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Abstract

Let H be a finite classical group, g be a unipotent element of H of order s and 6 be an irreducible
representation of H with dim# > 1 over an algebraically closed field of characteristic coprime to s. We
show that almost always all the s-roots of unity occur as eigenvalues of 6(g), and classify all the triples
(H, g, 0) for which this does not hold. In particular, we list the triples for which 1 is not an eigenvalue
of 6(g). We also give estimates of the asymptotic behavior of eigenvalue multiplicities when the rank of H
grows and s is fixed.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we study the eigenvalues of unipotent elements in cross-characteristic represen-
tations of finite classical groups. Let H be a finite classical group and let g be a unipotent element
of H of order s. We show that for almost every irreducible representation 6 of H all the s-roots
of unity occur as eigenvalues of 6(g), and we classify all the triples (H, g, ) for which some
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s-root of unity does not occur as an eigenvalue of 6(g). This is part of a broader project intended
to study minimum polynomials of elements in group representations. In a previous paper [DM-Z]
we solved a similar problem for semisimple elements of prime power order belonging to some
parabolic subgroup of H. Other relevant papers are [Z86], where the work was started, and more
recently [Z99,GMST,K-Z,Z06] and some papers in preparation.

We also study the asymptotic behavior of the eigenvalue multiplicities when the rank of H
grows and s = |g| is fixed. Not much is known about the asymptotic behavior of the eigenvalue
multiplicities of matrices in group representations. Results of Gordeev [Go], Hall, Liebeck and
Seitz [H-L-S], and Shalev [Sha] produce upper bounds for the multiplicity of a single eigenvalue
in terms of the dimension of an irreducible representation. Results of Gluck [GI11,G12,G13] and
Gluck and Magaard [G-M1,G-M2] enable to obtain a lower bound for the eigenvalue multiplic-
ities of a finite Chevalley group H = H(q) in terms of the field parameter ¢g. However, if g is
bounded, no result was yet available, whatever large the order of G. In this paper we obtain lower
bounds for the eigenvalue multiplicities of unipotent elements in cross-characteristic irreducible
representations of finite quasi-simple classical groups in terms of the rank of A and the order of g
(including the characteristic zero case). Bounds of a similar shape were worked out in [DM-Z]
for semisimple elements of prime power order belonging to some parabolic subgroup of H. As a
unipotent element belongs to a parabolic, this paper completes the analysis for elements of prime
power order belonging to parabolic subgroups of classical groups. One may compare our results
with those of Landazuri and Seitz [L-S], where lower bounds are obtained for the dimensions of
irreducible non-trivial representations of quasi-simple Chevalley groups. Indeed, one can view
these bounds as those for the eigenvalue 1 of the identity element of H.

In order to state our results, we introduce some notation, which will also be used throughout
the paper. IF; denotes a finite field of order g, where g is a power of a prime p. V denotes a non-
degenerate orthogonal, symplectic or unitary space of dimension m > 1 over a finite field F, and
1 (V) denotes the group of the isometries of V. We assume that F = if V is a unitary space
and F' =IF, otherwise. We denote by f the sesquilinear form defining the relevant structure of V
(except when p =2 and V is an orthogonal space defined by a quadratic form Q, in which case
f denotes the bilinear form associated with Q). Our notation for classical groups is standard,
namely GL(m, q), SL(m, q), Sp(m, q) denote the general linear group, the special linear group
and the symplectic group of degree m over I, respectively, whereas U (m, ¢) denotes the unitary
group of degree m over F .. Spin(m,q) for m odd and Spin®(m, q) for m even denote the
spinor quasi-simple groups over F,, £2(m, q) and 2% (m, q) being the subgroups of the relevant
orthogonal groups consisting of the elements with spinor norm 1. Our main results will be stated
under the assumption that the commutator subgroup 7 (V)’ is quasi-simple (which only excludes
a few groups of low rank (m < 5)). Moreover, in view of well-known isomorphisms between
simple classical groups, it will also be assumed that m > 6 in the orthogonal case, unless stated
otherwise.

P denotes an algebraically closed field of characteristic prime to ¢, and Irrp H denotes a set
of representatives for the equivalence classes of the irreducible representations of H over P (or
of the set of isomorphism classes of the irreducible PH-submodules depending on context).

For a square matrix M, we denote by deg M the degree of the minimum polynomial of M,
and by Spec M the spectrum of M, respectively. Similarly we denote by Spec f the spectrum
of a vector space endomorphism f. Note that in this paper the spectrum is defined as the set
of all eigenvalues, disregarding multiplicities. For a matrix M, we denote by Jord M the Jordan
canonical form of M; a Jordan block of size & is denoted by Jj.

The main aim of this paper is to prove the following results:
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Theorem 1.1. Let p be a prime and q be a power of p. Let H be one of the following groups:
Sp(m, q), m > 2 and (m, q) # (4,2); SU(m, q), m > 2 and (m, q) # (3, 2); Spin(m, q), m odd,
m > 5; Spin(m, q), m even, m > 6. Let g € H be an element of order s = p®, o > 1, and set
t= gpafl. Let 6 € Irrp H with dim6 > 1. Then Spec8(g) contains all the s-roots of 1, unless
one of the following holds:

(1) H =Sp(m, p), with p odd, t is a transvection and 0 is a Weil representation,;

(2) H=25p4,3) and dim6 =6, 10 or 20;

(3) H=5p4,9) and dim6 = 40;

4) H =S8p(6,3) and dim6 =78;

5) H=25p(8,3), |g|l =9, Jord g = diag{Js, J4} and dim 0 = 40;

(6) H=Sp(6,2) and dimb =7,

(7) H=SU(4,3) and dim6 = 20;

8) H=S8U(m,?2), Jord g = diag{Ji, Id,—} with k =3 or 5, and 0 is a Weil representation;

9) H =SU(m,?2), Jord g = diag{J,—>, J»} and either m =5 and dim6 = 10, or m =7 and
dim6 = 42.

Remarks.

(1) We recall that the so-called Weil P-representations of Sp(m, g), with m = 2n and g odd,
are characterized by their dimensions, which are (¢" £ 1)/2 if char P # 2, (¢" — 1)/2
and 1 if char P = 2. Similarly, the Weil P-representations of SU(m, q) are characterized
by their dimensions. These are (¢ + (—1)"q)/(g + 1) and (g™ — (—=1)™)/(g + 1) if
(char P, g + 1) = 1, whereas one of the dimensions may be 1 and the greater dimension
may not occur if char P divides g + 1. We shall be especially concerned with the case g = 2.
Then char P = 3 and the greater dimension actually does not occur. For further details on
Weil representations, see Section 6.

(2) Observe that we assume « > 1 in Theorem 1.1, as the case when the unipotent element g
has order p is already known (for arbitrary Chevalley groups). The outcome is summarized
in the following proposition, which is based on [Z86] and [Z88], except for the claims on
dimensions. The latter can be found in [T-Z1] for char P = 0 and [GMST] for char P > 0,
together with the additional fact that the representations involved are Weil.

For p odd, let us denote by Aj(p) (respectively: A»(p)) the set 1 U {e/}, where 1 #£¢ € P,
e? =1 and j runs over the non-squares (respectively: the squares) of Z modulo p. Then the
following holds:

Proposition 1.2. (Cf. [Z86] and [Z88].) Let H be a quasi-simple group of Lie type in character-
istic p, such that (p,|Z(H)|) =1, and let g € H be an element of order p. Let 0 be a faithful
irreducible P-representation of H and suppose that 1 < |Spec6(g)| < p. Then p is odd and one
of the following holds:

(1) H=PSUQ@3, p), dim@ = p(p — 1) and g is a transvection,

(2) H=SL(2, p?), dim0 = (p>—1)/2;

3) H=Sp#4, p), dim6 = (p2 —1)/2, degf(g) = p — 1 and g is not a transvection;
(4) H =PSp(4, p), dim@ = p(p — 1)?/2 and g is a transvection;
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5) H = Sp(2n, p) or PSp(2n,p), n > 1, dim6 = (p" £ 1)/2, g is a transvection and
Spect(g) = A1(p) or Ax(p). If char P =2, then H = PSp(2n, p) and only the minus sign
has to be taken in the expression for dim6. If char P # 2, then H = Sp(2n, p) if dim@ is
even, while H = PSp(2n, p) if dim# is odd,

(6) H = SL(2, p) or PSL(2, p), and either dim0 = (p + 1)/2 with Spec6(g) = A1(p) or
Ax(p), or dim6 = (p — 1)/2 with Spec8(g) = A1(p) \ {1} or A>(p) \ {1}. If char P =2,
then H = PSL(2, p) and only (p — 1)/2 has to be taken for dim@,

(7) H=PSL(2, p) and dim6 = p — 1.

Spec6(g) consists of all the non-trivial p-roots of 1 except in cases (5) and (6). In case (2)
the eigenvalue 1 does not occur for g belonging to one of the two unipotent conjugacy classes
of H.

The spectra 6(g) in the exceptional cases of Theorem 1.1 are known as well. Most (though
not all) exceptions occur in Weil representations. In the latter case, the relevant information
concerning cases (1) and (8) of Theorem 1.1 is collected in Theorems 1.3 and 1.4 below. In
Theorem 1.3, n is a 3-root of &, where ¢ is a primitive 3-root of unity in P. In Theorem 1.4, ¢ is
a primitive 8-root of unity in P. As above, for p odd, A(p) (respectively: A>(p)) denotes the
set 1 U {e/}, where j runs over the non-squares (respectively: the squares) of Z modulo p.

Theorem 1.3. Let H = Sp(m, p), with p odd. Let g € H be an element of order s = p*, a > 1,
such that t = gf’%1 is a transvection, and let 0 be a Weil representation of H. Then Spec6(g)

contains all the p*~'-roots of the elements of A (p) or Ay(p), unless p =3, |g| =9 and one of
the following holds:

(1) m >4, Jord g = diag{Jy, 1d,y_4}, and Spec6(g) ={L. 7>, n.n*.n"} or {1, 7% n*. n°, n®};

(2) m = 6, Jordg = diag{J4, Jo}, dim® = 13 and SpecO(g) = {n' | i € {1,4,7,3,6}0ri €
{2,5,8,3,6}};

(3) m = 4, and either dim@ = 4 and SpecO(g) = {17,174,n7,176} or {n2,n5,n8,n3}; or
char P #2, dim6 =5 and Spec@(g) = {n, n*, n’, n%, 1} or (0%, 0, 0%, 0, 1}.

Theorem 1.4. Let H = SU(m, 2), m > 3. Let g € H be an element of order s =2%, a > 1, such

that t = gza_1 is a transvection, and let 6 be a Weil representation of H. Then Spec 6(g) contains
all the s-roots of unity, unless one of the following holds:

(1) Jord g = diag{J3,1d,,_3} and Specf(g) = {¢': i =0,2,6};

(2) m > 5, Jord g = diag{Js, Id,,—s} and Spec6(g) = (¢t i #4,0<i <8}

(3) m =5, Jordg = J5 and either dim60 = 10 and Spec6(g) = {gf: i#4, 0<i <38} or
char P #3, dim6 = 11 and Spec6(g) = {;“i: i#4,0<i <8}

(4) m =5, Jord g = diag{J3, J»}, dim8 = 10 and Spec6(g) = {g": i=2,4,6};

(5) m =17, Jord g = diag{Js, J»}, dim6 = 42 and SpecH(g) = {¢': 0 <i < 8}.

The exceptional cases listed in Theorem 1.1 which are not covered by Theorems 1.3 and 1.4
are the following: (2) with H = Sp(4, 3), (3) with H = Sp(4,9), (4) with H = Sp(6, 3), (5) with
H = Sp(8, 3), (6) with H = Sp(6, 2), and (7) with H = SU(4, 3). In all these cases dimé is
provided in Theorem 1.1, and in fact for each representation of any of these dimensions there is
a unipotent element g such that Spec 6(g) contains less than |g| elements. Complete information
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on these cases can be read off from Lemmas 6.14, 6.16, 6.18, 6.22, 5.7 and 6.15, respectively.
The case H = Sp(4, 2) >~ S¢ is not considered, as S¢ is not quasi-simple.

Finally, we recall that the case H = SL(m, g) was examined in [Z90]. For m > 2, if 6 is a
non-trivial representation of SL(m, q), then every unipotent element g has exactly |g| distinct
eigenvalues except when H = SL(3, 2), |g| =4 and dim6# = 3. The case m = 2 is contained in
Proposition 1.2.

The detailed analysis carried out in the paper, in order to determine the exceptional cases
listed in Theorem 1.1, provides in particular, as a byproduct, a list of the cases in which 8(g) acts
fixed-point freely on the relevant representation space. Namely:

Theorem 1.5. Under the assumptions of Theorem 1.1, assume that 1 is not an eigenvalue of 0(g).
Then one of the following holds:

(1) G=S8p4,3) and dim0 € {4, 6, 10, 20}, unless char P =2, in which case the value 10 must
be discarded,

(2) G =8p(6,3), Jord g = diag{Js, Jo} and dim6 = 13;

(3) G =S8p(6,3), Jord g = diag{Js, J1, J1} and dim6 =78;

4) G=5p4,9) and dim6 = 40;

5) G =58p(8,3), Jord g = diag{Js, J4} and dim6 = 40;

(6) G=8SU4,3) and dim6 = 20;

(7Y G=S8U(5,2), Jord g = diag{J3, J2} or Jord g = Js, and dim6 = 10;

®) G=8U(7,2), Jord g = diag{Js, J»} and dim6 = 42.

The next theorem produces the lower bounds for the eigenvalue multiplicities of unipotent el-
ements in cross-characteristic irreducible representations of finite quasi-simple classical groups,
announced at the beginning of the Introduction.

Theorem 1.6. Let p be a prime and q be a power of p. Let H be one of the following groups:
SL(m, q); Sp(m, q); SU(m, q); Spin(m, q), m odd, Spini(m, q), m even. Let g € H be an ele-
ment of order s = p® and let 6 € Irrp H with dim@ > 1. Suppose that m > 2p*~' + 4. Then the

multiplicity of every eigenvalue of 0(g) is at least q(mT_G —s?),

Note. In contrast with Theorem 1.1, in whose proof all the exceptional cases usually occurring
for small m or g are examined, the bounds obtained in Theorem 1.6 are not sharp. In fact, we only
intend to show that eigenvalue multiplicities tend to the infinity when the order of g is bounded
but the rank of the group tends to the infinity. A more accurate analysis, within the frame of the
methods used in the paper, may lead to better lower bounds for eigenvalue multiplicities. Also
observe that for some of the above groups better specific bounds are obtained even in the present
paper. For details, we refer to the theorems and lemmas quoted in the proof of Theorem 1.6
(Section 8).

In characteristic zero Gluck [G11,GI2] proves that, if H = H(q) is a quasi-simple finite group
of Lie type (where ¢ is the field parameter), g belongs to H \ Z(H) and x is a non-trivial
irreducible character of H, then there exists a non-negative real-valued function A(g) such that
A(g) tends to 0 as ¢ tends to the infinity and |x (g)| < A(g) - x (1) (see also [G-M1] for further
information on the function A, specifically for unipotent elements in classical groups). From this
one can easily deduce the following:
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Let a € N. There exists an increasing function fo : N — N such that, whenever: (a) H = H(q)
is a finite quasi-simple group of Lie type and g € H has order « mod Z(H); (b) n € N, and
q > fa(n); (c) 0 is a non-trivial complex irreducible representation of H; then 0(g) has exactly
« distinct eigenvalues and every eigenvalue has multiplicity at least n.

It is an open problem whether such a function A exists for Brauer characters in characteristic
coprime to ¢, even for g unipotent. The reader may consult [G-M2] for some comments on this
problem.

2. Preliminary results and machinery

In this section we collect a number of results which will play a crucial role in the sequel. They
mainly concern finite groups containing an extraspecial normal subgroup and their representa-
tions.

Most facts about extraspecial groups quoted without explicit references are to be found in
[Hu, Chapter III] and [H-B, Chapter IX]. Recall that an extraspecial group is a p-group £ such
that |Z(E)| = p and Z(E) =& = @ (E), where @ () stands for the Frattini subgroup of &.

Let W =E&/Z(E). Clearly W is an elementary abelian p-group, and thus can be viewed as a
vector space over the prime field F,. Fora, b € £,seta =aZ (), b =bZ(E). Denoting by [a, b]
the commutator aba~'b~"! of a and b, and identifying Z () with the additive group of F p the
bracket (a, b) — [a, b] defines a non-degenerate bilinear alternating form ( , ) on the space W.
Thus, W has the structure of a symplectic space over IF,. Let dim(W) = 2n: then £ has order
p2"+1, and in order to make the order of £ explicit, we will write &, for £ of order p2"+1. Let
A be the group of all the automorphisms of £ which induce the identity on Z (). Then there is
a natural homomorphism ¢ : A — Sp(2n, p), whose kernel is Inn(£). If p is odd, ¢ is surjective,
whereas if p = 2 the image of ¢ is one of the orthogonal groups O1(W), O~ (W), depending
on the isomorphism type of £. For any subset B of A, we will denote by B the image of B in
Sp(2n, p) under €.

Lemma 2.1. Let w : £ — W be the natural projection, and let X be a subgroup of E. Then the
following conditions are equivalent:

(a) X is extraspecial,
(b) Z(X)=Z(&) # X;
(c) 7 (X) # {0} is a non-degenerate subspace of W.

Moreover, two subgroups Y1, Y2 of £ commute elementwise if and only if (Y1), w(Y2) are
mutually orthogonal subspaces of W.

Lemma 2.2. Let P be an algebraically closed field of characteristic coprime to p.

(a) Every faithful (equivalently: non-trivial on Z(E,)) irreducible P-representation ¢ of £, has
degree p".

(b) There is a bijection between such representations ¢ of &, and the non-trivial characters
¢ eltrp Z(&y), given by ¢lz,) =¢ - 1d.

(c) Let & be a subgroup of &, and ¢ be as in (a). Then ¢|g, is a direct sum of p" K pairwise
equivalent faithful irreducible representations of &.



2674 L. Di Martino, A.E. Zalesskii / Journal of Algebra 319 (2008) 2668-2722

Lemma 2.3. Let B be a finite group containing an extraspecial normal subgroup &, such that
B = (b, &), for some b € B\ &,. Assume that [b, Z(E,)] = 1 (equivalently, Z(E,) C Z(B)).
Then:

(a) every irreducible P-representation ¢ of B non-trivial on Z(E,) has degree p", and ¢|¢g, is
irreducible;

(b) if ¥ is an irreducible P-representation of B, such that |z, =V1z&,), then o =¥ ® 1,
where 1 is a 1-dimensional representation of B.

The next two lemmas collect known facts about the Jordan form of unipotent elements in
classical groups:

Lemma 2.4. (E.g., see [Sp, pp. 19-20].) Let F be a field and suppose that u is a unipotent
element of GL(m, F), where F denotes the algebraic closure of F. Denote by c; (u) the number
of blocks of size i in the Jordan normal form of u.

The following holds:

(a) Let m be even. Then u is conjugate to an element of Sp(m, F) if and only if ci(u) is even
whenever i is odd.

(b) Let char F > 2. Then u is conjugate to an element of O(m, F) if and only if c;(u) is even
whenever i is even. In particular, if m is even and u € O(m, F), then the Jordan form of u
contains at least two blocks.

(c) Letchar F =2 and m be even. Ifu € Sp(m, F), then u is conjugate to an element of O (m, F).
Furthermore, u is conjugate to an element of 2(m, F) if and only if the total number of
Jordan blocks of u (that is, ) _; ¢; (u)) is even.

Lemma 2.5.

(i) Let I(V) be the group of isometries of a non-degenerate symplectic or orthogonal space V
over the field F, and let G = (g) C I(V), where g is unipotent. Then V.=V, & --- @ Vg,
where the Vi’s (i = 1,...,k) are mutually orthogonal non-degenerate G-submodules and
for each i the Jordan form of g|y, consists either of a single block or of two blocks of equal
size. In the latter case, G preserves two disjoint maximal totally isotropic subspaces of V;
(except possibly when char F' = 2).

(i1) Let I(V) be the group of isometries of a non-degenerate unitary space V, and let
G = (g) C I(V), where g is unipotent. Then V. =V @---@® Vi, wherethe Vi’s (i =1, ..., k)
are mutually orthogonal non-degenerate G-submodules and for each i the Jordan form of
glv; consists of a single block (that is, V; is indecomposable as a G-module).

Proof. See [Zas, Lemma2]. O

An easy consequence of Lemmas 2.1 and 2.5 is the following:
Lemma 2.6. Let B be a finite group containing an extraspecial normal subgroup &,, and let b be
an element of B centralizing Z(E,) and inducing an automorphism of order [ on &,. Then &, is

the central product of at least [ 7] elementwise commuting extraspecial subgroups &y, such that
ni <1 and b&, b~ =&,,.
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As in the Introduction, if p is an odd prime we define A;(p) (respectively: Az(p)) to be the
set 1U{&/}, where 1 £ & € P, &P =1 and j runs over the non-squares (respectively: the squares)
of Z modulo p.

Lemma 2.7. Let P be as above and F, C GL(p", P) be an irreducible p-subgroup isomor-
phic to &,. Let b € GL(p", P) be a p-element normalizing but not centralizing F, and set
B = (b, F,). Let p* be the order of b modulo Z(B) and let § = deg b (the degree of the minimum
polynomial of b). Then the following holds:

(a) [Z85,Z88] Let o = 1. Denote by b the element of Sp(2n, p) induced by conjugation via b on
the symplectic space W = F,/ Z(Fy). Then 8 = p, unless b is a transvection in Sp(2n, p),
p>2and |F, : Cx,(b)| = p. In the latter case, § = (p + 1)/2 and Spec(b) is either A1(p)
or Ax(p) up to a common multiplier.

(b) [Be-Z] Leta > 1, p>2and by = bP* " Then § = pY, unless by ¢ F, and | F, : Cx,(b1)| =
p. In the latter case, either
(1) 8§ = p*Y(p + 1)/2 and Spec(b) is the set of all the p*~'-roots of the elements of

Spec(by), or
Q) p=3 a=2 |F,:Cg b)) = 3% and Spec(b), up to a common multiplier, is
{1,&,1n,ne,ne%), where n® = e # 1 and &3 = 1.

Remark. If b is a transvection, then the condition |F, : Cz,(b1)| = p in (b) is equivalent to
(bf) NE, CZ(&y).

Notation. If X is any square matrix over a field F, in the following lemma we denote by w(X)
the lowest multiplicity of an eigenvalue of X (in the algebraic closure F of F).

Lemma 2.8. Let n, k be natural numbers, with n > k, and let {X; | 1 <i < n} be a set of
square matrices of size l; over a field F, such that Xlk is a non-zero scalar for every i. Let
M =min(l;, ---1;,_,), where the minimum is taken over all (n — k)-tuples (i1, ...,in—¢). Then
w(X1® - Xp) = M. In particular, if | = min; [;, then (X1 ® -~ @ X,,) = 1"*.

Proof. First we observe that | Spec(AX)| = |Spec(X)| and u(AX) = u(X) for any matrix X
and any 0 # A € F. This allows us to assume that 1 is an eigenvalue of each X; (1 <i <n).In
particular, we may further assume that no X; (1 <i < n) is scalar. Now,setV; =X ® --- ® X;
(1 <i < n), and reorder the X;’s in such a way that |Spec(Y1)| < |Spec(Y2)| < --- <
| Spec(Y;)| = |Spec(Yj41)| =--- =|Spec(Y,)|. [Note that such an ordering always exists. For
this, it suffices to prove that if |Spec(Y;)| = |Spec(¥Y; ® Xi)| for some j and for all k > j,
then Spec(Y;) = Spec(Yy) for all k > j. Let Spec(Y;) = {d1,...,d,} and, for any O # A € F,
write {§1A, ..., 8-A} = Spec(Y;) - A. Clearly, if Spec(Y;) - o« = Spec(Y;) - B for all pairs «, 8 of
eigenvalues of X for all kK > j, we are done. On the other hand, suppose that Spec(Y;) - a #
Spec(Y;) - B for two eigenvalues «, B of some Xy with k > j. Then |Spec(Y;)| = | Spec(Y;) -
al < |[(Spec(Y;) - a) U (Spec(Y;) - B)|. Relabeling this X; by X ;i1 we obtain | Spec(Y;)| <
| Spec(Y;+1)|.] Since, for every i, the eigenvalues of Y; are k-roots of 1, it is clear that j <k.

Let |Spec(Y;)| =a, My =1, and My = min(/;, - --/;;) taken over all s-tuples (/;,...,[; ) for
s=1,...,n — k. We prove by induction on s that u(Y;4s) > Mj, starting with s = 0, in which
case the assertion is trivial. So, assume (Y ;ys) =r > My. Let Spec(Yj1s) = {¢1, ..., &4}, and

let y be any eigenvalue of X ys11. As [Spec(Yj4s ® Xjisr1)| = |Spec(Yjis+1)| =a, the set
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{e1y, ..., &4y} does not depend on the choice of y. Hence ¢y, ..., &,y are eigenvalues of
Y;ig41 of multiplicity at least i (Y y5)lj4541 = Msljrs41 > Msyq. The lemma follows. O

We will also need the following elementary lemma:

Lemma 2.9. Let €1, ..., & be r (not necessarily distinct) k-roots of 1. If r > k, there exists a
subset J of {1,...,r} suchthat 1 <|J| <k and]_[jej ;=1

Proof. Letd; =¢;1---¢;, 1 <i <r.Since the set {§;} has cardinality at most k, then either §; = §;
for some i < j <k, in which case 1 = 81._18]- =¢jy1---€j,0rr =k and the §;’s are all distinct,
sothat §; =¢€1---¢; =1 forsomei. 0O

Lemma 2.10. Let F,, C GL(p", P) be an irreducible p-subgroup isomorphic to &,. Set B =
(b, Fn), where b is a p-element of GL(p", P) normalizing but not centralizing F,. Assume
furthermore that [b, Z(F,)] = 1. Let | be the order of b modulo Z(B), and assume n > 12. Then

the multiplicity of every eigenvalue of b is at least p”_lz.

Proof. By Lemma 2.6, F, is the central product of r > [7] element-wise commuting extraspe-
cial p-subgroups &, (1 <i <r) such that bé’nib_l =¢&,, and n; <I. Let o; be the automorphism
of &, defined by o;(x) = bxb~! for x € En; and oj(x) = x for x € &, (j #1i), and 7; be
the representation of JF,, given by x — o;(x) (x € F,). Clearly t; is faithful and irreducible;
moreover, as 7; is the identity on Z(F,), t; is equivalent to the identity representation Idz, (cf.
Lemma 2.2). Hence there exists b; € GL(p", P) such that b;xb;” I = o;(x) for every x € F,.
Notice that b; can be chosen to be of finite p-power order. (Indeed, let §; be the order of b; as
an element of Aut(F,). Then bfi = X; - E for some A; € P. Choose u; € P such that u;" = Ai_l.
Then (bm,')ﬁi = E, and we may replace b; with b;u;.) Now, for eachi =1,...,r — 1, we
choose b; arbitrarily (subject to the above conditions) and take b, = b1by - - - b._1b. We claim
that b;b; = b;b; for 1 <i, j <r.Let R;, Ry denote the enveloping algebras of £,, and of all the
&n;’s with j # i, respectively. As the coset representatives of 7, /Z(F,) are linearly independent
in R =: Mat(p", P), by dimension reasons we must have dim R; = p and dim R;: = p>"/"),
Clearly, R; and R;; commute element-wise and R; is simple, as &,; is homogeneous. Therefore,
R; >~ Mat(p"i, P) and R;s coincides with the centralizer of R; in R (by dimension reasons). Thus
R; is the centralizer of R;s in R. As b; centralizes R;/, it follows that b; € R;. Since this holds
for each i, we conclude that all the b;’s commute with each other. Set B; = (b;, &,;) (1 <i <r)
and D = B; --- B,, so that B C D. Observe that the B;’s are finite, commute elementwise, and
have a common center Z(&,) = Z(D). Consider the abstract group D; = B} X --- X B, (a di-
rect product). Then D is the image of a representation t of D;. Clearly, 1 =171 ® --- ® 7,
where 7; € Irr B; for i = 1,...,r and, by Lemma 2.3, dimt; = p"i. In particular, there are
elements b! € B; such that b = 71(b)) ® --- ® 7,(b)). Set g; = 7;(b;) for i = 1,...,r. Then
b=g1 ®---® g, By Lemma 2.8, the multiplicity of every eigenvalue of b is at least p¢, where
d=min(n;, +nj, +---+n;, ) =n—max(nj, +---+n;)=n—1% 0O

The last item in this section is the following version of the so-called Higman’s lemma, which
will serve our purposes in the sequel:
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Lemma 2.11. (See [H-B, Chapter IX, Theorem 1.10].) Let g € GL(m, P) be an element of prime
power order normalizing a ( finite) abelian subgroup A of order coprime to char P. Let |g| = p*

and [gP"~", A1 # 1. Then the degree of the minimum polynomial of g equals p°.
3. The group SL(m, q)

Let p be a prime, g = p“ for some integer a > 0, and let H = SL(m, q) be the special linear
group of degree m over Fy. Let 6 € Irrp H with dim6 > 1. The aim of this section is to provide
information on the multiplicities of the eigenvalues of 8(g), when g is a p-element of H.

Lemma 3.1. Let g € SL(m, q) be an element of order p*, for some a > 0. Set t = g”a_l and
G = (g). Let V be the natural SL(m, q)-module and denote by V' the space of fixed vectors of t.
Then a vector v € V lies in a regular G-orbit if and only if v € V \ V'. Thus the number of
vectors of V belonging to regular G-orbits equals g™ — g€, where ¢ = dim(V?). (Observe that ¢
equals the number of blocks in the Jordan normal form of t.)

Proof. It is clear that v € V belongs to an orbit of length p® if and only if it is not fixed by ¢.
Since obviously |V \ V| = g™ — ¢¢, the result follows. O

Lemma 3.2. Let g € SL(m, q) be an element of order p*, for some o > 0. Set G = (g) and denote
by V the natural SL(m, q)-module. If Jord g = J,,, suppose additionally thatm > p®~'+1. Then
there exists a 1-dimensional subspace R of V such that g(R) = R and G acts faithfully on V/R.

Proof. Let V =V @ --- @ Vj the decomposition of V as a direct sum of G-stable indecom-
posable subspaces corresponding to the Jordan normal form of g. Furthermore, suppose that
dim(Vy) < --- <dim(Vy). Pick 0 # v € V; such that g(v) = v and set R = (v). Now recall that a
unipotent Jordan block J, of size r has order p? such that p¥~! < r < p?, and moreover r < s
implies |J;-| < |Jg|. Our claim readily follows. 0O

Proposition 3.3. Let H € SL(m, q) with m > 2, and let g be an element of H of order p*, for

somea > 0. Set G =(g), t = g”a—] and let c be the number of blocks in the Jordan normal form
of t. Let 6 be a non-trivial irreducible P-representation of SL(m, q). Then the following holds:

(i) B|G contains at least one regular constituent, unless m = 3, ¢ = 2 and dim6 = 3.
(i) Ifm > p~' 41, then 6| contains at least max{1, (¢g" ' —q°~1)/p®} regular constituents.

Proof. Part (i) of the statement was proven in [Z90] (in the case m = 3, ¢ =2 and dim6 =3, it
is readily seen that —1 ¢ Spec@(g)). Next, suppose that m > p®~! + 1. Then the assumptions of
Lemma 3.2 are fulfilled. Choose R asin Lemma3.2,andlet U = {x € SL(m, q) | (x —1d)V C R}.
U is an elementary abelian group of order ¢”~! which can be viewed as a faithful F,G-module.
Indeed, view U as a row I, -space, and let g be the projection of g onto V/R. Then grxg ' =
xg~! for any x € U; in other words, U is the dual of the natural (g)-module V/R. Let K be the
group of P-characters of U. Let M denote the SL(m, g)-module afforded by 6. Then, we can
write M|y =Mo @ Y ,.co Mc, where O = K \ {1y} and M, ={ve M | uv =« (u)v, Yu € U}.
Clearly, since the action of G on U is contragredient to the action on the subspaces M, , we may
apply Lemma 3.1 to K. Namely, K, and hence O, contains at least g™ ~! —g~! points belonging
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to regular orbits of G. As every regular orbit leads to a regular submodule of M|¢, the number
of regular submodules of M|g is at least (g™ ' — ¢~ 1)/p?, as desired. O

Corollary 3.4. Under the assumptions of Proposition 3.3, the multiplicity of every eigenvalue of
g is at least max{1, (g~ — g™ ~2)/p®}.

Proof. The statement follows from the observation thatc <m — 1. O
The following lemma deals with eigenvalue multiplicities in the case of SL(2, g).

Lemma 3.5. Let H = SL(2, q), where ¢ = p® > p and p is an odd prime, and let g be a non-
trivial unipotent element of H. Let 0 be a non-trivial irreducible P-representation of H. Then
the following holds:

(1) Ifdim6 € {q, g £ 1}, then each p-root of 1 occurs as an eigenvalue of 6 (g) with multiplicity
at least L — 1.

) If dim6 = (g £ 1)/2 and a is odd, then each p-root of 1 occurs as an eigenvalue of 6(g)
with multiplicity at least (q/p — /q/p)/2.

3) Ifdim0 = (q £ 1)/2 and a = 2r > 2, then each p-root of 1 occurs as an eigenvalue of 6(g)
with multiplicity at least p" — p. If a = 2, then each p-root of 1 occurs as an eigenvalue
of 0(g), unless dim@ = (g — 1)/2, in which case the eigenvalue 1 does not occur for g
belonging to one of the two non-trivial unipotent conjugacy classes of H.

Proof. It is well known that every irreducible P-representation of H lifts to a complex repre-
sentation; so it suffices to deal with the case P = C. Let x be the character of 6. Recall that
x(D)e{g,qgE£1,(gx1)/2}.Set G =(g), and let 15 and pg denote the trivial and the regular
character of G, respectively. Consider first the cases x (1) € {g, ¢ £1}. Then x (1) = g +k, where
k =0,1 or —1. Checking the character table of H, one observes that x (g) = k. It follows that
xle = »PG + k- 1g, so pg occurs at least % — 1 times and the result follows.

Next, assume that x (1) = (¢ & 1)/2. There are two non-equivalent representations of each
degree. Define ¢ = (—1)@~1/2. Then x(g) = (—1+./cq)/2if x(1) = (¢ —1)/2and 1 +(—1 %
Jeq)/2 if x(1) = (q + 1)/2. It is convenient to denote by x* the two characters of degree
(g — 1)/2 and by Xl the two characters of degree (g + 1)/2, with signs chosen accordingly to
their values listed above. It follows that (x) =1+ x*(x) for every x € G. So it suffices to

estimate x ¥ |g. Furthermore, without loss of generality we may assume that g = [ (l) 11]
Suppose first that a is odd. Then ¢ = (=DP~12 and x*(g) = (-1 + J/cq)/2. Denote by

* the characters of SL(2, p) of degree (p — 1)/2, with £ chosen accordingly. Then (x* —
Va/pt)(g) = (Vq/p — 1)/2, whence

v -1
Xi|G=\/q/pri+q/+.1G a/p 2\/4/

(by comparison of the values of both sides at every x € G). Therefore, the minimum eigenvalue
multiplicity is (¢/p — +/q/p)/2 in this case.
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Let a be even, so that ¢ = 1. Then x*(g) = (—1 & /4)/2, which is an integer. As % =
(=1£./9)/2+ (g F /q9)/2, we have

v

£, IFVT
Xlo="—5 PG+ ——
It follows that the eigenvalue multiplicity is minimal for the eigenvalue 1, for which it is
equal to (/g — p)(\/q +1)/2p. This is zero only when g = p?, an exceptional case recorded in

Proposition 1.2(2). 0O
4. The classical groups: preliminaries

In this and the following sections we deal with the classical groups mentioned in the Introduc-
tion, to which the reader is referred for the basic nomenclature and notation. Recall that, unless
specified otherwise, V' is a non-degenerate orthogonal, symplectic or unitary space of dimension
m > 1 over a finite field F' of characteristic p, and (V) is the group of the isometries of V.
Moreover, we denote by t the Galois automorphism of F' =K over I, in the unitary case,
and the trivial automorphism of F =¥, in the symplectic and orthogonal cases. We also set
Fo={f e F|t(f)= f}, the fixed field of 7.

Lemma 4.1. Let i (V) denote the number of non-zero isotropic (singular) vectors in V. Then:

i(V)=|F|" —1ifV is symplectic;

i(V)=|F|""' = 1if V is orthogonal and m is odd;

(V)= |F|" V4 |F|"™2 — |F|™/2=1 _ 1 ifm is even and V is orthogonal of index m /2;
i(V)y=|F|"= ' —|F|"™? 4 |F|™/2=1 _ 1 ifm is even and V is orthogonal of index 71
i(V)=(F"? = (=1)")(|F|"= D2 — (=)= if V is unitary.

In particular: i(V) > |F|"~2 — 1 in the orthogonal case, while i(V) > |F|"/* — 1 in the
unitary case.

Proof. i(V) equals the index |1 (V) : S1|, where S| denotes the stabilizer of an isotropic (singu-
lar) vector. Both values are well known. 0O

Lemma 4.2. Let 2 = 1(V) be the commutator subgroup of I(V). If m = dim(V) > 3, then 2
is transitive on every I (V)-orbitin V. (If V is unitary, the statement holds for m > 2.)

Proof. E.g., see [K-L, Lemma 2.10.5]. O

Lemma 4.3. Let g be a unipotent element of H = 1(V)' and set G = (g). For 0 £ v € V let
O = Hv be the orbit of v under H. Then the number of vectors o € O that belong to a regular
G-orbit is at least |F|" — |F|"™=, |F|"=*, and |F|"~2/2 respectively in the symplectic, or-
thogonal and unitary case. In particular: the permutation H-module associated to O contains
regular G-submodules.

Proof. As in Lemma 3.1, let |g| = p® and t = gl’a_]. Set X = V \ V!, where V' denotes the
subspace of fixed vectors of . Then |Gx| = |G| forevery x € X.If V is symplectic, our claim fol-
lows immediately from Lemma 3.1. So, let V be orthogonal or unitary. Observe that O N X # @,
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as O spans V, unless V is orthogonal and m < 2 (e.g., see [K-L, Proposition 2.10.6]). Therefore,
we may assume that v € X. Denote by v(u) the norm of a vector u# in V (v(u) is defined to be
Q(u) if V is orthogonal, f(u, u) if V is unitary). If w € vt and v(w) =0, then v(v + w) = v(v).
Hence, by Lemma 4.2, v + w € O unless m =2 and V is unitary, or m < 3 and V is orthog-
onal. Clearly, v* contains a non-degenerate subspace W of dimension at least m — 2. Hence,
by Lemma 4.1, the number of isotropic (singular) vectors in W is at least |F =4, |F|m=2/2
in the orthogonal and unitary case, respectively. (Recall that the zero vector is not counted in
Lemma4.1.) O

The following basic fact is well known:

Lemma 4.4. Let g be a unipotent element of I (V). Then g fixes an isotropic (singular) vector
v €V, unless V is orthogonal, dim(V) =2 and p = 2.

Let g be a unipotent element of /(V), let v € V be an isotropic (singular) vector fixed by g,
and set W = (v). Let W; be a complement of W in W It is clear that W is non-degenerate.
Thus WIJ- is also non-degenerate and contains W. We choose a basis B = {by, ..., by} such that
by € W, by, ..., by—1 € Wy and by, € Wa, where W;- = W @& W,. With respect to B the Gram

matrix of f is
0 0 1
p,.:[o o 0]

e 0 O

where @ is the Gram matrix of the restriction of f to Wj, and ¢ = 1 unless ¢ is odd and V is a
symplectic space, in which case ¢ = —1. Clearly, 7(®") = ¢®, where ¢ denotes the transpose. If
7 # 1, then @ can be chosen to be Id,;,_>. In particular, t(P) = @; we will always assume the
latter in the sequel.

It is clear that the matrix of g with respect to the basis B has shape

1 % x
|:0 h *:|
0 0 1
where h € I (W1, flw,)-

Set § = Staby (W), S1 = Staby (v) and denote by U the unipotent radical of S, that is: U =
O, (S), the largest normal p-subgroup of S. With respect to B, the elements of S have shape

o a b
|:0 y c:|,
0 0 of

where 0 #a € F, y € I(Wy, flw,) and a* = (@~!")*. The subgroup Q = {s € S | s(W;) =
W;, i = 1,2}, consisting of all block-diagonal matrices diag(c, y, a*) is called the (standard)
Levi subgroup of S. It is well known (and readily seen) that S = U Q (semidirect product). Fur-
thermore, observe that, by our assumptions on H, Q contains no normal non-trivial p-subgroups.

For our purposes, it is also convenient to introduce one more subgroup related to Q. Namely,
we denote by Y the subgroup of H consisting of all the matrices of shape diag(1, y, 1), so that
y € I(Wy). In other words: Y ={M € Q | M|w = 1d}. It follows that S| = UY.
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We observe explicitly that g/ € U if and only if A’ =Id, that is, if and only if (¢ — Id)W+ C
W. In particular, if |g] = p® and t = g”a_l, then 7 ¢ U if and only if |g| = |A|.
We also recall the following properties of the unipotent radical:

Lemma4.5. U’ # 1, unless V is an orthogonal space (in any characteristic) or V is a symplectic
space in characteristic 2. U is a group of exponent p, unless p =2 and V is unitary, in which
case U has exponent 4.

Proof. Direct computation. E.g., see [DM-Z, pp. 240-241]. O

Lemma 4.6. Let V be a unitary space of dimension m > 2, g € 1(V) be unipotent of order

p* > 1, and set t = g”ail. Then there exists an isotropic 1-dimensional subspace W of V such
that g(W)= W and t ¢ U, except when one of the following holds:

() m = p* ' + 1 and Jord g consists of a single block;

(i) m = p*~!' +2 and Jord g consists of a single block;
(iii) m = p®~' + 2 and Jord g consists of two blocks of sizes 1 and m — 1, respectively;
(iv) m = p*~!' 4+ 3 and Jord g consists of two blocks of sizes 1 and m — 1, respectively.

Proof. By Lemma 2.5, we can write V= Vo ® V| @ - - - @ V,., where the subspaces Vi,..., V,
are mutually orthogonal non-degenerate (g)-submodules such that g|y, = Id and for each i > 0
the Jordan form of g; = g|y, consists of a single block of size > 1. We may also assume that the
dimensions of the V;’s are non-decreasing fori = 1,...,r. If dim(Vp) > 1, we pick 0 £ v € V)
to be isotropic. Otherwise, we pick v € Vj to be isotropic with gv =v. Set W = (v). If r > 1 or
r=1andve Vy,then V, CWL, V,NW =0andt]y, #1d imply (t —I)W+ € W,sot ¢ U.
We are left with the cases when r = 1 and Vi =0 or dim(Vp) = 1. If dim(V;) > p"‘_1 + 2, then
t ¢ U. So the lemma follows. (Observe that if m = 3, then ¢ always belongs to U, and therefore
g is ‘exceptional’.) O

Lemma4.7. Let V be a symplectic or orthogonal space with dim(V) > 4. Let g € 1(V) be unipo-
tent of order p® > 1, and set t = g”LH. Then there exists an isotropic (singular) 1-dimensional
subspace W of V such that g(W) = W and t ¢ U, except when one of the following holds:

(i) p>2 m=p* ' +2, Visorthogonal and Jord g = Jy.

() p>2 m=p* 41,V issymplectic, t is a transvection and Jord g = J,,.
(i) p >2, m=2(p*~' +1) and Jord g consists of two blocks of size p®~' + 1.
(iv) p=2,m=2""4+2witha > 1 and Jordg = J,,.

v) p=2,m=2Q2% "4 1) and Jord g consists of two blocks of size 2°~ " + 1.
(vi) p>2,m=2(p*' +1)+1, V is orthogonal and

JOI’dg = diag{]l, ](m—l)/Z, ](m—l)/2}~
(i) p>2, m= p"‘_l + 3, V is orthogonal and Jord g = diag{J1, Jm—1}.
(viil) p>2, m= p‘)‘_1 +4, V is orthogonal and Jord g = diag{Jy, J1, Ju—2}.
(x) p>2 m=2(p* ' +1)+2, V isorthogonal and

Jord g = diag{J1, J1, Jun—2)/2, Jm-2),2}-
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x) p=2,m= 20 4 A witha > 1, V is orthogonal and either Jord g = diag{Jy, J1, Jm—2}
or Jord g = diag{J>, J,—2}.
(xi) p=2,m=22% " +1)+2, V is orthogonal and either

Jord g = diag{Jy, J1, Juu—-2)/2: Jm—2)/2} or Jordg=diag{Js, Jmn-2)/2, Jon-2)/2}-

In particular, if g belongs to one of the above exceptional cases and t is a transvection, then

(>ii) holds.

Proof. By Lemma 2.5, we may write V=V, @ --- @ V,, where the V;’s (i =1,...,r) are
mutually orthogonal non-degenerate (g)-submodules such that the Jordan form of each g; = glv,
consists of all blocks of a given size appearing in the Jordan form of g. If » > 1, by reordering
the V;’s we may assume that the size of the Jordan blocks of g; 1 is greater than that of g;, for
i=1,...,r —1.Thus |g1| <--- <|gr|. We claim that either:

(a;) g fixes an isotropic (singular) vector v € V7; or:
(ap) V is orthogonal, and either g fixes a singular vector v € V5, or p = 2, dim(V]) =
dim(V,) =2 and g fixes a singular vector v € V| & V>.

Indeed, suppose that (aj) does not hold. Then V is orthogonal and either dim(V;) =1, in
which case p > 2 and g; =1d, or, by Lemma 4.4, dim(V7) = 2 and Vj is anisotropic. As m > 2,
Vo # 0. If dim(Vy) = 1, then, as dim(V;) > 2 and p is odd, g fixes a singular vector v € V5.
Therefore (ay) holds. Next, suppose that dim(V}) = 2 and Vj is anisotropic. Then, by Lemma 2.4,
either dim(V2) > 3, or p =2, g1 = Id and dim(V;) = 2. In the former case g fixes a singular
vector v € V, by Lemma 4.4; otherwise, it is easy to see that g fixes a singular vector v € V; @ V>.
Thus (a») holds.

Set W = (v) and let B be as above. Recall that the claim that (r — Id)W+ & W amounts to

saying that hr #1d, or equivalently |g| = |h|. We distinguish the following cases:

Case (1). (a;) holds (for j =1 or2) and r > j. In this case W NV, = 0, hence the projection A :
WL — WL/W is a G-module homomorphism injective on V.. It follows that |g| = |g,| = |A].

Case (2). r = j =1 (so g = g1 and (a) holds). As ker(S; — I (WL/W)) = U, either |g| = |h|
or there is i € N such that Id # g”' € U. In the latter instance 1 < dim(gP' —Id)V < 2, since
dim(u —Id)V <2 foranyu € U. If dim(gpl —1Id)V =1, then Jord g consists of a single block
of size p®~! + 1. If dim(g”" — 1d)V =2, then Jord g consists either of a single block or of two
blocks of equal size. In the former case, the size of the Jordan block must equal p’ + 2. Hence
i =a — 1, as U has exponent p. Suppose first that m is odd. Then V is orthogonal and p > 2.
Hence dim(gpl —Id)V =2 (otherwise gp' would be a transvection) and g has a single Jordan
block of size p*~! 4 2. So we get (i). Now suppose that m is even. If p is odd, then either Jord g
consists of a single block of size m = p*~! + 1, in which case by Lemma 2.4 V is symplectic and
we get (ii), or Jord g consists of two blocks of equal size and m = 2( p““1 + 1), and we get (iii).
Let p = 2. If Jord g consists of a single block, then m = p®~! 42 with « > 1, yielding (iv). If
Jord g consists of two blocks, then m = 2(2%~! + 1) and we get (v).
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Case (3). r = j = 2. Here (ap) holds, and moreover v € V,, since by assumption m > 4 and
r = 2. Arguing as above, we are reduced to the case when there exists i € N such that gé’ —1d

is non-zero and has rank 1 or 2. First, suppose that dim(g” — Id)V, = 1. Then g» consists of
a single block of size p*~! + 1, and therefore p must be odd. Assume first that dim(V;) = 1.
Then p‘”_1 + 1 =m — 1 is even, contradicting Lemma 2.4. Next, assume that dim(V}) = 2, that
is, V1 is an anisotropic plane. As p is odd, m — 2 = p®~! + 1 is even, contradicting once again
Lemma 2.4. Now, suppose that dim(gl" — 1d)V, = 2. Assume that dim(V;) = 1. If m is odd,
then p > 2, Jord go = diag{Jyn—1)/2, Jou—1),2} by Lemma 2.4, and we obtain (vi). If m is even,
then again p > 2, Jordgo = J,—1andm — 1 = p"‘_l + 2, and we obtain (vii). Next, assume that
dim(Vy) =2. If m is odd, then p > 2, g1 =1d, Jordgo = J,,—> and m — 2 = p"‘_1 + 2. This
yields (viii). If m is even and p > 2, by Lemma 2.4 we cannot have Jord g» = J,,—»; thus Jord g»
consists of two blocks of size (m —2)/2 = p*~! + 1, and we get (ix). If m is even and p =2,
then either g1 = Id or g1 = J>. This yields case (x) with « > 1, and case (xi).

(Observe that if m = 3 or 4, then ¢ always belongs to U, and therefore g is ‘exceptional’.) O

Corollary 4.8. Let g € H be unipotent of order p* > 1, and set t = g”ail. Suppose that m >
p*~ VY 4+ 3if V is unitary, and m > 2p®~' + 4 if V is symplectic or orthogonal. Then there exists
a singular 1-dimensional subspace W of V such that g(W) = W and (t — Id)W+ Zw.

Proof. The statement follows immediately from Lemmas 4.6 and 4.7. O

Lemma 4.9. Let V be a vector space over Fy and let x : (V,+) — P be a non-trivial character
of the additive group (V,+). Set K =Ker x. Then the following holds:

(1) K contains a unique hyperplane Vi of V.
(2) Ifg=p°>pandv eV \K, then \v € K for some 0# L e F,.

Proof. (1) is proven in [L-S, Lemma 2.3]. As for (2), let x € K \ Vj. Then, as dim(V/V}) =1,
both V| + x and Vi + v generate V/V;. Thus A(V| +v) = Vi + x for some 0 # A € F,, whence
Av —x € Vy. It follows that \ov € K. O

5. Orthogonal groups and symplectic groups of characteristic 2

As usual, if V is a (possibly degenerate) orthogonal space, we denote by Rad V the subspace
of all vectors orthogonal to the whole of V. Further, we denote by Ro(V) the set of all vectors
x € Rad V such that Q(x) = 0. Clearly, Ry(V) is a subspace of codimension at most 1 in Rad V.

Lemma 5.1. Let V be an orthogonal space ( possibly degenerate) over ¥, such that V /Ro(V)
is not anisotropic. Then V is spanned by its singular vectors. Moreover, if ¢ = 2% > 2 and X
is a subgroup of index 2 of the additive group of V, then V is spanned by the singular vectors
belonging to X.

Proof. By our assumption, Rad V C V. Furthermore, without loss of generality we may assume
that Ro(V) = 0. If RadV = 0, then our first claim follows readily from the classification and
geometry of finite non-degenerate orthogonal spaces. Otherwise, V =RadV L Y, where Y is a
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non-anisotropic non-degenerate subspace of V (observe that V is not anisotropic; if v € V is sin-
gular, then v ¢ Rad V and we may assume that v € ¥). Let 0 # x € Rad V, so that, by our current
assumptions, Q(x) # 0. Since dim(Y) > 1 (otherwise Y would be totally singular), Y is spanned
by its singular vectors and there exists y € Y such that Q(y) = Q(x). Then Q(x 4+ y) = 0. Since
dim(Rad V) =1, the claim follows.

Next, suppose that ¢ = 2% > 2 and X is a subgroup of index 2 of the additive group of V.
Obviously, we can view X as the kernel of a suitable non-trivial character x of (V, +); thus, by
the previous lemma, for any v € V \ X there exists 0 # A € I, such that Av € X. Since, if v is
singular, so is Av, the second part of the statement follows. O

Lemma 5.2. Let V be an orthogonal space (possibly degenerate) over ¥, defined by a quadratic
Sform Q such that Q(V) #0. Let 0 # A € F. Then one of the following holds:

(1) V is spanned by the vectors v such that Q(v) = A;
(2) RadV = Ry(V), V/RadV has dimension 2 and Witt index 1, and g =2 or 3;
3) g is odd and dim(V/Rad V) = 1.

Proof. We first observe that Q is surjective on IF; unless g is odd and V /Rad V has dimension 1,
that is unless (3) occurs. If Rad V = 0, the statement of the lemma is well known. Indeed (e.g., see
[K-L, Proposition 2.10.6]), I (V) is irreducible, except when dim(V) =2, V is not anisotropic
and g = 2, 3. Since the subspace generated by vectors of a given norm A is /(V)-stable, the
result follows. Assume RadV # 0. Then V =RadV & Y and RadV = Ry(V) & Vy, where Y
is non-degenerate (or Y =0) and Q(Vp) Z0if Vo #£0.Set N={x eV |Qx)=A}.If N =0,
then Q is not surjective on IF,. By the above, we get (3). If N # @, let M denote the subspace
spanned by N. By way of contradiction, suppose that M # V. Let x € N. If v € Ryo(V), then
O +v)=0Q(x)=A, hence x +v € N and v € M. Therefore Ro(V) C M. If Vi # 0, then ¢
is even, dim(Vp) = 1 and Q(Vp) # 0. Therefore Q(Vp) =F,, and hence Vy € M. It follows that
RadV C M. If Y =0, we are done. Otherwise, Y "M #Y.If Y N M =0, then M =Rad V.
In this case, A #0 and N C RadV force g even. Then Q(Y) =IF,, and therefore there must
be y € Y such that Q(y) = A, a contradiction. Since Y N M is I (V)-stable, it follows from
above that dim(Y) = 2, Y is not anisotropic and ¢ = 2,3. If V #0, then ¢ =2, A =1 and
one can easily check that Y 4 Vj is spanned by its non-singular vectors. This forces ¥ C M, a
contradiction. Thus Rad V = Ry(V), and V /Ry (V) = Y satisfies the requirements of (2). (In this
case, dim(M) =dim(V)—1.) 0O

Remark. Case (2) in the above lemma provides real exceptions. For, assume Rad V = 0, so that
dim(V) = 2. Let ¢ = 2. Then we may choose in V a basis (b, ¢) such that Q(b) =0, Q(c) =1
and fo (b, c) = 1. It follows that c is the only non-singular vector in V. Next, let ¢ = 3. Then we
may choose in V' a basis (b, ¢) such that Q(b) =1 = —0(c) and fp(b,c) =0. It follows that
+b are the only vectors x € V such that Q(x) = 1.

Lemma 5.3. Let V be an orthogonal space ( possibly degenerate) over ¥, defined by a non-zero
quadratic form Q. Suppose that the codimension of Rad V in V is greater than 1 and let V| be a
subspace of V of codimension 1. Set J ={x € V\ Vi | Q(x) # 0} and L = (J). Then one of the
following holds:
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(1) L =V (this includes the case when V /Rad V is either an anisotropic plane, or a hyperbolic
plane with g > 3).

(2) g=2o0r3, RadV = Ry(V), and V/RadV is a hyperbolic plane. (Observe that L = 0 iff
this case holds with g =2 and Q(V1) # 0; whereas 0 £ L # V iff g =3 and Q(V1) #0.)

3) g=2, QRadV)#0and V/RadV has dimension 2.

4) g =2, V/RadV has dimension 4 and V| contains an anisotropic plane. (Additionally,
Q(Rad Vi) #0.)

Proof. The proof is based on induction on dim(V). By Lemma 5.2 J # @, hence L # 0, except
possibly when case (2) of Lemma 5.2 holds [case (3) is ruled out by assumption]. Suppose the
latter happens. Set V/RadV = (b, ¢). Then b and ¢ may be chosen as in the remark above. By
abuse of language, we identify b and ¢ with elements of V. Let ¢ =2 and x =r + Ab + pc, with
reRadV.Since Q(x) =2 +ipu=p(h+pn), O(x) #0iff u =1and A =0, i.e. iff x = r +c.
It follows that L =0 iff RadV C Vj and Q(Vy) # 0. Now let ¢ =3, x =r + Ab 4 uc, with
reRadV. Since Q(x) =22 — u? = (A + W)L — ), Q(x) # 0 iff either A =0, u = £1 or
A ==1, u=0.It follows L # 0. It is also easy to check that L # V iff Q(V) #0.

Suppose that neither case (1) nor case (2) holds. Then 0 £ L # V. Set L1 = L N V. Clearly
L1 # V1 (otherwise we would have L = Vi, whence J C Vi, a contradiction). Set N =V \ L1.
Letx = j+ay,where j € J,y € N and 0 # o € IF,. Then Q(x) = 0, otherwise x € J and hence
y € L, which is a contradiction. Now observe that 0 = Q(x) = Q(j) + azQ(y) +oafo(j,y).
If Q(y) =0, then fo(j,y) #0 and g =2 (indeed, if ¢ > 2 we can always pick o # 0 such
that Q(j +ay) #0). If Q(y) #0, then fp(j,y) =0 and g =2. Indeed, if fp(j,y) #O0, then
O +ay)=0(j) #0 for a = —fo(j,y)/Q(y). Now, assume that g > 2. Then Lemma 5.2
implies that there exists some y € N such that Q(j) + Q(y) = Q(j + y) # 0 (which is a con-
tradiction) unless possibly when (i): ¢ is odd, dim(V;/Rad V1) =1 and Q(V1) #F,; (i): ¢ =3
and Vi /Ro(V1) is a hyperbolic plane. Suppose that (i) holds. Assume first that Rad V ¢ V;. Then
V = V] & (x) for some x € RadV. This means that Rad V; is properly contained in Rad V,
which in turn implies that Rad V has codimension at most 1 in V, against our assumptions. So,
assume that Rad V C V}, and hence Rad V C Rad V. Set V= V/RadV, \71 =V;/Rad V. Then

V| has codimension 1 in V; hence dim(Vll) = 1. It follows that dim(Rad V;/Rad V) < 1. If
Rad Vi =Rad V, then V is a plane. It is easy to check that, if V is anisotropic or hyperbolic with
q > 3,then L =V and we fall under case (1). Otherwise ¢ = 3 and we fall under case (2). So we
may assume that dim(Rad V;/Rad V) = 1. In this case dim(l_/) =3, and therefore Rad V| /Rad V
is a maximal totally singular subspace of V. Thus, each vector in V \ Rad V] is anisotropic.
Without loss of generality, we may assume that RadV = 0. Let » € Rad Vy, v; € V] \ Rad Vy,
x € V\ Vi. Then (r,v1,x) = (r +x,v1 +x,x) = V. Since r + x, v1 + x, x ¢ V1, it follows that
L =V and we are back to case (1). So, suppose that (ii) holds. Then, by Lemma 5.1, Vi /Ry (V1)
is generated by its singular vectors. It follows that N contains an element y’ such that Q(y") = 0.
By the above, this would imply g = 2, a contradiction.

To sum up, at this stage we may assume that ¢ = 2. Furthermore, we know that, for j € J,
YEN, fo(j,y) #0if Q(y) =0, and fo(j,y) =0if Q(y) # 0. Suppose first that V contains
a totally singular subspace V> of codimension 1. Then, by our assumptions, Rad V' is (properly)
contained in V5. In particular, Rg(V) = Rad V and therefore V/Rad V is a non-degenerate or-
thogonal space containing a totally singular subspace of codimension 1. It follows that V/Rad V
is a plane and we fall under cases (1) or (2). Thus, from now on, we assume that

(*) V does not contain any totally singular subspace of codimension 1.
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In particular, Q(V7) # 0 and V; Sz Rad V' (the latter is clear, since Rad V has codimension
at least 2 in V). Suppose first that V; = Rad V;. Then Rad V ¢ Rad V| would imply Rad V +
Rad V| =V, whence V| = Rad V| C RadV, a contradiction. It follows that Rad V C Rad Vy,
and hence, as seen above, dim(Rad Vi /Rad V') = 1. This means that V/Rad V has dimension 2,
and we fall into case (3). So we may assume that dim(V;/Rad V1) is greater than 1 and therefore,
by induction, that the statement of our lemma is true for V; (with V| replaced by a subspace L;
of codimension 1 in V; and containing L1). So, we proceed to evaluate all options (1)—(4) case-
by-case.

Case (1a). Here V| is spanned by the non-singular elements belonging to N. Hence L € VIJ-. If
RadV C Vi, then L C VIJ- C Vi1 +RadV = Vi, which is a contradiction. Therefore Rad V g Vi,
and hence RadV 4 V| = V. It follows that fo(V,L) = fo(Vi,L) =0, whence L C RadV.
Now, write RadV = Ro(V) @ Vp. Clearly L € RadV forces Vp # 0. Suppose first that
Ro(V) € Vi. Then, forany r € Ry(V)\ V; and for any y € N with Q(y) # 0, we have r +y ¢ V.
As Qr +y)=0Q() #0, we get r + ye J € L CRadV, and hence y € RadV. As the
y’s span Vi, we get V| € RadV, contrary to our assumptions. Thus Ro(V) C Vi, and hence
Ro(V) = Vi NRadV = Ry(Vy). Moreover, as RadV; € RadV, Ry(V;) = Rad V. Now ob-
serve that V1 N Vy = {0} and Vp \ {0} C J. Let vy € V| with Q(vy;) =0, 0 # vg € Vp. Then
Q(v1 4+ vg) = Q(vg) # 0 and vy + vy ¢ Vi. Thus v; + vg € L, whence vy € L. It follows that
V1 is not spanned by its singular vectors, and hence, by Lemma 5.1, V{/Ro(V}) is an orthogonal
(anisotropic) plane. As Vi /Ro(V1) =V/(ViNRad V)~ (Vi +RadV)/RadV =V /Rad V, we
fall into case (3).

Case (2a). Here Ro(V1) = Rad V] and V/Ro(V}) is a hyperbolic plane. Thus V) contains a
totally singular subspace V, of codimension 1. In particular, V, has codimension 2 in V, and
hence by (%) is a maximal totally singular subspace of V. Assume first that Rad V ¢ V,. Note
that RadV + V;, #£ V, otherwise V, € RadV, whence RadV = V, against our assumptions.
Thus Rad V + V; is a subspace of codimension 1 in V. It follows that (RadV + V,)/RadV
is a totally singular subspace of codimension 1 in V/Rad V. Hence V/RadV is a plane. Now
observe that Ro(V) # RadV (otherwise Rad V 4 V, would be a totally singular subspace of
codimension 1 in V). In particular, Rad V ,,CZ Ro(V1) =Rad Vi, and hence Rad V gZ V1. It follows
that Rad V 4+ V| =V, whence Ro(V1) € Rad V, which in turn implies that Ry(V1) = Ro(V) =
V> NRad V, by dimension reasons. We claim that these conditions force L = V. Clearly, we may
assume Rp(V7) = Rop(V) =0.SetRadV = (r), Vo = (x), W = (r,x) =Rad V & V», a subspace
of codimension 1 in V. Clearly Q(r) = Q(r + x) = 1 and neither r nor » 4+ x lie in V. Choose
vi € Vi\ Vo. Thenr +v; ¢ W, and hence fo (v, x) =1 (as vt = W). Also, we may assume that
Q(v1) = 0. [For, suppose Q(v1) = 1. Then (vi +x) € V1\ V2, Q(v1 +x) = Q(v1) + fo(vi, x) =
0 and we replace vy with v +x.] Thus Q(r +v1) = Q(r) + Q(v1) = 1. Asr + vy ¢ V|, we con-
clude that L = (r,r + x,r 4+ v;) = V. Next, suppose that RadV = V,. Then V/RadV is an
anisotropic plane and it is easily seen that this leads again to L = V, a contradiction. (Indeed,
let V=(RadV,b,c), Vi =(RadV,b), where Q(b) = Q(c)= Qb +c)#0.Thenc,b+ceJ
forces b € L, whence L = V.) So, we are reduced to the instance RadV C V. In this case
Rp(V)=RadV and V/Rad V has dimension 4, since it is non-degenerate and contains a totally
singular subspace of codimension 2. W.l.0.g. we may assume Rad V = 0, so that V is a hyper-
bolic 4-dimensional space. Set Vo, = (a,c) C V1, V = (a, b) L (c,d), where (a, b) and (c, d) are
hyperbolic pairs. It is then easy to compute that, once again, L = V.
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Case (3a). Here Q(Rad V{) # 0 and V;/Rad V| isaplane. If Rad V gZ Vi,thenV =V +RadV,
and hence Rad V] is properly contained in Rad V. It follows that V/Rad V is a plane. Since
Ro(V) # RadV, we fall into case (3). If RadV C Vi, then clearly V/RadV has dimension
>4.Set V=V/RadV, Vi =Vi/RadV, Ro(Vi) = (Ro(V}) + Rad V)/Rad V. Clearly V; has
codimension 1in V. As V is non-degenerate, dim(Vll) < 1. Hence, dim(Rad ‘71) <1.Asg =2,
dim(Rad V) is exactly 1 (otherwise V would have odd dimension). As Ro(V;) € Rad V; and
|V : (Ro(V1) + Rad V)| < 4, we conclude that V/RadV has dimension 4. Thus V falls into
case (4).

Case (4a). Let V) = RadV) & W, so that W is non-degenerate and dim(W) = 4. Observe
that W is spanned by its singular vectors as well as by its non-singular vectors. Moreover,
W has 9 or 5 non-zero singular vectors and 6 or 10 non-singular vectors, depending on the
Witt index of W. As W is non-degenerate, V = W & W+, RadV; C Wi and Wt Z V.
Hence WL N V; has codimension 1 in W-. Assume first that there is / € WL such that
[ ¢ Vi and Q(I) = 1. (By Lemma 5.2, this is always possible unless: (:x) Rad WL =Ry(Wh),
dim(W+/Rad WL) =2 and W /Rad W+ has Witt index 1.) Let us consider the vectors [ 4+ w
such that w € W and Q(w) = 0. Then Q(l + w) = Q() =1, and hence [ + w € L. As W
is spanned by its singular vectors, L contains (/, W). Suppose that V is non-degenerate. As
Rad V =0, dim(Rad Vi) = 1, hence dim(W=) = 2. Set Rad V| = (r). Then W+ = (I, r) is non-
degenerate and hence fp(l,r) = 1. It follows that Q(! +7r) = Q) + fo(l,r) + Q(r) = O (7).
If Q(r)y=1,thenl+r e L;soRadV; C L and L = V. Hence we assume Q(r) = 0. Then
OU+w+r)=14+0w)+ fol,r)=Q0(w). If Q(w)=1,then/+w+re L. AsLD(l, W),
again we conclude that L = V.

Now assume that Rad V = 0. By factoring out Ry(V'), we can assume with no loss of general-
ity thatdim(Rad V) =1 and Q(x) =1 for0# x e Rad V. Now Q4+ w+x) = Q(w). It follows
that Q(l + w + x) = 1 provided we pick w such that Q(w) =1.If x € Vi, then/+w+x € L,
whence L =V, as L 2 (I, W). Suppose x ¢ V. If RadV| =0, then V=W @ (/) = L. Other-
wise, pick 0%y eRad V. Then y + w+x ¢ Vi and Q(y +w +x) = Q(y) + Q(w) + 1. If we
choose w € W such that Q(y) + Q(w) =0, then y+w+x € L, whence y+we L, Vi C L,
and hence L = V.

So, we are left to consider case (sx): here we have Q(I) =0 foralll € W\ (WEN V). As-
sume first that Rad V = 0. Then dim(V) = 6 forces dim(Rad V) = 1. Also, dim(W') = 2 and
W+ is not anisotropic. Moreover, Q(/) =0 forall/ € W\ (Wtnwvy) implies Q(Rad V) #0.
For, let Rad V] = (r). Then r1 = V,. Hence Or+0) =0+ QW). If Q(r) =0, then
Q(r+1=1,withr+1€ wt \ (WL N Vy): a contradiction. Let us consider the vectors [ + w,
where w runs over the non-singular vectors of W. As Q(I + w) = Q(w) = 1, all such vectors
belong to L. Let Wr = L N W. As the 4-dimensional space W is spanned by its non-singular
vectors, and (I + w) — (I + w’) = w — w’ € W, whenever w and w’ are non-singular, it follows
that dim(Wy) > 3. From this it also follows that W, contains a non-singular vector w”. Then
I+ w” € L forces I € L and hence w € L for all non-singular vectors w € W. It follows that
(I, W) € L. Now, observe that Q(r) =1= fo(l,r), as W is non-degenerate of dimension 2.
Hence OQ(/ + w +r) = Q( + w) = Q(w). Picking w non-singular, [ + w € L forces r € L,
whence L = V.

Finally, assume that RadV # 0. As RadV = Ro(V) = Rad W, we may write V =
Ro(V) ® U, where U is non-degenerate and contains W. As dim(W=/Rad W) = 2, it follows
that dim(U) = 6. Suppose first that Ry(V) C Vi andlet Uy =UNV. If U C Vi, Ry(V) C V;
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forces V C V1, a contradiction. So, Uy has codimension 1 in U. Let Jy ={l e (U\Uy) | Q1) =
1}, Ly = (Jy). Since dim(U) > 4, it follows by induction that Ly =U C L. As Q(l +r) =1
and !/ +r ¢ V) forany l € Jy, r € Ry(V), it follows that L = V. Now, we are left with the case
where Ry(V) Q V1. Set 1’?\0 = Ro(V)\ (Ro(V) N Vp) and consider L1 = L N V;. Let M be the
set of all the non-singular vectors in V. As dim(V;/Rad V;) =4, by Lemma 5.2 V] is spanned
by M.Letvie M, r € i?\o: then Q(vy; +r) =1, hence v| +r € L. It follows that, for v{, v € M,
(v +r)+ (va +7r) =v; + v2 € Ly. In particular, if (vq, va, ..., vy) is a basis of V| contained
in M, then the vectors v; — v; (2 < j < h) are independent, and hence dim(V;/L1) < 1. As
V1 contains the non-degenerate subspace W, Q(L1) # 0. Now, pick /1 € L1 with Q(l1) = 1. As
both /1 and /1 4+ r belong to L, r also belongs to L. Thus vy € L, for all v; € M. We conclude
that V.= (V;,Ro)=L. O

Remark. Observe that case (2) is afforded by the examples given in the remark preceding
Lemma 5.3. Case (3) is afforded by the following example. Let ¢ = 2 and define V of dimen-
sion 3 via a basis (b, ¢, r) such that (r) =RadV, Q(b) = Q(c) = Q(r) =1 and fp(b,c) =1.
Set Vi = (b, c). Then V| is anisotropic and L = (r). Additionally, if one chooses V| = (c, r),
then L = (b, b + c). Case (4) also actually arises. To see this, define V to be the orthogonal sum
of two anisotropic planes over F, say V = P; L P,, and pick V| = (P, d), where 0 #d € P.
Let (p,d) be a basis for P;. Then it is easy to see that J = {p, p + d}. Hence L = (J) has
dimension 2. Moreover, 0 = Ry(V7) # Rad V1 = (d).

Lemma 5.4. Let x be a unipotent element of GL(m, q) of order p®. Suppose that Jordx = J,,
and x?’ = y #£1d, for some B > 0. Then Jord y contains at least two non-trivial blocks of equal
size, unless:

() pisodd, m=p®'+1andy=xP"isa transvection;
(i) p=2and m is odd.

In case (i) Jord x* = diag{Jy,1 1, Ju}; furthermore, any other non-identity 2-power of x has
at least two non-trivial blocks of equal size, unless h =2V for some y and 8 =y + 1, in which
case y is a transvection.

1 o

Proof. Recall that if a unipotent Jordan block J,, of size m has order p*, then p*~" <m < p*.
An easy computation shows that the blocks of Jord x? have sizes (%1, [m;I 1, (”’7_21, ... (where
[x] denotes the least integer not less than x). Thus, if m = ph, then x? has p blocks of size .
If m=ph+r (0 <r < p), then xP has r blocks of maximal size # 4+ 1 and p — r blocks of
size h. It follows that every non-identity p-power of x has at least two non-trivial blocks of
equal size, provided m # 1 mod p. Suppose that r = 1, so that x” has p — 1 blocks of size A.
Observe that two blocks of sizes & + 1 and A, respectively, have the same order, unless 7 = p”
for some y, in which case |J;| = p¥, whereas |J;11]| = p¥*!. Thus, if p > 2 and h # p?,
we are done. If p > 2 and 2 = p”, then y =« — 1 and (i) holds. If p =2 and h # 2V, then
either 4 or & + 1 is even, and therefore every non-identity 2-power of the corresponding block
(hence of x?) has at least two non-trivial blocks of equal size. Next, suppose that p =2 and
h =27, Then each power (x2)23, s <y, has at least two non-trivial blocks of equal size, whereas
Jord(x?)? = diag{(]zur])zy ,1day } = diag{J>, Id,yy+1_;}, hence (x2)?" is a transvection. O
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Lemma 5.5. Let V be either a symplectic space or a (non-degenerate) orthogonal space of
dimension m > 5 over ;. Let x : (V,+) — P be a non-trivial character of (V,+), ¢ € P be a
non-trivial p-root of 1, and 0 # u € V. Then for eachi € {0, ..., p — 1} there exists x; € [ (V)
such that x (x;(u)) = gl Additionally, the same holds if dim(V) =4 and V is either symplectic
or orthogonal with g > p =2.

Proof. Let 0 # v; € V be a vector such that x (v;) = &'. If V is symplectic, then obviously u
and v; lie in the same I (V)'-orbit and the result follows. So, assume that V is orthogonal with
defining quadratic form Q. By Lemma 2.3 in [L-S] (cf. Lemma 4.9), V contains a unique hy-
perplane V; such that x (V1) = 1. Suppose first that i = 0 and vg € V. As V is non-degenerate,
Vi =Rad V] & W, where dim(Rad Vi) < 1 and W is non-degenerate. As dim(W) > 3, W con-
tains a non-zero vector w such that Q(w) = Q(«) and x(w) = 1. By Lemma 4.2, u and w lie in
the same I (V)'-orbit, and we conclude that the statement of the lemma is true for i = 0. Next,
suppose that i # 0 and p is odd. Assume first that V] is degenerate, and let O # r € Rad V;. Then
v; ¢ r*, and hence, without loss we can assume that foi,r)=1.As Q(v; +ar) = Q(v;)+2a
for any a € IF,;, we can choose a such that Q(v; +ar) = Q(u). As x (v; +ar) = x(v;), we are
done, again by Lemma 4.2. Now, suppose that Vi is non-degenerate. Set L = V1 N vl.L and let
w e L. Then x(v; + w) = x(v;) =&’ and Q(v; + w) = Q(v;) + Q(w). We need to show that
w can be chosen in such a way that Q(u) = Q(v;) + Q(w) and v; + w # 0. To this purpose,
we have to check that Q| is surjective. If L = V|, we are done provided m > 2. Otherwise,
dim(L) = m — 2 forces dim(Rad L) < 2, and hence dim(L/Rad L) > 2 provided m > 6. It fol-
lows that the quadratic form induced on L/Rad L by Q is surjective on I, and we are done. On
the other hand, if m = 5 then dim(L) = 3. Hence, L = Rad L & X, where X is a 2-dimensional
non-degenerate space. This implies that Q| is surjective also when m = 5.

We are left with the case when p = 2. Clearly, if Q(RadL) # 0 we are done. So, we may
assume that Rad L = Ro(L). This implies that L /Rad L inherits an orthogonal structure from L.
Observe that dim(L) > m — 2 forces dim(Rad L) < 2. Thus, the non-degenerate space L/Rad L
has dimension at least m — 4. It follows that the quadratic form induced on L/Rad L by Q is
surjective on F; provided m > 6, and we are done.

Finally, suppose that m =4 (and ¢ > p =2). Then V] =Y @ Rad V;, where dim(Rad V7)) =1
and Y is a non-degenerate subspace of dimension 2. As V| contains a non-zero vector of
any norm, the case i = 0 is done by Lemma 4.2. Let i % 0. Then V = (V,v;) and V; #
viJ- (as v; is isotropic). Let (r) = RadV;. As above, we may assume that fg(v;,r) = 1. If
QRad V) =0, Q(v; +ar) = Q(v;) +a = Q(u) for some a € IF;, and we are done. So sup-
pose that Q(Rad V1) # 0. Then, as fo(v;,r) #0,r ¢ L=V N viJ-. Hence Vi =RadV; @ L. If
L is not anisotropic, then we are done. If L is anisotropic and Q(u) = 0, then we cannot find
in L a non-zero vector with the same norm as u. However, if ¢ > 2, then ker x 2 V;. Consider
ker x N viJ-. Then ker x N vf- 2 L (indeed, |V : L| = g2, while |V : ker x N viJ-l =2q). As vil
has dimension 3, it contains a non-zero vector x such that Q(x) = 0. As ker x has index 2 in the
additive group of V, a suitable non-zero multiple of x lies in ker x, by Lemma 4.9(2). (Indeed,
if x ¢ ker x and also ux ¢ ker x (u # 0, 1), then x + ux = (1 + u)x € ker x. Thus the vector
1+ w)x willdo.) O

At this stage, we are able to prove the following result. (Observe that the statement addresses
to a central extension of H, in order to include in our treatment the spinor group in the orthogonal
case.)
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Theorem 5.6. Let F be a finite field of characteristic p and order p®. Suppose that either V is a
non-degenerate orthogonal space over F, or p =2 and V is a non-degenerate symplectic space.

Moreover, assume m = dim(V) > 4 (m >6ifqg=2). Let (V) CHC I(V) and let H be a
central extension of H such that (|Z(H)| q) = 1. Let g be an element ofH of order s = p* > 1,

and 6 € Irrp H with dim6 > 1. Then | SpecO(g)| = s. Furthermore, if m > 2p*~! + 4, then the
multiplicity of every eigenvalue of 0(g) is at least max{1, p@m—60-a},

Proof. We first observe that, for m and g even, every unipotent element of Sp(V) is conjugate to
an element of O (V) or O~ (V) (see [S-Se, Lemma 4.1]). Therefore, we may restrict ourselves
to the case when V is orthogonal Also, since I (V)/I (V)’ has exponent 2, we may assume that
g€ H if p>2.1f p=2,then g> € H, but in this case H splits to Z(H) x H.

For a subgroup X of H, we denote by X the preimage of X in H. Observe that H acts on
14 via the homomorphlsm H— H. Let W= (v) and Wj be defined as above. Set G = (g),
S1 = Stabg (v), U=0 (Sl) Then U ~ U is an elementary abelian group of order g™~ =2 (cf.
Lemma 4.5). For this reason, we shall write U for U.Let K denote the group of characters of U,
and let ¢ be an irreducible constituent of 6|5, which is non-trivial on U (such a ¢ certainly exists,
since H' is quasi-simple, hence ker 6 has order coprime to p). Let T be the PS)-module afforded
by ¢. Then T'|y decomposes into homogeneous components 7., namely 7' |y = @, cx Tk, where
Te ={x € T: ux =k (u)x} and the summation runs over an §1 -orbit O of non-trivial elements
of K. Obviously, U lies in the kernel of this action, so in fact K is acted upon by S /U =~ Y.
Observe that U can be endowed in an obvious way with the structure of F-vector space, and
viewed as an FY-module isomorphic to Wj. Since Wy is self-dual, K is isomorphic to W; as
FY-modules. This isomorphism turns K into a non-degenerate orthogonal space with quadratic
form Q, say, and S /U preserves Q. It follows that O is permutationally isomorphic to an orbit
of ¥ on Wi.

As above, let i denote the projection of g into Y. If |g| = |k|, then each h-orbit on O is also
a g-orbit, and in particular the number of regular g-orbits coincides with the number of regular
h-orbits. Therefore, we can use Lemma 4.3 to estimate the number of the regular g-orbits on O:
this is at least p*"~%, where n = m — 6. It follows that the underlying space of ¢ contains a direct
sum of at least p?" =0~ copies of the regular FG-module. If m > 2p*~! + 4, by Corollary 4.8
v can be chosen such that |g| = ||, and the result follows.

By the above, we may now assume that |g| > |#|. We have to show that also in this case
| SpecB(g)| = s, that is, every |g|-root of 1 occurs as an eigenvalue of 6(g). Set r = gl’a_l: then
t € U. It follows that one of the exceptional cases listed in Lemma 4.7 holds (for, otherwise,
we can switch to a conjugate g of g such that g/’“" ¢ U). Furthermore, by Proposition 1.2,
we may assume that g #¢. Let K; = {k € K: k(¢) = 1}. Then |K : K;| = p and gK; = K;. As
noted above, we can use the additive notation for K, and view K as an FFG-module dual to, hence
isomorphic to Wj. Observe that the map y; sending « to « (¢) is a character of K, and K; = ker x;.
Thus, by Lemma 2.2 in [L-S], K; contains a unique F-subspace K’ of codimension 1 in K, which
is therefore g-stable as well.

Let & be a non-trivial p-root of 1. Set K; = {k € K | Tc #0, «(t) =¢'} and T = Bk, Te
fori =0,..., p—1 (thus T is the t-eigenspace for the eigenvalue &'). Due to our assumptions
on dim(V), Lemma 5.5 applied to V=U ~ Wy, u =t and I (V) = I (W) =~ §1/U ensures
that K; is non-empty for each i. Obviously g7® = T hence gK; = K, for each i. We claim
that, for each i, there exists x; € K; such that |Gk;| = p“’l. For this, it suffices to show that
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g1 = g”%2 does not act trivially on K; for each i. Suppose the contrary: then there is some i
such that g1 acts trivially on the subspace (K;). We claim that this leads to a contradiction.

First, we observe that (x): g1|x 7 Id, otherwise g1|w, = Id, and the latter implies that g; =
g"’%2 € U, which is not the case as U has exponent 2.

Next, we show that (xx): if (m, p) # (6, 2), then g; does not act trivially on any subspace X
of codimension 1 in K.

Indeed, assume (xx) is false. Then dim(g; — Id)K = 1. This implies dim(g; — Id)W; =1,
whence dim(g; — Id)V < 3. As |g{| = p?, Jordg; has a block of size at least p + 1; hence
dim(g; — Id)V > p. It follows that p < 3. Assume first that p = 3. Then, in view of the lim-
itation on dim(g; — Id)V, Jord g; = diag{Js4, Id,,_4}. However, this contradicts Lemma 2.4(b).
So p =2. In view of the above, Jord g1 has blocks of size at least 3, but cannot have blocks of
size greater than 4. By Lemma 2.4(a), Jord g cannot contain a single block of size 3. It follows
that Jord g; has no blocks of size 3, whence Jord g1 = diag{Ju, Id;,—4}. In this case, g = g1 by
Lemma 5.4. This implies (case (x) of Lemma 4.7) that m = 6, against our current assumptions.

Set M =K'nN KI-J‘ and assume first that m > 6. We distinguish two cases.

Case (1). Suppose first that M = K'. In this case, denote by J the set of all singular vectors
of M. Clearly, J # 0, as dim(M) =m — 3 and m > 6. Since Q(k; + B) = Q(x;) forevery B € J,
by Lemma 4.2 the orbit Y«; contains all vectors «; + 8, where 8 € J: hence Ty, g # 0 and
ki + B € K;. Then g1 (k; + B) = ki + B implies g1(B) = B foreach 8 € J. Since |K : M| =1 and
K is a non-degenerate space of dimension at least 5 (at least 6 if p =2), dim(Rad M) < 1. Hence
dim(M/Ro(M)) is at least 3 if p is odd, and at least 4 if p = 2. In both cases, by Lemma 5.1 M
is generated by J. It follows that g1| g/ = Id, which contradicts ().

Case (2). Here M = K’ N /cl.L has codimension 1 in K’. Observe first that Q(K’) # 0, as
|K:K’| =1 and K is a non-degenerate space of dimension at least 5. Also, dim(Rad k") < 1
forces dim(K’/Rad K’) > 3. Let us denote by J the set of all vectors 8 € (K’ \ M) such that
Q(B) # 0. Moreover, if ¢ = 2, let us make the additional assumption that dim(K’/Rad K') > 4.
Then K’ satisfies the assumptions of Lemma 5.3 but does not fulfill the conditions stated in
cases (2)-(4) of the same lemma. Hence J spans K’'. Since 8 ¢ KiJ‘ for each B € J, setting
v =—fo(ki, B)/Q(B) we obtain Q(k; + vB) = Q(k;) + vfo(ki, B) + > Q(B) = Q(k;). Re-
placing every 8 with v8, where v is chosen as above, we conclude that K’ is spanned by the
set J; of all B € J such that Q(x; + B) = Q(k;). As in case (1), we only need to show that
k; + Ji contains a vector x with |Gx| = p"‘_l. If this is not so, g1|x’ = Id, which contradicts
(*x). Finally, it remains to consider the case when ¢ =2 and dim(K’/Rad K’) = 4. In this in-
stance, dim(Rad K”) < 1 implies that dim(K) < 6, and hence m < 8. Therefore, we are left with
the groups 01(8, 2), which can be handled scrutinizing the Atlas [Atl], together with the Mod-
ular Atlas [MAtl]. In conclusion, we have proved that, for each i, there exists k; € K; such that
|Gki| = p*~". Considering the G-submodule @, .y, Tx of T, it now follows from [DM-Z,
Lemma 2.14], that Spec¢(g) contains all p®~!-roots of . As i is arbitrary, we deduce that
| Spec(g)] =>s.

Finally, we deal with the case where m = 6, ¢ > p = 2. Keeping the notation introduced
above, we distinguish two cases:

Case (1a). M = K'. Then K’ C kf-, hence K’ = kiJ- as both K’ and kl.l are of codimension 1
in K.As p=2,k; € kf- = K’, which implies i = 0. If koL is spanned by its singular vectors,
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the argument developed for case (1) still works. So, let us suppose that k(J)- is not spanned by its
singular vectors. Then, by Lemma 5.1, koL / Ro(ké) is anisotropic. In particular, as dim(K’) = 3,
Rad(ky") = Ro(ky), whence Q (ko) =0 (as ko € Rad(ky")). Also, for any A € F x (ko) = 1, as
Akg € ki =K' C K;. By Lemma 5.3 (with V| = kd‘), we know that K is spanned by the non-
singular vectors lying in K \kol. It follows, by Lemma 4.9(2), that K is also spanned by the set
J; of the non-singular vectors lying in K; \kOL. For any x € J;, L € F, one has x;(Ako + x) =
Xt (Ako) x: (x) =1 (as Akg € K;) and Q(Ako + x) = Afo(ko, x) + Q(x). Thus, we can choose
A= Q(x)/folko, x) to obtain Q(Ako + x) = 0. It follows that the vectors ko and Lko + x (with
x € J; and A such that Q( ko + x) = 0) span the whole of K. All these vectors lie in Kg. So g1
acts non-trivially on Ky, as otherwise g1|x = Id, which is false.

Case (2a). Here M =K' N kl.J- # K', so dim(M) = 2. Let J’ denote the set of non-singular vec-
torsin K’ \ M. As dim(K') =3, K’ = (J’) by Lemma 5.3. For x € J', set A = fo(k;, x)/Q(x).
Then Q(k; + Ax) = Q(ki) + A(fo(ki,x) + 2Q0(x)) = Q(k;) and x, (ki + Ax) = x:(k;), as
Ax € K' C K;. Therefore k; + Ax € K;. It follows that (K;) contains k; and (J') = K’, hence
(K;) 2 {k;j) + K’. Assume first i #0. Then k; ¢ K’, so K = (k;) + K’, and hence (K;) = K,
contradicting (x). Now let i = 0. The same contradiction holds if ky ¢ K’. Hence we may as-
sume that kg € K'. Tt follows K’ C (Kp) # K, whence K’ C (Kp). In addition, Akg € K’ for
every A € F. If Q(ko) #0, koL is spanned by its singular vectors, hence there is x € koL \ M such
that Q(x) = 0. By Lemma 4.9(2), a multiple of x lies in K;, hence we can assume x € K;.

Thus Q(ko + x) = Q(ko), and moreover, as kg € K’ C K, and x € K;, x(ko +x) = 1. So
ko +x € Ko, whence x € Ky and K = (x, K') C K.

So now we assume that Q (ko) = 0. Observe that ¢* = |K| # |K' Uy | < 2¢°. Pick x ¢ (K \
(K'U Kol)). Then every non-zero scalar multiple of x is not in K \ (K’ U Kol). By Lemma 4.9(2),
we can pick x € K; such that x ¢ (K’ U Kd‘). Then x (Ako 4+ x) =1 for any A € F. In addition,
Q (ko +x) =Afo ko, x) + Q(x), s0 Q(Akg + x) =0 = Q(kp) for a suitable A € F. Therefore,
Ak + x € K for such A, whence x € (K() = K’. This is a contradiction. O

The previous theorem leaves us to examine the groups H = Sp(4, ¢) and H = Sp(6, 2), when-
ever one of the exceptional cases listed in Lemma 4.7 applies to the unipotent element g.

The group Sp(6,2) provides a true exception, as shown by the following lemma (where the
notation of [Atl] for conjugacy classes is used).

Lemma 5.7. Let H = Sp(6, 2) and let g be a 2-element of H. Then g has |g| distinct eigenvalues
in every non-trivial irreducible representation 6 of H, unless dim0 = 7. In the latter instance,
one of the following holds:

(1) |gl =4, g € (4A), Jord g =diag{Js, J1, J1}, degb(g) =3 and Specb(g) = {£v—1, 1};
(i) |gl =8, g € (8A), Jordg = Jg, degb(g) = 6 and £=+/—1 ¢ SpecH(g);
(iii) |g| =38, g € (8B), Jordg = Jg, degb(g) =7 and —1 ¢ SpecH(g).

Proof. We may either inspect the Brauer characters in [MAtl], or make use of the package GAP
(see [GAP]). The details for 6 of dimension 7 are as follows. If g € 4A, then g? € 2B and

x(g) =3, x(g%) = —1. It follows that Jord(d(g)) = diag(v/— 1, v/—1, —v/—1, —/=1,1, 1, 1).
In the case of the other elements of order 4, |SpecO(g)| = 4. Let |g| = 8. If g € 8A,
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then g2 € 4A, g* € 2B and x(g) = —1, x(g?) =3, x(g*») = —1. Hence Jord(A(g)) =
diag(e, &3, 82, ¢, —1,—1,1) (here &> = /—1). Similarly, if ¢ € 8B, then Jord(6(g)) =
diag(e, 83,85, el /=1, =/—1, 1). The other elements of order 8 have 8 distinct eigenval-
ues. O

The next lemma deals with the group Sp(4, ¢) (in which case |g| < 4).

Lemma 5.8. Let H = Sp(4, q), where q > 2 is even. Let g € H with |g| = 4. Then 0(g) has 4
distinct eigenvalues in every non-trivial P-representation 6.

Proof. Let us start assuming that P = C. Observe that g is conjugate to g~! in H (e.g., cf.
[T-Z2, Theorem 1.8]), hence Spec8(g) contains +/—-1. By [S-Se, Lemma 4.1], g is conjugate
to an element of either H; =: 0T (4,g) or Hy =: O~ (4,q). As g > 2, the group Hl.’ is perfect
and of index 2 in H;. It is also well known that H{ =SL(2,q) x SL(2,q) and H, = SL(2, q?),
e.g. see [D, Ch. II, §10].

(1) Suppose first that ¢ € H and let T denote a Sylow 2-subgroup of Hj. We can assume
that g normalizes T, so that (g, T) is a non-abelian 2-group and 1 # g2 € T. Observe that g
acts by conjugation as an outer automorphism of Hj. [Indeed, suppose the contrary. Then there
exists i € H; such that ¢ 'Tg=h""Th=T. As h induces on T an automorphism of order 2,
and NHZ/(T) =T.Z,>_ where g* — 1 is odd, it follows that # must belong to 7. But then &
centralizes T', a contradiction.] We may identify T with (F 2, +). As the only involutory outer

automorphism of SL(2, ¢?) is the field automorphism associated to the Galois automorphism y of
F,2/F4, the commutator [x, g] for x € T corresponds to trace x +y (x), where x € IF 2. Since the
trace form is surjective and ¢ > 2, it follows that the quotient group (g, T')/(g?) is non-abelian.
In particular, g acts non-trivially on the group 7/(g?). Let M be the CH,-module afforded by a

non-trivial irreducible constituent ¢ of 0| H- As g is even, every non-trivial irreducible complex

character ¢ of SL(2, ¢?) is of degree ¢> or ¢> & 1. From the character table of H) = SL(2, q%)
one can also observe that ¢|r is equal to pr — 17, pr, pr + 17, respectively when ¢ (1) =
g>—1,¢g%,q>+1.Lett € T and M" be the 1-eigenspace for ¢ in M. Take t = g2 and consider
the module My = M' + gM' C M + gM. From the previous remark on the values of ¢|7, it
readily follows that T'/() acts faithfully on M", and hence on M. Clearly M is g-stable (in
other words, M is a (g, T)-module). As g acts non-trivially on 7' /(t), g acts on M as a non-
scalar element of order 2. It follows that g|y, has eigenvalues 1, and we are done.

(2) Next, suppose that ¢ € H. Let R denote a Sylow 2-subgroup of H{ = X| x X,, where
X1~ X, ~SL(2,q),and setr = gz. Again,r # landr € Hl/. Moreover, r belongs to none of the
two direct factors of H|. [For, suppose the contrary: say, r € X. Then C H] (r)=Cx, (r) x Xa.
As Cx, (r) is abelian, it follows that (CHf (r)) = X5. Thus g normalizes X» (and hence also X ).
Observe that we may take a basis of the natural O™ (4, g)-module with respect to which X, >~
SL(2, q) consists of matrices of shape [g g], S € SL(2, q). Consider the enveloping algebra of

Xo: [6‘ 2], A € Mat(2, g). Since g acts on X, by conjugation, it follows that g acts on Mat(2, g)
preserving the scalars. Thus, by the Skolem—Noether theorem, g acts as an inner automorphism
of Mat(2, ¢). However this is impossible, since, by the same argument used in (1), g must act
on X» as an outer automorphism.] As in case (1), let ¢ be a non-trivial irreducible constituent of
0| HY» and let M be the module afforded by ¢. As g > 2, g acts non-trivially on R/(r). [Indeed,

let R=E} x EZ, where E}, C X; (i =1,2). Set X = (g, R) and observe that g permutes £,
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and Eg. Suppose that g acts trivially on R/{(r). Then (g, R)' = (r). Consider the map f : X — (r)
defined by x — [x, g]. As, for any x1, x2 € X, [x1x2, g] = [x1,g][x2, g], f is homomorphism of
X onto (r). Thus, |X : Cx ()| =2.SetCx () =Y, YNE, =Y\, YNE;=Y2. Asq > 2, |E}| =
|E§| > 4. On the other hand, |E£1 1 Y;] < 2; hence |Y{| > 2. But gY1g_1 C X5, a contradiction.]
In addition, via tedious but elementary computations involving the values of ¢|r, one can show
as above that R/(r) acts faithfully on M". The result follows as in (1).

To establish the lemma for a field P of odd characteristic, observe that every irreducible P-
representation of SL(2, F) lifts to a complex representation of the same degree. The facts about
the restriction of the representation to the Sylow 2-subgroups of H{ and H} remain true, so the
lemma follows. O

6. Symplectic and unitary groups of odd characteristic

From now on, we assume that the space V is neither orthogonal nor symplectic of even char-
acteristic. Set H = I (V)'. As above, let v € V be isotropic and set S| = Staby (v), U = 0, (81).
Then (see Lemma 4.5) U is non-abelian and consists of the (m x m)-matrices u satisfying the
condition u’ I'yu®™ = I'y (note that U is completely determined by this condition as a subgroup
of the upper unitriangular group). Thus U consists of the matrices of shape

1 —e(®) b
U= [0 Tdy_> c] ,
0 0 1

where ¢ is any (m — 2) x 1-matrix and b satisfies the condition ¢b + b + (¢*)' @7 ¢ = 0. Com-
putation shows that Z(U) consists of the matrices of U such that ¢ = 0, and hence such that
eb + b* =0. It follows that Z(U) may be identified with the additive group (F,, +) of F in
the symplectic case, and with the additive group of the fixed field Fy (>~ F,) in the unitary
case (more precisely, Z(U) can be viewed as a 1-dimensional space over Fp). Also, one ob-
serves that Z(U) = U’, the commutator subgroup of U (see [DM-Z, Lemma 3.1]). Drawing
further data from the analysis carried out in [DM-Z] (specialized to the case d = 1), we record
the following facts:

(1) The group Uy = U/Z(U) is elementary abelian of order | F |’”_2. Up has a natural structure
of vector space over F, and hence can be viewed in a natural way as an FSj-module. Namely,
the conjugation action of S| on U induces a module action on Uy. Recall that S| = U : Y, where
Y is the subgroup of H consisting of all matrices of shape diag(1, y, 1) (so that y € I (Wy)).
Restricting to the subgroup Y, we obtain the action ¢ — yc. Viewing the column vector ¢ as
an element of Wi and setting Y| = {y | diag(1, y, 1) € Y}, we conclude that Y; = I (W)’ and
the conjugation action of ¥ on U turns Uy into an FY-module isomorphic to the natural Y-
module Wj.

(2) Let us view Uy = U/Z(U) as an Fy-space. Then the commutator map (u, v) — [u, v],
for u, v € U, induces a non-degenerate alternating Fp-bilinear form on Uy. For u € U, let w (1)
denote the projection of u into Uy. We observe explicitly that u, up € U commute if and only if
w(uy), w(uy) are orthogonal with respect to the above alternating form.

(3) Let A be an irreducible P-representation of U, non-trivial on Z(U). It was shown in
[DM-Z, Lemma 3.12], that the composition of A with the canonical projection 7 : A(U) —
A(U)/Z(A(U)) induces a group isomorphism & of Uy onto A(U)/Z(A(U)). It follows from
this that A(U) = Z(A(U)) - £, where £ is an extraspecial p-group of order p - |F|"~2 and
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ENZAWU)) =Z(E) (see [DM-Z, Lemma 3.13]). In fact, under our current restrictions it turns
out that A(U) is indeed extraspecial. More precisely, the following holds:

Lemma 6.1. Let A be an irreducible P-representation of U, non-trivial on Z(U). Then
Z(MU)) =X(Z(U)) has order p, and hence A(U) = &. If furthermore q = p, then A(U) >~ U.

Proof. The bilinear form induced by the commutator map on Uy is non-degenerate. Hence, for
every u € U \ Z(U) and for every | ## z € Z(U) there exists u; € U such that [u,u;] = z.
Suppose that Z(A(U)) properly contains A(Z(U)). Then, there exists u € U \ Z(U) such that
A(u) commutes with A(v) for every v € U; that is, [A(u), A(v)] = A([u, v]) = 1. Choose v = u;j.
Then A([u, u1]) = A(z) = 1. This contradicts the assumption that X is non-trivial on Z(U). So
ZAU)) = 1(ZU)). As Z(U) has exponent p and A(Z(U)) is cyclic (by the irreducibility
of 1), we have |Z(A(U))| = AM(ZU))|=p. AsENZ(AU)) = Z(E), it follows that A(U) =€£.
Finally, suppose that ¢ = p. Then ker A must be trivial; hence A(U) ~U. O

(4) Let |F| = p®. The commutator map on A(U) induces on A(U)/Z(A(U)) >~ E/Z(E) the
structure of a symplectic space of dimension a(m — 2) over the prime field IF,. The symplectic
structure of Uy over Fy considered in (2) is related to the symplectic structure of A(U)/Z (A (U))
over IF,, via the isomorphism & defined in (3). In particular, & allows to translate the action of Y
on Uy (defined in (1)) into a symplectic action of ¥ on the space A(U)/Z (A (U)): in other words,
& induces a faithful embedding ¢ : Y — Sp(a(m —2),F)).

(5) (See [DM-Z, Lemma 3.14(iii)].) No element of Y acts on the symplectic F,-space
MU)/Z (A (U)) as a transvection, unless p is odd, F =F,, and I (V) = Sp(m, F ). Furthermore,
in the latter case transvections of ¥ map to transvections of £(Y).

We start with some observations and preliminary results on representations of Sj.

Lemma 6.2. (See [Gé, Theorems 2.4 and 3.3].) Let H = Sp(m, q) with m > 2 and q odd, or
H =S8U(m, q) withm = 3. Let S| = Stabp (v), where v is an isotropic vector of V, U = O, (81)
and Z = Z(81). Then Z = Z(U) = (F,, +), and for every non-trivial character { : Z — P there

exists a representation T : S| — GL(|F| %, P) such that t|y is irreducible and t(z) = ¢(z) - 1d
for z € Z. In addition: if S| is perfect, then t is unique.

Remarks.

(1) In [GE€] P is the field of complex numbers. However, one can use the Brauer reduction of
T modulo every prime r distinct from p to obtain a representation over P. The latter is
irreducible, as |U| is coprime to 7.

(2) The last claim in Lemma 6.2 can be justified as follows. As 7|y is irreducible, 7 is unique
as a projective representation of S;. Two ordinary representations that coincide as projective
representations only differ by scalars, that is, one is obtained from the other by tensoring
with a one-dimensional representation. If S is perfect, then the only one-dimensional repre-
sentation is the trivial one, and so t is unique.

Under the assumptions of Lemma 6.2, S} = YU, where Y >~ Sp(m —2,¢q) or SU(m — 2, q),
respectively. The restriction 7|y is a so-called generic Weil representation of Y. It is reducible,
and its irreducible constituents are also called Weil representations. It obviously depends on the
choice of ¢, which is however irrelevant in the unitary case. In the symplectic case, two generic
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Weil representations t|y(¢) and t|y(¢’) are equivalent if and only if ¢ and ¢’ belong to the
same S-orbit, where S = Staby ((v)). As the non-trivial characters of Z are parametrized by the
elements of F(’;, we can think of ¢ and ¢’ as elements of F(’; Then ¢ and ¢’ belong to the same

S-orbit if and only if they belong to the same coset of [y / (]FZ)z, where (]FZ)2 denotes the group
of squares in F Z

The Weil representations of symplectic and unitary groups have been intensively studied in
the recent years. They have many nice properties, which often characterize the representations
themselves. Most of them are described in [GMST]. Here we mention the following, for later
use:

(A) Let H = Sp(m, q), where m = 2n and ¢ is odd. Then H has exactly two generic Weil
representations (of dimension ¢"). If char P # 2, each of them decomposes into two irreducible
constituents of dimensions (¢" + 1)/2 and (¢" — 1)/2 respectively, thus producing exactly four
distinct irreducible Weil representations. In addition, these are trivial on Z(H) if and only if
their dimension is odd. If char P = 2, then a generic Weil representation of H is not completely
reducible, and its composition series contains two isomorphic irreducible constituents of dimen-
sion (¢" — 1)/2, plus the trivial one. Conversely, every non-trivial irreducible representation of
H of the previous dimensions (according to char P) is a Weil representation of H.

Two irreducible Weil representations (as well as their characters or Brauer characters) are said
to be associated if they occur as constituents of a single generic Weil representation of H. The
characters of Weil representations of equal dimension coincide on semisimple elements of H.
If x1 and yx; are the characters of two associated Weil representations with x1(1) < x2(1) and
g € H has odd order, then x1(g) + 1 = x2(g).

Form’ <m,leta : Sp(m’, q) — Sp(m, q) be a standard embedding. If v is a Weil representa-
tion of H (or a generic Weil representation of H), then the irreducible constituents of ¥ o « are
associated Weil representations of Sp(m’, ) (e.g., cf. [Z85, Theorem 2]). The following converse
result will be of particular relevance to us:

Lemma 6.3. (Cf. [GMST, Theorem 2.3 and Corollary 2.4].) Let H = Sp(m, q), with m > 4
and q odd. Let ¥ be a non-trivial irreducible representation of H such that, for some m' with
2 <m’ < m, the non-trivial irreducible constituents of the restriction of Y to a standard subgroup
Sp(m’, q) are Weil representations of Sp(m’, q). Then V is a Weil representation of H. [The same
also holds for m" = 2, provided all the non-trivial irreducible constituents of the restriction of W
to SL(2, q) are associated Weil representations.]

(B) Let H = SU(m, q), with m > 2. Then a generic Weil representation of H has one ir-
reducible constituent of dimension (¢ + (—1)"q)/(¢ + 1) and g irreducible constituents of
dimension (¢” — (—=1)")/(¢ + 1), unless char P divides ¢ + 1, in which case one of the di-
mensions can be 1 and the greater dimension may not occur (see [H-M, Proposition 9], for a
precise information). Conversely, if a non-trivial irreducible representation of H is of the above
dimension (and it exists, depending on char P), then it is a Weil representation of H.

For m’ <m, let a : SU(m’, q) — SU(m, q) be a standard embedding. As in the symplectic
case, if ¥ is a Weil representation of H (or a generic Weil representation of H), then the ir-
reducible constituents of ¥ o o are Weil representations of SU(m’, ¢). The following converse
result will be of particular importance to us:

Lemma 6.4. (Cf. [GMST, Theorem 2.5].) Let H = SU(m, q), with m > 3. Let W be a non-
trivial irreducible representation of H such that, for some m’ with 2 < m’ < m, the non-trivial
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irreducible constituents of the restriction of W to a standard subgroup SU(m’', q) are Weil repre-
sentations of SU(m’, q). Then r is a Weil representation of H.

Observe that Sp(m, q) (respectively, SU(m, q) for m > 2) has no non-trivial P-representation
of degree less that (g™/> — 1)/2 (respectively, (4" — q)/(q + 1) if m is odd, (g™ — 1)/(g + 1)
if m is even), see [Se, Theorem 1]. Finally, in connection to the representations 7 of Sp, the
following holds:

Lemma 6.5. Let S| be as in Lemma 6.2. Let ¢ € Irrp S| and assume that ¢ (Z) #1d. Then ¢ =
T ® A where T, A € Itrp Sy, T|y is irreducible of dimension | F | n? and A(U) =1d. In addition:
if 81 is perfect and dim ¢ = | F| de, then @|y is a generic Weil representation of Y.

Proof. Suppose that o € Irrp U and o (Z) # Id. Then (see Lemma 6.1 above) o (U) >~ &, where
£ is an extraspecial p-group of order p - |F|"~2. By Lemma 2.2, dimo = |F|™~2/2 and ¢ is
equivalent to o’ € Irrp U if and only if o |z is equivalent to (hence coincides with) ¢’|z. As ¢ |z
is scalar, it follows that ¢|y is homogeneous. Hence one can think of ¢|y as ¢’ ® 1d,,, where
¢ €lrrp U and n = (dim @) /|F|™~2/2 Let t : S| — GL(|F|™~2/2_ P) be such that 7|y = ¢'.
By Lemma 6.2, such a t exists. For x € Sy, set A'(x) = ¢ (x) - (r(x~1") ® Id,). Then, it is easily
seen that A/(U) = Id and A (x)¢(u) = ¢(u)A'(x) for every x € S1, u € U [indeed, the latter
equality can be translated into ¢ (u*) = (™) ® Id,,]. Therefore, A’ (S}) belongs to the centralizer
C of ¢(U) in GL(d, P), where d = dim ¢. Clearly, C = GL(n, P).So ./ = Ile‘(m—Z)/2 ® A, where
A:S1 — GL(n, P) and A(U) = Id. By Burnside’s theorem, 7(S1) € (t(U)), so t(S1) ® Id,
centralizes A'(S). This implies that A is a representation. Clearly, A" is irreducible as so is ¢.
This completes the proof of the main claim. The additional claim follows from Lemma 6.2 and
the remark (2) following it. O

Lemma 6.6. Let V be a symplectic space of odd characteristic and let L = {M € Mat(m, F):
I'yM = —M'Ty} (thatis, L is the Lie algebra sp(V') associated to V). Let W be a 1-dimensional
subspace of V. Set Ly ={ € L | W =0, (WL C W). Then the following holds:

(1) Lw consists of all the matrices

0 x& y 0 0 1
Lx,y=|:0 0 x’:|, whereFf=|:0 o) O:|.

0 0 O -1 0 0

(2) Both WL and Ly are FS|-modules (with respect to the natural action of S on V and
the conjugation action of S\ on Mat(m, F), respectively), and the mapping o : W+ — Ly
defined by a([x‘,’ ]) =L, y realizes an S1-module isomorphism between W and Ly .

2 9

Proof. Let W = (v) and choose a basis B of V as above, so that

0O 0 1
Ff=|:0 D O:|.

-1 0 0
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Then Ly consists of all the matrices

0 x y
Lx,y=|:0 0 —¢_1x’:|.

0 o0 0

In particular Ly (V) = W+, and (1) is proven. Let

1 Z7®Y u
S:[O Y Z:|€S]

0 0 1

Direct computation shows that o(s - [xy, ])=s- oz([xy, ]). thus proving 2). O
Lemma 6.7. Let V be as in the previous lemma and define a map A : Ly — U setting A({) =
Id 4 ¢ 4 ¢%/2 for £ € Lyy. Then:

(1) X is a bijection;

(2) AM(CLy (s)) =Cy(s) for every s € Sy;

(3) assume q = p. Then a subset Uy of U is a subgroup if and only if A~V (U)) is a subspace
of Lw. In particular, if U : Cy (s)| = p, then Cry, (s) is of codimension 1 in L. In addition,
Cyw(s) is of codimension 1 in WL and Cy (s) is of codimension <2 in V.

Proof. Observe that £> =0 as £W =0, and hence £V € W, So A is just the exponential map
£ — exp(L) =: Z;[:()] il—!ﬂi. It is well known that if £7 = 0 for all £ € Ly, then the image of the
exponential map is a subgroup of GL(V), and its inverse is provided by the logarithmic map
u— Zf:ll (=1)! (”_l—l)l It follows from the definition of U that exp(Lw) = U. This justifies (1).
(2) is obvious. (3) is easy. O

Lemma 6.8. Let H = Sp(m, q), where m > 2 and q is odd, or H = SU(m, q), where m > 2.
Let S1, Y and U be defined as above (so that Y1 = Sp(m — 2, q) or SU(m — 2, q), respectively),
and let t € S1 be of order p. Suppose that |U : Cy(t)| = p. Then q = p, and either t € U or
H = Sp(m, p), the projection of t into Y1 >~ Sp(m — 2, p) is a transvection and dim(t —Id)V < 2.

Proof. SetU; ={u e U |[t,u] € Z(U)}. Since Cy (t) C Uy, the assumption that |U : Cy (t)| = p
implies either U = U; or Cy(t) = U;. Suppose first U # Up. Then t acts non-trivially on
Uy =U/Z(U), and by the above this action is a linear transformation of Uy viewed as an FSi-
module. Hence |U : Cy(t)| = p implies that | F| = p and the fixed point subspace of ¢ on Uy is of
codimension 1. The latter means that # projects to a transvection in Sp(m — 2, p). The claim that
dim(z — Id)V < 2 follows from Lemma 6.7(3). Next, suppose that U = U;. Then the mapping
from Ug to Z(U) defined by uZ(U) — [t, u] is Fp-linear. Therefore, its kernel is an Fp-subspace
of Uy, whence |Fy| = p. So ¢ = p. As observed above, the commutator map (u, u") — [u, u'],
for u,u’ € U, induces a non-degenerate Fy-bilinear form on Uy. Therefore, there exists u’ € U
such that [u’, u] = [, u] for all u € U. Whence t~'u’ € Cy(U). By the well-known Borel-Tits
theorem Cy (U) C U - Z(H), and hence Cy(U) = Z(U) - Z(H). As (t~'u’)? = 1, this implies
t~lu’ € Z(U), and the result follows. O
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Lemma 6.9. Let H = Sp(m, q), where m > 2, q is odd and (m, q) # (4,3), or H =SU(m, q),
m > 3. Let S1, Y and U be defined as above. Let y € S1 \ Z(S1) be of order p, and let ¢ be an
irreducible P-representation of S1 non-trivial on Z(U). Then | Spec ¢ (y)| = p, unless one of the
following holds:

(i) H=Sp4,p), dim¢ = p(p —1)/2and |Spec¢(y)|=p — L.

(i) H = Sp(m, p), the projection of y into Sp(m — 2, p) is a transvection and Spec ¢ (y) =
A1(p) or Ax(p), up to a common multiplier. (A1(p), A(p) are defined before Lemma 2.7.)
Furthermore, if y itself is a transvection, then Spec ¢ (y) = A1(p) or Ar(p).

Proof. By Lemma 6.5, ¢ =t ® A where t, A € Irrp 1, t(U) is irreducible and A(U) =1d. In
particular, A can be viewed as a representation of Y7.

Then ¢(y) = t(y) ® A(y) and Spec¢(y) is the product elementwise of Spect(y) and
Spec A(y). Obviously, if | Spec A(y)| = p or p — 1, then | Spec ¢ (y)| = p (this is because t(y) is
not a scalar). Thus, we may assume that | SpecA(y)| < p — 2.

Suppose first that A is non-trivial. Set y = yju, where y; € Y, u € U. If (m,q) # (4, p),
then by Proposition 1.2 Y >~ Sp(m — 2, p), y1 is a transvection and SpecA(y) = A((p) or
As(p) (whence p > 3). Thus H = Sp(m, p). By Lemma 2.7 (applied to b = ¢ (y), F = ¢(U),
B = (b, F)), either |Spect(y)| = p or Spect(y) = A1(p) or Az(p), up to a common mul-
tiplier. Observing that A;(p) x Aj(p) = {1,e,...,eP~1}, we obtain that | Speco (y)| = p.
If (m,q) = (4, p), then SpecA(y) = A;(p) \ {1} if dimA = (p — 1)/2. This leads to (i), as
Ai(p) x (A;(p) \ {1}) equals either {1,¢,...,eP "1} or {e, ..., e”~ !} (recall that p > 3).

Now suppose that A is trivial. Then ¢ = 7, so ¢ (U) is irreducible. Therefore, by Lemma 6.1,
¢ (U) is extraspecial of order p|F |m=2. As observed above (cf. (4)), the conjugation action of
Y on U embeds Y into Sp(a(m — 2), p). Again by Lemma 2.7, either | Spec ¢ (y)| = p or |Fy :
Cz,(b)| = p. The latter is equivalent to |U : Cy(y)| = p. As y ¢ U, by the previous lemma
g = p and the projection of y into Sp(m — 2, p) is a transvection. Thus we get the first part
of (ii).

Finally, suppose that y itself is a transvection. Then y is conjugate under S; to an element
of Y, and the result follows from [Z87, Proposition 2]. O

Lemma 6.10. Let H = Sp(m, p), where m > 2 and p is odd, and let g € H be an element of
order p* such that t = g”a_I is a transvection. Let 1y # 60 € Irrp H and 1 # ¢ € Spec6(t).
Then the multiplicity of € as an eigenvalue of 0(t) is at least p™~2/2_ If « > 1, then Spec(g)
contains all the p*~'-roots of & and the multiplicity of each p®~-root of € as an eigenvalue of
0(g) is at least max{1, p™—2/2=(P*")?),

Proof. Let V be the natural F pH-module, and let v, S1 and U be defined as at the beginning of
this section. Then U = £(,,_2)/2. Observe that, without loss of generality, we may assume that
ve (t—Id)V and Z(U) = (t). It is clear that there exists an irreducible constituent ¢ of 8|g such
that ¢ (1) = ¢ - Id. Furthermore, as |Z(U)| = p, ¢(U) ~ U. By Lemma 2.2, dim¢ > p™~2/2,
As the multiplicity of € in 6(¢) is at least dim ¢, the assertion about ¢ follows.

Now assume that o« > 1 and set g = gpufz, b=¢(g), F=¢U), B= (b, F). Since
b has order p modulo Z(B) (= Z(F)), we can apply Lemma 2.7(a) to B, obtaining that
| Specp(g1)| = p (that is, Spec¢(g1) consists of all the p-roots of ¢), except when |U :
Cy(g1)| = p and the image g1 of g1 in Sp(U/Z(U)) is a transvection. We proceed to show
that the latter exceptional case does not occur. First, we recall that U/Z(U) is isomorphic,
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as a Y-module, to W;. It follows that dim(Id — g1)V < 3. As |g1| = pz, we deduce that
p = 3 and Jord g; contains a unique non-trivial block, which has size 4. By Lemma 2.5(i),
V =V @& V, where V1, V; are non-degenerate mutually orthogonal g-submodules, dim(V7) =4
and g; acts trivially on V,. Moreover, by Lemma 5.4, ¢ = g;. Let g’ be the projection of g
to Sp(V1) = Sp(4,3). As g’ has ordsr 9, one sees (e.g., cf. [Atl, p. 27]) that |C5p<vl)(g’)| =
2880 =2°.5-9. Let us denote by ¥ ~ Sp(V;) the subgroup of H consisting of all elements
acting trivially on V,. As v is fixed by g, we may assume that v € V;. It follows readily that
Uy = U NY has order 27. As expU =3, g’ ¢ U;. Therefore Cy, (g1) has order at most 3. It fol-
lows that |U; : Cy,(g1)| > 3, whence also |U : Cy(g1)| > 3. We conclude that |U : Cy(g1)| > p,
and therefore |Spec¢(g1)| = p, in all cases. Furthermore, we may apply Lemma 2.7(b) to
B1 = (¢(g), F). As ¢(g) has order p*~! mod Z(B), we obtain that | Spec ¢ (g)| = p*~!; hence
Spec ¢ (g) consists of all the p®~2-roots of the elements of Spec ¢ (g1), that is, all the p*~!-roots
of ¢. This proves the assertion about Spec 8 (g). Finally, by Lemma 2.10, the multiplicity of every

eigenvalue of ¢ (g) is at least max{1, p™~2/2=(""D%} as claimed. O
Lemma 6.11. Let H = Sp(m, q), where m = 2n and q is odd. Then the following holds:

(1) Ifnis odd, H has a single conjugacy class of unipotent elements whose Jordan form con-
sists of two blocks of size n. If n is even H contains exactly two conjugacy classes of such
elements.

(2) Let g € H be a unipotent element whose Jordan form consists of two blocks of size n. Then
g belongs to a subgroup isomorphic either to GL(n, q) or to U(n, q). Additionally, if n is
even, then g also belongs to a subgroup isomorphic to Sp(n, q°).

(3) If g € H is a unipotent element whose Jordan form consists of two blocks of size n, then g is
rational (that is, g is conjugate in Sp(m, q) to g/ for all j’s coprime to |g|).

Proof. (1) The claim follows from the general theory of algebraic groups. Indeed, there is a
single class of elements whose Jordan form is diag(J,, J,) in Sp(m, IF_,,), where IE‘_,, denotes the
algebraic closure of the prime field IF, (cf. [T-Z2, Lemma 4.1]). It follows (see [T-Z2, Lem-
mas 4.7 and 4.10]) that the number of classes of such elements in H is as indicated in (1).

(2) Let x be an element with Jordan form J, in GL(n, ¢), U (n, q) and Sp(n, ¢2), respectively.
Observe that there are two distinct classes of such elements in Sp(n, g2). Let 7 be a standard
embedding of each of these groups into H. Then m(x) has Jordan form diag(J,, J,). Let x
denote the complex (generic) Weil character of H. Then yx (7 (x)) equals g in the GL(n, g) case,
(—1)"*1q in the unitary case (cf. [Gé€]). If n is even, these values are distinct, and therefore  (x)
gives rise to two distinct conjugacy classes of H. Additionally, if n is even it also follows from

2
[G€] that x (7 (x)) equals :I:(—l)%q in the symplectic case, where the choice of + and —
corresponds to the two conjugacy classes of x in Sp(n, ¢2), which yield two distinct conjugacy
classes of H.
(3) Let x be as in (2). Then the rationality of g follows from the rationality of x in GL(n, q)
and U (n, q) (e.g., cf. [T-Z2, Theorem 1.9]). O

Lemma 6.12. Let H = Sp(m, p), where p is odd, and let ¢ be an irreducible representation
of 81, non-trivial on Z(U). Let g € S| be an element of order p* > p and set t = gPOH. Then
Spec ¢ (g) consists of all the p*-roots of Spec ¢ (1), unless |g| =9 and |U : Cy (t)| = 3. In the
exceptional case, Spec ¢ (g) contains all the 3-roots of at least one non-trivial 3-root of 1.
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Proof. Set A = (g, U). As already mentioned above, Z(U) = Z(S1) forces ¢ (U) to be ho-
mogeneous. Hence, by Lemma 6.1, U >~ ¢ (U) ~ &,. Observe that (ker¢p) N U = 1 implies
[ker¢, U] = 1. A direct computation shows that Cs, (U) = Z(U). This forces ker¢ = 1. Thus ¢
is faithful on Sj. Let t be any irreducible constituent of ¢|4. The above argument can also be
applied to 7, showing that t is faithful on A and hence |7(g)| =|g|. Setb =1(g), by = t(¢) and
B = 1(A). Then Lemma 2.7 applies to B. Hence, by 2.7(b), Spec t(g) consists of all p*~!-roots
of Spect(¢), unless possibly when |g| =9 and |U : Cy(¢)| = 3. In the latter case, Spec t(g)
contains elements a, a¢, an, ane, an82, where a € P is some 9-root of 1, 779 =1 and 773 =¢e¢#1
(cf. Lemma 2.7). The claim follows. O

Lemma 6.13. Let H = Sp(m, q) with q odd and m > 2, or SU(m, q) with m > 3, and let T
be an irreducible PH-module affording a representation 6 with dim6 > 1. Let v, S1, Y, U be as
above, and 1 #t € Z(U). Let Ty the 1-eigenspace of t on T. Then Y acts non-trivially on T,
unless possibly when H = Sp(4, p). In addition, if H = Sp(m, q) and m > 4, then dim(T}) >
(g"2 = 1)/2.

Proof. It is easy to observe that Y contains an element ¢’ conjugate to 7 in H. In addition, 7 is
a transvection as well as ¢. It is well known that ¥ is generated by the transvections conjugate
tot’. As Y centralizes Z(U), YT = T;. Suppose that ¥ acts trivially on Tj. Then " acts trivially
on T1. As t and ¢’ are conjugate, their 1-eigenspaces have the same dimension. Therefore, T is
the 1-eigenspace for ¢ as well. It follows that " acts fixed point-freely on T/ Ty, as well as on
every irreducible constituent T of Y |r,7,. If g is odd this contradicts Lemma 6.9, unless possibly
when H = Sp(4, p). If g is even, then ¢’ would act as —Id on T/ T, which is clearly impossible.
The additional claim follows, as the minimum dimension of a non-trivial representation of ¥ =~
Sp(m —2,q) equals ("2 —1)/2. O

Lemma 6.14. Let H = Sp(4,3) and let g be an element of H of order 9. Let 6 € Irrp H with
dim6 > 1. Suppose that | Spec(g)| < 9. Then one of the following holds:

(1) dim@ =4 and SpecO(g) = {n, n*, 0", n°} or (n?, w08, n}), where n is a primitive 9-root
of 1.

(2) char P #2, dim6 = 5 and Spec8(g) = {n, n*, 7, 1%, 1} or (n2, 0, n®, 13, 1.

(3) dim6 =6 and Spec(g) = {n,n> n*,n°,n", nd}.

(4) char P #2, dim60 = 10 and

Spect(g) = {n. n* n*.n’ 00" n®} or . nd 0t w0 0t}

(5) dim6 =20, |Spect(g)| =8 and 1 ¢ SpecO(g). (Primitive 9-roots of 1 occur with multiplic-

ity 3, primitive 3-roots of 1 occur with multiplicity 1.)

Proof. Direct computation, using the data provided by the complex and modular character tables
of H (from [Atl] and [MAtl]). O

Remarks.

(1) The above lemma does not contradict Lemma 2.7(b), as there the spectrum is the 7>-multiple
of {n, n*,n", n° 1}.
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(2) In (5) only one representation of degree 20 has to be chosen, namely the one with character
value —7 at g3.

Lemma 6.15. Let H =SU(4,3) and 6 € Irrp H with dim6 > 1. Let g € H be of order 9. Then
Spec8(g) contains all the 9-roots of 1 unless dim6 = 20, in which case Spec0(g) contains all
the non-trivial 9-roots of 1.

Proof. Inspection of the complex and Brauer character tables in [Atl] and [MAtl]. (There are
three 20-dimensional representations, of which two are faithful. In characteristic 2 there is only
one 20-dimensional representation, faithful for PSU(4,3).) O

Lemma 6.16. Let H = Sp(4,9) and 6 € Irrp H with dim6 > 1. Let g € H be of order 9.
Then Spec6(g) contains all the 9-roots of 1, unless dim6 = 40. H has exactly two irreducible
representations 01, 6, of dimension 40 and either | Spec61(g)| = 8 and | Spec6>(g)| =9, or con-
versely. If | Spec0;(g)| =8, then 1 ¢ Spec6,(g) for this i.

Proof. Assume first that P is of characteristic 0. Then it is known (e.g., cf. [T-Z2, Theorem 1.7])
that g is rational, that is, g is conjugated to all its powers g', where i is coprime to 9. It follows
that, for every non-trivial 6 € Irrp H, all the primitive 9-roots of 1 are eigenvalues of 6(g) with
the same multiplicity, say ¢. Similarly, the non-trivial 3-roots of 1 appear as eigenvalues of 6(g)
with the same multiplicity, say u. Let v be the multiplicity of the eigenvalue 1 in 6(g) and let x be
the character afforded by 6. Then it is readily seen that x (g) = —u+v and x (g°) = =31 +2u +v.
As x(1) = 6t + 2u + v, it follows that 97 = x (1) — x(g>), 6u = x(1) +2x(g>) — 3x(g) and
9v = x(1) +2x(8”) +6x(8).

We refer to [Sri] for the character table, as well as the labeling of classes and characters of
H. There, the two classes of elements of order 9 are labeled A4 and A4, respectively. In both
cases, direct computation based on inspection of the character values at g and g> shows that
(xl¢gy» A) > O for every non-trivial character x of H and every irreducible character A of (g),
unless x (1) = 40. In the notation of [Sri], the characters of degree 40 are labeled 67 and 6g.
If g belongs to A4, then 67(g) = —2 and 67(g3) = —14, while 63(g) = 1 and 63(g>) = 13. It
follows that for 67(g) t = 6 and u = 2, while v = 0. Similarly, one sees thatin 63(g) t =3, u =7
and v = 8. If g belongs to A4y then one gets the same result swapping 87 with 6g. So the result
follows.

Next, suppose that char P = r > 0. We only have to inspect the cases r = 2, 5 or 41. The
r-decomposition matrices for Sp(4, g) are known (see [Wh1,Wh2,Wh3,Wh4] and [O-W]). If
r =5, then all the Brauer characters are liftable, except two characters 11 =611 — 1y, 912 =
012 — 1y in the principal block (cf. [Wh2]). As 011(1) = 612(1) = 369, 011(g) = 012(g) =0,
011 (g3) = —36 and 912(g3) = 45 (regardless of the class of g), we get t =45, u = v = 33 for
011(g), and t = 36, u = v = 51 for 012(g). Thus |Specy;(g)| =9, for j = 11,12, and we are
done.

If r = 2, then all the Brauer characters are liftable (cf. [Wh1]), except for: (a) a single charac-
ter A belonging to the block by (7) in the notation of [Wh1] and expressible as £€1o — &3 on the
2'-classes; (b) two characters in the principal block: ¢ = @3 — 07 — 010, P2 = @4 — 05 — 09,
¢3 = 012 — 1. (The remaining characters in the block, labeled ¢4, ¢5 and ¢, lift to the Weil
characters 67, 6g and to the character 61 of degree 288, respectively. Furthermore, the undeter-
mined parameter x in [Wh1] has value 1 in our case. Indeed, as @4 = ¢, + 03 + x610, we get
¢2(g) =x —2for g € Agq1. But from @7 = 1y 4+ ¢ + 607+ 20g 4+ (x + 1)010 + 612 and 619(g) =0
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we also get ¢2(g) = —1; whence x = 1.) In the case of A, arguing as above one obtains the fol-
lowing data: for &3, t =81, u = 111, v =112 at both A4y and Agy; for &40, t = 465, u =437,
v =436 at A4y and t = 435, u =496, v =498 at Asp. Whence |SpecA(g)| = 9. Considering
¢1 = @3 — 67 — 19, one obtains the following data: for @3, r =342, u = v =300 at A4 and
t =315, u =v =354 at Ag; for 019, t =36, u = v = 24. Again, it follows that | Spec ¢1(g)| = 9.
As for ¢, this character is conjugate to ¢ under an automorphism of H, and one gets the same
results by swapping the data at A4; and A4p; finally, ¢3 has already been dealt with above.

If » =41, there are only two blocks to consider (cf. [Wh3]): (a) a block containing 4 Brauer
characters, two of which lift to #; and 6g, whereas the remaining two are expressible as ¢5 = 65 —
67, 6 = B¢ — O3; (b) the principal block, containing 3 non-trivial Brauer characters, one of which
lifts to 619, whereas the remaining two are expressible as ¢9g =09 — 1y, $p13 =013 — 69 + 1. In
the case of ¢s, the data for 05 are as follows: t =378, u =v =324 at A4;,andt =351, u =v =
378 at Agp. It follows that | Spec ¢s(g)| = 9. As for ¢, one gets the same results by swapping
the data at A4; and A4,. Considering 6o, one gets the following data: t =45, u = v = 60 at both
As1 and Aygp. This yields the desired result for ¢pg. Finally, to deal with ¢;3, we observe that for
013 we have r = u = v = 729 regardless of the class of g, whence | Spec ¢13(g)| =9. O

Lemma 6.17. Let H = Sp(m, q) or SU(m, q), where m > 2, q is odd and (m, q) # (4, 3), and
let 6 € Irrp H with dim6 > 1. Let g € H be an element of order s = p* > 1 and set t = g*/P.
Then one of the following holds:

(i) SpecO(g) contains all the s-roots of 1.
(i) H = Sp(m, p) and t is a transvection.
(iii)) H =Sp(4,9) and t is a transvection.
(iv) H=5p(8,3), |g| =9 and rank(t — Id) = 2.
(v) g =t, and either H = Sp(4, p) and t is not a transvection, or H = SU(3, p) and t is a
transvection.

Suppose that m > max{8, % + 3}. If case (i) does not hold, then every eigenvalue of 6(g) is
of multiplicity at least max{1, p""’z}, where n =a(m — 2)/2 and p® = |F|.

Proof. We shall say that g is generic if there exists an isotropic 1-dimensional subspace W of V
such that g(W) = W and t ¢ Z(U); otherwise, we shall say that g is exceptional.

If g is generic, choose W = (v) according to the condition stated above. Otherwise, let W =
(v) to be any isotropic 1-dimensional subspace fixed by g. Let S| = Staby (v), U = Op(S1), and
denote by £ the projection of g into I (W), where Wy ~ WL/ W.

Let ¢ be an irreducible constituent of 8|s, non-trivial on Z(U). As Z(U) = Z(S1), ¢ (Z(U))
is scalar, and hence ¢ (U) is homogeneous. Thus ¢ (U) >~ &,. Set A = (g, U) and let t be an
irreducible constituent of ¢|4. Set b = t(g), by = t(t) and B = t(A). Note that U is non-
abelian and the order of g modulo Z(U) is either s or s/ p, the former happening if and only if
t ¢ Z(U). We claim that the same holds after applying t. First, recall that Z(z(U)) = t(Z(U))
(cf. Lemma 6.1). Next, observe that t € Z(U) iff t(¢t) € 1(Z(U)). [Indeed, suppose that ¢ ¢
Z(U). Then, for every z € Z(U) there exists u; € U such that [uy, t] = z. As 7 is non-trivial on
Z(U), this implies that t ¢ Z(7(U)) = t(Z(U)).] It follows that the order of b = t(g) modulo
Z(t(U)) is either s or s/ p, the former happening if and only if by = 7(¢) ¢ T (Z(U)). As Z(B) =
Z(t(U)), the same happens for the order of » modulo Z(B).

Step 1.1f g is generic, then (i) and the claim on eigenvalue multiplicities hold, except possibly
when (x) H = Sp(m, p) and ¢ is a transvection.
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Suppose that (x) does not hold. By Lemma 2.7 applied to B = t(A), we observe that
Spect(g) is the set of all the s-roots of 1, unless possibly when 7(¢) ¢ t(U) and |t(U) :
Cr)(t(t))| = p. The latter is equivalent to t ¢ U and |U : Cy(¢)| = p, which implies by
Lemma 6.8 that () holds. (Case () for m > 4 will be considered in Lemma 6.23 below. The case
m = 4 is covered by Proposition 1.2.) As Spec 7(g) contains all the s-roots of 1, the claim on
multiplicities follows from Lemma 2.10. Also, observe that the assumption m > max{8, % + 3}
forces g to be generic (see Lemmas 4.6 and 4.7). Thus, the stated claim on multiplicities follows.

Step 2. The lemma is true if g is exceptional and H # Sp(m, p), Sp(m, p*) or SU(m, p).

As g is exceptional, r € Z(U). Hence ¢ is a transvection and therefore rank(r — Id) = 1. It
follows that either case (i) or (iii) of Lemma 4.6, or case (ii) of Lemma 4.7, hold for g. Write
¢ (t) = ¢ -1d (the case ¢ = 1 is not excluded). Observe that Z(U) can be viewed as a vector space
of dimension 1 over I, or of dimension a over IF,. Moreover, S = Ny (Z(U)) and the conjuga-
tion action of S on Z(U) can be described as follows: as S/ is isomorphic to GL(1, ¢) in the
symplectic case and to GL(1, ¢?) in the unitary case, the action in question is permutationally
equivalent to b — aa"b for b € F; and a € F 2 in the unitary case, and to b — a’bfora,be F,
in the symplectic case. Let x be the character of Z(U) such that ¢ (z) = x(z) - Id for z € Z(U),
and let K =Kker x.

Assume first that H is unitary. As the norm map F > — I, is surjective, 7 is conjugate to rt
for each i coprime to p. In addition, if ¢ > p then K contains a conjugate of 7. As ¢ is non-
trivial on Z(U), it follows that, given any p-root &’ of 1, there is a conjugate ¢’ of 7 in S such
that ¢ (t') =&’ - 1d. If g = p, then K =1, ¢ # 1 and the above is only true for &’ # 1. This shows
that | Spec8(t)| = p unless, possibly, H = SU(m, p). The order of g modulo Z(U) is s/p (as
U is of exponent p); nevertheless, Lemmas 2.7 and 6.8 tell us that Spec ¢(g) contains all the
(s/p)-roots of &’. Hence Specf(g) contains all the s-roots of 1, unless g = p and ¢’ = 1.

Let H be symplectic. Then there are two conjugacy classes of transvections in H, and the
number of elements of Z(U) in each class equals (¢ — 1)/2. As |Z(U) : K| = p, one observes
that any transvection is conjugate to an element of K as long as ¢ > p>. Suppose that ¢ = p? (so
that K has order p). Up to conjugacy, we may think of the transvections in Z(U) as of rational
elements of SL(2, pz). Thus any transvection in Z(U) is conjugate (under H) to all its non-
identity powers, and henceforth the transvections in K are conjugate to each other. Let z1, z2 be
transvections in Z(U), and suppose that z; € K. Then there is 2| € Z(U) \ K which is conjugate
to z1. If ¢ > p?, then an analogue of the argument used in the unitary case can be exploited to
show that Spec6(g) contains all the s-roots of 1. If ¢ = p® such an argument works only if 7 is
conjugate to z;. Suppose that ¢ is not conjugate to z;. If 1 # ¢ € Spec(¢), then we can choose
¢ so that ¢ (1) = ¢ - Id, and ¢ (g) contains all the p®~!-roots of ¢ by Lemma 2.7. So we are left
to deal with the case where ¢ = 1 € Spec6(¢). Furthermore, observe that we may assume that
Z(U) acts trivially on the subspace of #-fixed points. Indeed, let T be the underlying space of 9,
and let E; be the subspace of z;-fixed points (that is, Ey is the 1-eigenspace of 6(z;)). Clearly
Sy acts on Ej. If z5 acts non-trivially on Ej, let ¢1 be an irreducible constituent of E1|s, such
that ¢1 (z2) # Id. Then we are in the same situation as above, with z, playing the role of z;. So
we are done, unless z», and hence the whole of Z(U), acts trivially on Ej. In conclusion, we
have shown that Spec 6(g) contains all the s-roots of 1, except possibly when ¢ is a transvection,
H = Sp(m, p) or Sp(m, p?) (and in the latter case Z(U) acts trivially on the subspace of ¢-fixed
points).

Step 3. The lemma is true if H = SU(m, p) or Sp(m, p?).

By Step 1, we only have to examine the case where r € Z(U) and g is exceptional. Let T
be the underlying space of 0, and let E; be the subspace of ¢-fixed points. By Proposition 1.2
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E1 # 0 unless m =3 and g = p. In this case H = SU(3, p) and g = ¢, as recorded in (v). So
assume m > 3. Suppose first that U |g, # Id and let T be an irreducible PS;-submodule of E| s,
such that U|r, # Id. Let us consider the elementary abelian group Uy = U/Z(U). As shown in
Step 2, we may assume that Z(U) acts trivially on 77, so that 7j is in fact acted upon by Uj.
Observe that (g)/(t) also acts on T71. As (g)/(t) acts faithfully on Uy by conjugation, we may
apply Lemma 4.1 to the group ({g)/(t), Up) € GL(T}) and obtain (i).

So we are left with the case where U|g, = Id. In this case, E is acted upon by S;/U ~ Y.
By Lemma 6.13, Y acts non-trivially on E7, unless possibly when H = Sp(4, p) or SU(3, p).
However both these cases are ruled out by our current assumptions.

So, we may assume that Y acts non-trivially on E1, and the action of g on E; is realized
by the action of 4. We wish to apply what we have already proven to this situation, in order to
obtain that /& has s/ p distinct eigenvalues on E. By Step 1, if (g) contains no transvection, then
Specf(g) contains all the s-roots of 1. Using this, by taking Sp(m — 2, p?) or SU(m — 2, p) for
H and h for g, we conclude by the above that h|g, has s/p distinct eigenvalues, unless possibly
when t; = b’/ P is a transvection (observe that this is necessarily so if m = 4).

In order to examine the case when 71 is a transvection, set 1, = g%/ 1’2, so that 71 is the projection
of 5 to Y. Then dim(t, — Id)V < 3 and #; =¢. Hence 1 = dim(t — Id)V = dim(ty — 1)V =
dim(#, — Id)? V. As the right-hand side is equal to O for p > 3, we conclude that p = 3 and
dim(#, — Id)V = 3. Since the minimum polynomial of #, has shape (x — 1)! for some i, we
deduce that i =4, and hence Jord t, = diag(J4, Id,;,—4). It follows from Lemma 5.4 that g = 1,.
Recall that g is exceptional. Thus, if H is symplectic we are in case (ii) of Lemma 4.7, whence
H = Sp(4,9), as recorded in (iii). If H is unitary, then by Lemma 4.6 m = 4 or 5, that is, either
H = SU(4, 3) (which is excluded by our assumptions) or H = SU(5, 3).

To rule out the case SU(5, 3), let X ~ SU(4, 3) be the stabilizer of a non-isotropic vector of V
in H, and consider 6| x. Notice that g> is a transvection, hence g is conjugate to an element of X.
(Alternatively: notice that g = f. As Jord#, = diag(Js, 1), it follows that g is conjugate to an
element of X.) By Lemma 6.15, we may assume that the non-trivial irreducible constituents of
0|x are 20-dimensional, so all of them are Weil representations of X. By Lemma 6.4, it follows
that 0 is also a Weil representation. Hence 6 lifts to characteristic zero, that is, there exists an irre-
ducible complex representation & of H whose character on elements of order coprime to char P
coincides with the Brauer character of . It is well known that f|x contains an irreducible con-
stituent A, say, of degree 21. By Lemma 6.15, Spec A(g) contains nine elements. Hence Specf(g)
contains nine elements, and so does 9.

Step 4. The lemma is true if H = Sp(m, p) and ¢ is not a transvection.

Suppose the contrary. Let V = V| @ --- @ V,, as in the proof of Lemma 4.7, and set V" =
Voa®--- @V, (possibly, V' =0). Thus V = V; ® V" and W C V;. By Step 1 and Lemma 6.8, we
may assume that |U : Cy (¢)| = p and the projection 7 of ¢ to Y is a transvection in Sp(m — 2, p).
Set W = W/ W. Clearly, W contains V”. Since W N V" =0, it follows that W = W' @& W”,
where W’ >~ V", Thus, as U >~ t(U) ~ &,, the condition that 7 is a transvection is equivalent
to the condition that h”ail is a transvection. By Lemma 6.7, dim(z — Id)V < 2; so, as ¢ is not a
transvection, dim(r — Id)V = 2. It follows that Jord g has exactly two blocks of size p""1 +1,
and possibly other blocks of lower sizes. Therefore, either Jord g consists of exactly two blocks
of size p"‘_l + 1, or the two blocks occur in Jord g|v,. However, in the latter case ¢ cannot be a
transvection.

So Jordg = {Jpa—1+1, Jpa—1+1} and m =2(p®~1 +1). By Lemma 6.11, g belongs to a sub-
group K isomorphic to Sp(m /2, p?). Suppose first that m > 4. Since, by Step 3, the lemma holds
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for Sp(m/2, p*) except when K = Sp(4,9), we are left with the case m = 8 and H = Sp(8, 3),
which is recorded in (iv). Finally, if m = 4, by Proposition 1.2 we are lead to the first part
of (v). O

Remark. As already observed (cf. Proposition 1.2) the above lemma cannot be extended to the
case H = Sp(2, q) with ¢ = p?, as there are irreducible representations of Sp(2, p?) of dimension
(p* — 1)/2 in which an element of order p does not have eigenvalue 1.

The next two lemmas deal with exceptional cases that need to be examined in order to work
out in detail case (ii) of Lemma 6.17 (see Lemma 6.23 below).

Lemma 6.18. Let H = Sp(6,3), g € H be of order 9 and 1y #6 € Irrp H.

(A) Suppose that rank(g — Id) = 4. Then the following holds:

(A1) If dim@ > 13, then SpecO(g) consists of all 3-roots of the elements in Spec6(g>).
More precisely, | Spec6(g)| =9 if 0 is not of dimension 14, whereas Spec(g) = {n'}
or {n~'}, where i € {0,3,6,1,4,7}, if 0 is of dimension 14.

(A2) If dim@ = 13, then |SpecO(g)| = 5 and either SpecO(g) = {e, 2,1, ne, ne?} or
SpecO(g) = {e, &2, %, n*e, n?e%), where 1 = ¢ # 1 and €3 = 1. In particular, 1 ¢
SpecO(g).

(B) Suppose that rank(g — Id) = 3. Then the following holds:

(B1) Ifn#13,14,78, then | SpecO(g)| =9.

(B2) Ifdim6 =178, then | Spec6(g)| =8 and 1 ¢ SpecH(g).

(B3) Ifdim6 = 13 or 14, then | Spec6(g)| =5 and

cither  SpecO(g) =1{1,n,n,n*,n"} or SpecO(g)={1,1%n* n°,nd}.

Proof. If char P = 0, one can inspect the character table of H from [Atl]. If char P > 0, the
character table of H is not available explicitly but it is easily recovered from the decomposition
matrices available on the [MAtl] website. Let char P = 2. Then all the irreducible characters
are trivial on Z(H). According to [MAtl], there are 7 irreducible 2-modular characters that do
not lift to ordinary characters. They are denoted by ¢;, with i = 6,7, 12,13, 14, 15, 16. Let the
ordinary characters of H be labeled x, as in [Atl]. Then ¢¢ = x11 — @3, ¢7 = x10 — P2, P12 =
X91 — P4, P13 = X90 — P4, P14 = X27 — P4, P15 = K46 — P6 — 13 and P16 = x47 — $7 — P12,
where the equalities above hold for the character values at elements of odd order. From this one
can easily deduce the lemma (observe that in characteristic 2 there are no irreducible Brauer
characters of degree 14). In a similar way, one obtains the stated result inspecting the cases when
charP >3. O

Lemma 6.19. Let H = Sp(8, 3) and 6 € Irrp H withdim6 > 1. Let g € H be an element of order
9 such that rank(g — 1d) = 3. Then one of the following holds:

(1) |Spect(g)| =9;
(2) 0 is a Weil representation of H and either Spec6(g) = {1,7°,n,n*,n"} or Spec6(g) =
(1,7% 0%, 13, 1%}, where n is a primitive 9-root of 1.
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Proof. Set = g3. Then ¢ is a transvection and Spec(t) is either {1, ¢} or {1,&2} or {1, ¢, &%},
where ¢ is a non-trivial 3-root of 1. Set 0 £ w € W = (g — Id)V and S; = Staby (w). Further-
more, let U and Y be as above and % be the projection of g into Y. Then |[h| =3 and 4 is a
transvection as well. Observe that there exists g’ € Y which is an H-conjugate of g. Let ¢ be
an irreducible constituent of #|s, non-trivial on Z(U). By Lemma 6.5, ¢ =7 ® A, where 7, A €
Irrp S1, T(U) is irreducible and A(U) =1d. By Lemma 6.9, 1 € Spec(r(g3)) and by Lemma 2.7
Spect(g’) = a{l, n3, 0, 1% 1’} for some 9-root & of 1. As A can be viewed as a representation
of Y = Sp(6, 3), we observe from Lemma 6.18 that Spec A(g’) contains {1, 73, n, n*, n’} for
some 9-root B of 1. Then it is an easy matter to check that Spec 7(g’) - Spec A(g’) contains all the
9-roots of 1. Therefore, if the lemma is false then X is trivial. Hence ¢|y is a Weil representation
of Y. By Lemma 6.18(B3), Spec ¢ (g’) contains either {1, 7>, 1, n*, n’} or {1, 7%, n%, n°, n%}. In
particular, 1 € Spec8(g). It then follows from Lemma 6.18, that the non-trivial irreducible con-
stituents of 0|y are all of dimension 13 or 14, and so they are Weil representations of Y. By
[GMST, Theorem 2.3], 6 is a Weil representation of H. Thus Spec6(t) consists of two ele-
ments. We conclude that only one of the two options recorded in Lemma 6.18 is realized for the
constituents of 6|y and the result follows. O

Next, in order to dispose of the exceptional case arisen in Lemma 6.17(iv), we need two
auxiliary results. The first of these is concerned with the Weil representations of Sp(4, 3).

Lemma 6.20. Let H = Sp(4,3) and let SL(2,9) < M be a standard embedding of SL(2,9)
into H. Let 1y # 0 € Irrp H. Suppose that the irreducible constituents of 0|y are either trivial
or associated Weil representations of M. Then either 6 is a Weil representation of H, or 0 is a
unique representation of dimension 6.

Proof. Suppose first that char P = 0 and let x be the character of 6. Let x1, x2 be the characters
of two associated Weil representations of M, ordered so that x;(1) =4 and x2(1) = 5. Observe
that Z(M) = Z(H). Hence, there exists two integers k and [/ with k > 0, such that x|y =kx2 +
[ -1y if 6(Z(M)) is the identity, and x|y = k1 otherwise. Let g € M be of order 5 and let
h € M be of order 8 (so that i projects to an element of M /Z (M) of order 4). Then xi(g) =
—1 and yx2(h) = —1 (the same is true for the characters of the other pair of associated Weil
representations of M, as their values at elements of order 5 and 8 in Weil representations of the
same degree coincide). In particular, viewed as an element of H/Z(H), h belongs to the class
4B in [Atl]. Suppose first that 6(Z(M)) # Id. Then x(g) = —k, and hence k =1, as x(g) €
{—1,0, 1} (see [Atl] for the character table of H). Thus x (1) = x;(1) =4, as required. Next, let
0(Z(M)) =1d. Then x|y =kxa +1-1p. As x2(g) =0, we have [ < 1 (as x(g) € {—1,0, 1}).
In addition, as xo(h) = —1, x(h) = —k + 1. As x(h) € {—1,0, 1}, we conclude that k < 2, and
hence x (1) =3, 6, or 10. Taking into account the values of y at %, one rules out y (1) = 10. We
conclude that either x (1) =5, in which case 6 is a Weil representation, or x (1) = 6, in which
case 0|y = x2 + lp. This yields the result.

Next, suppose that » = char P > 0. We only have to inspect the cases » =2 and r = 5. The
decomposition numbers for M are known, and one can easily deduce from them that for r =2
or 5, if 7 is a non-trivial irreducible representation of M over the complex numbers and the com-
position factors of T (mod r) are either trivial or associated Weil representations, then t itself is
a Weil representation. [Here, one needs to recall that in characteristic 2 the non-trivial Weil rep-
resentations of M have dimension 4. Furthermore, if 71, 75 are the two distinct Brauer characters
of M of degree 4, then 71 and > are not associated.] Therefore, for the representations of H
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that either lift to characteristic 0, or occur in a decomposition of a characteristic 0 representation
of H, the other terms being only trivial, the result follows from the above.

Let r = 2. There is only one Brauer character of H, namely ¢5 in [MAtl], that does not lift
to characteristic 0, and ¢5(1) = 14. Moreover, ¢5(x) = x7(x) — 1y for all x € H of odd order,
where x7 is an ordinary irreducible character. By the observation above y7 should either be a
Weil representation, or have dimension 6, which is false.

Let r = 5. There are only two Brauer characters of H that do not lift to characteristic 0. In
the [MAtl] notation these are ¢ and ¢g, which occur as constituents on the 5’-classes of the
ordinary irreducible characters x10 = ¢10+ 1z and x19 = @13 + ¢4. Here ¢p10(1) =23, ¢pa(1) =6
and ¢13(1) = 58. As x10 = ¢10 + 1, the observation above also applies to xjo, yielding a
contradiction. Next, observe that yi9 is trivial on Z(H), and hence the irreducible constituents
of @1y are of dimension 1 or 5. Let T be the Brauer character of a Weil representation of H of
dimension 5; then 7 (k) = —1. Therefore, & belongs to the class 4B in [Atl]. Thus ¢1gp =kt +
[ -1y and ¢13(h) = —k 4+ 1. As ¢4 lifts to characteristic 0, ¢4(h) = 0. Therefore, as x19(h) =0,
we obtain that k = /. On the other hand, )(19(/12) =0, ¢4(h2) =2 and T(h%) = 1, so we get
0= x19(h%) = k 4+ + 2, which is false.

Finally, observe that the 6-dimensional exception still lives when » =2 (in which case 9|y =
7+ 2- 1), T being a Weil representation of dimension 4) or r =5 (in which case 6|y =t + 1y,
withdimz =5). O

Lemma 6.21. Let H = Sp(8,3) and let Sp(4,9) < N be a standard embedding of Sp(4,9)
into H. Let char P # 2 and 6 € Irrp H with dim6 > 1. Suppose that the irreducible constituents
of 0|y are associated Weil representations of N. Then 0 is a Weil representation of H.

Proof. Let Sp(2,9) < Nj be a standard embedding of Sp(2,9) into N. As the irreducible
constituents of 0|y are Weil representations of N associated to each other, the irreducible con-
stituents of 0|y, are Weil representations of N; associated to each other. Observe that Ny is
contained in a subgroup H; of H isomorphic to Sp(4,3) standardly embedded into H. By
Lemma 6.20 the non-trivial irreducible constituents of 6|y, either are Weil representations of Hj,
or have dimension 6. As char P # 2, 6|y, does not contain the trivial representation. It fol-
lows that 0]y, does not contain 6-dimensional subrepresentations (otherwise 1y, would appear
in 0|y, ). Hence, by Lemma 6.3, 6 is a Weil representation of H. 0O

Now we are ready to deal with the Sp(8, 3) case in Lemma 6.17(iv).

Lemma 6.22. Let H = Sp(8,3) and 6 € Irrp H withdim6 > 1. Let g € H be an element of order
9 such that Jord g = diag{Ja, J4}. Then one of the following holds:

(1) Spec(g) contains all the 9-roots of 1.
(2) dim6 =40 and up to conjugacy there is exactly one element g € H with the above Jordan
form such that | Spec6(g)| = 8. In this case 1 ¢ SpecH(g).

Proof. Suppose first that char P £ 2. By Lemma 6.11 we may assume that g is contained
in a subgroup H; = Sp(4,9). Suppose that (1) is false. Then | Spec¢(g)| <9 for every non-
trivial irreducible constituent ¢ of 6|y,. Applying Lemma 6.16 to these ¢’s, we conclude that
they either are trivial or have dimension 40. In fact, the trivial ones cannot occur as otherwise
| SpecO(g)| = 9. For the same reason, the constituents of dimension 40 are all associated to each
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other. As char P # 2, by Lemma 6.21, 6 is a Weil representation of H. It is well known that the
Weil representations of Sp(2n, ¢) remain irreducible under restriction to Sp(n, ¢*). Therefore
dim 6 = 40 and the result follows from Lemma 6.16.

Next, assume that char P = 2. Recall that in this case, by our definitions (cf. the discussion
following Lemma 6.2) the trivial representation is considered to be Weil (unlike in [GMST]).
Suppose that (1) is false. Again by Lemma 6.11, we may assume that g is contained in a subgroup
isomorphic either to GL(4, 3) or to SU(4, 3). By [Z90] we may rule out the first option (cf. the
result quoted in the Introduction, following Theorem 1.4). So, we assume that g € K| ~SU(4, 3)
and consider the restriction 8| g,. By Lemma 6.15, the irreducible constituents of 0|, are 20-
dimensional Weil representations. It follows that, restricting further from K to a subgroup K>
isomorphic to SU(3, 3), the irreducible constituents of 8 on such a subgroup are also Weil repre-
sentations. Now, let H; be a standard subgroup of H isomorphic to Sp(6, 3) and containing K.
Direct computations using complex character tables in [Atl] and 2-modular decomposition ma-
trices available on the [MAtl] website show that if an irreducible representation ¢ of Sp(6, 3),
when restricted to SU(3, 3), has irreducible constituents which are all Weil for SU(3, 3), then ¢
itself is a Weil representation. We conclude, by [GMST, Theorem 2.3] and Lemma 6.16 that 6 is
a 40-dimensional Weil representation of H and (2) holds. O

The following lemma completes the analysis of case (ii) in Lemma 6.17.

Lemma 6.23. Let H = Sp(m, p), with p odd, m > 4 and (m, p) # (6, 3) and let 0 € Irrp H with

dim@ > 1. Let g € H be an element of order s = p® such that t = gP*~ " is a transvection. Let

& € SpecO(t). Then one of following holds:

(i) Specf(g) contains all the p*~'-roots of ¢;

(i) e=1, |g] =9, rank(g — Id) = 3, and 0 is a Weil representation of H = Sp(m, 3). In this
case | Spec6(g)| =5 and 1 € Spec(g).

Furthermore, the multiplicity of every eigenvalue of 6(g) is at least
max{1, Pn_z_pzuiz}, where n = (m — 2)/2.

Proof. Suppose first that g = 7. In this case the content of the lemma reduces to the claim
about multiplicities. Let & € Spec(). If & # 1, then the multiplicity of ¢ is at least p—2)/2
by Lemma 6.10. If & = 1, then the multiplicity of ¢ is at least (p"~2/2 — 1)/2 by Lemma 6.13.
As (p™=2/2 _1)/2 > p"!, the lemma is true in this case.

So we assume that g # ¢. Furthermore, m = 4 and g # ¢ forces p = 3, which case has been
dealt with in Lemma 6.14. In addition, Lemma 6.10 settles the case where ¢ # 1.

In order to deal with the case ¢ = 1, we set W = (r — Id)V, so that t € Z(U). As usual, let &
be the projection of g into Y = Sp(m — 2, p). Then |h| < |g|.

Step 1. hP* % isnota transvection, except when |g| =9 and p = 3.

Indeed, let 1, = gf’afz, so that 17" is the projection of #, into Y. Set d := dim(t; — Id)V.
Then (r, — Id)4H = 0. Suppose that hP* " is a transvection. Then d < 3. Since 1 = dim(t —
1)V = dim(tzp —Id)V =dim(#, — Id)?V, it follows that p = d = 3. This is only possible when
Jord t, = diag(Js, Id,;,—4). It follows from Lemma 5.4 that g =1,

Let T be the underlying space of 6, and let E; be the 1-eigenspace of 6(¢). By Proposition 1.2
E1 # 0. Moreover, by Lemma 6.13 S} acts non-trivially on Ej.
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Step 2. The lemma is true if U |g, # 1d.

Let T7 be an irreducible PS;-submodule of Ej|s, such that U|r, # Id. Let us consider the
elementary abelian group Uy = U/Z(U) and denote by K its group of characters. As Z(U)
acts trivially on 77, T is acted upon by Uy: thus 71|y, = @KE,(O T, where T, ={x € T1: ux =
k(u)x, for all u € Up} and the summation runs over a Y -orbit of non-trivial elements of Ky. As
the natural Sp(m — 2, p)-module is self-dual, K is isomorphic to Uy as Sp(m — 2, p)-modules. It
follows that Y is transitive on Ko \ {1}. By Lemma 4.3, & has more than p" 3~ regular orbits on
Ko\ {1}. It follows that (h)|7, contains a direct sum of more than P37 regular submodules,
which justifies the claim on multiplicities for this case.

Step 3. The lemma is true if U|g, =1d and hP“™ is not a transvection.

By Lemma 6.17, applied to Y = Sp(m — 2, p) acting on Ej, the spectrum of g|g, = h|g,
contains all the p“’l—roots of 1 unless possibly when Y = Sp(8, 3), hence H = Sp(10, 3) and
rank(h® —Id) =2, or ¥ = Sp(4, p), hence H = Sp(6, p) and rank(h — Id) = 2 [notice that, as
h is not a transvection, Y # Sp(4, 3)]. Suppose first that H = Sp(6, p). As |g| > p, it follows
that p < 5. If p =5, then Jordg = Js. However, rank(h — Id) = 2 forces rank(g — Id) < 4,
a contradiction. The case H = Sp(6, 3) is excluded by assumption. So, let H = Sp(10, 3). As
rank(h® —Id) = 2, Jord g is not Jio. But then |g| = 9, which contradicts the assumption || < |g|.
The claim on multiplicities follows from Lemma 6.17 applied to Y| g, . Indeed, Lemma 6.17 gives
the bound p"—4/2=p* 72 o pn=2-p*2

Step 4. The lemma is true if U|g, =1d and A is a transvection.

By Step 1, this can only happen if p = 3 and Jord g = diag(J4, Id;;,—4), so |g| =9. If m =8
the result follows from Lemma 6.19. Otherwise, g can be included in a subgroup X of H iso-
morphic to Sp(8, 3). By the same lemma all the non-trivial irreducible constituents of 6|y are
Weil representations. Therefore, 6 is a Weil representation of H by [GMST, Theorem 2.3]. As
Y|k, #1d and A is a transvection, the argument preceding Step 1 applied to Y and 4 yields that
the multiplicity of every eigenvalue of / on Ej is at least (3""~%/2 — 1)/2 > 3"~2, which will
do. O

7. Unitary groups of characteristic 2

Unless stated otherwise, it is assumed in this section that p = 2 (hence char P # 2) and V
is a unitary space of dimension m > 2. As above, g is a unipotent element of H, v € V is an
isotropic vector fixed by g, W = (v) and Wy is a complement of W in WL, Set S = Staby (W),
S1 = Staby (v) and U = 0,(S) (= 02(S7)). Observe that S=U : Q and S =U : Y, where Q
and Y are the groups defined after Lemma 4.4. Also observe that Z(S)) = Z(U) = (Fy, +).

We begin with a lemma that refines Lemma 6.2.

Lemma 7.1. Let H = SU(m, q) and let g be as above. For a given non-trivial irreducible char-
acter ¢ 2 Z(U) — P let T : Sy — GL(¢™ 2, P) be an irreducible representation such that t|y is
irreducible and t(z) = ¢ (z) - Id for all z € Z(U). Then the following holds:

(1) Let x be the character afforded by t. If g is not conjugate in Sy to an element of Y Z(U),
then x(g) = 0. If g is conjugate to an element of Y, then x(g) = (—1)"(—q)?®, where
d(g) = dimker(h — Id) and h is the projection of g to Y. If g € Z(U), then x(g) =
q" 25 ().

(i) Suppose that Jord g consists of a single block and t = gzwl is a transvection. Then
x(g) =0 foralli <2%7' and x(t) = ¢"%¢(t) = +q™ 2. Furthermore: if £(t) = —1,
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then Spec t(g) consists of all the primitive 2%-roots of 1; if ¢(t) =1, then Spect(g) con-
sists of all the 2%~ -roots of 1.

(iii) Suppose, as in (ii), that Jord g consists of a single block. Assume |g| = 2% > 2 and
rank(gzwl —1Id) > 2. Then x(g") =0 for all i < 2*. Furthermore, Spect(g) contains all
the 2%-roots of 1, with equal multiplicity.

Proof. As already observed in the remark following Lemma 6.2, the result for P-representations
follows immediately from the analogue for complex representations. Indeed, the Brauer reduc-
tion of T modulo any prime r distinct from p remains irreducible (as |U| is coprime to r).

(i) The statement follows from [Gé, Theorems 4.5(b) and 4.9.2], except for the refinement to
g € Z(U). As in the latter case t(g) is scalar, the claim clearly follows.

(i1) Without loss of generality we may assume that v € (+ — Id)V. Let g; be a conjugate of g
in S1. As t € Z(S1), we have glzw1 =t.Ast ¢ Y, we also have that glzl ¢Y foralll <o —1.

Moreover, g2 ¢ YZ(S)) for all I <« — 2. Indeed, if g2 € YZ(S)), then g2 € Y. Whence
I+1>a,iel>a—1.

(iii) By (i), it suffices to show that gzw1 is not conjugate in S to an element of Y Z(U). Let
B ={b) =v,..., by} be the canonical basis defining S| and Y, so that W = (b;) and Y fixes by,.
Observe that, if x € YZ(U), then (x — Id)b,, € W. Let g be a conjugate of g in S;. Clearly,
(g — I "Wt =0= (g — 1" 'WL. As b, ¢ W, it follows that (g; — Id)" b, # 0.
Hence (g1 — 1d)"2b,, ¢ W. If g2 € YZ(U), then (g — 1d)by = (g — Id)>* ' by € W,
whence 2%~! > m — 2. This is a contradiction, as the assumptions on Jord g and rank(gz‘H —1d)
force m to be odd, and hence m > 2%~ ! + 1.

In order to prove the second claim in (ii) and (iii), set G = (g) and let x; denote the character of

G sending g to &', where ¢ is a primitive |g|-root of 1. We have (x, xi)G = E}I(x(l) +x(g2‘H) .

g2y = (g2 + (—=1)/g™2¢ (1)), which is equal to 0 if and only if (—1)'¢(t) = —1. If
£(t) = —1, then i is even, which means that el is an eigenvalue of ¢(g) if and only if i is odd,
that is, &' is primitive. If ¢ (¢) = 1, then i is odd, which means that all the ¢!’s with i even occur
as eigenvalues of ¢(g). Thus the claim in (ii) follows. As for (iii), (x, xi)¢ = z%qm_z #0. O

Next, we need to prove a series of lemmas in order to single out some exceptional low-
dimensional cases and establish an inductive basis for general results.

Lemma 7.2. Let 0 be a non-trivial irreducible P -representation of H = SU(4,?2) and let g be an
element of H of order 4 such that rank(g —1Id) = 2. Then | Spec6(g)| = 4, except when dim8 =5
or char P # 3 and dim0 = 6. In the exceptional cases Spec6(g) = {1, =+/—1}.

Proof. Observe that Jord g = diag{J3, J1}, so that g2 is a transvection. In the [Atl] notation,
g belongs to the class 4A and squares to the class 2A. Direct computation based on inspection
of ordinary and Brauer characters (cf. [Atl] and [MAtl]) shows that | SpecO(g)| = 4 provided
dim6 > 6. Furthermore, one sees that x4 (g) = 1 and xg(g?) = —3 if dim@ = 5, whereas xy(g) =
2 and yxg(g%) = —2 if dim# = 6. In both cases the result follows. O

Lemma 7.3. Let 6 be a non-trivial irreducible P-representation of H = SU(m,2), m > 4.
Suppose that g € H has order 4 and rank(g — Id) = 2. If | SpecO(g)| < 4, then 0 is a Weil
representation of H and Spec6(g) = {1, £/ —1}.
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Proof. Let R be a non-degenerate subspace of V of dimension m — 4 and let X ~ SU(4,2)
be the pointwise stabilizer of R in H. Clearly g can be assumed to be an element of X. Sup-
pose that | Spec6(g)| < 4. Then, by Lemma 7.2, the non-trivial irreducible constituents of 6|y
have dimension 5 or 6, hence they are Weil representations of SU(4, 2). Thus, by [GMST, The-
orem 2.5], 6 is a Weil representation of H. Finally, as the non-trivial irreducible constituents of
0|x are Weil representations of SU (4, 2), the result follows, again by Lemma 7.2. O

Lemma 7.4. Let 6 be a non-trivial irreducible P-representation of H = SU(5,2) and let g be
an element of H of order 8. Let X _ denote the set of all 4-roots of —1. The following holds:

(1) If dim@ > 11, then | Spec6(g)| =8.

(2) Ifdim6 = 10, then Specf(g) = {£/—1, Z_;}.
(3) Ifdim@ = 11, then Specf(g) = {1, £/—1, X_1}.
(4) Ifdim@ = 10, then Specf(g?) = {—1, £/—1}.
(5) Ifdim@ > 10, then | Specf(g?)| = 4.

Proof. Observe that, in the [Atl] notation, g belongs to the class 84 and g2 belongs to the
class 4B; furthermore Jord(g?) = diag(J3, J2). The statement then follows from computations
on ordinary and Brauer characters. 0O

Remark. Observe that, if char P = 3, then H has no irreducible representations of degree 11.

Lemma 7.5. Let 0 be a non-trivial irreducible P-representation of H = SU(m, 2), where 3 <
m < 6. Suppose that g € H has order 4. If | Spec8(g)| < 4, then 0 is a Weil representation
of H and either Jord g = diag{J3,1d,,_3} and Spec(g) = {1, £+/—1}, or m =5, dim6 = 10,
Jord g = diag{Js, J»} and Spec(g) = {—1, £/—1}.

Proof. If rank(g — Id) = 2 the statement follows from Lemma 7.3. So, suppose that rank(g —
Id) > 2. Let [ be the highest dimension of an indecomposable g-submodule. Then / = 3 or 4
and there exists two non-degenerate g-submodules Vi, V, of V such that g|y, is indecompos-
able, dim(Vy) =/ and V=V, @ V5. Let X ={x € H: xV; =V] and x|y, =1d} and X, =
{x e H: xV, =V, and x|y, =1d}. Then g = g1 g2, where g; € X; fori =1, 2. Furthermore, if ¢
is an irreducible constituent of 6| x, x, then ¢ = ¢ ® ¢, where ¢; is an irreducible representation
of X; fori =1, 2. We can assume that ¢; is non-trivial.

Suppose first that [ = 4. In the [Atl] notation, g; € SU(4,2) belongs to the class 4B and
squares to the class 2B. Computation based on inspection of ordinary and Brauer characters
(cf. [Atl] and [MAtl]) shows that Spec ¢1(g1) consists of all the 4-roots of 1. Therefore, both
Spec ¢ (g) and Spec6(g) consist of all the 4-roots of 1.

Let [ = 3. Then, rank(g — Id) > 2 forces m > 4. The case m = 5 has been considered in
Lemma 7.4(4) and (5). Assume that m = 6. Then the Jordan form of g is either diag{J3, J2, J1}
or diag{J3, J3}. In the first case g lies in a subgroup X of H isomorphic to SU(S,2). If ¢ is
a non-trivial irreducible constituent of 0|y, then by Lemma 7.4 |Spec¢(g)| = 4 (and hence
| SpecO(g)| = 4), unless dim¢ < 10. If every irreducible constituent of 6|y is of dimension at
most 10, then by Lemma 6.4 0 is a Weil representation of H. In the latter case 6 is of dimension
21 or 22, and hence 6| either contains irreducible constituents of dimension 11, or it contains
irreducible constituents of dimension 1 and 10. In both cases, we deduce from Lemma 7.4 that
SpecO(g) consists of all the 4-roots of 1. Next, suppose that Jord g = diag{J3, J3}. Then there
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is an element 4 of order 3 in Cy(g) such that |Cy (gh)| =3 - 2* = 48. Therefore gh belongs to
one of the classes 12F, 12G or 12H, whence g3 belongs to one of the classes 4C, 4D or 4E. It
follows that g2 belongs to the class 2B. With this data, it is easy to check that Spec 0 (g) consists
of all the 4-roots of 1 provided char P = 0. Tedious but elementary computations (using the
decomposition matrices for r-modular representations (r = 3,5, 7, 11) available on the [MAtl]
website) show that the same holds when char P > 2. O

Most of the contents of the following lemma can be extracted from the general discussion of
Weil representations following Lemma 6.2, but we record them for the reader’s convenience.

Lemma 7.6. Let H = SU(m, 2), where m > 3, and let 6 be a (non-trivial) irreducible Weil
representation of H. Let X = SU(m — 1,2) be the stabilizer of an anisotropic vector, and let
char P =r.

(1) Suppose that r = 0. Then dim@ = (2" — (—1)")/3 or 22"~ + (=1)™) /3. The restriction
0|x is the sum of two irreducible Weil representations of X; in addition, if m is even, then at
least one of the two constituents is of dimension (2™~1 4+ 1)/3.

(2) Suppose that r > 0. If r # 3, then the claims in (1) remain true. If r = 3, then dimf =
2™ —2)/3 if m is odd, otherwise dim6@ = (2™ — 1)/3. In both cases, 0 lifts to characteristic
zero. In addition, if m is even then 1x is an irreducible constituent of 0|x.

Proof. (1) The claim on dimensions is just the specialization of the general dimension formula
at g = 2. It is easy to observe that 8|y is the sum of irreducible Weil representations of X (for
instance, see [T-Z1, Lemma 4.2]). By comparing the dimensions, one also obtains the last part
of the statement.

(2)If @ isasin (1) and r # 3, then 6 (mod r) remains irreducible (see [H-M, Proposition 9]).
So the claim follows for r # 3. If r = 3, the first assertion follows again from Proposition 9
and other comments on p. 755 in [H-M]. The additional claim follows from the comparison of
dimensions. O

Lemma 7.7. Let 0 be an irreducible Weil representation of H = SU (m, 2), where m > 5. Suppose
that g € H has order 8 and rank(g — Id) = 4. Let X_| denote the set of all 4-roots of —1. Then
Specb(g) ={1, v -1, X_1}.

Proof. As|g| =38, Jord g must contain a block of size > 5. As by assumption rank(g — Id) =4,
it follows that Jord g = diag{Js, Id,,—s}. Let R be a non-degenerate subspace of V of dimension
m — 5 and let X >~ SU(S, 2) be the pointwise stabilizer of R in H. Clearly g can be assumed
to be an element of X. The irreducible constituents of 8|x are Weil representations of X, and
furthermore Lemma 7.6 tells us that, if m = 6, then one of the irreducible constituents of 6| is
of dimension 11, except when r = 3, in which case a constituent of dimension 10 occurs together
with a trivial one. This, together with Lemma 7.4, yields the result. O

Lemma 7.8. Let 0 be a Weil irreducible representation of H = SU(7, 2) of dimension 42. Sup-
pose that g € H has order 8 and Jord g = diag{Js, Jo}. Let ¥_ denote the set of all 4-roots
of —1. Then SpecO(g) = {—1, £~/ —1, X_1}.
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Proof. We can write g = yz, where z is a transvection and Jord y = {J5, Idz}. Set W = (z —Id)V
and let S; be the stabilizer in H of a non-zero vector of W. By Lemma 2.5 (considering the
Jordan form of g) we may assume that z € Z(U) and y € Y. It follows from [L-S, 4.4(a)], that
Ols, = ¢ ® 1, where ¢ is an irreducible representation of S; non-trivial on Z(U) (hence of
dimension 2°) and  is an irreducible representation of S| trivial on U (hence of dimension 10).
By Lemma 7.1(i), the character value of ¢ at yi is equal to 2 if i is odd, —4 if i =2 or 6 and
—16if i = 4. Tt follows that Spec ¢ (y) = {1, +/—1, ¥_1} and Spec 7 (y) = {+/—1, X_1} (cf.
Lemma 7.4). Asz€ Z(U) and g = yz, ¢(z) = —Id and ¢(g) = —¢(y). The result follows. O

Theorem 7.9. Let g be a 2-element of H = SU(m, q). Suppose that Jordg = J,,, and t = gzw1
is not a transvection. If 0 € Irrp H with dim6 > 1, then | Spec0(g)| = 2“.

Proof. Let S be defined as above, and let ¢ be an irreducible constituent of 6|s, non-trivial on
Z(U). Then, by Lemma 6.5 ¢ =t ® A where 7, A € Irrp S1, 7|y is a generic Weil representation,

7|y is irreducible of dimension | F| iyt and A(U) =Id. As ¢ is not a transvection, Lemma 7.1(iii)
applies, hence | Spec 7(g)| = |g|. Thus, this is also true of ¢(g), and hence of 6(g). O

Theorem 7.10. Let g be a 2-element of H = SU(m, q), where (m, q) # (3,2). Suppose that
Jordg = J,,, where m =21 4+ 1 (so that t = gzwl is a transvection). If 0 € Irrp H with
dim6 > 1, then | SpecO(g)| = 2% unless g =2, m =5 and 6 is a Weil representation of H.

Proof. We have set above S = Staby (W), S| = Staby (v), where v € V is a non-zero isotropic
vector fixed by g and W = (v); furthermore, U = O,(S). Thus Z(U) is an elementary abelian
normal subgroup of S of order g. Observe that without loss of generality we may assume that v €
(t —Id)V, and hence t € Z(U). Let K denote the group of characters of Z(U). The action of §
on Z(U) induces an action of S on K. The group § acts transitively on the non-identity elements
of Z(U), and hence S has a single non-trivial orbit on K. On the other hand, S acts trivially on
Z(U), and hence also on K. Let T be the PH-module afforded by 6. Then T|z(y) decomposes
into homogeneous components Ty, namely T'|zy) = GBZEK Tr,where T = {x € T: zx =¢(2)x
for all z € Z(U)} and ¢ runs over K*. Clearly, ¢(t) = 1, and ¢(¢#) = —1 for some ¢. Let
R be an irreducible constituent of S; on a component T; such that {(f) = —1, and let p be
the corresponding representation of S;. By Lemma 6.5 p = ¢ ® A, where ¢ behaves as T in
Lemma 7.1 and X is an irreducible representation of S; trivial on U. Therefore, Spec p(g) =
Specp(g) x SpecA(g). Let X¥_; denote the set of all 2%~ !-roots of —1 and X the set of all
29~ 1_roots of 1. By Lemma 7.1(ii), Spec¢(g) = X'_1. Obviously, Spec A(g) is a subset of X
and ¥_| x X = ¥_j. Therefore, Spec p(g) = X'_1. As p is a constituent of #, we conclude that
Specé(g) contains X_j.

We are left to show that Spec6(g) contains X';. Suppose first that g > 2, so that Z(U), and
hence K, is not cyclic. As S acts transitively on K — {1}, there exists a component T;s of T'|z )
such that ¢’ # 1 and £'(r) = 1. Let o’ = ¢’ ® A’ be an analogue of the representation o considered
above, but corresponding to ¢’. Again by Lemma 7.1(ii), we conclude that Spec ¢’(g) coincides
with X1, and hence Spec p’(g) contains Xj. As above, since p’ is a constituent of # we are done.

Next, suppose that ¢ = 2. Then Z(U) = (t) has order 2, and T |z ) = T1 @ T-1, where
Ty =T, with { =1 and T_; = T; with ¢ # 1. It follows that Spec(g|r_,) = ¥_1. As Z(U)

acts trivially on 77, 77 is in fact acted upon by S1/Z(U). Set d = gzafz, so that |d| = 4 and
d* =1. As t|r_, = —Id, d has eigenvalues ++/—1 on 7_;. We claim that, provided m > 3, the



L. Di Martino, A.E. Zalesskii / Journal of Algebra 319 (2008) 2668-2722 2715

subgroup Y of S; (isomorphic to SU(Wj)) contains a conjugate of ¢ which acts non-trivially
on Tj. Indeed, as m > 3, Y does contain a conjugate ¢’ of t under H and ¢’ acts on both T}
and T_. Suppose ¢'|1; =1d. Then #'|7_, is not scalar, as otherwise " would centralize S;: hence
the eigenvalue 1 occurs in ¢’ with multiplicity greater than dim(7}), which is exactly the multi-
plicity of 1 in ¢. This is a contradiction, as ¢ and " are conjugate. Hence Y acts non-trivially on
Ty (cf. also Lemma 6.13). Observe that d ¢ U, unless m =3 and g = d. Indeed, if d € U, then
rank(d — Id) = 2. As Jordd = diag(J3, (2272 — 1) J»), it follows that m = 3 and o = 2, that is
g =d. However in this case H = SU(3, 2), against our assumptions on H.

We now distinguish two cases:

(1) Suppose first that U acts non-trivially on 77. This means that 7 is acted upon non-trivially
by the quotient Uy = U/Z(U). Let us consider S acting on Up by conjugation. Then, as U acts
trivially on Uy, setting S1 =8 /U =Y =SU(Wy), Ug can be identified to the natural Y1-module
Wi. Denoting as usual by /4 the projection of g into Y, we also observe that, by Lemma 4.6,
|g| > |h|. On the other hand, by the above, d ¢ U, so |h| = 2%~!. This ensures that, considering
the group ({(g)/(t), Up) acting on T, the assumptions of Lemma 2.11 are fulfilled and therefore
glr, has o(h) distinct eigenvalues; as these are exactly the 29~1_roots of 1, we are done.

(2) Next, suppose that U acts trivially on 77. Thus, T} is acted upon by S; /U >~ Y1 = SU(Wy).
As seen above, |h| = 2%~!. In particular, since ramk(gzw2 —Id) >3ifm >3, K27 is not a
transvection in Y7 unless m = 5. Therefore, by Theorem 7.9, if m > 5 then Spec(h|7,) consists
of 2%~ ! elements. The result follows.

Finally, if m =5 and ¢ = 2, then 6 is a Weil representation by Lemma 7.4. O

The following two lemmas concerning Weil representations are instrumental in the proof of
the subsequent Theorems 7.13 and 7.15. (Observe that in both lemmas ¢ need not be even.)

Lemma 7.11. Let H = SU(m, q). Then every Weil representation of H lifts to characteristic 0.

Proof. The statement can be deduced from computations on the characters of Weil represen-
tation of H available in [D-T]. Indeed, let ¢; for i =0,...,q be the characters of the Weil
representations of H labeled as in [D-T]. Let r be a prime. If (r,g + 1) = 1, then every Weil
representation of H remains irreducible under reduction modulo r by [D-T, Theorem 7.2].
This is also true for the Weil representations of degree x, where x = (¢ — 1)/(g + 1) if m
is even, and x = (g™ — q)/(q + 1) if m is odd, as x is the least degree of a non-trivial rep-
resentation of H. Assume (r, g + 1) # 1. According to the proof of Theorem 7.2(ii) in [D-T],
¢ (mod r) =¢; (mod r) + (=1)"(8;0 — 8;,0) (Where §; x is the Kronecker symbol) whenever
i — j is divisible by ¢, the r'-part of ¢ + 1. Let m be even. Then ¢;(1) = x for j > 0 and
Zo (mod r) =1 4 ¢ (mod r). So the lemma follows for m even. Let m be odd. If j is not an r-
power then ¢; (mod r) is irreducible (see [H-M, Proposition 9]). Otherwise, ¢; (mod r) =14 &
by the above or alternatively by [H-M, proof of Proposition 9]. So the lemma follows. 0O

Lemma 7.12. Let H = SU(m, q) and let V = V| & V,, where V1, Vo are mutually orthogo-
nal non-degenerate subspaces of V. Set k = dim(V,) and X = X1X,, where X; = {x € H:
xVi=V,, x|V_/ =1d}, fori, j € {1,2} and i # j. Let 6 be a (non-trivial) Weil representation
of H and let ¢\ be an irreducible constituent of 0|x,. Then there exists an irreducible constituent
¢ of Olx and an irreducible constituent ¢ of 0|x, such that dim¢, > G —q)/(g+1) and
¢ =¢1® ¢
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Proof. Let t be a complex irreducible representation of H such that 6 is a constituent of T mod r,
where r = char P. If ¢ is an irreducible constituent of 7|x, then we may express o as o =
01 ® oo, where o; is an irreducible Weil representation of X; >~ SU(V;). Suppose that o is chosen
so that ¢ is a constituent of o1 mod r. Recall that o, mod r has an irreducible constituent, say ¢»,
of dimension at least (¢* — ¢)/(q + 1) (cf. the comments preceding Lemma 6.4). It follows that
o mod r has a constituent ¢ = ¢; ® ¢, where dim ¢, > (qk —q)/(g+1). O

Theorem 7.13. Let H = SU(m, q), where (m, q) # (3,2), and let g be a non-trivial 2-element
of H. If 6 € Irrp H with dim6 > 1, then |SpecO(g)| < |g| if and only if ¢ =2, 0 is a Weil
representation, and one of the following holds:

(1) m=5andJordg = J,;
(2) Jord g = diag(J;, Id,,—;), where m > 1 andl =3 or 5;
(3) Jord g = diag(Jy,—2, J2) and either m =5 and dim6 = 10, or m =7 and dim6 = 42.

Proof. If g consists of a single Jordan block, then Theorems 7.9 and 7.10 yield case (1) of the
statement. So, suppose that g has more than one block and let / be the maximum size of a Jordan
block in Jord g. If [ = 2, then |g| = 2, in which case the theorem is trivial. Let / > 2. According
to Lemma 2.5, we can write V = V; @ Vo, where gV; =V, fori = 1,2 and Jord g|y, = J;. Let
X = X; x X5 be a subgroup of H such that XV; =V;, X; =SU(V;) and X; acts trivially on V;
for j #i. Then g € X and g = g1 g2, where g; € X; and Jord g1|y, = J;. Let ¢ be an irreducible
constituent of 0| x. Then ¢ = ¢ ® ¢, where ¢; is an irreducible representation of X; fori =1, 2.
In addition, ¢ (g) = ¢1(g1) ® $2(g2), and hence Spec ¢ (g) = Spec ¢1(g1) - Spec ¢2(g2). Suppose
that | SpecO(g)| < |g|. Then | Spec ¢ (g)| < |g| and hence | Spec ¢1(g1)| < |g1]| = |g|. Clearly, we
can choose ¢ such that the kernel of ¢ liesin Z(X). If [ >5org>2,orl=4and g =2, it
follows from Theorems 7.9 and 7.10 that | Spec ¢1(g1)| = |g1/, which is a contradiction.

So, we may suppose that g =2 and [ =3 or 5. If g, =1d, then Jord g = diag(J;, 1d,,—;) and
Lemma 7.3 together with Theorem 7.10 yields case (2). So assume g # Id.

Suppose first that [ = 5. Then m > 6, as g» # Id. Since | Spec¢1(g1)| < |g1|, Theorem 7.10
tells us that, for every choice of ¢, either ¢; is trivial or ¢ is a Weil representation of SU(S, 2).
By [GMST, Theorem 2.5], 6 is a Weil representation of SU(m, 2). By Lemma 7.11, every Weil
representation lifts to characteristic zero. Therefore, we may assume that » = 0. Furthermore,
recall that the irreducible constituents of 6|y, are Weil representations of X; for i =1, 2. There-
fore, every irreducible constituent ¢ of 8| x has shape ¢ = ¢ ® ¢» where both ¢; and ¢, are Weil
representations of X and X», respectively. Now, 6|x, has an irreducible constituent of dimen-
sion 11 (by induction, as this is true for m = 6, see Lemma 7.6), and hence there exists ¢ such that
dim¢; = 11. By Lemma 7.4, | Spec¢1(g1)| = 7. Thus | Spec¢1(g1) - Spec ¢p2(g2)| = 8, unless
¢2(g2) is scalar. This implies either m —5 =3 and dim¢p =2 or m —5 =2 and dim ¢ = 1. Sup-
pose first that m = 7. Then either dim 6 = 42 or dim & = 43. The case where dim 6 = 42 has been
dealt with in Lemma 7.8. So, assume that dim 6 = 43. In this case the reduction of § modulo 3
has two irreducible constituents, one trivial and the other one of dimension 42 (cf. Lemma 7.6).
It follows from this and Lemma 7.8 that | Specd(g)| = 8. This completes the proof in the case
m = 7. Next, suppose that m = 8. Then dim(V,) = 3, and either Jord g|y, = diag(J,1d;) or
Jord g|v, = J3. In the former case g belongs to a subgroup H; = SU(7, 2) and the restriction of
6 to H; contains as a constituent a Weil representation of dimension 43 (cf. Lemma 7.6). So we
are done in this case. Finally, suppose that Jord g|y, = J3. Then, we may choose ¢ = ¢1 ® ¢»
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so that dim ¢» = 3, in which case ¢»(g2) has 3 distinct eigenvalues. This and Lemma 7.4 easily
imply that | Spec ¢ (g1) - Spec ¢2(g2)| = 8.

Finally, suppose that / = 3, so that |g| = 4. In view of Lemma 7.5, we may assume that m > 6.
Arguing as in the case [ = 5, we see that 0 is a Weil representation of SU(m, 2). For v € V, set
S = Stabg (v). Suppose that g has Jordan form distinct from diag(J3, 1, ..., 1). Then v can be
chosen so that the projection 4 of g into §/0>(S) = SU(m — 2, 2) has Jordan form distinct from
diag(J3,1,...,1) and |h| = 4. Let n be an irreducible constituent of 8|s non-trivial on Z(S).
It suffices to show that n(h) has 4 distinct eigenvalues. Observe that n lifts to characteristic 0,
so we may assume r = 0. Then Lemma 7.1 allows to compute the character of 7. In particular,
n(1) = 2”2 and the absolute value of 5(h?) and n(h) = n(h~") does not exceed 23 and
2Mm=3 respectively. As 272 — 23 _2.2m=3 5 (), it follows that every irreducible character
of (h) is a constituent of the restriction of 7 to (k). This completes the proof of the theorem. O

We need yet another useful fact concerning Weil representations:

Lemma 7.14. (See [GMST, Corollary 12.4].) Let H = SU(m, q) and let 15 # 6 € Irrp H be
such that all the 1-dimensional constituents of 0|y are trivial. Then 0 is a Weil representation
of H.

Theorem 7.15. Let H =SU(m,q) and 1y # 60 € Irrp H. Let g be a non-trivial 2-element of H
of order s. Suppose that m > max{s + 3, 12}. Then the multiplicity of every eigenvalue of 6(g)
is at least g™ 2 /s, unless 0 is a Weil representation of H, in which case the multiplicity of every
eigenvalue of 0(g) is at least (g™ 3 —q) /(g + 1).

Proof. By Lemma 7.14, either 6 is a Weil representation of H or the restriction f|s, contains an
irreducible constituent ¢ trivial on Z(U) and non-trivial on U. Let T be the PS|-module afforded
by ¢. As ¢(U) is abelian, we can write T = € T,, where « runs over a Y -orbit O of non-trivial
elements of Ko, Ko being the group of characters of Uy = U/Z(U). Set t = g*/?, so that 1> = 1.
As m > s + 3, by Lemma 4.6 we can choose U such that ¢ ¢ U. Let & be the projection of g
into Y. Then |g| = |h]|. Observe that K¢ can be obtained from Uy as the t-twist of the dual of Uy,
where t is the Galois automorphism of qu over [F,. Therefore Up and K¢ are isomorphic as

[F,2(h)-modules. Lemma 4.3 applied to ¥ > SU(m — 2, q) tells us that (k) has at least q" 2 /s

regular orbits in O. It follows that T as a P(g)-module contains a direct sum of at least g2 /s
regular submodules. So the result follows.

Next, suppose that 8 is a Weil representation of H. As 6 lifts to characteristic zero, by
Lemma 7.11, and the eigenvalues of 6(g) are preserved under lifting, we may suppose that
char P =0.

By Lemma 2.5(ii), we may write V as a direct sum of two mutually orthogonal non-degenerate
(g)-submodules V = V| @ V>, and suppose that g acts faithfully on V; (not excluding the option
Vo =0). Let X = X7 x X, be a subgroup of H such that XV; = V;, X; = SU(V;) and X;
acts trivially on V; for j #i. Then g € X and g = g1g2, where g; € X;. As the irreducible
constituents of 6|y, are Weil representations of X; for i = 1,2, every irreducible constituent ¢
of 6|x has shape ¢ = ¢1 ® ¢» where both ¢; and ¢, are Weil representations of X; and X»,
respectively. Thus ¢(g) = ¢1(g1) ® ¢2(g2). (In the previous setting, it is understood that, if
Vo =0, then X» = {1y}, go = 1y and ¢; is trivial.)

We observe first that the theorem is true if | Spec ¢1(g1)| = |g1] = |g| (that is, g; does not
belong to one of the exceptional cases in Theorem 7.13) and furthermore dim(V2) > 2. Indeed,
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according to Lemma 7.12, we may choose ¢ in such a way that dim ¢, > (qdim(v2) —q)/(g+1).
It follows that each of the s-roots of 1 occurs as an eigenvalue of ¢ (g) (and hence of 6(g)) with
multiplicity at least max{1, (¢9™(V2) — ¢) /(g + 1)}. Now, we distinguish two cases.

Case (1). Either ¢ > 2 or ¢ =2 and |g| > 8. In this case we choose V; to be indecomposable,
hence of dimension < s. As m > s + 3, we have dim(V;) > 2, and hence we can use the estimate
above. We conclude, by Theorem 7.13, that each s-root of 1 occurs as an eigenvalue of (g) with
multiplicity at least (¢~ —¢q)/(g + 1).

Case (2). ¢ =2 and |g| <8.

We need to choose Vi to be of minimal dimension such that | Spec ¢1(g1)| = | Spec6(g)|.
Suppose first that | Specf(g)| < s. Then s > 2, and by Theorem 7.13 either dim(V) < 8 or
Jord g = diag{J;, 1d,,—;}, where [ < 5. By our assumptions, we may ignore the first instance. In
the second instance, we may choose V| of dimension at most 5, and again m > s + 3 forces
dim(V;) > 2.

Finally, suppose that | Spec8(g)| = s. Then, by Theorem 7.13, the Jordan form of g is not of
shape diag{J;, Id,,,_;}, where [ = 3, 5. If g has a Jordan block of size r = 6 or 7, we choose V]
such that Jord g|y, = J, and then, by Theorem 7.13, | Spec ¢1(g1)| = s. In this case, as above,
we are done. Otherwise, each Jordan block of g has size at most 5. If |g| = §, then g has at
least one block of size 5. As m > 12, we can choose V| of dimension at most 10 such that
| Specp1(g1)| =s. If |g] =4 and m > 8, we can choose V| of dimension at most 6 such that
| Specp1(g1)| = 4; if |g| = 2 and m > 6, we can choose V] of dimension at most 4. We con-
clude that, in all cases, every eigenvalue of 6(g) occurs with multiplicity at least (¢” > — ¢)/
g+1. O

8. Proofs of the main results

Proof of Theorem 1.1. Suppose first that H = Sp(m, q), with ¢ odd. The case where (m, g) =
(4, 3) is dealt with in Lemma 6.14. Otherwise, by Lemma 6.17, Specf(g) contains all the s-
roots of unity unless one of the following holds: (a) H = Sp(m, p) and ¢ is a transvection;
(b) H=S5p(4,9) and ¢ is a transvection; (¢) H = Sp(8, 3), |g| =9 and rank(z — Id) = 2. Case (b)
is examined in Lemma 6.16, whereas case (c) is examined in Lemma 6.22. So, we can assume in
what follows that (a) holds. Furthermore, as m = 4 and |g| > p forces p = 3, we may suppose
m > 4. By Proposition 1.2, Spec6(¢) contains all the p-roots of unity, unless 6 is a Weil rep-
resentation of H = Sp(m, p). It then follows from Lemma 6.23 that Spec(g) contains all the
s-roots of unity, unless 6 is a Weil representation of H or (m, g) = (6, 3). The latter case is dealt
with in Lemma 6.18. So, assume that 6 is a Weil representation of H. Again by Lemma 6.23,
Spec8(g) contains all the (s/p)-roots of every ¢ € Specf(z), unless p =3, |g| =9 and either
Jord g = diag(J4, Id;,—4) or m = 6. In these cases Spec 6(g) is described in detail in Theorem 1.3.

Next, suppose that H = Sp(m, q), with g even. Then, by Theorem 5.6 and Lemma 5.7,
Spec6(g) contains all the s-roots of unity unless H = Sp(6, 2) and dim6 = 7.

Now, let H = SU(m, q). If q is odd, then the result follows from Lemma 6.17, except for
the case H = SU(4, 3) which is examined in Lemma 6.15. Let g be even. By Theorem 7.13,
Spec(g) contains all the s-roots of unity, unless ¢ = 2 and either (a) Jord g = diag(J;, Id,,,—;)
with/ =3,5or (b) m =5 or 7 and Jord g = diag(J2, J;y—2). Case (a) is settled in Lemma 7.3 for
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| =3, whereas for [ =5 is settled in Lemmas 7.7 (m > 5) and 7.4 (m = 5). Case (b) is dealt with
in Lemma 7.8 for m =7 and in Lemma 7.5 for m = 5.

Finally, suppose that H = Spin(m, q) with m odd, or Spini(m, q), with m even. Then, by
Theorem 5.6, Spec6(g) contains all the s-roots of unity. (Additionally, it is worthwile to observe
that the orthogonal groups examined in Theorem 5.6 cover a broader range than those recorded
in Theorem 1.1.) O

Proof of Theorem 1.3. The data collected in the statement are drawn from the analysis carried
out in Section 6. For case (1) see Lemma 6.18(B3) for m = 6, Lemmas 6.23(ii) and 6.19(2) for
m > 6; for case (2) see Lemma 6.18(A2); for case (3) see Lemma 6.14(1) and (2). O

Proof of Theorem 1.4. The data collected in the statement are drawn from the analysis carried
out in Section 7. For case (1) see Lemmas 7.2 and 7.3; for case (2) see Lemma 7.7; for case (3)
see Lemma 7.4; for case (4) see Lemmas 7.4(4) and 7.5; for case (5) see Lemma 7.8. O

Proof of Theorem 1.5. The data collected in the statement are drawn from the analysis carried
out in Sections 6 and 7. For case (1), see Lemma 6.14; for cases (2) and (3), see Lemma 6.18(A2)
and (B2); for case (4), see Lemma 6.16; for case (5), see Lemma 6.22; for case (6), see
Lemma 6.15. Case (7) arises from Lemma 7.4, whereas case (8) arises from Lemma 7.8. O

Proof of Theorem 1.6. The case when H = SL(m, g) has been considered in Corollary 3.4,
whereas the cases when H = Sp(m, q) with g even or H is a spinor orthogonal group were
done in Theorem 5.6. The case when H = Sp(m, q) and eitherg > p > 2,0or ¢ = p > 2 and (g)
contains no transvections, has been examined in Lemma 6.17. This lemma also covers the unitary
groups in odd characteristic. The case when H = Sp(m, q) with ¢ = p > 2 and (g) contains a
transvection, has been examined in Lemma 6.23. The unitary groups in characteristic 2 are dealt
with in Theorem 7.15. Observe that if s = 2 or 4, then Theorem 7.15 remains valid as long
as m > 6 and m > 8, respectively (cf. the last paragraph of the proof). Therefore, we can use
Theorem 7.15 for all m > 2 p°“1 + 4, as required for Theorem 1.6. O
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Appendix A. Classical simple groups with exceptional Schur multiplier

In this appendix, for the sake of completeness, we deal with the spectra of unipotent elements
in the case of the universal coverings of simple classical groups with exceptional Schur multiplier.

So, let H be a finite simple classical group of characteristic p and G be a univer-
sal central extension of H. Suppose that H = G/Z(G) is such that |Z(G)| is a multiple
of p (that is, H has an exceptional Schur multiplier). Then H is one of the following
groups: PSL(2,4), PSL(2,9), PSL(3,2), PSL(3,4), PSL(4,2), PSU(4,2), PSp(6,2), PSU(4, 3),
PSU(6,2), £2(7,3), 271(8,2). Let Z; be a Sylow p-subgroup of Z(G). It is known that G/Z,
is either a quasi-simple classical group or the spinor orthogonal group. Now, let g be an element
of G such that the order |g| is a p-power, and denote by o(g) the order of g modulo Z(G) (of
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course, it may happen that 0(g) = |g|). We wish to give a list of all the irreducible representations
6 of G over an algebraically closed field P of characteristic r # p, such that deg6(g) < o(g)
and 0(Zyp) # 1.

Observe that we need not to deal with the case H = PSL(2,4), as o(g) = 2 in this case.
If H=PSL(2,9), then o(g) =3. If H=PSL(3,2), then G =SL(2,7) and o(g) =4.If H =
PSL(3,4), then o(g) = 4. If H = PSL(4,2), then G = Ag and o(g) = 4. If H = PSU(4,2),
then G ~ Sp(4,3) and 0o(g) = 4. If H € {PSp(6,2), PSU(6,2), £27(8,2)}, then 0(g) =4 or 8. If
H e {PSU4,3), £2(7,3)}, then o(g) =3 or 9.

The table below gives the list of the P-representations of universal coverings G, providing
exceptional spectra at unipotent elements. For each relevant simple group H the results were
obtained from the ordinary and Brauer character tables, making use of packages available from
[GAP]. We have denoted by wu, i, w, A, v elements of P such that ,u,4 =—1,i = ,uz, =1
(w#1), A€ (w)and v? = w, respectively.

H | Zo| r H-classes dimé6 SpecH(g)
PSL(3,2) 2 7 4A 2 (w, u=hH
any 4A 3 (1,i,—i)
PSL(3,4) 16 any 4A 6 +(1, 1,4, —i,i, —i)
3 4A 4 +(1, 1,4, —i), £, —1,4,i)
PSU(4,2) 2 any 4A 4 +(1,1,i, —i)
PSp(6,2) 2 any 4A 8 +(1,1,1, 1,4, —i,i, —i)
any  8A 8 (L1, w3, w0, 1)
any 8B 8 (11, w2, w13, w8, )
21@8,2) 4 any 4A 8 +(1,1,1, 1,4, —i,i,—i)
any  8A 8 (L1, w3, w0, 1)
any 8B 8 (1, 1, w2, w3, 0, w17
PSU4,3) 9 any 3A 6 ML 11, w,o,w)
any 9A, 9B 6 Ay, V3,03, 407, 1)
any 9C, 9D 6 (v, v, v*, 02 V7, v8)
any 9A, 9B 15 A1, 1, v, 302, 0% 303,00 07 308)
any 9A, 9B 15 A(1,3v, 02, 304, 13,200,307 1)

Remarks.

(1) In the above table we have only listed those representations of the universal covering G
which do not contain Zy in their kernel. Furthermore, when considering reductions of char-
acteristic zero representations modulo a prime r > 0, we have also allowed non-isomorphic
reductions.

(2) The fourth column of the table lists, in the Atlas notation [Atl], the ‘class-type’ of the group
H to which g mod Z(G) belongs. Of course, several G-classes may correspond to a unique
H-class: e.g. for H = PSL(3, 4), dim6 = 4, four distinct classes of elements of G of order
4 map to the single class 4A.

(3) In several cases the representation listed in the fifth column is not unique. For details about
the number of such representations and their interrelationships, the reader is referred to [Atl,
MAUtl] as well as to the [GAP] package.
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(4) In the case H = PSU(4, 2), the representations of G of dimension 5 and 6 are not included
in the table as Zj is in their kernel. These representations are dealt with in Lemma 7.2 of the
present paper. We also take this opportunity to note that, as G is isomorphic to Sp(4, 3), the
above mentioned 6-dimensional representation of G provides an ‘exceptional’ representation
of Sp(4,3) which was missed in [T-Z1], while it is correctly considered in [GMST]. In
particular, the remark quoting [T-Z1] in [DM-Z, p. 230] is inaccurate.
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