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Abstract The purpose of this present effort is to define a new fractional differential operator If‘f’"",

involving Srivastava—Owa fractional derivative operator. Further, we investigate some geometric

properties such as univalency, starlikeness, convexity for their normalization, we also study bound-

edness and compactness of analytic and univalent functions on weighted p-Bloch space for this
operator. The method in this study is based on the generalized hypergeometric function.

© 2016 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. Thisis an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The study of fractional operators (integral and differential)
plays a vital and essential role in mathematical analysis.
Recently, there is a flurry of activity to define generalized dif-
ferential operators and study their basic properties in a loosely
defined area of holomorphic analytic functions in open unit
disk. Many authors generalized fractional differential opera-
tors on well known classes of analytic and univalent functions
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to discover and modify new classes and to investigate multi
various interesting properties of new classes, for example (see

Kiryakova et al., 1998; Dziok and Srivastava, 1999;
Srivastava, 2007; Kiryakova, 2010).
Let A denote the class of functions f{z) of the form:
oC
o) =24 asz" (1.1)
k=2

which are analytic functions in the open unit disk
U:={z€C:|z] <1} and normalized by f0)=
1 —/'(0) =0, and let S be the subclass of the A of the univa-
lent functions in U. Further, a function f(z) € S is said to be
starlike and convex of order A(0 < A < 1), if and only if

) n{f

respectively, these subclasses of S are denoted by S* and K.
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Theorem 1.1 (Bieberbach’s Conjecture). If the function f(z)
defined by (1.1) is in the class 8" then |a,| < k for all k = 2 and
if it is in the class K then |a,| < 1 for all k = 2 (Duren, 1983).

For f{(z) given by (1.1) and g(z) = z + > ,b,.z", the convo-
lution (or Hadamard product) f'x g is defined by

fxg(z 72—0—Za,‘bz (1.2)

The operator O”" is defined in terms of Riemann-Liouville
fractional differential operator D" as

I'(7) 3
O?,rfz _ _Zl—rD{f rz/f—lfz
1) = rg PG
This operator is given by Tremblay (1974). Recently,
[brahim and Jahangiri (2014) extended Tremblay’s operator
in terms of Srivastava—Owa fractional derivative of f(z) of

zeU. (1.3)

order (ff — 7) and is defined as follows
r
Wiflz) = %Zl’er’Tzﬁ’l 1z) (1.4)

Often, the generalized fractional differential operators and
their applications associated with special functions, Dziok
and Srivastava (1999), defined a linear operator as a Hada-
mard product with an arbitrary ,F,-function p < ¢ + 1, several
authors interested Dziok—Srivastava operator as well as Sri-
vastava—Wright operator, which is defined and investigated
by Srivastava (2007). Recently Kiryakova (2011), considered
those operators and studied their criteria univalence properties
in the class A.

Definition 1.1. The Fox-Wright ,'¥, generalization of the
hypergeometric ,F, function is defined as:

(a/7 :| > H[)_ a] + kA )
Y, [z =,¥ / z*
P =q P =q )
(b;, ; O, T(b; + kBy)(1),,
(1.5)
where a;, b, are parameters in complex plane C.
A; >0, B;>0forallj=1,...,gand j=1,...,p, such that

0<1+>7 B~ 4 forfitting values |z| < 1 and it is well
know that

w, | p e, with A= el ®)
CR henen T, T(a))
(1.6)

where ,F, is the generalized hypergeometric function and
(»), =T (v +x)/T(v) is the Pochhammer symbol (see Kilbas
et al., 2000).

Remark 1.1. By usage the Hadamard product technique,
Srivastava (2007) provided families of analytic and univalent
functions associated with the Fox—Wright generalized hyperge-
ometric functions ,'¥, in the open unit disk U.

In the present paper the new generalized fractional differen-
tial operator T of analytic function is defined. Also, the uni-
valence properties of the normalization generalized operator
are investigated and proved. Further, the boundedness and
compactness of this operator are studied.

2. Background and results

In this section, we consider the generalized type fractional dif-
ferential operator and then we determine the generalized frac-
tional differential of some special functions. For this main
purpose, we begin by recalling the Srivastava—Owa fractional
derivative operators of f(z) of order f defined by

-p
1_ dz/ 70 . (2.1)

where 0 < f < 1, and the function f{z) is analytic in simply-
connected region of the complex z-plane containing the origin
and the multiplicity of (z— ()" is removed by requiring
log(z — {) to be real when (z —{) >0 (see Owa, 1978; Owa
and Srivastava, 1987). Then under the conditions of the above
definition the Srivastava-Owa fractional derivative of f(z) = z*
is defined by

DI} =

fo(z) =

I(k+1) S—p
I'k—p+1)

The theory of fractional integral and differential operators
has found significant importance applications in various areas,
for example (see Dziok and Srivastava, 2003). Recently, many
mathematicians have developed various generalized fractional
derivatives of Srivastava—Owa type, for example, (Srivastava
et al., 2010 and Kiryakova, 2011). Further, we consider a gen-
eralized Srivastava—Owa type fractional derivative formulas
which recently appeared.

Definition 2.1 (Ibrahim, 2011). The generalized Srivastava—
Owa fractional derivative of f(z) of order f§ is defined by

D d T
pifte) = U [ e oo, @)
where 0 < <1, >0 and f(z) is analytic in simply-

connected region of the complex z-plane C containing the ori-
gin. In particular, the generalized Srivastava—Owa fractional
derivative of function f{z) = z* is defined by

y+ 1T (4 1)

(y+1) T SA=Bo+) -1

r(+1-5)

Now, we present a new generalized fractional differential
operator I as follows:

D) =

Definition 2.2. The generalized fractional differential of f{z) of
two parameters f§ and 7 is defined by

M T zw
T(AT(I—f—7) ( dz) / E

(2.3)

1_{”’f(z) =

(y=0, 0<p<l; 0<t<]l; 0<p—1<1),

where the function f{z) is analytic in simple-connected region
of the complex z-plane C containing the origin.

Remark 2.1. For f(z) € A, we have

i. when y = 0 in (2.3), is reduced to the classical known one
(1.4) and
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ii. when 7 = fin (2.3), we have %71 (z) = f(2).

Now, we investigate the generalized fractional differential
of the function f(z) =z"; v = 0.

Theorem 2.1. Let 0 < f—1< 1 for some 0<f<1; 0<t<1
and v € N, then we have

. p—t u+ﬁ l
I{i,rf/{zv} (/ + lg)] F( I)F(r) Z(lfﬂ+r)",f+u. (24)
’ r(%ﬂ—ﬁﬂ) (B)
Proof.

Applying (2.3) in Definition 2.2 to the function z', we
obtain

(y+ 1) T(x) ( g)
T(/T(1 —p+1) dz

z +1 —p
% Z()'Jrl)(f—/f)é'*ﬁrBJrv—l 1— C dC
0 ian ’

- y1
Let use the substitution w := (9"
have

Y} =

in this expression, we

1—B+0)y+v+@r+ 1" 'T)
rCpra—p+r)
- :B + T)7
(2.5)

% (Z(I*/i’Jrr)}'Jru)B(D +p—1 1,1
.) in (2.5) is the Beta function. Thus, we obtain

zf.r:f{zu} _ [(

y+1

where B(.,
24). 0O

In the following, we apply some special functions in Theo-
rem 2.1 to obtain their modifications.

Theorem 2.2. Let f(z) > 1l and z € U, then

=z(1-2)"%«

0+ )"T@

Tfz) = 5 g
(1,1), (e +1,1), (1 +- /)H
Z 9
2,0, (1- +1’,+1)

when o = 2, the equality holds true for the Koebe function.

Theorem 2.3. Let f(z) =z Fi (%, 4;2),0 < f <
such that 0 < f —t < 1. Then

land 0 <1< 1

(y+1)ﬂ gt li oc—i—l
AP(1 + K:o

B(%{’er —B+0)
Bp,1-p+7) (1),

where F\(a, A;z) is the confluent hypergeometric function (see
Kilbas et al., 2006).

Ifr’""{lel(oc, Az)} =

Theorem 2.4. Let 0<f< 1
0 < p—1< 1. Then, we obtain

and 0<t<1 such that

- (aj,4)), , O+ TO) o gropn
T/ {z,,‘l’() (b B, } WZ( B+)
> C(a,(k+1)4)  BEL+1L1-p+1)
XZ . (K+1) T(ct+2) Bp1—ptr) -

where ,\W,(z) is given by (1.5), for all |z| < 1.

Theorem 2.5. Let
0<p—1< 1. Then

0<p<1l and 0<t<1l such that

I’”’ {ZQW‘W (z,s8,a) }
_ OC)(“,) + )/"Tr‘( ) 1 —p+1)y+1 o ( o+ 1 n l)zc
T PT(BT( — f+ ) 2 +2>

K+ p
B 1,1 — .
. (v+1+ ’ ﬁﬂ)

7K )
(k+1+a)

where Q, ; ,(z,s,a) is the extended general Hurwitz-Lerch Zeta
function (see Bateman and Erdélyi, 1953, Lin and Srivastava,
2004 ).

3. Generalized operator

In this section, we normalize the generalized operator ¥ of
type fractional differential of analytic univalent functions in U
and define as follows:

Let the following conditions to be realized:
0<p—1<1,y =0, the operator G)ﬁ”f(z) tA—- A s
defined by
k(2 —Z—i—Z(D[;T az", (3.1)
where

DL 1 =)Dt 4
g () == G ol Cir +1) >0. (3.2)

F(;,%+1)r(%+1—ﬁ+r)

In terms of product (1.2), we represent the operator ©** in
A as follows

O f(z) = h(z) + /(2) (33)
with
h()_r(]ﬁ{%l—ﬁqtr) v {(1,1),(1+f1”l1) ]
() Cla-prerdha [T
(3.4)

Motivated by Theorem 2 and Theorem 3 in Kiryakova
(2011), we proceed to study the univalence properties of oper-
ator %% in U.

Theorem 3.1. Let f€ S. If

(i) for0< <1, 0<t<1such that 0 <
(i) p, >0,i=1,...

p—1<1and
y,pand 4; >0, j=1,...,¢; p<qg+1,

then the operator "7 f(z) € S in open unite disk U.
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@0, 1+,

+17 y+1

G0, (0 + 54550
2‘{‘{ LA S
(1_'8+T++l’/i+l)

(1_'[)}+T+ +1+ 7177 ll)

5 rL+1)
SA\rE 1 -pe0)

Proof.

1]

Suppose the function feS& and let OFf(z) =
z+ Z “owez®  be defined by equality (3.1), where

= ®p .. (k) a,. In view of Theorem 1.1, we give the estimate
for the coefficients of an univalent function belonging to S in
U also, by using this estimate, we can get another estimate for
/1 in S as follows:

) 00 K)Z
*ZK(D[;TJCZK 27 Dy ., (1)K!)

=2 K=2
2

—yo! g U (3.5)

=2

=

r(Ler1-p+e) T(=1)(),

where (k) = iy = e The series in (3.5) is
transformed by  employing the following  links:
(fi =@ =m-ta Depending on (1), =«! and
(1),_, = (k —1)!, the estimate (3.5) satisfies
=\ K’ = < 1 1 )
4 < —(x) = —— Uk
: ; 1 K ( ) ; (I)K*I (1);¢72 )

)
F(%—O—l—ﬁ—‘-‘c) F(Kjr_fll-i-l) (1),
~ T %+1) r(”/‘ ‘+1—ﬁ+f) (D),

7+l

%+1—ﬁ+f) F(“TEHH) (1),
1—(%4_ 1— [g...T) (Dia

= (i + 3) (“+ﬁ+1+1>
n
e F(%”I“Jrl—/hr ) (1),

)

by employing (1.5), we can transform the estimate ¢; at z = 1,
then we get (3.5). Hence, @ : § — §. O

Similarly, we may prove the convexity of ®** in the next
result.

Theorem 3.2. Let the condition (i) as the Theorem 3.1 be
satisfied. If 0 < f—1 < 1,

RN 1 e
217 B —
< —p+t+L5 ,+1 ’ ,+1> r(?’+1 +1-p+ T)

then %% . K — K.

4. Generalized operator on Bloch space

In this section we study the boundedness and compactness of

operator %% given by (3.3) on the weighted u-Bloch space
B!, (see Duren, 1983; Hedenmalm et al., 2012).

Definition 4.1. A holomorphic function f'€ H(U) is said to be
in Bloch space B whenever ||f|z = sup.cy (1 - \z|2)
If'(z)| < oo and the little Bloch space By is given as follows

Jim (1~

Definition 4.2. Let w: [0.1) — [0, c0) and fbe an analytic func-
tion on open unit disk U which is said to be in the weighted
Bloch space B,, if

)17 )] = 0.

zelU

(1= 12D )] < hw(1 = |2]),

for some i > 0. Note that, if w = 1 then B; = B. Further, the
weighted p-Bloch space B!, covering of all f € B! defined by

o =G

w2

-1 w(l —|z|)
and
oy (= 12"
u = _ . 4.1

Wl = sop{ I @I b < o0 @)

It is easy to note that if an analytic function g(z) € B, then

oo (=l

sup{[kg(z)[} —=——"5 < ¢ < 0. (4.2)
-l w(l —|z])

where k is a positive number.

Lemma 4.1. (Ruscheweyh, 1982) Let f and g be two analytic
Sfunctions. Then

gx () =g * F'(D) = (gx N =52« ).

Theorem 4.1. Let f be an analytic function on the open unit disk
U, and B; w: [0,1) — [0,00). Then

feB <= 0 fe B

Proof.

By suppose f € B! and following Lemma 4.1, we obtain
pry ( |Z|)
10l = sup{ I« A1 S

- supf [ il <l < o

— %k f (Z) W(l _ |Z|
where sup.cy { [1(z)] &7

z

w(l—|z[)
effe B!, which prove the first part of Theorem 4.1. On
the other hand, if @7 ¢ B!, we then aim to show that

} <clz| <e¢, for |z] < 1. Hence,
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IAley = szlelug{lf’(z)\fvl(%_'z'%} <oo (zeU).

Let now define an analytic function F#77(z) by

Fhei(z) = @ (ze L)
such that
Freiz) s (FF) @) =1 -2)7"

Hence, we get
W =p{ 9=

S (I =)
ap{ 779G @) (P @
—sup{ i@ () ey @)

zeU W(l - ‘Zl)

U
m

< Cpayl | B>

where ¢g ., = |\(.7-"ﬁ’f’"")_l(z)||. This completes the proof of The-
orem 4.1. O

Theorem 4.2. Let f be an analytic function on open unit disk U,
and B"; w: [0,1) — [0,00), then the operator "*'f: B, — B!

is compact.

Proof.

If ©%%fis compact, then it is bounded and by Theorem 4.1
it satisfies that /€ B,, because B,, C Bf,. Let us assume that
feB,, that (f,),.y C Bf be such that f, — 0 converges
uniformly on U as n — oo. Since (/) ey convergence uniformly
on each compact U, we have that there in N > 0 such that for
every n > N and every z € U, there is an 0 < § < 1, such that
for every n > 1,|h(z)/z| <& where 6 < |z] <1, Since 0 is

arbitrary, then we can choose ‘((11:‘5\))‘“ <l1,forall o <|z] <1

and

|@“mmf:wp@m@amnﬂﬂlfl}

ey Wi — 2]
- e {|(Pere)
< ellfulle,

Since for f, — 0 on U we get Ifllgs — 0, and that & > 0, by
letting n — oo in (4.3), we have that lim,_..[|®"*f, [, =0.
Thus ©*77 is compact. O

5. Conclusion

In open unit disk U we defined a new generalized differential
operator of fractional formula and viewed some of their appli-
cations with several special functions. On the another hand, we

gave the normalization for this generalized differential opera-
tor and discussed their univalence (starlikeness and convexity)
characteristics. Further, compactness and boundedness for this
operator in weight u-Bloch space are introduced.
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