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ABSTRACT

We consider the problem of updating input-output matrices, i.e., for given (m,n)
matrices A >0, W > 0 and vectors u €ER™, v ER™, find an (m,n) matrix X >0 with
prescribed row sums 2j., X, =u, (i=1,...,m) and prescribed column sums 7. X,
=1y, (j=L,...,n) which fits the relations X;;= A, +A\; W+ W, for all 4,j and some
AER™, nER". Here we consider the question of existence of a solution to this
problem, i.e., we shall characterize those matrices A, W and vectors u,v which lead
to a solvable problem. Furthermore we outline some computational results using an
algorithm of [2].

1. INTRODUCTION

There are often situations in statistics, input-output analysis, economic
theory, and numerical analysis where the data given by a sample must be
adjusted for consistency with data obtained from other sources or with
deductions obtained from some other theory.

Consider for instance the problem of updating input-output matrices (cf.
[1]), ie., for given nonnegative real (m,n) matrices A=(A;) and W=(W,)
and vectors u € R™ and v €R", find a nonnegative real (m,n) matrix X =(X,)
with prescribed row sums

n
'EIXﬁ:u,., i=1,...,m, (1)
i=
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and prescribed column sums
m
‘le,.,=u,., i=1,...,n, (2)
=

which fits the relations
Xy=A; + AW+ W, i=L...,m, j=1,...,n, 3)

for some AER™, peR".

The matrix W may depend on the underlying economic theory. With
W= A and no nonnegativity condition on X a solution of (1)—(3) is called a
Friedldinder solution (cf. [1], [6]). For arbitrary W > 0 we call X a generalized
Friedlinder solution if it satisfies (1), (2), and (3) but is not necessarily
nonnegative.

Here we consider the question of the existence of a solution to the
problem (1)—(3), i.e., we shall characterize those matrices A, W and vectors
u,v which lead to a solvable problem.

We shall show that if the problem is solvable, a solution can easily be
obtained using well-known methods. We also demonstrate the connection
between (1)-(3) and a quadratic optimization problem with a strictly convex
separable objective function subject to linear constraints of transportation
type.

Some related work can be found in [1] using the relation
X=Ay+AW, i=l...m, j=L...n, (3)

instead of (3). In [3] we discuss a more general approach combining the
relations (3) and (3').
Clearly,

S u=30 (4)

i=1 i=1

is a necessary and sufficient condition for (1) and (2) to be consistent; thus
we shall assume (4) for the rest of the paper. The coefficient matrix
appearing in the constraint set (1) and (2) is known as the transportation
matrix. Its rank is well known to be m+n—1. Its last row is a linear
combination of the others and hence can be deleted. We shall denote by T
the (m+n—1,mn) matrix so constructed, and similarly denote by v the
vector v'=(0vy,...,0,_}).



MINIMUM NORM PROBLEMS 105

Let us represent the matrices X, A, and W as vectors x, a, and w in R™
by ordering the set {(i,f)|1<i<m, 1<j<n} lexicographically. Write Q=
diag(w). Then (1)—(3) carry over to

e=(3). 8
x=a+ QT’(?‘L). (6)

Inserting (6) into (5) yields
TQT’(2)=('$)—T¢1. (7)

Thus the problem is to characterize those w, a, u, and v which make the
system

TQT'(ﬁ ) =(%)~Ta, (8a)

a+QT'(ﬁ)>0 (8b)

consistent, i.e., we have to characterize those w, a, «, and v which lead to a
generalized Friedlinder solution which is nonnegative. We shall first con-
sider the question of the existence of generalized Friedlander solutions.

2. THE FRIEDLANDER SOLUTION

We now wish to exhibit the special structure of D:=TQT’, the (m+n—
1,m+n—1) coefficient matrix of (7). Let W be the matrix W without the
last column, and denote by R and C the diagonal matrices

C=diag( S W 3 w,,"_l), (10)
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containing the row and column sums of W and W respectively as diagonal
elements. Then

p=(R W) (1)
w C

To state the results in a more elegant way we shall first consider some trivial
cases and later exclude them. Assume W contains a zero row, say the kth
row. Concerning the relation (3) this means we have to fix X;;= Ay (j=
1,...,n). This would be possible if

21 A=y (12)
i=

But if (12) holds we can reduce our problem size by deleting row k in X, W,
and A and changing v; to §;=v,—ay (j=1,...,n). An analogous procedure
applies if there is any zero column in W. We therefore assume without loss
of generality:

W contains no zero row or column. (13)
Note that (13) implies R and C are positive definite matrices.

We say that a (m,n) matrix B is disconnected if there exist permutation
matrices P and S such that

B,, O
PBS=| M ; 14
(0 B22) ( )

otherwise B is called connected. An (n,n) matrix B is decomposable if there
exists a nonempty proper subset J of {1,...,n} such that

B,=0 for i€J, jEI, (15)
otherwise B is called indecomposable.

LeEmma 1. If W is connected, then W' W is indecomposable.

Proof. Suppose B:=W’'W is decomposable. Then there exists an
index set JC{1,...,n—1} with B;=0 for i&], j€J. Thus (W,)W,=
forallie], 1E](W denotes the zthcolumnofW) LetI:={ke(l,....n—
1}|Wyy#0 for some j&J}. Since W is a nonnegative matrix, Wj;=0 for all
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k€I and j€J. Since W contains no zero columns [cf. (13)], I is a proper
subset of {1,...,n—1}. Thus we obtain

"Vﬁ‘_‘o

for {iEI, i€l
&I, &,

contradicting the connectedness of W. [ ]

Assume the matrix W is disconnected, i.e.

1
PWS=(W 0 )
0 W

1 3 1 3
PAS=(A A) and sz=(X X );
At A? X+ xz

then the condition (3) is
X3=A%  X1=A*
and
X'=A'+diag\) Wi+ Widiag(p), i=12,
and obviously the problem may be partitioned into two independent prob-
lems.

There are good (i.e. polynomial bounded) algorithms for computing the
connected components of W. Thus we can always partition W into

w! 0
PWS= . (16)
0 wk
where the diagonal blocks W1,..., W* are each connected. Hence again we

shall assume without loss of generality
W is connected. (17)

Consider the partitioning of D given in (11) and denote the Schur comple-
ment of R in D (cf. [4]) by H:=C— W'R ~'W.
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Note that R and C are diagonal matrices containing the row and column
sums of W and W, respectively, as diagonal elements. Thus they depend on
W.

THEOREM 2. D is positive definite iff W is connected. Moreover H is
positively invertible, i.e., H ™' is a positive matrix iff W is connected.

Proof. Since D=TQT’ and Q is positive semidefinite, D is positive
semidefinite. Thus it suffices to show: D is nonsingular iff W is connected.
Suppose W is connected Then B:=C 'W'R™'W is indecomposable
(Lemma 1). H ™! exists and is positive if (I—B)~! exists and is positive [1
denoting an (n—1,n—1) identity matrix]. To prove (I—B) ™! exists and is
positive for an indecomposable B > 0 it suffices to show

(I-B)x>»0, (I-B)x#0  forsome x>0, x#0 (18)

(e.g. [8, p. 107, Theorem 7.4(i)]). To verify (18) we take x=e¢, the vector
whose components are all ones, and show Be <e and Be+#e. Denote by W,
(W) the ith row (jth column) of W. Then R ~ 'We <e, and since w, 7&0
we have R ~'Wee; hence Bie=C, (W, ) R™'We<C;7 YW ye=1, with a
strict inequality for at least one i€ {l,...,n—1)}. Smce H is the Schur
complement of R in D, D is nonsingular.

Assume W is disconnected, and let P and S be permutation matrices such

that
PWS =( wh oo )
0w

We may assume that the nth column of W was the only row permuted, i.e. is
still the last column of PWS. Let S be the permutation matrix S without the
last column and row. Since

S'HS=S'CS—S'W'R ~'W§
=S'CS—(S'W'P’)(PR ~'P")(PWS),

the permutations leads to a partition of

-~ ~1
c=s'cs=(C 0 )
0 c2
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Hence we obtain

Gl (WY(RY) W 0

H=S'HS= v
0 C2~(W2)/(RZ)—1w2

~

The matrix B:=(CH " YWY(RY)'W! has all row sums 1, since R!
already contains the row sums of W Thus (I BYe=0 and I- B}
S S

...... ar T can [yS
Wll.l(,ll PlUVCb Llld.l, L/ can not

....... | & PR nan et ko

muguxa.l Hence H can not be nonsin

] ET &

nonsingular.

Consider an element Dy =272, T,Q; Ty, of the product D=TQT". It is
not hard to see that all columns of T (rows of T”) for which the correspond-
ing diagonal element Q) in Q is zero have no influence on the elements of D.
Eliminate all columns of T for which Q;=0 and call the resulting matrix T.
Eliminate all zero rows and columns of Q and denote this resulting matrix by
Q. Then we still obtain

D=TOT". (19)

Theorem 2 states that if W is connected we can compute a generalized
Friedlinder solution by solving the equation

()=

[cf. (8a)] and may exploit the fact that D is positive definite using standard
numerical techniques (cf. [9]).

3. NONNEGATIVE FRIEDLANDER SOLUTIONS

Actually W, =0 [i.e. Qi =0 for k= (i —1)m+j] means that X, has to be
fixed at the value of A; [cf. (3)]. Hence it is not worth while to take these
variables into account. We could eliminate them from the beginning.
Clearly, we would then have to correct the prescribed row and column sums
u and v accordingly:
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Thus [recall (19)] we may assume that W is a positive matrix. This in turn
makes Q a positive definite diagonal matrix.
Consider the strictly convex separable quadratic optimization problem

min qy+3y'Q7 Yy
: (20)
subject to Ty =( o ),
where q:= — Q ~'a. Clearly (20) has an unique solution. Note also that the
matrix T has full row rank, and hence contains a basis. Thus (20) can be
expressed as an unconstrained optimization problem, and the first order
conditions equal the equations (8a). Thus obviously the system (8) has a
solution iff (20) has a nonnegative minimizer. Therefore actually we are
looking for conditions on Q, a, #, and v which guarantee that the minimizer
of (20) is nonnegative. Since D is nonsingular, (8) is consistent iff

a+QT'D~(%)-Ta]>0 (21)

holds. Consider again the partition of

(s 7)
w C

and recall that we denote by H=C— W’R ~'W the Schur complement of R
in D. Then it is well known (cf. [3]) that D ~! may be partitioned as

-1 wy-lwp-1 _p-lwy-!
p-1_|R (1,,,+W£1_ WR™Y) —-RT'WH 22)
—-H 'WR™! H™!
Setting s = ( :;) and collecting terms appropriately, we easily obtain
-5 — -1
D-ls=(RIW)H-I(W'R—lsl—s2)+(R 51). (23)
T a1 0

We shall first consider an easily handled special case: W,=1 for all
i=l,...,m and j=1,...,n. This amounts to considering the optimization
problem

min lx—all, o
subject to Tx=(z), (24)
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where || [|; denotes the usual Euclidean norm. Here we shall give an explicit
formula for the optimal solution x. Obviously this leads to a necessary and
sufficient condition for the solvability of our original problem in this special
case.

THEOREM 3. Let

2:=a+T(TT") "t~ Ta), where t=(Z).

Then x° solves (uniquely)
min  {||x— afly|Tx=1¢}.

In particular the updating problem [cf. (1)-(3)] is solvable if and only if
x° > 0. Moreover, the inverse of (TT’) has the form

— — — |
n—1 1 n—1 n—1 L -1 -1 -1
nm nm nm
-1 noly nl oo g -1
nm nm nmo
!
|
n—1 nolo om0 o -1
(TT)"t=|_ ™ nm nm N
_n -n _n o2 1
m m m | m
: : S
_r _n " 1
m m m
-n -1 L T R 1
m m m m
Thus x°=(x}) can be expressed as
o n—m—1 1 gl 1.
%S5 %73 2 Gror ot Ay
m m? ¥21

where 1,:=u,— X7, A, and ¢;: =0, — 2T A,
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Proof. Let us denote by E,_ . an (n,m) matrix whose entries are all
ones. Since W, =1 for all i and j, we obtain C =diag(m,...,m) and R=
diag(n,...,n). Therefore we have

H=C-WR™'W
1
= mIn—l_ En-—l,m(—;l_lm Em,n—l

m 1
=ml I_IEn—l,n—l=m(In—l_;En—l,n—l)'

n—

Using F:=(1/m)I,_,+E,_; ,_,), one can easily check that

1 1

HF=In—1+En—l,n—1_;E —l,n—l_—;E E, L

'n n—1,n—1 n—l,n—l= n-—1°

which gives F=H ™.
Let p:= W’'R ~'s, — 55, where

[ cf. (23)]; then

k=1
and
H— _ 1 E _ 1 n—1
lp_z(p-'- n—ln—lp)—z p+In——1i§ P, s
or
. n—1 m n—1
(Hp)i=—|p+— 2" 2 o
i=1 k=1
1 m n—1
== 3 ri—(c.+ c)
m[1=1 et
1 n n—1
=E( 2 a2 Ck_cj) [cf (4)]
k=1 k=1
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Using Eq. (22), we obtain easily the elements of D ~*=(TT’)"! as stated in
the theorem. Computing D ~'s via (23), we have the following interim
results:

R-YWH 'p= —l—(nil—l—(c"——ck))e

m\ ;< m
n—1 n
1
- L (n—1)c,— G e=—;(nc,,— > ck)e,
m? i=1 m k=1
L1
-1,_,H lp—c—-zcne.
Thus we obtain
D= R™'W H—1p+(B 1r)
_In—l 0
(1 n
—2(nc,,— > ck)e+—r
—| m k=1
1
¢= - Cue
and therefore
l n
=—(nc,— ——c,+—r+A
X mz(ncn k§10k)+C’ mc" nr, 4
n 1 1 & 1
g o = RS LA
n—m—1 "t 1
= Cp— 2 gt —n+A,
m? m? 1 n
which proves the theorem. ]

We shall now treat the general case, i.e. W >0 arbitrary, but connected.
Let us consider the term

p:=WR s —s, s=(:;)=(g)—Ta,

which occurs in (23). s, stands for the differences of the row sums of a
solution X and the matrix A, and similarly s, for the differences of the
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column sums of a solution X and A. Thus p contains as components the

deviation of the column sum differences from a weighted arithmetic mean of
the row differences. In case W;;=1 for all i and j, we obtain for instance

2 ('5'2)1 = (s2)x [Cf- (4)]

For vectors x € R* and (m,n) matrices W, we use the maximum norms

i=1,...,m}.

Let W, be an element of W with W, R, ':=min{ W, R }[i=1,...,m};
then we have the following result:

Hx”w:=max{|xf||j=1,...,k} and ]]WIlw:=max{2|VV,.,.]
j=1

TueoreM 4. Assume there is at least one column of W which has a
positive inner product with every other column and

no, Ay Wil
-+ = |- 1Pl Wi rtorm— 20 26
holds for all i and j where W;>0. Then the nonnegative input-output
updating problem [cf. (1)-(3)] is solvable.

In practical applications such as estimating input-output matrices, (26) is
usually fulfilled, since r> 0 and || p||,, is near zero. Thus Theorem 4 explains
the well-known empirical observation that the generalized Friedlinder solu-
tion is already nonnegative and thus solves the estimating problem (1)-(3).

Proof. We have already shown that it is enough to prove QT'D ~'s+a
2 0 [cf. (25)]. From (23) we conclude

D ‘1s=(R -IW)H"&H(R _lsl).
- In -1 ]
Consider again the matrix B:= C ~'W’R ~'W, which we introduced in the
proof of Theorem 1, and write z°:=C ~'p. Then we shall prove

e =
H™p> 15y, © &)
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where e again is a vector having components all ones. If W has one column
(e.g. the last column) which has a positive inner product with every other
column, it is obviously connected. Thus H ~1 exists. But, as easily verified in
the proof of Theorem 1, Be <e holds; this gives || B||,, < 1. Let 2*:= B*%° for
keN. Since T, B* converges to (I,_,— B)™’, we obtain

Hp=(,_,~B)'Cp= 3 BY'= 3 4

k=0 k=0
o0

> 2 ~lz*l.e
k=0

o]
k 0
> 2~ 1B i 12 we
k=0

o0

> (—Ilzollw > IIBII’Zo)e

_
1-|Bll..

which proves (27). Thus

D7 g (R2Fe)+ (A7)

Since (R ~'We),=1— W,,(We); '=1— W, R’ the inequality above yields

”z0||co w. R‘_1+T~R_l f?ﬁﬂ
I=[Bl, 7 T ’

(T'D %s)y > (28)

= 112% _
—= (1- W, R, )+rR; Y, j=n,
1_”Bnoo( in* ) lRii ]

for all i,j. Let x,:= W,(T’D ~'s), + A;. Since A >0, (25) has no solution iff
x, >0 for all 4,j with W,;#0. Thus we have to verify

(T'D %)y +A;W, 150 (29)
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for all i,j with W,;+0. Using the assumption (26) we obtain

112l

-1 -1 -1 -1 -1
1—|[B|l, Wi Ry +1nR; +Ai,'VV.'i >rR, +Ai1‘VVi,'

> (1 Plloo Winll Wileo T WIS

>0
which proves (29) for all i,j with j#n:
|| Bllo =max{(Be);|i=1,...,n—1}

m
=1—min[Cﬁ“1 > W W, R;!
k=1

i=1,...,n—1}

i=1,...,n—1}

m
< l—min{ Wi R G Y, Wy
k=1

=]1- Whth; 1.
This now proves the theorem, again using the assumption (26):
(—|Bll,) " (1- W RS )+ R, "+ A, W,

> = [12%l oo Ron Wiea {(1— W, R ) + R+ A, W,
> = 1C 7Pl | Wl Wi + 1R+ A, W,

> = 1C Yoo I Pl | Wleo Wi +1,R + A, W,
>R AW =Dl | Wil | W15 W,

>0. |
4. COMPUTING THE NONNEGATIVE FRIEDLANDER SOLUTION

We have used the strictly convex separable quadratic optimization
problem

min q'y+3y'Q 7y,
Ty=(3) (30)

y>0.
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[cf. (21)] to solve the nonnegative Friedlinder problem using an iterative
method such as the Hildreth [7] method.

Specifically, we have estimated various input-output matrices of the
German economy. Here A denotes some input-output matrix of the years
1956-1966, and as weights for the objective function we have considered the
following three possibilities:

w,=1  forall (i,f),
=g, forall (,j),
w,=a} forall (i,).

We counted the number of samples where the Friedlinder solution was
already optimal. These are listed in the column “No. of FO” of Table 1.

TABLE 1
Size No. of Weights No. of No. of CPU time
of A test prob. w LB or UB FO (sec)
12Xx12 13 1 0 2 7
13 a 0 9 5.6
12 a? 0 8 8.4
10 1 30 0 11
10 a 30 1 10.3
10 a? 30 3 12
56 X 56 12 1 0 2 8.2
12 a 0 5 5.3
12 a? 0 5 7.3
5 1 100 0 15.2
5 a 100 0 15.8
5 a? 100 2 10.3

All computing times include computer input/output operations (reading
and writing), which are roughly 4 to 6 seconds and were performed on an
IBM 370/168 computer. A more detailed description of the algorithm can be
found in [2]. Cottle [5] also developed an algorithm for solving the structured
problem (30) using linear complementarity techniques.

We gratefully acknowledge having the opportunity of several discussions
with Richard W. Cottle on the topic of this paper, which led to substantial
improvements.
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