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Partial differential equations

1. Main results

Let R" and C? both be equipped with the corresponding Euclidean metric | o ||. The associated operator norm on
Mat(C9) := Matg,4(C) will be denoted with the same symbol. We will use the following notation for any

aen! (R, Mat((Cd)),
the smooth 1-forms on R" with values in Mat(C%): Any such « can uniquely be written as o = Z?zl o dx/ with

k )1 <k<d

aj= (k)5 cy € CC(R" Mat(C?)), j=1,....n. (1)

Let % (d) denote the skew-Hermitian elements of Mat(C9), that is, % (d) is the Lie algebra corresponding to the unitary
group U(d). In this paper, we will be concerned with probabilistic methods for self-adjoint operators in L(R", C¢) that are
formally given by the differential expression

_l _1 n ) _1 n n
r(a,V):—EA—EZaj—EZ(ajaj)—Zajaj+v, )
j=1 j=1 j=1

where o € 21(R", % (d)) and where V : R" — Mat(C%) is a potential, that is, a measurable function with V (x) = V*(x) for
almost every (a.e.) x € R". If d =1, then one has o = i@ for some real-valued & = Z'}-zl ajdx/, so that (o, V) is nothing
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but the nonrelativistic Hamiltonian corresponding to a charged particle in the magnetic field & € .QD]Q(]R”) and the electrical
potential V : R" — R,

T(x, V)———A+ Za ——le(Ol)—lZOt]8]+V
j=1

The following conventions will be used for our probabilistic considerations: For any x € R" we will denote the usual Wiener
probability space with

P = (2, F, (F)=0.P),
where 2 = C([0, 00), R") and where P* stands for the Wiener measure on (£2,.%) which is concentrated on the paths
w :[0,00) > R" with w(0) = x. The underlying o -algebra % and the filtration %, will be the ones corresponding to the
canonical process

X :[0,00) x 2 — R", 3)

where %, will be made right-continuous and complete (locally complete, if Girsanov techniques are used; here we im-
plicitely use the results of Section 5.6 in [8]), whenever necessary. We consider the process X given by (3) as a Brownian
motion starting in x under P* and we will write “d” for Stratonovic differentials, whereas It6 differentials will be written
aS “d"_

Fix x € R" now. If o € 21(R", Mat(C%)) and V : R" — Mat(C%) is such that

t
PX{/HV(Xs)”dS<oo}:1 forallt >0, )
0

then the processes

Z/a,(xs)dxf /V(Xs)ds:[o, 00) x 2 — Mat(C%),

j=19 0

B = A%V 4 - [A%Y, A%V]: [0, 00) x £2 — Mat(C?), (5)

1
2
where

d
[AV A2V]] = ST[(ACV)]L (A%Y),] forjk=1.....d
=1

is the quadratic covariation, are continuous semi-martingales. For any [ € N and t > 0 let the simplex tA; be given by
tA={(t1,....t) [ 0<t <--- <t <)

Defining a stochastic path ordered exponential! by

_1+Z/ dB" --.dBY, (6)
I=1¢,
where the convergence is P*-a.s. uniformly in compact subsets of [0, c0) [13], one finds that
2%V 10, 00) x £ — Mat(C%)
is uniquely determined as the solution of

t
a7y :1+/sz5"""ng'" ™
0

! This notation has to be understood as

t t s

a7V =1+ B3 +/B§"VdB‘S’"V +/(/B$‘~V dB‘,’"V>dB§’"V +
0 0

0
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under P*. It is easily seen that
t

ﬂa,vzl_i_/ﬂa,vg/‘a,v’ (8)

Q{av*:‘l—i— A(XV*EQ{C{V* (9)

dav—lz dA“V dozvfl (10)

fe
2’

Remark 1.1. If d =1 and o = i& for some & € .Q]fQ(]R”), then one easily finds

_exp< Zfa](xs)dxf /v(xs)ds>

=1y

_exp< Z/a](xs)dxs /dlv(a)(xs)ds—/V(Xs)ds>, (11)

=19 0
an expression which is well known from the classical Feynman-Kac-It6 formula. In particular, the identity
Y(w(s+ @) = A% (@) — A% (w) foralls,t >0, P-aewe R
(which follows from approximating the integrals in the definition of A%V with Riemann type sums as in (84)) and e 12 =

e“1e?2 directly imply the following relation:

A& (@)= A2V (@) A (w(s + ). (12)

Although one does not have such an explicit expression for <%V for d > 1, one can still prove the multiplicative
property (12) in the general case:

Lemma 1.2. The process <7V is a multiplicative matrix-valued functional, that is, for any s, t > 0 one has

A& =A%V (A2 005) Praas, (13)

where ¥s(w) = w(s + o) stands for the shift operator on 2.

Proof. We fix s and define & := &#*" and A := A%V. The following stochastic integrals are all understood with respect
to P*. We will prove that the processes <%, and (<, o ¥5) both solve the following Stratonovic initial value problem
(with respect to the filtration (Fsi¢)r>0):

t

:rgfs+/UrQrAs+r- (14)
0

To this end, note that (8) directly implies
S+t

Aop=1+ f ArdiAr =1 +/drd A+ /szmsd Aris= ot + /m+rdrAs+r. (15)
On the other hand, the identity

Aro®s=Asy —As P*-as.forallr >0

implies the second identity in
Moﬁs:‘l‘i'(/eﬁyrgrAr)Oﬂs:1+/$2¢roﬁsgrAr+Ss (16)
0 0

so that the desired equality follows from multiplying the latter equation with <7 from the left. O
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We refer the reader to [14] and the references therein for a detailed study of multiplicative matrix-valued functionals.
Matrix-valued Kato functions can be defined as follows:

Definition 1.3. A measurable function V : R" — Mat(CY) is said to belong to the Mat(C%)-valued Kato class of R", if one has

t

. X _

}@]:;DEHE |:/HV(XS)H ds:| =0,
0

and V is said to be in the Mat(C%)-valued local Kato class of R", if 1xV is in the corresponding Kato class for any compact
subset K C M.

We write (R", Mat(C?)) and Kjoc(R", Mat(C%)) for the Kato and the local Kato class, respectively. Note that for a mea-
surable function V : R" — Mat(C?) the condition V € Kjoc (R", Mat(C9)) is equivalent to

@V € K(R",Mat(C%)) forany ¢ € C3°(R").
For any p such that p >1if m=1, and p >m/2 if m > 2, one has
LP (R", Mat(C%)) C Kioc(R", Mat(C?)) L} (R", Mat(C?)). (17)

These inclusions may be found in [1].

Remark 1.4. We will frequently use a simple consequence of the definition of the Kato class: If V € K(R", Mat(C?)), then
the Chapman-Kolmogorov equation for the heat kernel of R" shows that for all t > 0,

t
sup ]E"|:[||V(XS)|| dsi| < o0. (18)
xeRm
0

Using this and the continuity of Brownian motion easily implies the following fact: If V € Kjoc(R", Mat(C%)), then

t
IP’X:/HV(XS)Hds<oo}:1. (19)
0

We can now prove two convergence results for o7®V that will turn out to be closely related to continuity properties
of the semigroup that corresponds to an operator of the form 7 (o, V) as in (2). To this end, a potential V will be called
nonnegative, V > 0, if all eigenvalues of the matrix V(x): C? — C? are nonnegative for a.e. x € R". The following two
lemmas extend Lemma C.3 and Lemma C.5 in [3] to the matrix-valued setting:

Proposition 1.5. Let V be a potential with
0< V e £(R", Mat(C))
and let o € 21(R™, % (d)) be such that

max (g | K®), max | e K(RY), (20)
i= n ’ i=1,....,n v

.....

where the meaning of the indices in (20) is as in (1). Then one has

li EX[|«4*Y —1|]=0. 21
lim sup EX[| /™" ~1]] (21)

Remark 1.6. If d = 1, then the estimate |e? — 1| < C|z|e™Max{Re(2.0} for 3] z € C combined with (11) and V > 0 directly imply

}, (22)

so that in this case (21) follows immediately from the Itd isometry and the assumptions on (&, V). Since one does not
have an explicit expression as (11) for df"v(a)) for d > 1, we have to proceed differently for the general case: We will use
the differential equation (8) to rewrite ,szft“’v(a)) —1, and then use a uniform estimate for H;sz"”w)” (which is proved in
Lemma A.2) in order to derive an estimate that is similar to (22).

t t

n t .
12/&j(xs)dx5+%/div(&)(xs)ds—/wxs)ds

et -1l <o
=19 0 0
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Proof of Proposition 1.5. We set A:=A%" and & := o7®". Since
4 . 4 . 1 .
i_ i_ iqak _ i k - i ak
dofj = (7 dA); = ) ol dAT =) ol dAT+ ) = d[, Af],
k k c

one has

ol 5l = /kaldAk—i- Z/@%’ d[AL. A%].

k.1

Furthermore, by the Itd formula and [X, th] =8Ut, [Xi,t]=0 for all t > 0, one has
, 1 . .
=> / @ (X dX* + 5 / > ey (X)dt — / ViX)de
k k
and
:Z/aﬁn’j(X)a',;,l(X) dt,
m

so that we arrive at

o] — 8 = [ o (X dX! + = Z/,kaa,a,](xm

—Zf%‘/ (X)dt+

/ A ah  (Xa ;(X)dt.

klm

Let t > 0. In order to use the It isometry, we estimate the stochastic integrals by using Jensen’s inequality as follows,

<2 ]

%

:]Ex[/,(gfs)ka”(xsﬂ dsi| .
0

By Lemma A.2, there is a C = C(d) > 0 such that for all i,k=1,...,dand s >0

f (Aot 5(Xs) dX§

t
0

/ (o) (Xs) dX§

()i <C P*-as,

so that

1

£ 2
E[| o] — 5i]] < CZE"[[|al’fj(Xs)|2dsi|
k.l 0

t

1

+ 5CZE"|if|a,al’fj(Xs)]ds:|

k.l 0
t

+CZEX|:/|V;f(XS)|ds:|
k 0

t
1
+5C) EX[/|O¢,’“,,<(XS)0:,’;J(XS)| ds:|
0

k,I,m

and the proof is complete by (20). O

If one weakens the Kato assumption on V in the previous proposition to a local Kato assumption, one still has:

713

(26)

(27)

(29)
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Proposition 1.7. Let V be a potential with
0< V € Ko (R", Mat(C?))
and let o € 21(R", % (d)). Then for any compact K C R" one has

li B2V —1|]=0. 31
Jim sup [« I] (31)

Proof. For any radius r > 0 let ¢k, (o) be the first exit time of X from the open ball K;(0). For any t > 0 one has

SUp B[ (1 — Tiecyo) + Nie<ao)) | ™Y = 1|]

xeK

< 2supE[1— 1{f<§1<r(0)}] +sup ]Ex[l{KCKr(O)} H 'Q{ta’v -1
xeK

xeK

B (32)

where we have used Lemma A.2. Since Levy’s maximal inequality (as it is formulated in [16]) implies

SUpE*[1 — Tjt<gy )] = 0 asr— oo foranyt >0,
xeK

taking r — oo in (32) shows that it is sufficient to prove that for all r > 0 one has

sup E*[1<g o) | 4" —1]] =0 ast\0. (33)
xeRM
To this end, we first note that (26) shows
(B""V)lj = Zfa"@f(x) c_lxk - f V}(X) dt + 5 Zfa,’yk(X)ozl’fj(X) dt. (34)
k k.l

We fix t > 0, r > 0 and let ¢ € C3°(R") be such that y» =1 in K;(0). It follows from (34) that Bf“"”v = B?'V in {t < &k, (0)}
for all 0 < s <t. As a consequence, the expansion (6) for &7%V shows

]Ex[l{t<{1<r(o>} ”EQ{;//(XADV -1 ”] = EX[]{RCKr(O)} ”‘tha’v -1 ”]

Since Yo and 'V satisfy the assumptions of Proposition 1.5, we have proved (33). O

We now come to the main results of this paper. If & € 21 (R", % (d)), then the partial differential operator

1 1 n 5 1 n n
r(a,O)W:—EAW—E;aJW—Eg(ajaj)u/—;ajajw, (35)

defined initially for all> ¥ € D(t(ct, 0)) = oo (R™, C9), is an essentially self-adjoint nonnegative [9] operator in the Hilbert
space L2(R", C%) of (equivalence classes of) measurable functions f = (f1,..., f4): R" — C¢ such that

11 en o) :=/Hf(x)H2d><< 00
]RH

with scalar product

(f+ &) gan.co) = / (f (%), g(0) dx,
RTI

where (e,e) denotes the Euclidean scalar product in C?. We denote the quadratic form that corresponds to the closure
H(o,0) >0 of t(a,0) with gy 0. One has

(Z ||3jf+ajf||2>7 S LZ(R")},

D(qa.0) = {f € Lz(an (Cd)
=1

] n
duoth =3 [ 3000+ f 0] ax. (36)

Rn j=l

2 “D(e)” stands for domain of definition.
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which follows for example from Proposition 8.13 in [2], if one interprets d + & as a covariant derivative in R* x C%. If V is
a nonnegative potential with

V € Kioe(R", Mat(C?)) c L} (R", Mat(C?)),
then the KLMN-theorem (which we use in the sense of Theorem 10.3.19 in [12]) implies that the quadratic form given by

D(da.v) :=D(ge0) N [f | / (VO £, F(0)dx < oo},
Rﬂ

Gov () = Ga0(f) + / (VGO £ @), f(0)dx
Rn

is densely defined, closed and nonnegative, and thus uniquely corresponds to a self-adjoint nonnegative operator H(w, V)
in L2(R", C%). Differential operators of this type arise in nonrelativistic quantum mechanics, when one wants to describe
the energy of Yang-Mills particles [10,4] (with internal symmetries that are modelled by a subgroup of U(k)), which live on
R™ under the influence of the “electrical” potential V.

Note that under the above assumptions on (o, V), the expressions

EX[<*" f(X)], x€R" t>0,
are well defined (this follows from Remark 1.4 and Lemma A.2). As our first main result, we are going to prove the following
Feynman-Kac type formula, which will be our main tool in the following:
Theorem 1.8. Let o € 21 (R", % (d)) and let V be a potential with
0 < V € Kioc(R", Mat(C?)).
Then forany t > 0, f € L2(R", C%) and a.e. x € R" one has

eftH(a.,V)f(x):Ex[ﬁfta’vf(xt)]‘ (37)

The proof of Theorem 1.8 will be given in Section 2.

As a first application of Theorem 1.8, we are going to use Proposition 1.7 to prove the following theorem, which is our
second main result:

Theorem 1.9. Fix the assumptions of Theorem 1.8. Then e ~*H(@-V) f has a bounded continuous representative which is given by
R"—C% x> BV (X))

In particular, any eigenfunction of H(«, V') can be chosen bounded and continuous.

Remark 1.10. If n < 3 and V € [2 _(R", Mat(C%)), then one has

loc

D(H(e, V)) C H3 (R, CY), (38)

loc

the local second order Sobolev space (this follows for example from Theorem 2.3 in [2]), which proves the continuity of
the eigenfunctions in this case. In this sense, the continuity result from Theorem 1.9 extends this continuity to higher
dimensions.

Proof of Theorem 1.9. For any function h: R" — C¢ let
P&V h(x) := X[V h(Xp)].

If fel?2(R",CY), then Pf"vf(x) is well defined for all t > 0, x € R". Due to Lemma A.2, the corresponding semigroup
domination

|E (22" F(Xo]| <EX[|f(Xo)|] foranyxeR", (39)

and the fact that E°[|| f (X;)||] is bounded, we have that Pfl’vf is bounded for all t > 0.

In order to prove the asserted continuity, one can use the boundedness of Pf“vf and the pointwise semigroup property
of (Pf"v)t>0 (which follows easily from (13)), to see that we can assume that f is bounded. Let us also note that for any
pe[l,oo] and t > 0,

PO 1P (R, C4) — C(R", CY).
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Fix some arbitrary t > 0 and let s be such that t > s > 0. By the above considerations, it is sufficient to prove that for any
compact K C R" one has

sup | EX[f(t —s, Xs)] —EX [« fF(X0)]| = 0 ass\,0, (40)

xeK

since
fi10,00) xR" -4, f(u,x) =E [z f(Xy)]

is bounded in x. We set < := o7%V. Using the Markov property of the Brownian motion together with (13) shows that for
any x € R",

EX[f(t =5, Xs)] — B[ f (X0)] = B[, e f (Xo) — e f (Xp)]. (41)
Noting that by Lemma A.1 one has
[ 52{57]«524” <1 Pras,
we can estimate as follows,
|E* [y ot f (Xe) — e f (X0 = B — o) oy ot f (X ]| < I F oo BX [ (1 = )]
Now (40) follows from Proposition 1.7. O
Our next aim will be to prove that e t#@V) has a jointly continuous integral kernel. To this end, we need the Brownian
bridge measure(s) P'”: Let

1 _ lx—yl?
2t

—e
(2mt)2

p[(X» Y) =
stand for the heat kernel of R". We fix arbitrary t > 0, x, y € R" for the following considerations. Let §2; := C([0, t], R"), let

XD :[0,t] x 2 —» R" (42)

be the canonical process and denote the corresponding o -algebra and filtration with .#® and (ys(t))ogsgt. respectively.
The measure P¥ stands for the Wiener measure on (£2, Z®) which is concentrated on the paths w : [0,t] — R" with
w(0) = x. Then the Brownian bridge measure ]P’f’y can be defined as the unique probability measure on (§2;, % ®) such
that

dpyy
dP¥

_ pes(X,y)
F0 pe(x,y)

forany s < t. (43)

The process (42) is a well-defined continuous semi-martingale under IP’f’y. which is a Brownian bridge from x to y with
terminal time t, so that ]P’f’y is concentrated on the set of paths w : [0, t] — R" with w(0) = x and w(t) = y. It is well known
(see for example Corollary A.2 in [17]) that the family IPf’y disintegrates P¥ in the sense that

PX(A) = /IPf’y(A)pt(x, y)dy foranyAe Z®, (44)
Rn
and that for any F e L! (IP’%’ **) one has the following time reversal property:
/ F(o(t — ) Py (dw) = / F(w) P! (dw).
Q[ Qt

The local Kato class is compatible with the Brownian bridge measures in the following sense:

Remark 1.11. If V € Kjoc(R", Mat(C?)), then by Lemma C.8 in [3] one has

t

]P’f‘y[ /}|v(x§”)|| ds < oo} =1 (45)

0
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The following definitions completely follow the construction of «/®V: Let o € VR, Z(d)) and let
V € Kjoc(R", Mat(C?%)) be a potential. Remark 1.11 and the fact that (42) is a continuous semi-martingale under Pf’y
show that

A%V, . [0, t] x £2r — Mat((cd),

N

A%VO Z/ XO)ax O /v(xﬁ”)dr

J=19 0
is also a continuous semi-martingale under Pf'y, so that the same is true for
B*V-® 10, t] x £2; — Mat(C?), (46)

which is defined in analogy to (5). If we furthermore set

VO 1+Z/ BV gpeV®, (47)
=1

SA|
where the convergence is ]P’f’y—a.s. uniformly in [0, t], we have that
%V-® 10, t] x 2 — Mat(C%)

is uniquely determined as the solution of
VO _q 4 / V0 ga® VO (48)

under P}, We will use the notation
—
[ Mj:==My---M, for My, ..., M, € Mat(C%).
1<j<n

One has the following Hermitian symmetry:

Lemma 1.12. Let o« € 21(R", % (d)), let V be a potential with
0 < V € Kioc (R", Mat(C?)),
and for any t > 0 let
eftH(a’V)(o,o) R" x R" — Mat((Cd)
1 lx=ylI? yu
m e
2mt)2

Then e tH@V) (x 'y) is well defined for all t > 0, x, y € R" and one has

e tH@ V) (y ). [da v, (t)] (49)

e tH@V) () ) — @ tH@ V) (y 1+ (50)

Remark 1.13. Let d = 1. Using that ]P’i"y is equivalent to Pf on ﬁzs(t) for all 0 < s <t, it follows (from taking s / t and from
the fact that X© is a continuous semi-martingale under P?‘y) that for all j,k=1,...,n one has

[x©, X(t)*"]S =s/ks P¥V-as forall0<s<t.

As a consequence, the It formula gives

o>V O —exp( 3 / (X0 dx P 4 = / div(@)(x\")d / v(x)d ) (51)

=19 0

]P’f‘y -a.s. for all 0 < s <t. In particular, (50) becomes a simple consequence of the time reversal property of the Brownian
bridge in this case. For the general case, we will use a result [6] by Emery, which states that 27%V:® can be approximated
by stochastic product integrals.
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Proof of Lemma 1.12. The well-definedness of e tH@ V) (x, y) follows from Remark 1.11 and Lemma A.2:

e ) <

Q)i
We set &7 ® := o7%V-® and B® := B%V-®_ The time reversal property of the Brownian bridge measure implies
/ A0 () P! (dw) = / AP (w(t — ) PP (dw),
Qt -Qt
so that it is sufficient to prove
AP ((t — o)) = (w) forP*ae we 2. (52)
We can proceed as follows in order to prove the latter equality: For any partition
o={0=to<ti<th<---<tp=t}

of [0, t] we define

—

0% = (1+80) [ (1450 -5 v

0
1<j<m

Analogously to (34) one has
) ) . 1 i
(3, = 3 [ o () ax ! — [ Vi(xO)as 2 3 [ (Xt (60 . (54
! k.l

By [6, p. 256], the family of random variables (.;z%[(t)’(’)(7 converges in probability (with respect to ]P’?"X) to @{t(” as o] — 0.
Now the key observation for proving (52) is the following: Since a;f =—aj, j=1,...,n, and V = V*, approximating the
integrals in (54) with Riemann-type sums as in (84) implies

B (w(t — o)) =BY (w) — B (w) forP}™-ae.we 2, 0<s<L. (55)

Now (52) follows from (55) and the adjoint version of formula (53). O
Being equipped with this result, we can use Proposition 1.7 to prove our third main result:

Theorem 1.14. Fix the assumptions of Theorem 1.8.

(a) The map e~tH@-V) (¢ o) represents an integral kernel of e"H@-V) in the sense that for all f € L2(R", C%) and a.e. x € R" one has

e tH@V) £ = / e tH@ V) (x ) f(y)dy. (56)
Rn
(b) The map
(0,00) x R" x R" — Mat(C?),  (t,x,y)r> e H@V)(x, y)
is bounded in (x, y) and jointly continuous in (t, x, y).

() It holds that

tri2 g o) (€7@ Y)) =/trMat(Cd)(e_tH(“’V)(x, X)) dx, (57)
RTI

as a number in [0, oo].

Proof. (a) Let
I : 2 — $2, I (w) = wljo,1)

denote the canonical projection. Since X® is a continuous semi-martingale under P¥ (in fact, a Brownian motion starting
in x), the expansion for &#%"-® converges with respect to P¥ and one has

A8V = g2V Vo, Pras.forall0<s <t. (58)
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It follows from (58), (44) and X\ =y P}"Y-a.s. that
E Y FX0] =EX[(£™ " F (%)) 0 1]
= B[ £ (X")]

= / pee, MEF [ O F () dy.
RH
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(b) We set of © := o7*V-® and A® .= A%V-® for any t > 0. The asserted boundedness has already been checked in
the proof of Lemma 1.12. For the continuity, let K C R" be an arbitrary compact subset, and let 71 < 7, be arbitrary positive
real numbers. In view of Lemma 1.12, one can go through the same steps as in the proof of Theorem 6.1 in [3] to see that

it is sufficient to prove that

li w(t,s,Xx, =0,
fim sup sup [¥s.x. 9]

and that for all 0 <s < 14,

lim sup sup |e@ b s,xy. 5| =0,
™0 1 <t<i<T, t=F|<r 2. YeK, [y—Fl<r

where
¥ilt, 2] X (0,71) x K Xx K — Mat(@d)’
w(t,s, %, y) = pex, ME [0 — 1],
@11, 2] x[11, 2] x (0, 7)) x K x K x K — Mat((Cd),
D(t,T,5,%, Y, 9) = pp(x, ”E?’y[%fim(z,m)] ~ pee ES [0,

and where 6 : R — [0, oo) stands for the Heaviside function.
Proof of (59): One has

|9 5.2 9] < pee ES| 4 ~ 75 ]]
= pex NE [| (A5 e = 1) ]
<pe ES [ £ e — 1],
where we have used that
|28 <1 PY-as.

—S

by Lemma A.2. The time reversal property of the Brownian bridge measure shows

)

B[S e - 1)) = / | 7 (@i~ 0) 4 (ot — &) = 1] B (do).
2

Using the identity
AL ot — 0) P (w(t — o)) = A () for P} -ae. we 2,
which we are going to prove in a moment, and using (43) and (58) we arrive at

[ & s.x 0| < pete BT = 1]

_ly=Xs)?

= (@r(e-9) B e | 1]
<(r-9) B | - 1]]
Now (59) is implied by Proposition 1.7.

(59)

(63)

(64)

It remains to prove (63): Note that if d = 1, then this formula follows directly from (51) and e?'*% = e?'e?2, For the
general case, we will (analogously to the proof of Lemma 1.2) use the following trick: We will prove that for fixed t, both
sides of (63) solve the same initial value problem with respect to s. To this end, fix some arbitrary t > 0, x, y € R", and let

the process

/110, t] x 2 — Mat(C?)
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be given by /" (w) = . ".(w(t — e)). Then, with respect to PY**, one has

t—s
A (@) =1+ ( f M”gAﬁf))(w(t—-)). (65)
0
As in (55) one sees
AV (w(t — 0) = AP (@) — A (@) for P} -ae.we £, (66)

so using the adjoint version of (66) and approximating the Stratonovic integral in (65) with Riemann sums as in (84) easily
implies the first identity in

t—s t
( / s glA‘”)(w(t—-))= ( f A gAﬁ”'*)(w)
0 s
t S
= ( / " dAﬁ”**)(a)) - ( / P dAﬁt)’*>(w).
0 0

Thus, «/® is uniquely determined as the solution of dg{;(t) = —;zifo gAgt)’* with initial value gio(t) (w) = df”(w(t —9)),
which shows

T () = AP (0t — 0) A" w) for P! -ae we 2

and (63) is proved.
Proof of (60): In view of (60) let t < t. Using (43) and (58) we have

1Xe_s=3I> IXe—s—y12

Bt E 5%y, 7)) =B [Qr) I (E—t+35) 2 2009 —sie 5 )afg], (67)

so that Jensen’s inequality gives

112
IXe s =1 n_ IXe—s—yl?
2s

| @ E 5%y, 9)|° <o) "EX(E—t+5) T 2t —s e

)] (68)

Now the proof of Theorem 6.1 in [3] can be copied word by word.
(c) This formula follows directly from the continuity of the integral kernel and well-known algebraic arguments (see for
example the proof Proposition 12 in [18]). O

2. Proof of Theorem 1.8

Throughout the proof, we will use the unitarity 7% %~ = o7*-%* which follows from Lemma A.2(a). For any potential
W : R" — Mat(C%) that satisfies (4) (with V replaced with W) for all x € R?, we define the process

%W 1 [0,00) x 2 — Mat((Cd)

as the path ordered exponential

oo —>
e =143 | ] (o'W X%t dty -+ .
I=1¢p, 1<)

Then /%W is nothing but the pathwise weak solution [5] of

d - . 3 ~

EfQ{ta’W — _%U,W%Q,OW(XL’)%(X,O, l’ déx,w =1, (69)
and the Stratonovic product rule implies the following formula for any x € R",

AW = F*V g*0 Pras. (70)

Furthermore, Gronwall’s lemma implies the following inequality for any x € R",
| W | < efoIWOlds pr g, (71)

We fix arbitrary t > 0 and f € L2(R", CY). The remaining proof can be divided into three steps, and it is modelled after the
proof of Theorem 1.3 in [7].

Step 1. Assume that V is a potential in C, (R", Mat(C?)), the space of continuous bounded functions R" — Mat(C9%).
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The operator
PV AR, CY) - 2R, CY),  PPVhR) =B h(Xo)]

is a well-defined bounded linear operator in L2(R", C9). If y € Cgo(R™, C%), then a straightforward calculation, which uses
the It6 formula repeatedly, shows that for any x € R", one has the following equality P*-a.s.,

;sz"v ¥ (X¢) = [a martingale which starts from 0] + ¥ (x)

¢ t n
+ [t apondst [ eV S (000 ds
0 0 =

t t

n t n
+zfa¢s“’vZaﬂxs)a,«/f(xs)dw/Za}(xs)mxs)ds—f%“’VV<xs>ds,
0 J=1 o J=1 0
so that taking E*[e] in this equation implies

t

PV (x) = 9 () — / PV Ha, V) () ds. (72)
0

This shows PV y = e tH@.V)y, 5o that the boundedness of P*" implies P*" f =e~tH(@V) f the Feynman-Kac formula.
Step 2. Assume that V is a potential in L (R", Mat(C?)).

Using Friedrichs mollifiers as in [12, p. 280], one finds a sequence (V,;) C Cp(R", Mat(C9)) of potentials with

V(X)) > V(x) asm — oo, [Vm@| <C@]V]o forae.xeR" (73)
It follows from (73) and dominated convergence that for any v e C5°(R", CYy,

|H (e, Vi) — H(e, V)W”LZ(R",@) —~0 asm— oco. (74)
As a consequence, Theorem VIII 25 and Theorem VIII 20 from [15] show that we may assume

e tH@ Vi) £y 5 e tH@V) £(x)  asm — oo for a.e. x € R™. (75)

On the other hand, the decomposition (70) combined with Lemma A.1(b) implies
t
eV — e | < V= e | < BN GO [y 5) — v ) s,
0

so that by (73) and dominated convergence,
t
|4V f (X0 — Y F (X0 < || f (X0 | @@ D fo IV Xsylds / [Vin(Xs) = V(X5)| ds — 0
0
asm — oo, P*-as. for any x e R". (76)

Furthermore, (71) and (73) imply?
| 72V £ (X0 < €@ Jo IV (X5l ds | F X0 < eC@VIs | (x| e L (P¥)

so that by (76) we may use dominated convergence to deduce

X[V f(X0)] = EX[ /™" f(Xr)] asm — oo forany x € R", (77)

and the Feynman-Kac formula for essentially bounded potentials follows from combining (75) with the result from step 1.

Step 3. Assume that V is potential with 0 < V € Kjoc (R", Mat(C?)).

3 Note that EX[[| f(X0)[l1 = "] f(9)[I(%) < 0.
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Let U : R" — U(d) be a measurable function with
V(x) = U*(x)diag(vi(x), ..., v¢®))U(x) forae.xeR",

where v;:R™ — R. For any m € N we define a potential V;, with 0 < Vp, € L (R", Mat(C%)) by setting
V() = U*®diag(v{™ (), ..., v %) U (),

where vﬁ.m) (%) :== min{v(x), m}. Note that we again have (73) and that by monotone convergence of quadratic forms we may
also assume (75) (see [15, Theorem S.14 on p. 373]). On the other hand, (73) shows that one can use the same arguments
as in the proof of step 2 to deduce (76). Furthermore, since V,;, > 0, it follows from Lemma A.2(a) that

| fxol < £ o] € L (@),
so that we also have (77). Now the general Feynman-Kac formula follows from (75) and step 2.
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Appendix A

We prove two auxiliary results here.
The first assertion gives estimates on the solutions of certain matrix-valued ordinary linear differential equations: Fix
to >0 and let

F e L}, (Ito, 00), Mat(C?)).

Then a standard use of the Banach fixed point theorem shows that there is a unique weak (= absolutely continuous)
solution Y : [tg, 00) — Mat((Cd) of the ordinary initial value problem

iY(s) =Y@©)F(s), Y(to)=1.
ds

We will write (e,e) for the Euclidean inner product in C? and | e || will stand for the induced norm on C¢ and also for the
induced operator norm on Mat(C%).

Lemma A.1. (a) Assume that F(s) is Hermitian and that there exists a real-valued function c € Lfoc[to, o0) such that F(s) < c(s) for
a.e. s > tg. Then

[Y©] <efo " foranyt > to.
(b) Let Fy, Fy € L] ([to. 00), Mat(C?)) and let
Y1, Y2 : [to, 00) — Mat(CY)
be the unique solutions of the ordinary initial value problems

d
EY]'(S)=Y]'(S)F]'(S), Yi(to)) =1 forj=1,2.

The following inequality holds for all t > to,

t
Y1) - Y200 < o2 g IFI®I ds+ i 1F2(9)] ds/” Fi(s) — Fa(s)] ds.

to

Proof. The lemma is included in Proposition B.1 and Proposition B.2 of [7]. We give the short proof for the convenience of
the reader.
(a) Let eq, ..., e be the standard orthonormal basis of CY. Since ||Y*|| = ||Y|, we can assume that

d
EY(S)fj=F(5)Y(S)fjs Y(to) =1,

SO
d
OV 12 =2(Fs)(Y(s) f), Y) fj) < 29| Y (5) 3] forace. s > to, (78)

and the assertion follows from the Gronwall lemma.
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(b) Y1(s) and Y2 (s) are invertible for any s >ty and

d 4 -1
&V ©=-FeY;'o.

Since

d
E(Yfl(s)Yz(s)) = Y{l(s)(Fz(s) — F1(s))Y2(s) forae.s>to,

one obtains the following equality (after integration and multiplication with Y1 (t)):
t
Yo(t) =Y1(0) + Y1 (0) / Y1 (5)(F2(s) — F1(s)) Ya(s) ds.
to
Thus,

t
[Y1®) = Y2 < || Y100 /H Y7 ) || F2(s) = F1(9)|| | Y2(9)|| ds. (79)
to

The claim follows from observing that

I¥y0] < a0

’

[v; )] < ol

which follows from the Gronwall lemma. O

Of course, similar results hold if one replaces the time interval [tg, o) with a finite time interval of the form [tg, t1].
For the second lemma, we use the notation of (6) and (8).

LemmaA.2. Let @ € 21 (R", % (d)), let V be a potential with
O<Ve ’Cloc(Rn, Mat((Cd)),
andletx, y € R", t > 0,0 < s < t. The following assertions hold:
(a) One has 7" = o7*%" and
||v9¢ta'v || <1 P*as. 0)
(b) It holds that
|7V g™V | <1 Pras.
(c) One has A& 0O = g7&0O-=1 gng

|7V O <1 PYeas.

Proof. Firstly, note that under these assumptions on (¢, V), the existence of
V10, 00) x £ — Mat(C%)

as the solution of (8) with respect to P*, and of
2%V ®10,t] x 2, — Mat(C%)

as the solution of (48) with respect to ]P’;"y has been established in Section 1. We shall prove (a) and (b). The proof of (c) is
similar to the proof of (a).
As we have already remarked in Section 1, &% is invertible and 27*%~1 is uniquely determined by

ddo{,o,—l — _(gACI,O)'Q{Ol,O,—1, %Ol)l,(),—l — 1
Noting that A%0* = —A%0 and that &7*%* is uniquely determined by
ddu.o,* — (QIAO"O’*),Q{O"O’*, %f’o’* =1,

it follows that 27®0 is unitary.



724 B. Giineysu /J. Math. Anal. Appl. 380 (2011) 709-725

As in the proof of Theorem 1.8, let
%V 10, 00) x £ — Mat(C%)
be the pathwise weak solution of
%M;a,v = TV VX AOTT, TV 1. (81)
It follows from Lemma A.1(a) that
I %“’V|| <1 DP*-as.

Noting that the Stratonovic product rule implies

0V = d*V g0 Pras, (82)
inequality (80) follows from the fact that 27*0 is unitary.
(b) With the notation of the proof of part (a) one has
||%a,v,—1%a,V” — ||EQ{Sa,O,—1HQZSa,V,—1¢Q{;a,V<Q{ta,O” < ||Egéa,v,—1$%;a,V“. (83)
Noting that for fixed s, the process g{;""v’qﬂ:"‘*v is the unique solution of

d A - A 7 — 7 —
a(%&,v, 1%0{"/):—(&{5“"/’ 1%01,V)9Q¢ta,ov(xt)£¢ta‘0’ ]7

Sa.V,—1 _sa v
g oA |t=s_1’

the assertion follows from Lemma A1. O

Appendix B

For the sake of completeness, we recall the Riemann sum approximation of Stratonovic integrals: Let
B,C:[0,0) x 2 > R

be continuous semi-martingales with respect to some filtered probability space (§2, %, %,,P) which satisfies the usual
hypothesis. If 0 < tg < t1 < oo, then the Stratonovic integral over the time interval [to, t1] of B with respect to the integrator
C can be approximated as follows:

t

[ aci1ig 32 o DO =0) 4y, S
n—)OO]zl

to
X{C(t0+(1—1)’(1f1—t0)>_c<t0+j(t1n—t0)>}. (84)

Here, l.i.p. stands for the limit in probability with respect to P. In particular, there is a subsequence which converges P-a.s.
With obvious adaptions, these considerations carry over to continuous semi-martingales

B,C:[0,T]x 22— R
which are defined on a filtered probability space of the form
(2. Z. (Fo<e<t P)

with some 0 < T < co. A proof of these well-known facts can be found in [11].
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