,v) (0. 3 %) — Mia,b,v) (0. : %) | gyco.71xre) < 38
so that, all in all,
| 20,y (0, @03 X") — Hia,b,v) (0, 83 0| 0.7y me) < 4€
and for n large enough. O

4. Application to SPDEs

As is well known [15,27,29], Brownian motion in RY, B = (Bl,...,Bd), can be enhanced with

Lévy's area and a.s. yields a geometric p-rough path, p € (2, 3), denoted by B(w) € C%'Hﬁl([O,T],

G2(RY)). In the rest of this section we assume that the elliptic operator L; is given by

1 a2 ; ]
Ly = =a¥(t, ) ———— + b'(t, ) —
2 aytay’ ay!

with a and b satisfying Hypothesis 10, and having bounded continuous first and second order spatial
derivatives.

Proposition 20. Let V = (V1, ..., V) be a collection of Lip? vector fields on R®, y > 5, and suppose that
¢ € C2(R®). The RPDE solution IT(qp,v)(0, ¢; B) to

du(t, y) = Leu(t, y)dt — Vu(t, y) - V(y) dBi (),
u@©,y)=¢1)
constructed for fixed w in a set of full measure, gives a solution u(t, y; w) to the Stratonovich SPDE

du(t,y) = Leu(t, y)dt — Vu(t, y) - V(y) odBe,

u0,y)=9(1). (48)
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Proof. Let B(n) denote the piecewise linear approximation to B. It is clear from Section 6.4 in [23],
that the solution to

du(t, y) = Leu(t, y)dt — Vu(t, y) - V(y)dB:(n)

converges, at least for fixed t, y and in probability, to the Stratonovich SPDE solution (48). At the same
1 _pys
time, Sy(B(n)) —» B a.s. in C? HOI([O, T1, G2(RY)). By the continuity result for RPDEs, we see that the

solution to

du(t,y) = Leu(t, y)dt — Vu(t, y) - V(y) dB(w),

u0,y)=¢)
is (a version of) the solution to the Stratonovich SPDE. 0O

In the case of SDEs, if we consider different approximations to Brownian motion, the solutions of
the corresponding ODEs do not always converge to the solution of the Stratonovich SDE. As shown in
[21], these limits solve Stratonovich SDEs with additional drift terms. All this has been studied from
the rough path theory point of view in [25] and [7]. One of the examples considered in these papers
is the so-called McShane approximation'? to Brownian motion in R2. From [7,25], the step-2 signature
of these approximations converge in %—Hi)’lder topology, p > 2, to a geometric p-rough path B, which

is basically Brownian motion enhanced with an area which is different from the usual Lévy area, i.e.
B: = exp(B; + A; + I't)

where A; is the Lévy area, and

~
Il
—

0 ¢
—-c 0
for some ¢ which may be # 0.
Furthermore, for Lip2+g(R2) vector fields V = (V1, V), it is shown in [7] that y; is a solution of

dyc =V (y;) dB;
started at yg € R® if and only if y; solves
dyr =V (yt)dB; +c[V1, Val(ye) dt
started at yg € R2. Here B is the Stratonovich Enhanced Brownian motion. Thus,
TT(v1.v2) (0, Y03 B) = T (c(vy,v,1,v1,v5) (0, Yoi (¢, B))

where (t, B) is the canonical time-space rough path associated with B. With the above in mind, we
prove the following result.!®

12 ¢f. [21, p. 392] or Section 5.7 in [23].
13 This proposition is related to some results on approximations for SPDEs presented by I. Gyongy at the Institute Mittag-
Leffler in 2007.
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Proposition 21. Let V = (V1, V) be Lip”, y > 5, vector fields on R?, and suppose that ¢ € C (R?). Let B(n)
be the McShane approximation to Brownian motion. Then the C ;'z—solutions to

du”(t, y) = Leu" (¢, y)dt — Vu"(t, y) - V() dB:(n),

u(0,y) =¢(y) (49)

converge to the solution of the Stratonovich SPDE

dv(t, y) = (Lev(t, y) — Vv(t, ¥) - c[V1, V21(y)) dt — Vv(t, y) - V(y) odBy,
v(0,y)=¢ (). (50)

Proof. From our continuity result in Theorem 17, we know that
u'(t, y) — u(t, y)

uniformly on [0, T] x R?, where u is the unique solution of the RPDE

du(t, y) = Leu(t, y)dt — Vu(t, y) - V(y) dBr(w),

u@,y)=9¢).
Furthermore,
u(t, y) = v(t, 7w (0, y; Et)t) (51)
where v is the unique C;‘z—solution of

av B
m =Lpv, v(0,y)=¢ ().

But from the results in [7], we deduce that

w? =Wy
where X = (t, B¢), and hence,
1B X

Therefore v solves

0
S, v =60

and since

TT(v,.v9) (0, y; B) = TV, Va1, vi,va) (0, ¥ (¢, B))

we deduce that u defined in (51) solves
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dv(t,y) = (Lev(t, y) — Vv(t,y) - c[V1, V2l(y))dt — Vv(t, y) - V(y)dB,
v(0,y) =9 (¥). (52)
From Proposition 20, we get that u solves the Stratonovich SPDE (50). O

1
In Theorem 17, we saw that X — [T v)(0, ¢;X) is continuous as a map from C» HOI([O, T],

GIPI(R?)) into C([0, T] x R, R), with uniform topology, whenever V e Lip” (R¢), y > p + 3, and
¢ € C2(R®, R).
Theorem 22 (Support). Assume h € C2([0, T], R?%) and § > 0. Then™
P(|Ma.v) (0, ¢:B) = Miap.v) (0, &3 1| 10 11, > /1B = hlociio.m) <€) — 0.
In particular, the topological support of the solution to the Stratonovich SPDE (48) is the closure of
{M@p.v)(0, ¢; h): heC?([0,T1,RY)}

in uniform topology.

Proof. The conditioning statement is a direct consequence of the main result of [6] and continuity of
the RPDE solution map T p,v)(0, ¢; -). Since {|B — h|xe;[0,7] < €} has positive probability this implies

{M@bv)(0,¢;h): heC?([0,T], Rd)} C support(Py[1qp,v) (0, ¢; B)).

The other inclusion holds since

support(Py [1(qp,v) (0, ¢; B)) C {Tqp,v)(0,¢; h): he C([0, T],RY)}.
This follows directly from continuity of 7 p,v)(0, ¢; -), provided we can find smooth approximations
B" to B, such that dl_Hé,Alo TJ(SZ(B”),B) — 0. We know that such approximations exist from the
5-HaL [0,

Karhunen-Loeve expansion of Brownian motion based on the sin/cos basis of L%, and general results
of rough path convergence of the Karhunen-Loeve expansion proved in [12]. O

Remark 23. It is easy to see that the closure of {IT v)(0,¢;h): he C2([0, T],RY)} coincides with
the closure of {IT(qp.v)(0,$; h): he WH2([0, T],RY)).

Clearly, I1qp.v)(0, ¢; B({/€+)) converges in distribution as & — 0 to ITgp v)(0, ¢; 0), the solution
of the PDE %—‘[’ = L;v. The following LDP principle quantifies the rate of this convergence.

Theorem 24 (Large deviations). The family (PyITqp,v(0, ¢; B(J/€+))) satisfies a large deviation principle
with good rate function

T

](u):inf{;/fulzdt: he w'2([0, T],R?) and n<a,b,v)(0,¢;h):u}.
0

14 The infinity norm of B — h is based on Euclidean norm on RY.
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Proof. One of the results proved in [8] says that the random variables B(/¢-) satisfy a large deviation
principle in %—Hélder topology with good rate function

T
1 .
10 =2 / lhe|?dt if Sy(h) =x for some h e W'2([0, T], RY)
0

=400 otherwise.

Using the continuity of ITyp v)(0,¢;-) and the contraction principle, the required large deviation
principle for (P11 p.v)(0, ¢; B(/€+))) follows immediately. O

5. SPDEs with Markovian noise

Let X be a Markov process with uniformly elliptic generator in divergence form (cf. [33]). The
coefficient matrix in the generator need not have any regularity (beyond measurability), in which
case X is not a semi-martingale.!® Stochastic area cannot be defined via iterated stochastic in-
tegrals but there are alternative constructions [10,24,28] that lift X to a “Markovian” rough path

11
XeCr HOI([O, T, G2(R%)) for any p € (2, 3). With the RPDE approach, we can then give a meaning to

the SPDE®

du(t, y) = Leu(t, y)dt — Vu(t, y) - V(y) dX;,

u©,y)=¢() (53)

which generalizes Stratonovich SPDEs to “SPDEs with (uniformly elliptic) Markovian noise”. Various
convergence results proved in [10] together with our RPDE continuity result, give an appealing prob-
abilistic meaning to such SPDE solutions. For instance, if the coefficient matrix is mollified (with pa-
rameter €) so that X* is a semi-martingale, one constructs without difficulties (cf. [23]) a Stratonovich
solution to

du®(t,y) = Leu®(t, y)dt — Vub(t, y) - V(y) odX{,

u®0,y) =¢)

and as & — 0, the solution u® converges in distribution to the solution of (53). Similarly, if X is
replaced by a piecewise linear approximation X", we can solve

du™(t, y) = Lau"(t, y)dt — Vu"(t, y) - V(y)dXT,

u(0,y) =¢®)

as (time-inhomogeneous) linear second order PDE and as n — oo we have convergence (in probabil-
ity) to the solution of (53). Support and large deviation properties for Markovian rough paths were
established in [10] and similar reasoning as in the Brownian case leads to support and large deviation
statements for these SPDEs with Markovian noise. The details are straight-forward and omitted.

15 Nonetheless, sample paths properties of X are very similar to those of Brownian motion.
16 We assume that the coefficients a and b, together with the vector field V have enough regularity (namely the assumptions
made at the beginning of Section 4) for the RPDE to have unique solutions.
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6. SPDEs with Gaussian noise

Let X = (X',..., X% be a continuous centered Gaussian process with independent components
started at zero, and suppose that its covariation RX has finite p-variation (in 2D-sense) with
p €[1,2), bounded by a Hélder dominated control.'” Then from [11], we know that for p € (2p, 4),
X lifts to a geometric Holder p-rough path X = X(w), a “Gaussian rough path”. With Lip? vector fields
V=(V1,....Vq), ¥y > p+3, and ¢ € C}(R*; R), the RPDE

du(t, y) = Leu(t, y)dt — Vu(t, y) - V(y) dX;,

u0,y) =) (54)

can be solved for almost every @ and has the obvious interpretation of an SPDE with Gaussian noise.
(The setup of [11] includes (multi-dimensional) Brownian motion with p =1, fractional Brownian
motion with p =1/(2H) for H € (1/4,1/2), the case H > 1/2 being trivial, the Ornstein-Uhlenbeck
process, and the Brownian bridge process, among many other examples.)

There is an equivalent statement for most of what has been said in Section 5: various weak
and strong approximation results make the interpretation of the solution to (54) easy. Replacing X
by piecewise linear approximations X" (or mollifier approximations X?) reduces (54) to a (time-
inhomogeneous) linear second order PDE, and as n — oo (resp. § — 0), these solutions converge (in
probability) to the solution of (54).

There is a support result for such Gaussian rough paths (always in the appropriate 1/p-Holder
rough paths topology cf. [12]) and with the continuity of X = IT4p v)(0, ¢; X), the solution map to
(54), we immediately get that the support of the law of IT 5 v)(0, ¢; X), in uniform topology, is the
closure of all second order PDE solutions [T p v (0, ¢; h) where h € H, the Cameron-Martin space
associated with X.

Remark 25. Thanks to the known embedding H <> CP™Va ([0, T],R%), p € [1,2) (cf. [11]), we can
define Sppj(h), p € (2p,4), using Young integration. If we denote Sip(h) by h, then

Ihy ¢ || < |h|p—var;[s,t] < K1|h|p—var;[s,t] (cf. [26, Theorem 2.2.1])

< Kqlhly /R;f_var;[sytlz (cf. [11, Proposition 16])

1

< Kalhlplt — 5|22
1
<Kzt —s|?

and thus h e C%'Hbl([o, T1, GIPY(RY)). Therefore, when we refer to I p,v)(0, ¢; h), we are basically

considering I p,v)(0, ¢; h) = ITq p,v)(0, ¢; Sipj(h)), which we know exists from Theorem 17. By a
basic theorem in rough path theory [26, Theorem 1] h — IT(4 p v)(0, ¢; Sip1(h)) is continuous in p-
variation and thus here we are dealing with a Young PDE.

There is also an LDP for (§;:X: & > 0) where §, is the dilation operator which generalizes scalar
multiplication on RY to GIPI(RY), p € (2p, y) (cf. [13]). Keeping u®(0, y) = ¢(y) for all &€ > 0, we
abuse notation and write

du®(t, y) =Lauf(t, y)dt —eVul(t, y) - V(y)dX;

17" A 2D control w is Holder dominated if there exists a constant C such that for all 0 <s <t < T, w([s,t]*) < C|t —s|. In

1
. o X 1
particular, this implies that Rp—var;[s,r]Z < Clt—s|7.
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rather than
du®(t, y) = Leu®(t, y)dt — Vu®(t, y) - V(y) d(8:X)s.

Then the laws of u®(t, y; w) satisfy an LDP (in uniform topology) with good rate function
e T
J(u) =inf §|h|H. he™ and ITv)(0,¢;h) =u ;.

6.1. Density result for non-degenerate first order SPDEs with Gaussian noise

We now discuss whether the solution of the first order SPDE

du(t,y) + Vu(t,y) - V(y)dX; =0,

u@,y)=¢() (55)

at some fixed point in time-space, i.e. I7(v)(0, ¢; X(w))(t, y) = ¢ (v (0, y;m[)t), admits a den-
sity with respect to Lebesgue measure. The question obviously reduces to establishing a density for
7(vy(0, y; X and then imposing the necessary non-degeneracy conditions on ¢. The existence of a
density for the solution of an RDE driven by a Gaussian signal was proved in [2] under the following
assumptions on the vector fields and the driving signal.

Hypothesis 26 (Ellipticity assumption on the vector fields). The vector fields V1,..., V4 span the tangent
space at y.

Hypothesis 27 (Non-degeneracy of the Gaussian process on [0, T]). Fix T > 0. We assume that for any
smooth f=(f1,..., fs):[0,T]— RY,

T

d T
(/fdhzZ/fkdhk:OVheH> = f=0
k=l

0

where 7 is the Cameron-Martin space associated with the Gaussian process.

As remarked in the same paper, non-degeneracy on [0, T] implies non-degeneracy on [0, t] for any
t € (0, T]. We then have the following theorem.

Theorem 28. (Cf. [2].) Let X be a natural lift of a continuous, centered Gaussian process with independent
components X = (Xq, ..., Xg), with finite p € [1, 2)-variation of the covariance, bounded by a Hélder domi-
nated control, and non-degenerate in the sense of Hypothesis 27. Let V = (V1, ..., V) be a collection of Lip”
vector fields on R®, y > 2p, which satisfy the ellipticity Hypothesis 26 at y € R®. Then the solution of the
rough differential equation

dYe =V (Y dX, Yo=Yy
admits a density at all times t € (0, T] with respect to Lebesgue measure on R€.

Using Theorem 5 and the above, we can prove the following result on the existence of a density
for the solution of an RPDE.
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Theorem 29. Let X be a natural lift of a continuous, centered Gaussian process with independent components
X =(X1,..., Xg), with finite p € [1, 2)-variation of the covariance, bounded by a Hélder dominated control,
and non-degenerate in the sense of Hypothesis 27. Let V = (V1, ..., V) be a collection of Lip” (R®) vector
fields, y > 2p, and suppose'® that ¢ € C' (R®; R) is non-degenerate, i.e. V¢ # 0 everywhere. With X = X(w),
the solution u(t, y) = u(t, y; w) to the random RPDE

du(t,y) + Vu(t,y) - V(y)dX; =0,

u(0,y) =) (56)

has a density with respect to the Lebesgue measure, for each t € (0, T] and for each y € R¢ for which Hypoth-
esis 26 holds.

Proof. Fix t € (0, T], and choose y € R® such that the vector fields V1, ..., V4 span the tangent space
at y. We have to show that

u(t, y) = () (0, y; X'),)

has a density. a

We first note that X! is again a Gaussian geometric p-rough path, p € (2p,4), defined on [0, t].
We want to prove that X! satisfies the non-degeneracy Hypothesis 27 on [0, t]. Let f be a smooth
function and suppose that [ fdg =0 for all g € G, the Cameron-Martin space associated with Xt
Recall that elements of G are of the form, g = E(Ygg(g)) where £(g) is a Gaussian random variable.
For s € [0, t],

g5 =E(XL£()) = E(Xt—s&(8)) = hes

for some h € H, the Cameron-Martin space associated with X. Thus

t t
(/fsngEOVg€g> =4 (/fsdht_sEOVhEH)
0 0

Since f is smooth, the above integrals are Riemann-Stieltjes integrals, and so, using a simple change
of variable, we get that

t t
/fsdh[,sz—/ft,sdhszo VheH.
0 0

But —f;_. is of course a smooth function, and hence it follows from the non-degeneracy condition
on X, that — f;_. = 0. This implies that f =0.

Therefore the Gaussian process Y‘ also satisfies the non-degeneracy Hypothesis 27, and hence we
can deduce from our choice of y € R® and Theorem 28, that the random variable 77 (v)(0, y; Yf)[ has
a density with respect to the Lebesgue measure on R€.

From the non-degeneracy assumption on the initial function ¢, the existence of a density for
u(t, y) now follows immediately. O

18 Cf. Remark 7.
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