L
View metadata, citation and similar papers at core.ac.uk brought to you by .{ CORE

provided by Elsevier - Publisher Connector

Pergamon Topology Vol. 35, No. 1, pp. 137-155, 1996
Copyright © 1995 Elsevier Science Ltd.

Printed in Great Britain. All rights reserved
0040-9383/96 $15.00 + 0.00

0040-9383(95)00006—2

ON THE COHOMOLOGY OF KAHLER AND HYPER-KAHLER
MANIFOLDS

S. M. SALAMON
(Received 5 March 1993; in revised form 7 November 1994)

0. INTRODUCTION

Ler M be a compact complex manifold of complex dimension n, with real Chern classes
€y,...,¢, The Riemann-Roch theorem provides a number of relations between the
Hodge numbers and the Chern numbers of M. Incorporated into these relations is the
equality between the evaluation of the top Chern class ¢, and the Euler characteristic, given
that the latter equals y(— 1), where (1) = 3.7 x,t7 and x, = Y7_,(— 1)*h™4. In Section 3,
we show more generally that for any k > 0, the Taylor coefficient y¥(—1)/(2k)! is
expressible as a combination of Chern numbers in which the classes ¢; with 2k < i< n — 2k
have been filtered out. In particular, the class ¢,¢,_; may be expressed in terms of y(—1)
and x”(— 1). Such a formula was used in [25] to prove that the moduli space of stable rank
2 vector bundles (with fixed determinant of degree 1) over a Riemann surface of genus at
least 3 has ¢,—, = 0.

The present paper arose in an attempt to understand what can be said in higher
dimensions on a compact Kdhler manifold M with trivial canonical bundle . In this case
¢; = 0 and we obtain a non-trivial linear constraint on the Hodge numbers. By Yau’s
theorem, M admits a Kdhler metric with zero Ricci tensor, and each non-flat factor in its
universal covering is a Riemannian manifold with holonomy equal to SU(n) or Sp(m).
A hyper-Kidhler manifold is one with holonomy Sp(m), or a subgroup thereof; it has
complex dimension 2m, and its Hodge numbers are “invariant by mirror symmetry” in the
sense that they satisfy hP'? = h>™~P4(cf. [13, 297). We show that this leads to a constraint on
the Betti numbers which can be written

2m
2 Y (= 1Y (3j2 = mbyp-; = mbyy; 0.1)
ji=1
such a formula was first proved in [28] by modifying methods from [22]. An amusing
consequence is that the middle Betti number b, of a compact hyper-Kédhler manifold must
be even unless its real dimension is a multiple of 32. The above results were originally found
with the help of Mathematica, and have a computational nature to the extent that they
clarify in higher dimensions facts which are well understood in complex dimension four and
less.

Two families of compact irreducible hyper-Kéhler manifolds were described explicitly
by Beauville in [3]. A member of the first family is the Hilbert scheme K™ of finite
subschemes of length m > 2 on a K3 surface K, and is a natural resolution of the m-fold
symmetric product of K. A member of the second family is a real codimension 4 factor,
denoted K,,_ ;,in the de Rham decomposition of T'™ where T = C2/A isa torusand m > 3.
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A general formula for the Betti numbers of the Hilbert scheme S™ for an algebraic surface
S was discovered by Gottsche [14], and brings our results “to life”. In fact, we consider the
rational expression

b"(—-1) 1

— _ 2
S 2h(=1) 8d (02)

b2

constructed from the Poincaré polynomial b(t) of a manifold M of even real dimension d.
Elementary identities in Section 2 show that ¢, is additive with respect to products of
manifolds, but more significantly we deduce from [14] that the “naive” equation
¢, (S™) = m¢,(S) holds for any complex surface S.

The last result implies immediately that if K is a K3 surface then the Betti numbers of
K™ satisfy the hyper-Kihler constraint. The case of T™ is more complicated as (0.1) is
disguised by cohomological reducibility; this leads us in Section 6 to analyse a variant of the
quantity ¢, associated to 7™. Using a description of the cohomology of these “higher-
order Kummer varieties” from [157, we show that the constraint (0.1) nevertheless plays an
important role in the theory. Replacing b(¢) by the Hodge polynomial in (0.2) allows ¢, to
be decomposed into “types” on a Kahler manifold, and the consequent theory is consistent
with Hodge decompositions proved in [15]. More generally, we expect the cohomology of
various moduli spaces to provide future illustrations of our results.

1. PRELIMINARIES

Throughout this section, M denotes a compact Kdhler manifold of complex dimension n.
The Hodge number h”? denotes the dimension of the corresponding Dolbeault cohomology
space H?% and the well-known symmetries

hPad = pr Pn 4= poP 0K p q<hn (L.1)

play an important role in the sequel. The integer

™M=

tp= Y (= ks

q=0

may be regarded as the index of an appropriate Dolbeault complex, and

n n 2n
Y (== Y (1P = Y (- Dfh,
p=0 p.q=0 k=0

is the Euler characteristic of M, which we denote simply by y. The interchange of b, and
in formulae will be a recurrent feature. (The lowered index in y, conflicts with [16] but
should not cause confusion in combination with (2.7) below.)

Let M be a compact Kihler manifold for which ¢, vanishes as a real cohomology class.
Yau’s theorem [33] implies that M has a Ricci-flat Kéhler metric. Furthermore, M has
a finite covering by a Riemannian product

TxX X ... xX,xY;x - xY, (L.2)

where T is a complex torus with a flat metric, X; is an irreducible simply-connected Kédhler
manifold with dim¢ X; = n; and holonomy equal to SU(n;), and Y; is an irreducible
simply-connected Kéhler manifold with dim¢ Y; = 2m; and holonomy equal to Sp(m;). This
decomposition theorem relies on the Cheeger-Gromoll theorem for metrics with non-
positive Ricci tensor; see [3-5, 21].
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A Riemannian manifold (Y, g) with dim¢ ¥ = 2m and holonomy contained in Sp(m) is
hyper-Kahler. The latter means, by definition, that Y possesses a triple of Kdhler structures
(Ji, wi, g), i = 1,2, 3, compatible with the fixed metric g and satisfying J, J, = J3 = — J,J;.
In particular, (Y, J;) is complex symplectic in the sense that it admits a closed 2-form
n = w, + iw; of type (2, 0) (and therefore holomorphic) relative to the complex structure J,
with n™ nowhere zero. Conversely, a compact Kédhler manifold admitting such a 2-form is
hyper-Kéhler. For ™ trivialises k, and Yau’s theorem implies that Y admits a Ricci-flat
Kéihler metric; one can then show that the latter renders n parallel and is therefore
hyper-Kéahler. A hyper-Kéahler manifold Y possesses not only three, but a whole 2-sphere of
complex structures; each of these has the form ¥, a;J; with ¥, (a;)* = 1, and gives rise to
its own complex symplectic structure. Although different complex structures in the family
are not in general equivalent under diffeomorphism, they all have the same Hodge numbers.
We refer the reader to [9, 19] for an account of hyper-Kéhler geometry.

Let M be a compact connected hyper-Kéahler manifold of real dimension 4m. By
studying the action of Sp(m) on spaces of harmonic forms, Wakakuwa [32] proved that
by = (¥%2) for k < m and that the “odd” Betti numbers b,,,; of M are all divisible by 4.
These results were refined by Fujiki using Hodge decompositions relative to a choice of
complex structure. Indeed, wedging with the holomorphic symplectic form # defined above
induces a mapping H?9— HP*2% which is injective for p + 1 < m and its (m — p)-fold
iteration is an isomorphism. In this way, (1.1) is supplemented by the equations

P = R2mPa 0 < p, g < 2m. (13)

An efficient proof of these results has been given by Verbitskii [31] by considering the
action of the Lie algebra so(5) on cohomology. Fujiki also showed in [13] that h”9 is even
and h™? > h?* 1471 whenever p > g. Moreover,

2]
by = Z U5 ph-2j k< 2m
j=0

where
Ve = by —3by—2 + 3by—s—bi-s (1.4)

(with b, = 0 if k < 0) are integers that are non-negative in the range k < m.

Example. Two known irreducible hyper-Kihler 8-manifolds discussed in Sections 5 and
6 have the indicated Hodge diamonds.

K 1 K, 1
0 0 0 0
1 21 1 1 5 1
0 0 0 0 0o 4 4 0
1 21 232 21 1 1 5 96 5 1
0 0 0 0 0 4 4 0
1 21 1 1 5 1
0 0 0 0
1 1

The full 8-fold symmetry of the Hodge diamond of a hyper-Kéhler manifold is only visible
when m > 3 or (if the odd Betti numbers are zero) when m > 4.
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2. OPERATIONS ON POINCARE POLYNOMIALS

Let M be a compact oriented smooth manifold of even real dimension d, and let
d
b(t) = Z bktk
k=0

denote its Poincaré polynomial. In this section we shall investigate the expansion of b(t)
aboutt= —1.

LemMMmA 2.1 Let 0<k<d2—1. Then b'**V(—1) is completely determined by
(b~ 1) 0 < i < k).

Proof. Poincaré duality implies that b(t~!) = t~?b(z). Replacing t by — 1+t and
recalling that d is even, we obtain
b(—1-8)=(1—-0)"9(—1+1)
where S = ¥ 2, ¢. For the purpose of the proof, we define
— —'b(“( —1)
J:
so that b(— 1 + t) = Y9_ b;t/. Then
bo—byS + 5,82 —b3S3 + - =(L+dt+(“3)2+ - )(bo+ byt +byt? + - ).
Comparing coefficients of t/, we obtain

ji—1

— Y (=D b= Y b

i=0 i=0

Rearranging the last equation when j = 2k + 1 is odd gives

2k
—2byesr = Y (= ')+ Nbairr -1 + Gi#)bo @1
i=1
and the result follows by induction. Q.E.D.

Suppose now that the Euler characteristic y = b(— 1) is non-zero. In order to obtain
quantities which are additive with respect to products we set

b(k)( — 1) )

logb(—1+t)——logb(—1)=10g< Z k'b(

Y oat (2
k=21

where the coefficients ¢, are evaluated by means of the expansion log(l + x) =
‘Zj>1(—x)j/f' From the multiplicative property of b(t), this definition ensures the
following.

PROPOSITION 2.2. ¢ (M x N) = (M) + ¢ (N).

One of the aims of this paper is to demonstrate that geometrical significance can be
attached to ¢, and variants of it defined below in Kahler case (in the article [28] the sym-
bol ¢ denotes what is here 8¢,). The equations that result from (2.1) by setting k = 0 and
k=1 are

b(—1)= —3db(—1)

(=)= —3d-2b"(- D)+ 3(3)b(-1) (2.3)
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and we may deduce Eqs (0.2) and

b (—1) l(b"( )) +db”(—1)
24b(—1) b(—1) 2b(—1)

On the other hand, ¢, = —3d and ¢; = ¢, + 154, in accordance with Lemma 2.1. In the
sequel we shall concentrate on ¢,, and in practice it is not necessary to exclude the case
x = 0 provided we interpret the combination ¢,y to mean $(4b"(— 1) — d*y).

On a Kihler manifold of real dimension d = 2n, the Poincaré polynomial is refined by
the Hodge polynomial

G4 = + 183d?(d* —12d + 8).

h(s,t) = i hP-4sPte (2.4)

p.q=0

which is symmetric in s, t, and b(t) = h(t, t). This leads to a decomposition of ¢;, and we
shall describe the situation when k = 2. Firstly,

b"(—1)=2h(—1, — 1)+ 2ha(—1, = 1),

since h,(—1, — 1) = hy(— 1, — 1). In analogy to the definition of ¢,, we set

1 1
¢2,0 = Sx—hss(_ L=D)—4n ¢, = ;hst(— 1, —1)—in’. 2.5)

These are the coefficients of s and st, respectively, that appear in (2.2) when b(t) is replaced
by h(s, t), and
$2=2¢30+ ¢1,1- (2:6)

The quantity ¢, o can also be derived from the well-known y,-characteristic, which is the
one-variable polynomial that we choose to denote by y(¢) defined by

¥(0) = hit, —1) = z @7

Indeed, as hg(t, — 1) = x"(t), it follows that ¢, , is the exact analogue of ¢, formed
by replacing b(t) by yx(¢). In the process, the proof of Lemma 2.1 remains valid and, for
instance, the first equation in (2.3) translates to

(=1 = —iny (2.8)

(the alternating sign in the equation y,_, = (— 1)"x, ensures the validity of (2.8) when n is
odd). Since y(¢z) is multiplicative with respect to products of compact complex manifolds,
use can be made of ¢, o in non-Kihler situations.

Given importance of the polynomial y(#), it is of value to control the term ¢, ; in (2.6),
and we highlight two situations when this is possible.

ProprosITION 2.3. Let M be a compact complex n-dimensional manifold.
() If h*9 = O whenever p # q then ¢, | = 2¢,. 0 + 3n.

(i) If n = 2m is even and (1.3) holds then ¢, , = 0.

Proof. (i) We have x, = (— 1)’hP? = (— 1)?b,,, and b(t) = x(— t?). Thus,

hss(_la '_1 Z p(p_l)pr Z p2b2p+%b(_1)_ st( 1 —1)—%"1

p=0

the last equality from (2.3). The result follows from the definitions (2.5).
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(i) By assumption,

L pa(=1yP" k™ = 3 p(n—g)(—1)""h".

P.q=0 p,q=0

Making use of (2.8), we deduce that
2ha(—1, =)= —ny'(= 1) = $n’y

and once again the result follows from (2.5). Q.ED.

The hypothesis of (i) is satisfied in particular when M is a Hermitian symmetric space or
more generally a complex flag manifold G*/P. The proof of part (ii) also shows that if M,
M are two Kihler manifolds of even complex dimension n whose Hodge numbers are
related by the mirror symmetry hP4 = h"~ P4 then $1.1=— {51,1. For a hyper-Kéhler
manifold we may take M = M, and combined with results from the next section (i) will
yield Theorem 4.1.

3. RIEMANN-ROCH THEOREMS

Let M be a compact complex manifold with holomorphic tangent bundle 7 and Chern
classes c;, 1 < i < n. The Riemann-Roch theorem expresses the indices y, in terms of the
Chern classes of M by means of the formula

xp = j ch(A\PT*)td(T). (3.1)

It was first proved by Hirzebruch [16] for projective algebraic manifolds, and in the general
case by Atiyah and Singer [1]. We use the symbol { + to denote evaluation of a cohomology
class on the fundamental cycle~ [M ], so that j o annihilates H*(M, R) for k < 2n and defines
an isomorphism H?"(M, R} >R. The results in this section are also valid when M is
a compact almost complex manifold provided y, is interpreted as the index of an appropriate
2-step elliptic complex.

Equation (3.1) can be formally combined into the expression

()= (=1 i Xn-pt? =(— )"JM ch( i t”/\"“’T*)td(T). 3.2)
p=0 p=0
We now define
K.(t) = i K, it* =(~1)"ch( i (~1—t)"/\""’T*>td(T) (3.3)
k=0 p=0

in order to write (3.2) in the following form:
1 k k
THEOREM 3.1. —y®(~1)=(-1) K,
k! M

The definition of the series K(z) is similar to that of the Ty-class in [18]. Like the latter,
K(t) may be formulated along the lines of “unstable” multiplicative sequences. Indeed, let

n n

L+ Y o= [[(1+x)
j=1

i=1
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be a formal factorisation of the total Chern class of T. Then ch(7') = ¥j_, €*, and it follows
that

(~—1)"ch< éo(—t)P/\”"’T*> U t—e ™)

Hence
Ko =TT+ 1-e7) s = [] (xi+ £td) (3.4)
i=1 - i=1
where
=2 —1tdx+ Y DU (3.5)
Col—em™ ,>1(2j)‘

and B,; are the Bernoulli numbers.

Using (3.4), we see that K, , must equal the top Chern class ¢,, whose integral gives the
Euler characteristic. Qur applications of Theorem 3.1 depend upon a generalisation of this
fact, which is proved next without the use of formal factorisation.

Prorosition 3.2. Let 0 < k < n. Then K, ; —c¢,_; belongs to the ideal in H*(M, R)
generated by the Chern classes ¢; with i > n—k.

Proof. Using the exterior power operation of K-theory we may write
n

AT* =)= 3 (~f \ri T

<

where if necessary the symbol ¢ can be thought of as a trivial line bundle. Furthermore,

M=

kldk n * i~k An—igx%
(—)k,dtk(/\(T —t))= (D= AT

It

a.%'

i

n

= ¥ (=t ArET

j=0

= Z (=) A\"I*T* @ SI((k + 1))

j=0

= A\"K(T* — (k + 1)1).

It now follows from (3.3) that
Kix=(— 1)"""ch</\""‘(W..-k - 1)>td(W§!‘-k) (3:6)

where W,_, denotes the virtual bundle T* —k of virtual dimension n—k When
€,-k+1,- - -»C, all vanish, the characteristic classes of W,_, are identical to those of
a cotangent bundle in complex rank n—k to the extent that replacing n by n—k, T by
W*_,, and t by 0 in (3.3) must yield K,_, o = ¢,—. But the expression that results from
these substitutions in (3.3) is identical to (3.6). Thus, K, ; —¢,—; belongs to the required
ideal. Q.E.D.

Combining Lemma 2.1, Theorem 3.1 and Proposition 3.2, we have the following.
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CoOROLLARY 3.3. Let 2 < k < n. The integer

1 n
=D =2 (=D
! =
can be expressed as a linear combination of Chern numbers each of which involves at least one
¢; with i > n—2[k/2].

It follows that the term ¢ does not occur in the expression for y® (— 1)if 2[k/2] < n.In
particular, if n is odd then ¢} does not occur in the Todd genus yo = (— 1)"x™(— 1)/n!, even
though the latter is known to be divisible by ¢;.

The following special case of Theorem 3.1 is crucial for the sequel; a version of it may
also be found at the end of the paper [25].

CoROLLARY 3.4. Let M be a compact complex manifold M of complex dimension n. Then

j Cieay = 3 (= 1)P(6p% — 4n(n + 1)y,
M

p=0
Proof. Since the Chern classes ¢, are the elementary symmetric polynomials in
X1, ..., Xn, We obtain from (3.4) that K, ; = ¢, + $nc, and, more to the point,
Kn,z =Cp-2 + %(n - l)cn—l + 111[2610,,_1 + n(3n - S)Cn]- (37)
Setting k = 2 in Theorem 3.1,

L, Ci6a1 = 62"(= 1) — $n(3n—5)7(— 1) (38)

and the corollary follows from the equation

K== ~dm(~D+ ¥ (~17piy,

p=1

that results from (2.8). QE.D.

In terms of (2.5), the right-hand side of (3.8) may be expressed as (12¢, ¢ + 3n)y.

COROLLARY 3.5. Let M be a compact complex n-dimensional manifold with ¢, = 0. Then
$r.0= —Fgnorelse y"(—-1)=0=y.

Now suppose that y = jM ¢, is non-zero. If we rewrite Corollary 3.4 in the form

f c6n_ s / f e = 12650 + In (39)
M M

the left-hand quotient of Chern numbers is readily seen to share with ¢, , the property of
being additive with respect to products of manifolds. Of course, with hindsight, we could
have adjusted our definitions so as to make ¢, , equal to the left-hand side, although this
would have obscured the role of the Index Theorem.

We may write K, . = K,_; ;-1 + K, , where K, , is a cohomology class in pure
dimension 2n and can therefore replace K, ;, in Theorem 3.1. Further to (3.7), more involved
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calculations establish that

) 1
K,s3:= ﬂ('l —2)[2¢,¢,—y + n(n—3)c,]
. 1 3 2
ne = 53375 [ —cn-3(c] — 3eie; + 3¢3) + €,-2(cT + 3¢3)

+ 4(15n — 85n + 108)¢ ¢, -, + $n(15n3 — 150n% + 4851 — 502)c, ].

The relatively simple form of K, 5 is predicted by Lemma 2.1; by contrast K, , involves all
possible Chern numbers permitted by Corollary 3.3. Observe that the cofactor of ¢, in
K, 4 is a multiple of s;, where as usuals, = ¥7_, x* equals k! times the term of dimension 2k
in ch(7T). This leads to the following result, which was proved by Hirzebruch [17] using
Steenrod powers prior to the Riemann—Roch theorem.

CoROLLARY 3.6. Let q be an odd prime number. On a compact almost complex manifold of
real dimension 2n with g < n + 1,

Cn—gq+28g-2—Cn—g+385-3 + -0+ 6 € —NC, = OmOdq
Proof. Let k = 1. In the notation of Section 1,
Cp—iSy = Z X X 2Xk4s o X Zx’ixkﬂxkn s Xy (3.10)

where the sums are over orbits of the symmetric group €, (except that the second sum
becomes nx;x, ... x, = nc, when k = 1). Theorem 3.1 tells us that q!K; ,_, is an integral
class which is zero modulo g. Next, von Staudt’s theorem on the divisibility of Bernoulli
numbers [6] implies that q! td; is well defined and congruent to — x?~! modulo g provided
we ignore powers of x; greater than ¢ in (3.5). We may now deduce from (3.4)
that ¥ x97'x,x,4; . .. X, =0modg, and the result follows from repeated use of (3.10).

Q.E.D.

Example. Suppose that the anti-canonical bundle k! of a compact Kihler manifold
M is ample and that there exist divisors D;,..., D, associated to k~! such that
Vi = D1~ ... n Dy is a smooth complete intersection for 1 < k < n, providing a “lad-
det” Voo Vi<« ... «V,_, € M. Repeated use of adjunction formulae yields

j €€ = iX(Vn—k)
M k=1

where y(V,_) is the Euler characteristic of V,,_,. When n = 2, x(V;) = 0 and the right-hand
side is just the self-intersection number of an anti-canonical divisor.

For M = CP", the individual summands x(V,-;) may be evaluated explicitly by means
of the formula

o (kXK
L VX = e

that is deduced from [16, Appendix 1]. In particular, the Euler characteristic of a smooth
hypersurface V, ., of degree n + 1 in CP" (which has ¢; = 0) equals

2 —f — n
mn_n="(+:+§ 7))

and is always even, but divisible by 3 if and only if n— 1 is not.
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4. APPLICATIONS TO HYPER-KAHLER MANIFOLDS

Recall that the Hodge numbers of a hyper-Kéhler manifold are invariant by mirror
symmetry, by which we mean that they satisfy (1.3). The results of this section are based on
the following counterpart of Corollary 3.4.

THEOREM 4.1. Let M be a compact Kaihler manifold of real dimension d = 2n = 4m
divisible by 4 whose Hodge numbers are invariant by mirror symmetry. Then

d
f creaot =3 Y (= 1Y/(6j% — 3d(3d + )b,
., |

ji=0

Proof. Inspecting Corollary 3.4 and its proof, we see that the right-hand side of
the equation to be proved would result from the right-hand side of (3.8) by replacing n by d,
and x(t) by b(t). From (0.2), it therefore equals $(12¢, + 3d)y. (Strictly speaking we are
assuming that y # 0, but in general ¢, is well defined and the proof extends.) On the other
hand, by (2.6) and Propositon 2.3(ii), ¢, = 2¢, o, and the result is now a restatement of
Corollary 3.4. Q.E.D.

A Kaihler manifold of complex dimension n odd whose Hodge numbers satisfy (1.3)
obviously has zero Euler characteristic. The above result therefore allows one to obtain
a more sophisticated relation on the Betti numbers when n is even and (as in the
hyper-Kihler case) ¢, = 0. The resulting equation can be rearranged into the equivalent
form (0.1), which is analogous to the constraint [22, Theorem 0.3(iii)] for a compact
quaternion-Kéhler 4m-manifold with positive scalar curvature. There is an important
difference between the two theories though that accounts for the relative elegance of (0.1):
the hyper-Kéhler condition is preserved under products whereas the quaternion-Kihler
one is not.

We next define

@ =3b"(— 1) + m(5 — 12m)y = (6¢ + Sm)y (4.1)

this equals the right-hand side of the equation in Theorem 4.1 and, in analogy with (3.9),
may be viewed as a “pseudo characteristic number”.

COROLLARY 4.2. A compact hyper-Kahler 4m-manifold has ® = 0, and either ¢, = —2m
orelse b’(—1)=0=y.

The possibility that b”(— 1) = 0 = y is realised when the flat factor in the de Rham
decomposition (1.2) associated to M has non-zero dimension. For in this case

M=(TxM")T 4.2)

where T = (S')* is a 4-torus and T is a finite group whose elements act trivially on the
cohomology of T. Therefore, the Poincaré polynomial b(¢) is divisible by (1 + t)* and
b"(—1) = 0 = b(— 1). In Section 6 we shall encounter a situation in which the group I' acts
non-trivially on M’

The first few relations corresponding to the equation ® = 0 are computed most readily
from (0.1); they are listed below with the assumption b, = 1. The case m = 2 was used in
[27] to show that any compact irreducible hyper-Kéhler 8-manifold has by + b, = 76.
Observe that bs does not feature in 12 dimensions.
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m=1 4b; + b, =22
2 25by + b3 + by = 46 + 10b,
3 48b, + 16b3 + bs = 70 + 30b, + 6b,
4 143b, + 71by + 23bs + 2bg = 188 + 104b, + 44b, + 8bs + b4
5 476b, + 284b3 + 140bs + 44b; + 5b;o = 590 + 374b, + 206b, + 86b¢ + 14bg +4b,

The next result extends the fact that a K3 surface has Euler characteristic equal to 24. It
is an immediate consequence of Theorem 4.1, and the previously-known result that the odd
Betti numbers of a hyper-Kéhler manifold are divisible by 4 (see the end of Section 1).

CoroLLaRY 4.3. Let M be a compact hyper-Kahler manifold with real dimension 4m and
Euler characteristic y. Then 24|(my).

In particular, the Euler characteristic y, the middle Betti number b,,, and the signature
7 of M must all be even unless 8|m.

Example. Two families of compact hyper-Kihler 4m-manifolds K™ and K,, were
defined by Beauville [3] and are discussed in Sections S and 6, respectively. Expressions
given below for their Euler characteristics then provide the following factorisations to
illustrate degrees of sharpness of Corollary 4.3.

m 2 3 4 5 6 7 8
K™y 223+ 2752 21335219 273417 235'17'1579  2°3411'13 3452712129
2Ky 2233 297 213153 2%3¢4 2373 2°315 3513

Note that K® and K (and therefore products of these manifolds) have y odd. Formulae in
[14, 15] also imply that b, ¢(K®) = 18 669 447, t(K'®) = 3355287, and b,(Ks) = 67049,
7(Kg) = 6813. In the sequel we shall comment on the parity of K81 and Kg, for [ > 2.

For curiosity value, we state without proof a version of Theorem 4.1 in terms of the
numbers (1.4).

CoroLLARY 4.4. On a compact hyper-Kahler manifold,

2 G+ D@+ 67 + 125 =3 = Sm)yam-2j41

ji=1

M=

G+ D0+ 22+ 3)(67 + 18] — 5m)yyp—2;.
0

J

Given that y, = b, appears on the right-hand side with coefficient
m(m + 1)(m + 2)(2m + 3)(6m + 13)

it is impossible for the vy, i = 1, to be all zero. This is itself a result undetected by the
inequalities in Section 1.

5. SYMMETRIC PRODUCTS AND HILBERT SCHEMES

Let S be a compact complex algebraic surface, and let S™ denote its m-fold symmetric
product. An element of S™ may be regarded as a 0-cycle

x=Y i(pi1+ - +Pia) (5.1)
i=1
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formed from |a| = ¥7x, o; distinct points p; ; of S, with Y. ia; = m. The 0-cycles (5.1)
corresponding to a fixed partition « = («;, . . ., &,) of m form a stratum S{™ of S which
can be identified with a smooth subspace of the product

S@ = g ... x S, (5.2)

There exists a canonical resolution ¢: S™™ — S™, where S™ is the Hilbert scheme of closed
0-dimensional subschemes of length m on §, which is a smooth complex 2m-dimensional
manifold. The fibre over xe S™ has the form

e & (V) X (Va2 x o x (V)™ (53)

where V; = Hilb/(C[x, y]) is the scheme that parametrises ideals in C[x, y] of colength i,
and is an irreducible variety of complex dimension i — 1. A survey of results on these
schemes can be found in [11, 8, 10] and references therein.

The relevance of the above construction is explained by the following theorem of
Beauville [3] which is also a consequence of more general results of Mukai [24]: if § has
a complex symplectic structure then so does S™ for all m > 2. In particular, using [30], if
K is any K3 surface then K™ admits a hyper-Kéhler metric, which must be irreducible
since K is simply-connected. The space K'?! was first singled out by Fujiki [12] as
a counterexample to a statement by Bogomolov, and is a Z,-quotient of the manifold
obtained by blowing up the diagonal in K x K. If T is a torus then T! is not locally
irreducible, but the non-trivial factor in the de Rham decomposition of the universal
covering of T!™ is an irreducible hyper-Kéhler manifold of dimension 4m — 4, denoted in
[3] by K,,—; (see Section 6).

Using intersection cohomology, Goéttsche and Soergel [15] have expressed the Betti
numbers of S in terms of those of (5.2) by means of the following theorem:

b(S™; 1) = L b(S®; )r*n 2 5.4)

The sum is over all partitions of m with notation as above. The exponent 2m — 2|«| is the
dimension of the fibre (5.3), and if we replace S by a point we obtain the Poincaré
polynomial ¥ >~ 2" of V,. The latter was previously determined by Ellingsrud and
Stremme [10], who also tabulated the Betti numbers of (CP2)™.,

The Betti numbers of §™ can be computed in a more elementary way. A general
formula was found by Macdonald [23]; if b4(S) = 1, b,(S) = a and b,(S) = b, it takes the
form

(1 + tx)*(1 + £3x)°

b(S™; t)x™ = . .
,,,;) S X = 5 = P — 29 (5.5)
With this notation, (5.4) leads to the more explicit formula
© 2 xi(1 —at! + bt¥ — at® + %)
b S["']‘ _ m __ X S— .
mz=:0 ( s t)x exp(jgl ](1 _ [2}xj) (5 6)

that was first proved by Goéttsche for projective surfaces using the Weil conjectures. The
following consequences of (5.4) and (5.6) are worth noting. If a = 0 then the odd Betti
numbers of S are all zero. In general, b, (S™) = a and b,(S™) = 4a(a — 1) + b + 1 forall
m = 2 [3]. Moreover, b3(S?!) = a(b + 2), and

by(S™)=($)+ab+3), m=3. (5.7
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For all S, the Betti numbers of S™™ for any § stabilise according to the rule that b,,(S™**1) is
independent of k > 0.

Example. Applying (5.6) to a K3 surface K with b(K;t) = 1 + 22t% + t* gives

b(KB 1) =1+ 232 + 276t* + - -

b(KBY 1) =1 + 2312 + 299¢* + 2554t° + - ..

b(K™; 1) =1 + 23t + 300¢* + 2852° + 19298:% + - ..

(K ) = 1 + 2312 + 300t* + 2875¢% + 22127¢% + 125604¢1° + . ..

It follows from (5.4) that the Euler characteristic y(K'™) equals the coefficient of ™ in

™ (1 — ¢/)7 %, which can be expressed as t/A, where A is the standard cusp form [18]. It
is easy to check that (33,;™) = x(K"™) is odd if and only if m = 8I, where I is congruent to
0 or 1 modulo 4. The parity of x(K®") is then determined by the number of partitions of I of
the form I=Yio; with o;=0 1mod4. In particular, (KB is odd if
1=0,1,2,4,6,7,9,11, . . ..

If S is a complex surface with y = x(S) zero then x(S™) = 0 for all m > 2; this applies in
particular to a complex torus or a Kodaira surface, both of which admit complex symplectic
structures. When x(S) # 0, it makes sense to consider the invariant (0.2), and we first record
a formula easily deduced from (5.5):

ProPOSITION 5.1. ¢,(S™)= — m(l + W_))

W+

When m = 1 the right-hand side reduces to the definition of ¢,(S), and x + 1 can only
vanish if S is the blow-up of a ruled surface [2]. Our next results shows, by contrast, that S™
behaves like the m-fold Cartesian product relative to ¢,. It implies that the Betti numbers of
the Hilbert scheme of points on a K3 surface satisfy the constraint (0.1), but is by no means
restricted to the case in which S is hyper-Kéhier.

THEOREM 5.2. Let S be a compact complex surface. Then ¢,(S™) = m¢,(S), so that if
bo(S) =1 and bl(S) =aq,

$2(8™) = — m<1 +2 ; 4).

Proof. We derive this as a consequence of (5.6). A prime will denote differentiation with
respect to ¢, and unless otherwise indicated sums are over the range j > 1. As is customary,
we set b(t) = b(S; — t), so that y = b(1). Let
x7b(t’)

U L= — 5.
0= L )
Then

— Y b(S™; —x™ = exp(U(x, ))U’(x, 1)

mz1

xIti™ 1! (¢9) 5 x2ig2i = 1p(¢d)
1 —t¥xi (1 — t¥x))?

= exp(U(x, t))(z
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'[aking the second derivative, evaluating at ¢t = 1 and using the equations E’(l) = 2y and
b"(1) = 2(¢,(S) + 2)x gives
Y b7(S™; —1)x™ = 2xE(x)F(x) (5.8)

m>1

where E(x) = exp(U(x, 1)), and

F(x) = %(U’(x, 1 + U"(x, 1))

<) - D+ x4 ixY
-2 2 #0082 szxffﬂx

Now, firstly,

d
xaE(x) xE(x)z

(5.9)

The second equality of (5.9) follows from an expansion of the respective denominators,
namely,

¥ (1 oY kko y (5.10)

i>1 jk> 1 k>11l—x

d/ d _ x O\ jxi + jx?
a(rante) - 50| (375 + 2
(3j— Dxl + x% +jx3j]

x N
= yE _ :
X (x) [X<Z(1 _ x1)2> + Z 2(1 — x})3
the second equality following from similar tricks to (5.10). From the expression above for
F(x), we see that

Secondly,

2¢E(x)F(x) = 2¢,(S)x (% E(x) + 4x Eid; <x%E(x)>.

Now the coefficient of x™ in the right-hand side equals 2m¢,(S) + 4m? times the Euler
characteristic b(S'™; — 1). Thus, from (5.8),

p(S™; — 1)

BE™ —1) 2m* = mg(S). QED

¢,(8™) =

The identities inherent in the above proof are also consistent with the formula

RS s, — " = exp< 5 XS =8 — ti)) (5.11)
m=0

=1 J( —s'tix))

for the Hodge polynomial (2.4) of S'™, which was conjectured in [14] and proved in [15].
Indeed, using (5.11) and interchanging the roles of b(t) and x(t) in the proof of Theorem 5.2
(paying attention to the halving of polynomial degrees) shows that

$2,0(8™) = m, o(S).
By (3.9), this is equivalent to asserting that

S €1(S™)C 3 — 1 (ST™) . Js e (S)?
2(S™) 2(S)
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For a surface S of general type, the Bogomolov—Miyaoka-Yau inequality [2] says that the
right-hand side is no greater than 3m.

Example. When S = K is a K3 surface, the last equation is consistent with the vanishing
of ¢, for SI"\. The Hodge numbers of K2 are completely determined by its Betti numbers
and the identities (1.1), (1.3), and provide the first diamond’s entries in Section 1. The
equation b, = 276 may be deduced from Corollary 4.2 once one knows that b, =0 = b,
and b, = 23. As for K3 (5.11) implies that

B =21=h%, R22=253=h%7, R =22, B = 2004

Suppose that S is a hyper-Kahler 4-manifold. The moduli space of anti-self-dual
connections over S admits a complex symplectic structure, and in various situations this is
known to extend to an appropriate compactification [24, 20]. For example, suppose that
K is a K3 surface with an ample divisor of degree 2m, and let .#,, denote the corresponding
moduli space of stable rank 2 locally-free sheaves with ¢; = 0 and ¢, = 2m + 3. Then .#,,
admits a smooth compactification which is both birational to K™™*3] and complex
symplectic {26]. Analogous results hold for moduli spaces over tori, although (as in the next
section) one needs to factor out various symmetries to arrive at an irreducible space. The
resulting theory is explained in [7] with reference to a moduli space of stable bundles over
the product T of a pair of elliptic curves, represented by an open set of T x 712, where T is
the dual of T. These constructions promise to provide a source of new diffeomorphism
classes of compact hyper-Kédhler manifolds in higher dimensions. In view of Theorem 5.2,
one might speculate that the constraint (0.1) is validated by some general principle for these
moduli spaces.

6. CALCULATIONS FOR THE TORUS

This section specialises the above discussions to the case in which § = T is a complex
2-dimensional torus. It follows from (5.5) and (5.4) or (5.6) that the Poincaré polynomials of
both 7™ and T™ are divisible by (1 + t)* for any integer m > 1. Accordingly, we write

B(T™. ) = (1 + 0*B(T™: 1),  b(T™: 1) = (1 + ef*H(T™, ). 6.1)

The second factorisation reflects the fact that we are in the situation of (4.2) where
M=T" I=x(Z,* and M' =K,,_, is a simply-connected irreducible hyper-Kihler
manifold of real dimension 4m — 4. Indeed, Beauville defines K,,_; as ¢~ !(0), where
o:T"™ > T factors through the “centre of mass” map that interprets (5.1) as a point of the
abelian group 7. The natural action of T on T™ gives rise to a commutative diagram

TxKnp., — T
I Ie
T - T,

in which 7, is the projection and the horizontal maps are coverings associated to I', which
may now be defined to be the subgroup of T of m-division points.

It follows that b(T™. r) is equal to the Poincaré polynomial of the singular space
K, 1/T.As K,,_ is simply-connected we have b, (K,._,) = 0 = b,(T"™), and from the line
preceding (5.7) we deduce that

by(T™)y = 4b(TYby(T) - 1)+ 1 =17



152 S. M. Salamon

When m = 2, K, is identified with the Kummer surface associated to 7, and the above
diagram resolves the mapping T x (T/Z,) — T® which sends (s, + t) to the O-cycle consist-
ing of the points s 4+ t and s — t of T. Since b,(K;) = 22, one has b,(T?)) = b,(K,) — 15,
though b,(K,_1) = b,(T™) = 7 for all m > 3 [3].
More generally, we may apply the formula
1

BATWU=dmrHWKmq,RV—Wr

Y tr(g* [ H (K1, R)). (6.2)

gell

As a simple application of this, we have the following.

ProPOSITION 6.1. The hyper-Kahler 8-manifold K, has Poincaré polynomial
b(K,;t) =1+ 7% + 8> + 108t* + 8¢° + 716 + 8.

Proof. The action of I' on K, = ¢~ '(0) = T covers its action on &(K;) = T®. The
induced action of T' on H*(K,, R) can be inferred by counting distinct homology classes in
the fibres ¢~ *(y(x)), where yeI" and xee&(K;). Each non-trivial representation of I' on
H*(K,, R) must have dimension 3%, and the trace of any non-identity element of I" equals
bi(K,) — 3*N, for some non-negative integer Ny. Therefore by (T?') = b(K,) — 80N, for
k =2, 3,4, though from a remark above we already know that N, = 0.

Applying (0.1) to K, gives 116 = b3(T'®) + b,(T™) + 80(N; + N,), and we claim

BT 1) =1+ 6% + 41> + 211* + 4% + 615 + ¢®
B(TBY )= 1 + 712 + 813 + 28t* + 8¢5 + 718 + 8,

The first line follows from (5.5), and the second may be deduced either from (5.4) or from
first principles (it would in fact suffice to prove (5.7)). We may conclude that N; = 0 and
N, =1 by observing that I' must preserve the Sp(2) decomposition of H*(K,, R) which
forces 4| N,, just as 4| b3(K,). Q.ED.

We shall now proceed to consider the higher-dimensional situation more systematically.
Although x(T™) vanishes and ¢,(T ™) is indeterminate, we are at liberty to consider the
quantities

AT =b(T™; — 1)
S(T™) = 3b"(T™; — 1) + (m — 1)(17 — 12m)b(T™; — 1)
and analogous ones defined by replacing 7™ by T'™. (Compared to (4.1), m has been

replaced by m — 1 which is one quarter the degree of h(T™;t) or b(T™%:r).) Direct
calculations from (5.5) yield the following.

PROPOSITION 6.2. #(T™) =m3, ®(T™)=(m — )m*.

The next result is presented as a corollary of (5.4) and Proposition 6.2, although it may
also be deduced from (5.6) by exploiting properties of Lambert series of the type that feature
in (5.10). We shall use the following terminology. Each divisor d of m gives rise to a partition
a(d) of m with a(d); = d for i = m/d. Conversely, we shall call a partition « of m exact if «; is
non-zero for only one value of i.

PropOSITION 63. H(T™™) = 3" d°, &(T™) =Y <d - %)d‘t'

dim dim
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Proof. Further to the notation (5.2) and (6.1), for each partition o of m we write
B(T@; 1) = (1 + 0)*H(T®; 1), so that (5.4) becomes

b(T™; 1) =Y b(T®; t)e>m 20, (6.3)
Hence ®(T"™) = ¥, ®,, where
- d . -
B, =3 2 BT 06" )],y + (m — (17 — 12mB(T®; — 1)

Since b(T; 1) is divisible by (1 + £)* whenever «; > 1, it follows that b(T®; ) has (1 + t)*
as a factor and ®, = 0 unless « is exact. Consequently, we need only sum over the divisors
d of m, replacing the superscript « by «(d) or d. Then

%(B(T"”; B2, =T — 1) — 22m — 24)b(T; — 1)
+ (2m — 2d)(2m — 2d — )b(T?; — 1)
= b (T, — 1) + (4m® — 4d* — 10m + 10d)b(T¥; — 1)

using (2.3) (in which the symbol d has a different meaning). Hence,

®D,q) = 30" (TD;, — 1)+ (30d — m — 12d> — 1T)B(T?; — 1)
= ®(TD) + (d — mb(T9; —1)
=d°®—md?
and the result follows. Q.ED.
The key point is that when building up the cohomology of T™ from T, both j and
® are sensitive only to exact partitions of m. In particular, if m is a prime or the square of
a prime then ®(T™) = &(T™) —m + 1.
For each partition a of m, the number of distinct elements in the orbit of I' on the top

homology class of the fibre (5.3) must equal g(«)* for some divisor g(«) of m. Referring to the
proof of Proposition 6.1 and applying (6.2) to (6.3) one would therefore expect that

b(Kp-13 1) = Y, g(o)*b(T@; f)e2m =20, (6.4)

In fact, Gottsche and Soergel [15] prove that (6.4) is valid with
g(e) = ged {i: o; # 0}.
On the other hand, given (6.4), Corollary 4.2 implies that
- m
0=0Kp-1)=) g®*®, =} <d - E)(Cig(m(d)))4 (6.5)
a d\m

using notation from the previous proof. The correct solution g(x(d)) = m/d to (6.5) is

justified by the fact that the connected components of ¢(K,,—;) N Ti"(‘;) are in bijective
correspondence with the elements of I'/T"(d), where I'(d) denotes the subgroup of size d*
consisting of d-division points. Moreover, each component admits an action by a connected
group extending I'(d), which therefore acts trivially on H*(K,, - ;, R). The easiest situation is
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that in which m is prime, for then the action of I identifies the top homology classes in the
m* distinct fibres ¢~ !(m- p) lying in K,,_;, and

b(Kp- 13 t) = BT 1) + (m* — 1)2m~ 2,

Proposition 6.1 illustrated a particular case of this.

Example. Further to Proposition 6.1, (6.4) implies that
b(Ks;t) =1+ Te> + 8% + 511* + 561° + 458:° + - - -
b(K4; ) =1+ 76 + 83 + 361* + 641 + 168t° + 288¢7 + 1046¢5 + - - -
b(Ks;t) =1+ 7t% + 86> +36t* + 64> + 19115 + 3447 +915t% + 1312¢° + 3748¢1° + - --
Analogues of Propositions 6.2, 6.3 for K,,_, are completed by the calculation

AKm-1) = Y, ga@)* UTD)=m> ¥ d

dim dlm

that is a close companion of (6.5). Further to Corollary 4.3, the Euler characteristic of
K, - is odd if and only if m is the square of an odd integer which means that m — 1 = 8l,
where [=0,1,3,6,10, 15, . ..
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