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Abstract

In this paper void coalescence is regarded as the result of localization of plastic flow between enlarged voids. We obtain
the failure criterion for a representative material volume (RMV) in terms of the macroscopic equivalent strain (Ec) as a
function of the stress triaxiality parameter (T) and the Lode angle (h) by conducting systematic finite element analyses
of the void-containing RMV subjected to different macroscopic stress states. A series of parameter studies are conducted
to examine the effects of the initial shape and volume fraction of the primary void and nucleation, growth, and coalescence
of secondary voids on the predicted failure surface Ec(T,h). As an application, a numerical approach is proposed to predict
ductile crack growth in thin panels of a 2024-T3 aluminum alloy, where a porous plasticity model is used to describe the
void growth process and the expression for Ec is calibrated using experimental data. The calibrated computational model is
applied to predict crack extension in fracture specimens having various initial crack configurations and the numerical pre-
dictions agree very well with experimental measurements.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Ductile fracture of many structural materials is a result of void nucleation, growth and coalescence. Based on
the fracture mechanism, a straight-forward approach to simulate ductile failure process is to model individual
voids explicitly using refined finite elements, e.g., Aravas and McMeeking (1985a,b), Tvergaard and Hutchinson
(2002), Kim et al. (2003), and Gao et al. (2005). A distinct advantage of this approach is the exact implementa-
tion of void growth behavior. However, due to sizeable difference between the characteristic length scales in-
volved in the material failure process and the dimensions of the actual structural component, it is impractical
to model every void in detail in structure failure analysis, especially for situations involving extensive crack prop-
agation. For this reason, various forms of porous material models have been developed to describe void growth
and the associated macroscopic softening during the fracture process. Calibration of these porous material
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models requires the predicted macroscopic stress–strain response and void growth behavior of the representa-
tive material volume (RMV) to match the results obtained from detailed finite element models with explicit void
representation (Faleskog et al., 1998; Kim et al., 2004). The most widely known porous material model for
analyzing ductile fracture is that due to Gurson (1977). Tvergaard (1981, 1982) modified the Gurson model
by introducing two adjustment parameters to account for void interaction and material strain hardening.
The Gurson–Tvergaard (GT) model assumes voids are spherical in materials and remain spherical in the growth
process. But many processed materials, such as rolled plates, have non-spherical voids. And even for materials
having initially spherical voids, the void shape may change to prolate or oblate, depending on the state of the
applied stress. In order to overcome the limitation of the GT model, Gologanu et al. (1993, 1994, 1995) derived
a yield function for materials containing spheroidal voids. In the GLD model, both void volume fraction and
void shape evolve as deformation increases. Since non-spherical voids are considered in the constitutive model,
preferred material orientation exists and the macroscopic plastic behavior becomes anisotropic. The GLD
model returns to the Gurson model when voids become spherical. Pardoen and Hutchinson (2000, 2003),
Benzerga (2002), Benzerga et al. (2004), and Kim and Gao (2005) recently implemented the GLD model into
finite element analysis and their results show the computational approach based on the GLD model provides
a promising tool to predict ductile material failure.

In order to simulate crack formation and propagation, a criterion for void coalescence is required. After the
onset of void coalescence, material loses load carrying capacity rapidly. Comparing to the amount research
conducted in modeling the void growth process, void coalescence has not received sufficient attention. A crit-
ical void volume fraction (fc) is often used to designate the final material failure, e.g., Needleman and
Tvergaard (1987), Xia et al. (1995), and Gao et al. (1998a,b). However, further studies show that fc cannot
be taken as a constant—it depends strongly on factors such as void volume fraction, void shape, void spacing,
stress triaxiality, strain hardening, etc. (Benzerga et al., 1999; Zhang et al., 2000; Pardoen and Hutchinson,
2000; Kim et al., 2004). In macroscopic, the equivalent strain is often used as a measurement of material duc-
tility. Therefore, a critical equivalent strain has also been used to denote material failure. Bao and Wierzbicki
(2004a,b) and Bao (2005) conducted a series of experiments and finite element analyses on an aluminum alloy
2024-T351 and found the critical equivalent strain is a function of the stress triaxiality.

In literature, the stress triaxiality ratio (T), defined as the ratio of the mean stress to the equivalent stress, is
often used as the sole parameter to characterize the effect of the triaxial stress state on ductile fracture. However,
multiple stress states with different principal stress values can result in the same stress triaxiality ratio. Recent
studies by Kim et al. (2003, 2004) and Gao et al. (2005) found that the macroscopic stress–strain response
and the void growth and coalescence behavior of the voided RMV are different for each stress state even though
the stress triaxiality ratio remains the same. Another parameter, e.g., the Lode parameter, must be introduced to
distinguish the stress states having the same triaxiality ratio. In this study, we obtain the material failure criterion
in terms of the critical equivalent strain (Ec) as a function of the stress triaxiality ratio (T) and the Lode angle (h)
by conducting systematic finite element analyses of the void-containing RMV subjected to different macroscopic
stress states. Failure of the RMV occurs when localization of plastic flow takes place in the ligament (Koplik and
Needleman, 1988). Wierzbicki and Xue (2005) recently proposed a ductile failure criterion similar to what we
obtained here based on analysis of an extensive set of experimental data. Next, the effects of the initial shape
and volume fraction of the primary void and nucleation, growth and coalescence of the secondary voids on
the failure surface Ec(T,h) are investigated. Finally, as an application, a numerical approach is proposed to pre-
dict ductile crack growth in thin panels of a 2024-T3 aluminum alloy, where the GLD model is used to describe
the void growth process and the expression for Ec is calibrated using experimental data. The calibrated compu-
tational model is applied to predict crack extension in fracture specimens having various initial crack configura-
tions and the numerical predictions agree very well with experimental measurements.

2. Void coalescence and material failure criterion

2.1. Macroscopic stress state of the representative material volume

Ductile fracture in metallic alloys usually follows a multistep failure process involving several interacting,
simultaneous mechanisms (Van Stone et al., 1985; Garrison and Moody, 1987): (1) nucleation of microvoids
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Fig. 1. (a) Stress state of a differential material volume, (b) stress states having the same stress triaxiality ratio, and (c) projection of a stress
state on the p plane.
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by fracture or decohesion of second-phase inclusions, (2) growth of voids induced by plastic straining, (3)
localization of plastic flow between the enlarged voids, and (4) final tearing of the ligaments between enlarged
voids. Nucleation of voids from large inclusions generally occurs at relatively low stress levels, and therefore,
voids are often assumed to present in the material at the onset of loading. The final material separation process
usually proceeds very rapidly and is often facilitated by nucleation and growth of secondary microvoids.

Assuming the existence of a periodic distribution of voids, the material can be considered as an array of
cubic blocks with each block being a representative material volume (RMV) having a void at its center.
The macroscopic stress–strain response and the void growth and coalescence behavior of the RMV depend
sensitively on the triaxial stress state subjected by the RMV (Kim et al., 2004). In general, the RMV is sub-
jected to a three-dimensional stress state as indicated in Fig. 1(a). Let R1, R2, and R3 be the principal stresses
and introduce the (R1, R2, R3) coordinate system. Consider a line ON passing through the origin and having
equal angles with the coordinate axes. Then every point on this line corresponds to a hydrostatic stress state.
The plane passing through the origin and perpendicular to ON is called the p plane and the hydrostatic stress
is zero on this plane. Consider an arbitrary stress state at point P with stress components R1, R2, and R3. The
stress vector ~OP can be decomposed into two components, the component ~a parallel to ON and the compo-
nent~r perpendicular to ON, where
a ¼
ffiffiffi
3
p

Rh and r ¼
ffiffiffi
2

3

r
Re; ð1Þ
where Rh and Re represent the hydrostatic stress and the equivalent stress, respectively. Consequently, the
stress triaxiality ratio is
T ¼ Rh

Re

¼
ffiffiffi
2
p

3

a
r

. ð2Þ
Therefore, for a given stress triaxiality ratio T, there exist infinite number of stress states, each corresponds to
a point on the surface of a cone with ON as the axis, Fig. 1(b).

It is well known that stress triaxiality has significant effect on material ductility. In literature, T is often used
to characterize the effect of the triaxial stress state on ductile fracture. However, recent studies by Kim et al.
(2003, 2004) and Gao et al. (2005) found that the macroscopic stress–strain response and the void growth and
coalescence behavior of the voided RMV are not the same for different stress states having the same stress
triaxiality ratio. To distinguish these stress states having the same T-value, consider the location on the p plane
of the projection of point P, Fig. 1(c). The angles between the projections of the coordinate axes R1, R2, and R3

on the p plane are 120�. Let h be the angle measured from the horizontal axis, then
tan h ¼ 2R3 � R2 � R1ffiffiffi
3
p
ðR2 � R1Þ

. ð3Þ
The stress triaxiality ratio (T) together with the Lode angle (h) can be used to specify the triaxial stress state.
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2.2. Void coalescence as the result of localization of plastic flow

Consider a RMV containing a void at its center and subjected to the macroscopic stresses R1, R2, and R3.
For given values of the stress triaxiality ratio, T, and the Lode angle, h, the principal stress ratios, q1 = R1/R2

and q2 = R3/R2, can be determined uniquely. Therefore, in order to maintain the same values of T and h dur-
ing the entire deformation history, boundary conditions must be prescribed such that the values of q1 and q2

remain constants. Faleskog et al. (1998) and Kim et al. (2004) provide details of how to prescribe such bound-
ary conditions. Here, the numerical analyses are carried out using the finite element program ABAQUS
(2004), which employs a finite strain, J2 plasticity theory within an updated Lagrangian formulation. Displace-
ment boundary conditions are prescribed on the outer surfaces of the RMV by using the MPC user subroutine
to keep the macroscopic stress ratios q1 and q2 constants during the loading history.

The material obeys a power-law hardening, true stress–strain relation as follows
F

e ¼ r
E

r 6 r0;

e ¼ r0

E
r
r0

� �1=N

r > r0.
ð4Þ
Here, the material parameters are taken to be E = 70.4 GPa, r0 = 345 MPa, m = 0.3, and N = 0.14, represent-
ing a typical aluminum alloy. This power-law hardening relation is implemented in ABAQUS by using the
UHARD user subroutine.

Fig. 2(a) shows a 1/8-symmetric finite element model for a cubic RMV containing a spherical void. An axi-
symmetric loading is considered first, where R2 P R1 = R3 (h = �30�). The initial void volume fraction is ta-
ken as f0 = 0.02. Fig. 2(b) shows the deformed shape of the RMV. Let X0 be the initial width of the RMV in
the x-direction and X be the deformed width. Fig. 3(a) shows the variation of X with the macroscopic effective
strain of the RMV. As loading continues, X gradually decreases. But when the deformation reaches a certain
level, X stops decreasing and remains at a constant value. This implies that further deformation takes place in
a uniaxial straining mode, which corresponds to flow localization in the ligament between adjacent voids. The
shift to a macroscopic uniaxial strain state indicates the onset of void coalescence. We use Ec to denote the
macroscopic effective strain at the onset of void coalescence.

The macroscopic effective stress versus effective strain curve, Fig. 3(b), provides an overview of the compe-
tition between matrix material strain hardening and porosity induced softening. As deformation progresses, a
maximum effective stress is reached (indicated by the filled circle), and then Re decreases as strain-hardening of
matrix material is insufficient to compensate for the reduction in ligament area caused by void growth. As the
macroscopic effective strain reaches Ec (indicated by the open circle), a rapid drop in macroscopic effective
stress occurs. As expected, both the peak stress value and the value of Ec decrease with the stress triaxiality
ratio T, reflecting the decease of ductility.
ig. 2. (a) A 1/8-symmetric finite element mesh and (b) the deformed shape for a RMV containing a centered, spherical void.
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Fig. 3. (a) Variation of the deformed cell width in x-direction with the macroscopic effective strain of the cell revealing the shift to uniaxial
straining. (b) Macroscopic effective stress versus effective strain of the cell displaying the macroscopic softening. Here, the applied loading
is axisymmetric, i.e., R2 P R1 = R3 (h = �30�) and the initial void volume fraction is f0 = 0.02.
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2.3. Effect of secondary voids on coalescence

Most engineering materials contain more than one populations of inclusions and/or second phase particles.
During the void coalescence process, secondary voids nucleate in the ligament between enlarged primary voids
and rapid growth and coalescence of these secondary voids accelerates the final ligament separation. Faleskog
and Shih (1997) conducted 2D analysis of void coalescence where both primary and secondary voids are rep-
resented using refined finite element mesh. Here, we assume nucleation of the secondary voids is plastic strain
controlled and the nucleated voids are smeared in the material. It is further assumed that void nucleation fol-
lows a normal distribution as suggested by Chu and Needleman (1980). The rate of increase of void volume
fraction due to nucleation of secondary voids is given by
_f nucleation ¼ D_�e; ð5Þ

where
D ¼ fN

sN

ffiffiffiffiffiffi
2p
p exp � 1

2

�e� eN

sN

� �2
" #

. ð6Þ
In above equations, �e represents the matrix plastic strain and the void nucleation parameters are chosen as
fN = 0.04, eN = 0.1, and sN = 0.05. The parameters adopted here are for the purpose of demonstrating the effect
of secondary voids on the void coalescence process. No attempt is made to represent the actual physical values.

To account for the growth of secondary voids and its effect on material failure, the Gurson–Tvergaard con-
stitutive model (Gurson, 1977; Tvergaard, 1981, 1982) is used to describe the material behavior, i.e.,
U ¼ R2
e

�r2
þ 2q1f cosh q2

3Rh

2�r

� �
� 1� q2

1f 2 ¼ 0; ð7Þ
where �r is the current flow stress of the matrix material, f defines the current void volume fraction, and q1 and
q2 are adjustment parameters introduced by Tvergaard (1981, 1982). Here, q1 = 1.5, and q2 = 1 are used in the
analysis. The setting of f = 0 recovers the yield surface for conventional J2 flow theory with isotropic harden-
ing. The evolution law for void volume fraction due to void growth is determined by requiring the matrix
material to be plastically incompressible
_f growth ¼ ð1� f Þ _Ep
kk; ð8Þ
where _E
p

kk is the trace of the macroscopic plastic strain rate tensor.



6282 X. Gao, J. Kim / International Journal of Solids and Structures 43 (2006) 6277–6293
To take into account the coalescence of secondary voids, we employ the f* function introduced by Tverg-
aard and Needleman (1984). Parameters defining the f* function adopt the same values as used by Tvergaard
and Needleman (1984).

Consider again the RMV containing a spherical void and subjected to an axisymmetric stress state, i.e.,
R2 P R1 = R3 (h = �30�). Fig. 4 compares the macroscopic effective stress versus effective strain curves
between models including and not including secondary voids. Here, two initial values of primary void volume
fraction, f0 = 0.002 and 0.02, and several values of stress triaxiality ratio, T = 1/3, 2/3, 1, 1.5, and 2, are con-
sidered. The open circles denote the onset of coalescence for models where secondary voids are not taken into
account. The filled circles represent the onset of coalescence for models where nucleation, growth and coales-
cence of secondary voids are accounted for. It is clear that secondary voids significantly accelerate the void
coalescence process. It is worth noting that, for cases having very low stress triaxiality, e.g., T = 1/3, coales-
cence cannot occur without secondary voids.

For fixed Lode angle (h = �30�), Ec decreases monotonically with T as shown in Fig. 5, where curves
having open symbols display the results obtained from models not including secondary voids and curves
having filled symbols display the results with secondary voids being considered. Fig. 5 shows that the variation
of Ec versus T becomes more pronounced as T decreases and Ec becomes less sensitive to T when T is large.
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Fig. 4. Comparison of the macroscopic effective stress versus effective strain curves between models including and not including secondary
voids. The open circles denote the onset of coalescence for models where secondary voids are not taken into account. The filled circles
represent the onset of coalescence for models where nucleation (fN = 0.04, eN = 0.1 and sN = 0.05), growth and coalescence of secondary
voids are accounted for. (a) f0 = 0.002 and (b) f0 = 0.02.
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This suggests that the relationship between Ec and T may be characterized by exponential or inverse power-
law functions. Fig. 5 also shows that Ec decreases with f0, the initial volume fraction of the primary void.

2.4. Material failure surface as a function of the stress triaxiality ratio and the Lode angle

The calculations presented above only consider the case where the macroscopic stress state subjected by the
RMV is axisymmetric, i.e., R2 P R1 = R3 (h = �30�). However, as shown in Kim et al. (2004), the Lode angle
has significant effect on void growth and coalescence and material failure. Fig. 6 shows the deformed shapes of
the RMV under a series of macroscopic stress states having the same triaxiality ratio (T = 1) but different
Lode angles. The h values considered represent a variation of stress states from axisymmetric tension
(h = �30�) to biaxial tension (h = 30�).

Fig. 7 compares the matrix plastic strain distribution for different Lode angles, h = �30�, 0�, and 30�. Here,
the macroscopic stress triaxiality ratio is taken as T = 1.5, the initial volume fraction of the primary void is
Fig. 6. Deformed shapes of the RMV under a series of macroscopic stress states having the same triaxiality ratio (T = 1) but different
Lode angles.

Fig. 7. Comparison of the matrix plastic strain distribution for three cases having different Lode angles. Here, T = 1.5 and f0 = 0.02. (a)
h = �30�, (b) h = 0�, and (c) h = 30�.
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taken as f0 = 0.02, and nucleation, growth and coalescence of secondary voids are taken into account. For
h = �30�, high plastic strain occurs in the transverse plane perpendicular to the major loading direction
(R2). For h = 0�, high plastic strain occurs in the transverse plane as well as the plane having a 45� angle with
the R2-direction. For h = 30�, high plastic strain occurs in planes perpendicular to both major loading direc-
tions (R2 and R3).

Fig. 8 shows the volume fraction distribution of the secondary voids for the three cases considered in Fig. 7.
The volume fraction of the secondary voids is attributed to both void nucleation (controlled by the plastic
strain) and void growth (controlled by the stress triaxiality). The contour of the secondary void volume frac-
tion equal to 0.1 can be used to indicate ligament material failure (Tvergaard and Needleman, 1984;
Needleman and Tvergaard, 1987; Gao et al., 1998a,b). Due to the combined effects of the plastic strain
and the local stress triaxiality, failure occurs in the transverse plane perpendicular to R2 for the h = �30� case,
in the transverse plane as well as a slant plane for the h = 0� case, and in two planes perpendicular to R2 and
R3, respectively for the h = 30� case.

Fig. 9 compares the stress–strain behavior of the RMV subjected to the same stress triaxiality ratio,
T = 1.5, but different Lode angles, h = �30�, �15�, 0�, 15�, and 30�. In Fig. 9, curves having open symbols
are for cases without secondary voids and curves having filled symbols are for cases with secondary voids
being included. The symbols indicate the onset of coalescence. In general, a delay of coalescence is observed
as the value of the Lode angle increases, i.e., Ec increases with h.

The above analyses are carried out for a series of stress triaxiality ratios and the resulted variation of Ec as a
function of T and h is revealed in Fig. 10. Fig. 10 shows that Ec decreases with T but increases with h. It is
Fig. 8. Comparison of the volume fraction distribution of the secondary voids for three cases having different Lode angles. Here, T = 1.5
and f0 = 0.02. (a) h = �30�, (b) h = 0�, and (c) h = 30�.
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Fig. 11. Material failure surface in terms of Ec as a function of T and h. (a) f0 = 0.02 with secondary voids, (b) f0 = 0.02 and no secondary
voids, (c) f0 = 0.002 with secondary voids, and (d) f0 = 0.002 and no secondary voids.
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interesting to note that the curves for h = �30�, �15�, and 0� are very close, which suggests that Ec is almost
independent of h when h takes negative values. Results displayed in Fig. 10 can be represented as 3D plots as
shown in Fig. 11. The surface representing function Ec(T,h) is referred to as the failure surface. Fig. 11(a)–(d)
display the material failure surface for cases f0 = 0.02 with and without secondary voids and f0 = 0.002 with
and without secondary voids, respectively.
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2.5. Effect of void shape

In previous sections, the initial shape of the primary void is assumed to be spherical. This section examines
the effect of the initial void shape on the failure process. Besides the spherical shape, two other shapes, the
prolate shape and the oblate shape, are considered. Fig. 12 shows the geometrical representation of the voids.
The prolate and oblate voids are assumed to be axisymmetric about the y-axis and an initial aspect ratio is
defined as W0 = R0y/R0x. Therefore, W0 = 1 corresponds to the spherical shape, W0 > 1 corresponds to the
prolate shape, and W0 < 1 corresponds to the oblate shape. For the analyses performed in this section, nucle-
ation, growth and coalescence of secondary voids are always included.

Fig. 13(a) compares the macroscopic stress–strain curves of the RMV having different initial void shapes.
The initial void volume fraction is taken as f0 = 0.002 and the initial void aspect ratio is chosen to be W0 = 4
for the prolate void and W0 = 0.25 for the oblate void. In Fig. 13(a), the RMVs are loaded according to T = 1
and h = �30�. The symbols indicate the onset of coalescence. It is not surprising that the critical equivalent
strain is largest when the initial void is prolate and smallest when the initial void is oblate, i.e., Ec decreases
with W0. With h being fixed at �30�, Fig. 13(b) shows similar trends of the Ec versus T relationships for the
prolate, spherical and oblate voids with the Lode angle fixed at h = �30�. After conducting a series analyses
for an array of T and h values, the failure surfaces, Ec(T,h), can be generated for the prolate and oblate void
shapes, Fig. 14. These failure surfaces have similar features as those for spherical void described previously.
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Fig. 12. Geometric representation of voids: (a) spherical void, (b) prolate void, and (c) oblate void.
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Fig. 13. (a) Comparison of the macroscopic stress–strain curves for the prolate (W0 = 4), spherical (W0 = 1) and oblate voids (W0 = 0.25).
The RMVs are loaded according to T = 1 and h = �30�. (b) Comparison of the Ec versus T relationships for different void shapes with the
Lode angle fixed at h = �30�.



Fig. 14. Failure surfaces in terms of Ec as a function of T and h for materials containing (a) prolate voids (W0 = 4), and (b) oblate voids
(W0 = 0.25). Here, the initial void volume fraction is f0 = 0.002 and nucleation, growth and coalescence of secondary voids are considered.

Fig. 15. Comparison of the volume fraction distribution of the secondary voids for three cases having different Lode angles. Here, T = 1.5
and the primary void is prolate with W0 = 4 and f0 = 0.002. (a) h = �30�, (b) h = 0�, and (c) h = 30�.

Fig. 16. Comparison of the volume fraction distribution of the secondary voids for three cases having different Lode angles. Here, T = 1.5
and the primary void is oblate with W0 = 0.25 and f0 = 0.002. (a) h = �30�, (b) h = 0�, and (c) h = 30�.
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Fig. 15 shows the distributions of the secondary void volume fraction in the RMV containing an initially
prolate void (f0 = 0.002 and W0 = 4) and loaded with T = 1.5 and h = �30�, 0�, and 30�. It can be see that
material failure occurs at the plane perpendicular to R2 when h = �30�, at a slant plane when h = 0�, and
at the plane perpendicular to R3 when h = 30�. On the other hand, if the initial void is oblate (f0 = 0.002
and W0 = 0.25) and the applied stress triaxiality is still T = 1.5, failure always occurs at the plane perpendic-
ular to R2 as shown in Fig. 16. The results displayed in Figs. 15 and 16 are very interesting and may be used to
explain the different fracture modes exhibited by specimens of different orientations. For example, Dawicke
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and Sutton (1993) and Sutton et al. (1995) conducted fracture tests of 2024-T3 aluminum plates and observed
flat fracture surfaces for TL specimens in which the inclusion shape is oblate and a flat-to-slant transition of
the fracture surfaces for LT specimens in which the inclusion shape is prolate.

3. Simulation of crack growth in thin panels of a 2024-T3 aluminum alloy

Dawicke and Newman (1997, 1998) performed extensive fracture tests on thin panels of a 2024-T3 alumi-
num alloy including tests of C(T) and M(T) specimens with crack planes in both the LT and TL orientations.
The LT tests have been analyzed by Gullerud et al. (1999) using a crack tip opening angle (CTOA) criterion to
govern crack growth and by Arun Roy and Dodds (2001) and Roychowdhury et al. (2002) using cohesive
elements to model crack propagation. Here, we propose an approach to predict ductile crack growth by
simulating the void growth and coalescence process. The test data of our interest are from LT specimens with
a sheet thickness of 2.3 mm. The specimens have very stiff guide plates (coated with Teflon tape) to constrain
out-of-plane (buckling) displacements. In the L orientation, the 2024-T3 sheet material used in the experi-
ments has a yield stress of 345 MPa, Young�s Modulus of 71.3 GPa, and Poisson�s ratio of 0.3. Table 1 lists
the measured, uniaxial true stress versus logarithmic strain values for the material. Quantitative metallo-
graphic analyses were performed to determine the inclusion volume fraction, shape and average spacing. It
is found that the inclusion volume fraction (f0) is approximately 0.02, the average spacing between inclusions
in the LT plane is about 50 lm, and in LT specimens, the inclusions can be approximated as prolate spheroids
with W0 = 4.

3.1. Modeling the void growth process

Because the fracture specimens contain non-spherical voids, we adopt the GLD porous plasticity model
(Gologanu et al., 1993, 1994, 1995) to describe the void growth behavior and the macroscopic plastic response.
The void geometry is illustrated in Fig. 12. The yield function of the void-containing material can be expressed
as
Table
Measu

r (MP

346
395
448
519
567
587
U ¼ C
�r2

R0 þ gRhXk k2 þ 2qðg þ 1Þðg þ f Þ cosh j
Rh

�r

� �
� ðg þ 1Þ2 � q2ðg þ f Þ2 ¼ 0; ð9Þ
where Rij are the macroscopic stress components, f represents the void volume fraction, S is the shape param-
eter defined as S = ln(W) with W = Ry/Rx, and �r is the yield stress of the matrix material. In Eq. (9), kk de-
notes the von Mises norm, R 0 is the deviatoric stress tensor, Rh is the generalized hydrostatic stress defined by
Rh = a2(Rxx + Rzz) + (1�a2)Ryy, X is a tensor defined as X = (2/3)ey � ey � (1/3)ex � ex � (1/3)ez � ez, where
(ex,ey,ez) is an orthogonal basis with ey parallel to the axisymmetric axis of the void, and � denotes tensor
product. The parameters C, g, g, j, and a2 are functions of f and S and the heuristic parameter q depends
on initial void volume fraction, strain hardening exponent of the matrix material, S and the macroscopic stress
triaxiality factor T.

The evolution equation for f is the same as Eq. (8) and the derivation of the evolution equation for S can be
found in Gologanu et al. (1993, 1994). Pardoen and Hutchinson (2000, 2003) provide detailed descriptions and
formulation for the GLD model. Kim and Gao (2005) developed a generalized approach to formulate the con-
sistent tangent stiffness for complicated plasticity models. Using this approach, we implemented the GLD
1
red true stress versus logarithmic strain curve for Al 2024-T3 (L orientation)

a) e (logarithmic)

0.0048
0.015
0.039
0.095
0.148
0.182
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model in ABAQUS via a user subroutine. See Kim and Gao (2005) for details of the numerical implementa-
tion of the GLD model.

3.2. A computational approach for the post-coalescence process

The GLD model described above governs the plastic behavior of the RMV during the void growth process.
As the macroscopic effective strain (Ee) reaches Ec, void coalescence occurs and the RMV quickly loses its
stress carrying capacity. We adopt the f* function, introduced by Tvergaard and Needleman (1984), to account
for the effects of rapid void coalescence at failure. After Ee reaches Ec, f is replaced by f* in the GLD model,
where
f � ¼
f ; f 6 fc

fc þ Kðf � fcÞ; f > fc

�
. ð10Þ
In Eq. (10), fc is the void volume fraction at Ee = Ec, K = (fu � fc)/fc, and fu is the f* value at zero stress. For
prolate void, fu = 1/q, and for oblate void, fu = (1 + g � gq)/q. Since AQAQUS/Standard does not provide an
element removal procedure, a modification to Eq. (10) is needed for numerical stability. Eq. (10) is employed
until f* = 0.99fu. Then an exponential function is used such that f* gradually approaches to fu (but can never
reach fu).

3.3. Model calibration

For the material considered here, f0 is taken as 0.02. To predict crack growth, the function Ec(T,h) needs to
be determined. The results presented in Section 2 suggest that Ec is not sensitive to h when h takes negative
values. We perform finite element analyses of the fracture specimens considered in this study and find the
h-values of the representative material volumes ahead of the crack front are in the range of �15� 6 h 6 0�
(as will be shown in Fig. 20). Therefore, we treat Ec as a function of T only. Based on the previous results,
we assume
Ec ¼ aðT Þb; ð11Þ
where a and b are two parameters need to be calibrated using experimental data. A recent study by Bao (2005)
supports the power-law form of Ec(T) function defined by Eq. (11). Bao conducted an experimental and
numerical study of ductile failure of a 2024-T351 aluminum alloy using different tensile specimens including
flat specimens, smooth round bars, notched bars and flat-grooved plates and found that the equivalent strain
at failure versus the average stress triaxiality can be characterized by a function in the form of Eq. (11).

Two data points are needed to determine a and b. The uniaxial tension test provides one point, T = 1/3 and
Ec = 0.182. Substitution of these values into (11) results in a = 0.182(3)b. The next step of the calibration pro-
cess seeks to match the model predicted load versus crack propagation curve with the experimental measure-
ments for the C(T) specimen. This step entails several finite element crack growth analyses of the C(T)
specimen using different values of b.

The C(T) specimen has a width of 150 mm with a/W = 0.33, where a represents the initial crack length and
W represents the specimen width. Due to symmetry, only 1/4 of the specimen needs to be modeled. Fig. 17
shows the quarter-symmetric finite element mesh of the C(T) specimen having 27,400 eight-node, isoparamet-
ric solid elements (with reduced integration). The mesh near the crack front has six layers with varying thick-
ness to capture the stress gradient in the thickness direction, where the thickest elements are at the symmetry
plane. The elements directly ahead of the crack front have uniform in-plane dimensions (Le = 50 lm) and are
governed by the GLD model. All other elements follow J2 flow plasticity. Loading of the C(T) specimen is
controlled by prescribing a displacement on a rigid pin through the hole.

Fig. 18 shows the comparison between the model predicted load versus crack growth curve with the exper-
imental measurements (two sets of experimental data) for different choices of a and b, where the lines represent
model predictions and the symbols denote experimental measurements. Here, Da represent the amount of
crack growth measured at the free surface. In the numerical model, the propagating crack front is defined
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Fig. 17. A quarter-symmetric finite element mesh for the C(T) specimen. The mesh near the crack front has six layers with varying
thickness to capture the stress gradient in the thickness direction. The elements directly ahead of the crack front have uniform in-plane
dimensions (Le = 50 lm) and are governed by the GLD model.
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by the elements which have reached the failure strain Ec. From Fig. 18, it can be seen that the choice of a = 0.1
and b = �0.5451 (solid line) results in the best fit to the experimental data. Therefore, these values are the cal-
ibrated values for a and b and will be used to predict crack growth in other fracture specimens.

Fig. 19 displays the predicted crack front showing the interior part tunneling ahead. This agrees with the
experimental observations. Fig. 20 shows the variations of the Lode angle (h) of the GLD elements with crack
growth (Da) for all six rows of GLD elements, where row 1 denotes elements in the middle of the specimen and
row 6 denotes elements at the free surface. It can be seen that h is always in the range of �15� 6 h 6 0�.

3.4. Prediction of crack growth in M(T) specimens

The calibrated computational model is employed to predict the crack extension behavior of M(T) speci-
mens. Fig. 21(a) shows a 1/8-symmetric finite element mesh for a 300 mm M(T) specimen. The mesh near
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Fig. 19. Predicted crack front showing the interior part tunneling ahead.

Fig. 21. (a) A typical, 1/8-symmetric finite element mesh for the M(T) specimen (front view). (b) Comparison of the model predicted load
versus crack extension responses (lines) with experimental measurements (symbols).
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the crack front are the same as used in the C(T) specimen. Three M(T) specimens with a/W ratios of 0.33, 0.42,
and 0.5 are analyzed. The nominal remote stress, rR, characterizes the loading for these specimens. Fig. 21(b)
compares the computed load versus crack extension responses with experimental measurements, showing very
good agreement for all three cases. This serves as a verification of the proposed computational approach.
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4. Concluding remarks

The critical strain at the onset of void coalescence depends on material flow properties and microstructural
properties. It also depends on the stress state. Two stress parameters, the stress triaxiality ratio (T) and the
Lode angle (h) can be used to characterize the effect of the macroscopic stress state on the void growth and
coalescence process in the representative material volume (RMV). We obtain the failure criterion for the
RMV in terms of the macroscopic equivalent strain (Ec) as a function of T and h by conducting systematic
finite element analyses of the void-containing RMV subjected to different macroscopic stress states. A series
of parameter studies are conducted to examine the effects of the shape and initial volume fraction of the pri-
mary void and nucleation, growth and coalescence of the secondary voids on the predicted failure surface
Ec(T,h). The following remarks can be made about the failure strain Ec:

(1) Ec decreases with T. The dependency of Ec on T is more pronounced in the low stress triaxiality range
and saturates as T increases to high level.

(2) Ec increases with h and the change in Ec becomes less sensitive to h when �30� 6 h 6 0�.
(3) Ec decreases with f0, the initial volume fraction of the primary void.
(4) Nucleation, growth and coalescence of secondary voids accelerate the ligament failure process and

reduce Ec.
(5) Ec increases with W0, the aspect ratio of the primary void.

As an application, a numerical approach is proposed to predict ductile crack growth in thin panels of a
2024-T3 aluminum alloy, where the GLD porous plasticity model is used to describe the void growth process
and a f* function is employed to account for rapid material failure in the post-coalescence process. The critical
strain at the onset of void coalescence is found to be a function of the stress triaxiality ratio only and a pro-
cedure to calibrate Ec(T) is presented. The calibrated computational model accurately predicts crack extension
in fracture specimens having various initial crack configurations.
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