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INTRODUCTION

In the fall of 1980 the authors attended Professor Tits’ course at Yale
University in which he gave an account of Gromov’s beautiful proof that
every finitely generated group of polynomial growth has a nilpotent
subgroup of finite index.

An essential part of Gromov’s argument consists of constructing for each
group of polynomial growth a locally compact metric space and an action of
a subgroup of finite index on that space. The intuitive motivation underlying
this construction is fairly clear but it required an elaborate theory of “limits”
of metric spaces to be carried out.

It occurred to us to give a simple nonstandard definition of a space which
has all the nice properties needed in the rest of Gromov’s argument. Besides
shortening proofs our construction works for arbitrary finitely generated
groups, not only for those of polynomial growth, and it has functorial
properties. This enables us to state some of Gromov’s lemmas without the
restriction of polynomial growth, e.g., (4.2) and (5.5).

We also found a new proof of local compactness of the space, see
Section 6, under an a priori weaker hypothesis than polynomial growth, and
this led to a slight extension of Gromov’s theorem:

If the group I with finite generating set X has growth function G with
Gy(n) < ¢ - n? for infinitely many n and positive constants ¢, d, then I has a
nilpotent subgroup of finite index. (Gromov’s hypothesis is that
Gy(n)<c-n?foralln>0.)
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We have tried to make this paper reasonably self-contained: For the
reader’s convenience we give all the basic definitions and repeat arguments
which occur in the literature.

Sections 1 and 2 contain a proof of the main theorem just quoted,
Theorem (1.10), modulo a demonstration of the basic properties of the space
attached to any finitely generated group. (These properties are only
summarized in Section 2.) In Section 3 we define nonstandard extensions and
describe its properties, concentrating on those we need later. (This section
may seem a bit long, but we are confident that together with the rest of the
paper, it will help readers not versed in the subject to acquire an
understanding of how nonstandard extensions are actually used in various
situations.) In Section 4 we give our (nonstandard) space construction, and
in Sections 5 and 6 we derive the properties of the space we had used before
in Section 2 in the proof of the main theorem.

In Section 7 we show how another simple application of logic gives an
algorithm, based on trial and error, to compute bounds related to Gromov’s
theorem, where previously only the existence of bounds was known.

For other accounts of Gromov’s theorem and geometric applications we
refer the reader to the original paper [5] and to Tits’ Bourbaki seminar
lecture [14].

The authors would like to thank Professors Macintyre, Mostow and Tits
for stimulating discussions, and the referee and Professor Kreisel for their
suggestions on the presentation of the material.

1. PRELIMINARIES AND PREVIOUS RESULTS

(1.1) Let I" be a group generated by a finite subset X.
The length function | |=| |,: I'-> N is defined as follows:
| g| = length of shortest word in XU X! representing g.
Properties
(i) | gl =0<« g=e (the empty word represents the identity e).
(i) lgi=lg
(i) |gh[<|g|+|Al

_1|.

The norm-like properties of | | give rise to a metric d=dy: I’ XTI =N,
defined by d(g,h)=|g 'hl. Note that 4 is invariant under left
multiplication: d(ag, ah) =d(g, h).

(1.2) We define the growth function
G=Gy:N-o>N of (I, X)
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by:

G(n) = #B,(n) = number of group elements representable as
words in XU X~ of length < n.

Here and in the following, B,(r) denotes the closed ball of raldius r and
center p in a given metric space.

(1.3) ExampLES (from [5]).

(a) I'=72®Z,X=1{(1,0),(0,1)}. Then G(n)=2n" +2n + 1.
(b) I'=free group on X = {a, b}, a#b. Then G(n)=2-3" —1.

(1.4) The two examples illustrate two different ways in which a group
can grow. This is formalized in the notions (1), (2) below due to Milnor,
who introduced them in connection with problems in differential geometry.

(1.5) DeFINtTIONS. (1) I is of growth degree <d (d € N) if there is
¢ > 0 such that G(n)<c-n for n=1,2,3,...

I is of polynomial growth if I is of growth degree <d, for some d.

(2) I is of exponential growth if there is ¢ > 1 such that G(n) > ¢" for
n=1,2,...

For our strengthening of Gromov’s theorem we also define:

(3) I is of near growth degree <d (d € N) if there is ¢ > 0 such that
G(n) < ¢ - n® for infinitely many n. I' is of near polynomial growth if there is
d such that I' is of near growth degree <d.

(1.6) Remarks. (1) Let wus first check that these notions are
independent of the finite generating set X. Indeed, let X' also be a finite set
of generators for I. Put b=max{|x'|y:x'€X'}. Then Cclearly
Gy(n) < Gy(bn), and reversing the roles of X and X' gives a similar
inequality. This shows that being of (near) growth degree <d does not
depend on the choice of X. To prove this for the notion of exponential
growth, suppose that G,.(n)>> (c’)" for some ¢’ > 1 and all n> 1. Then
Gy(n) > Gy ([n/b]) > (¢ > ¢ for some ¢ > 1 and all n > 1.

(i) Let H be a finitely generated (f.g. for short) subgroup of I.
Taking X so that X M H generates H we get Gy ~y < Gy. Hence, if I' is of
(near) growth degree <d, so is H; similarly, if H is of exponential growth, so
is I

(iii) Let H be a subgroup of finite index in I'. Take a finite set ¥ of
generators for H and adjoin to it a set of coset representatives of I/H to
obtain a generating set X for I'. Then, see [14], there is a positive integer b
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such that Gy(n) < #(X)- Gy(bn) for n=1,2,3,.... Hence, H has (near)
growth degree <d (resp. exponential growth) if and only if I" has.

(1.7) The easy fact that f.g. abelian groups are of polynomial growth
was generalized by Wolf as follows:

A f.g. nilpotent group has polynomial growth.
(The precise growth degree was given by Bass; see [14].)
(1.8) Milnor and Wolf also proved [11]:

If T is solvable, then I is either of exponential growth or has a
nilpotnent subgroup of finite index.

(1.9) These theorems characterize the groups of polynomial growth
among the f.g. solvable groups. Gromov managed to remove the hypothesis
of solvability, cf. [5].

If I is of polynomial growth, it has a nilpotent subgroup of finite
index.

We will slightly weaken the hypothesis of Gromov’s theorem and prove:

(1.10) If I is of near polynomial growth, it has a nilpotent subgroup of
finite index.

(1.11) A rough sketch of Gromov’s remarkable proof is as follows:
Consider the sequence of discrete metric spaces (I,(1/n) d). (As n increases
one moves, so to speak, away from the space (I, d) so that its points seem to
get closer together.) In case I is of polynomial growth Gromov shows that
some subsequence (I, (1/n,)d) “converges” to a metric space Y with the
following properties:

(i) Y is homogeneous (for any two points there is an isometry
carrying one to the other).

(ii) Y is connected and locally connected.
(iii) Y is complete.
(iv) Y is locally compact and finite dimensional.

From the solution of Hilbert’s fifth problem, it then follows that the
isometry group of Y is a Lie group. Now one can let a subgroup of finite
index of I" act on Y in such a way that, using that Isom(Y) is a Lie group
and theorems of Jordan and Tits on linear groups, one obtains a
homomorphism of this subgroup onto Z (assuming I is infinite). It then
follows that the kernel is of polynomial growth of lower degree. An inductive
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assumption allows us to conclude that I has a solvable subgroup of finite
index so that an application of the theorem of Milnor—Wolf finishes the
proof.

(1.12) Our proof of (1.10) follows the same lines. The difference is
mainly in the construction of the space Y, which we obtain in Section 4 by a
very simple and general nonstandard argument.

The next section, Section 2, just assembles the relevant properties of the
space Y and shows how (1.10) follows.

2. PROOF oF GROMOV’S THEOREM ASSUMING PROPERTIES OF THE SPACE Y

I’ continues to denote a finitely generated group (with finite generating set
X). The following algebraic lemma is essentially due to Milnor.

(2.1) LeMMA. Let 1 -+ K —»TI' =" 7 -0 be exact and I not of exponential
growth. Then K is finitely generated.
Moreover:

(1) If I has near growth degree <d + 1, then K has near growth
degree <d,

(2) if K has a solvable subgroup of finite index, then I has one, too.

Proof. Take ye&€ I with A(y)=1, and take e,,.,e, € K such that
I'={y,e,.,e,. Define y, ,=y"e;y~™ for me€ 7, i=1,.,k. Then one
easily checks that K is generated by the y,, ;. Fix an i in {1,..., k}. Form >0
consider the elements of I' of the form yg; .- y;;, €;=0 or 1. There are
2m*1 words on {y,e,,.., e} here, each of length <2m. The assumption of
nonexponential growth implies that for some m > 0 two of those words
represent the same element, say yg; -y, = yg?,- yf,,’f,- and ¢, #9,,. Then
Vi € (Yo,ires Pm—1.1)- Conjugating this relation by y we see that 7,,,,,€
Gisivees Ymoi) © (Voises Vm—1,iy and by induction we obtain

Vpi € Joivees Y 1.i) forallp>0.
A similar argument for negative m gives us that K is generated by a finite set
(Vmit 1<I< Kk, [m| < M}, MeEN.

To prove (1), let ¢ > 0 and S = N infinite such that G,(n) <c - n?*! for all
ne€ S. Without loss of generality, see (1.6)(i), we may assume that
X =YW {y}, where Y generates K. Let n € S and let g;, i = 1,..., G,([n/2])
be the distinct elements in K of Y-length <[n/2]. Then the n - G,([n/2])
elements g7/, i = 1,..., G,([n/2]), —{n/2] <j< [n/2] are distinct and of X-
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length <n. So n-Gy([n/2]) < gx(n)<c-n*Y, ie, Gy([n/2])<c-n<
¢’ - [n/2]? for a suitable constant ¢’ > 0 independent of #n € S. This shows
that K has near growth degree <d.

For (2), suppose that K has a solvable subgroup of finite index. Taking
the intersection of all subgroups of that index we even obtain a characteristic
solvable subgroup K’ of finite index in K. Let I" = (K’, v). As K’ is normal
in I'" we see that the kernel of 2 |I" is K’, in other words KNI’ = K'. Also
K-I'=T, so [I"I"]=[K:K'] < 0. Moreover I" is solvable because
1-K'-»I"> 7 -0 is exact, and K’ is solvable.

(2.2) This lemma suggests that one should try to construct a morphism
of I' (or of a subgroup of finite index in I") onto 7. Gromov succedes in this
through the intermediary of the isometry group of a certain metric space Y
attached to I' (if I" is of polynomial growth).

(2.3) DeFINITION. Given a metric space Y with metric 4 and
distinguished point e we make its isometry group Isom(Y) into a topological
group by taking the U, ,kEN >9 £> 0, as a basis of neighborhoods of the
identity 1,, where U, = {o€lsom(Y):d(oy,y)<e for all y with
d(y,e) <k}

Note. If Y is locally compact and homogeneous then the topology on
Isom(Y) coincides with the so called compact-open topology, cf. [1].

(2.4) In Sections 4, 5, 6 we will prove the following basic result.

To each finitely generated group I one can associate a metric
space Y =Y(I') and a homomorphism . I — Isom(Y) with the
JSollowing properties:

(I) Y is homogeneous (for any two points there is an isometry
carrying one to the other).
(II) Y is connected and locally connected.
(IlI) Y is complete.

(IV) In case I(I') is finite and I" has no abelian subgroup of finite
index, the group I'' =kernel(l) has for each neighborhood U of 1, a
homomorphic image in Isom(Y) intersecting U\{1,}.

(V) If T is of near polynomial growth, then Y is locally compact and
finite dimensional.

(V) If I is of exponential growth, then Y is not locally compact.

In this section, we will simply assume (I)-(VI) and derive our version
(1.10) of Gromov’s theorem from it. First an intermediate result.
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(2.5) THEOREM. Suppose Y = Y(I') is locally compact and finite dimen-
sional, and T is infinite. Then I' has a subgroup of finite index which has 7
as a homomorphic image.

Proof. If I' has an abelian subgroup of finite index, the conclusion is
immediate and from now on we assume that we are not in this case. The
hypothesis of the theorem, together with (I), (II), (III) above, allows us to
use the deep results of Gleason-Mongomery—Zippin on Hilbert’s fifth
problem. In fact, we use [12,6.3] and |1, p. 606] to conclude:'

Isom(Y) is a Lie group with finitely many connected components. ()

Let L be the connected component of the identity. So L is a connected Lie
group of finite index in Isom(Y). We claim:

I contains a subgroup A of finite index which has arbitrarily
large homomorphic images in L. (k)

(“arbitrarily large™: for each n € N there is one of cardinality >n). The
claim holds trivially if /(I') = Isom(Y) is infinite. (Take 4=/""(L)NI.) So
from now on we suppose that /(I') is finite. In particular, " = kernel(/) is of
finite index in I. As I' has no abelian subgroup of finite index, we can use
property (IV), which implies that /7 has homomorphic images in Isom(Y)
containing elements #1, arbitrarily close to 1,. Now, as a Lie group,
Isom(Y) has the property that for each n > 0 a suitable neighborhood of 1,
contains no elements 1, of order <n. (The “no small subgroups” property.)
It follows that I has arbitrarily large homomorphic images in Isom(Y).
Now there are only finitely many subgroups of I'"” of any given index, so at
least one of the subgroups of I of index  [Isom(Y): L], say 4, has
arbitrarily large homomorphic images in L. Claim (*x) is proved.

Let C be the center of L. So L/C embeds into GL,(C), where n = dim(L)
(by a fundamental property of connected Lie groups).

Consider the morphisms 4 — L/C obtained by composing the morphisms
A - L with the natural map L — L/C. If all of these have images of order
bounded by g, say, then their kernels are subgroups of 4 of index <g which
have arbitrarily large images in C, and so the intersection of those kernels is
a subgroup A4’ of finite index in A with arbitrarily large abelian
homomorphic images. Hence the commutator subgroup of 4’ has infinite
index in 4’, and it follows that 4’ which is of finite index in I" and therefore
finitely generated, has Z as a homomorphic image, so the conclusion of the
theorem holds.

"1t is useful to have some familiarity with the subject treated in [12] to see that the
theorems we refer to apply.
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So from now on we assume that the morphisms 4— L/C < GL,(C)
referred to above have arbitrarily large images. We distinguish two cases:

(a) the morphisms 4 —» GL,(C) have arbitrarily large finite images.
(b) there is a morphism 4 — GL,(C) with an infinite image 4.

In case (a), Theorem (2.5) follows by very similar arguments as above
using the following theorem of Jordan [3, 36.13]:

There is an integer q = q(n) such that each finite subgroup of
GL ,(C) has an abelian subgroup of index <q.

Case (b) is handled by a deep result of J. Tits, cf. [13]:

A finitely generated subgroup of GL,(C) has either a free
subgroup of rank 2 or has a solvable subgroup of finite index.

If 4 has a free subgroup of rank 2, then 4, hence 4 and I are of
exponential growth, which is excluded by the hypothesis of the theorem and
property (VI) of (2.4). So 4 has a solvable subgroup of finite index, and
replacing, if necessary, 4 by a suitable subgroup of finite index, we may as
well assume that 4 is solvable, and that its commutator subgroup has infinite
index. Then 4, hence 4, has Z as a homomorphic image. The proof of the
theorem is finished.

(2.6) Proof of (1.10). Given that I" has near growth degree <d for some
d € N, we have to show that I" has a nilpotent subgroup of finite index. The
proof is by induction on d.

If d =0, then I' is finite, and we are done.

Suppose I is of near growth degree <d + 1, and I is infinite. Now we use
property (V) of (2.4), and apply Theorem (2.5) and (1.6)(iii) to reduce to the
case that there is a surjective morphism h: I —> Z. Let K = kernel(#). By
(2.1)(1) and the induction hypothesis K has a nilpotent, hence solvable,
subgroup of finite index. By (2.1)(2) I' has a solvable subgroup of finite
index. An application of the Milnor-Wolf theorem, cf. (1.8), to this subgroup
complete the proof. [

3. SOoME INTRODUCTORY REMARKS ON NONSTANDARD EXTENSIONS?

(3.1) As already remarked in the introduction we are going to use the
theory of nonstandard extensions to construct a space Y having the

2 The reader already familiar with nonstandard methods can skip this section, although we
shall occasionally refer to results described here, and use notation introduced here, in the
sequel.
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properties listed in (2.4). While we cannot give a full account of the foun-
dations of this theory here, we hope that the following remarks will give an
adequate idea of the principal novelty in nonstandard analysis compared to
such similar sounding subjects as nonarchimedean analysis.

(3.2) The general idea then is to uniformly extend all structures under
consideration (in our application these will be just N, R and the group I') in
such a way that (a) enough properties of the original structures which are
relevant to the problem at hand, are preserved in the larger structures, but
(b) certain iterated limit constructions performable on the original structures
can be succinctly replaced by use of a single element of the larger structure
which “codes” an infinite amount of information.? Because of its algebraic
flavour we have chosen to describe how the ultrapower method achieves
these aims.

(3.3) Let I be a countably infinite (index) set. Fix a nonprincipal
ultrafilter D on 7. That is, D is a collection of subsets of / having the
following properties:

(i) D contains no finite sets.

(i) A€Dand BED=>ANBED.

(iii)y AEDanddcBclI=>BED.

(iv) For all 4 1, either A€ D or I\A € D.

(Note that the collection of cofinite subsets of I satisfies (i}(iii). Further,
given (i)-(iii), (iv) is easily seen to be equvalent to: (iv)’ D is maximal with
properties (i)}-(iii). Hence nonprincipal ultrafilters exist by Zorn’s lemma.)

These properties readily imply that (for n€N) A4, U... U4, =
I=A,€ D for some i, and so D can be thought of as a {0, 1 }-valued, finitely
additive measure defined on all subsets of I. We thus say that a property
o+ i+ of elements of I holds p.p.i. (“for almost all ”) or just “almost
everywhere” if {i€I:...i..-} € D.

(3.4) Now suppose S is any set (or, more precisely, any structure, i.e.,
with functions and relations, that may be defined on S presently). Let S’
denote the set of all functions from I to S, and identify two functions
/. g € S" if they agree almost eveywhere, i.e., if f({) = g(i) p.p.i. By (3.3) (ii),
(iii) this identification is an equivalence relation, and we define $* = S’/D =
{f/D:fE€ 8"} =the set of equivalence classes. For s € S, define §€ S’ by
§(iy=s (I€I). Then the map v: S— S*:5— §/D is 1-1 (by 3.3(i)). We
identify S with its image under v from now on, so that § < S*. The set $* is
called the nonstandard extension of S (by D) and elements of S*\S are

3 We are indebted to the referee for this concise remark.



358 VAN DEN DRIES AND WILKIE

called nonstandard elements. We also sometimes refer to the elements of S
as standard elements in this context. We leave the reader to verify:

(3.5) S=8% iff S is finite.
It is not literally true that

(3.6) TcS=>T*cS*

since if A€ T (so h € S”) then h/D evaluated in T* is in general a proper
subset of 4/D evaluated in S*. However, identifying these two equivalence
classes is completely harmless (since any fuction in the first class is equal,
almost everywhere, to any function in the second class) and we shall do it,
so that (3.6) holds. This also implies (together with the identification of §
and v(S§)) that

3.7 TcS=>T*NS=T.

(3.8) We can generalize (3.7) as follows. Given sets §,,...,S, and
VS, X xS, define V*={{f/Drfp/D)ESF X -+ X 8F: {fi(i)s.rs
fDYEV, ppit.

Then V* < S X --- X §F and it is easy to check that

(3.9) VXA (S, X - X 8,)=V.

Further, if ¥ happens to be a function §; X -+ X §,_,— S, (so we write
V(X oo Xy 1) = X, fOr (X1, X,,) € V), then we also have

(3.10)
V* is a function S* X --- X S¥_ - S¥ and V¥ S, X.--xX§, =V

In fact, V*(f,/Dy.ccsf,_1/D) = V(fisesSu_1)/ D, where V(f},....f,,) € S is of
course defined by V(fi,o Sy 1)) = V(f1(D)seres [ 1(0))-

Note that (3.9) and (3.10) tell us that S is a sub-structure of S* (more
precisely, v is an embedding) with respect to all functions and relations
defined on S. This partially justifies remark(a) of (3.2) but we need
something much stronger. (For example, we shall need to know that if o is a
group operation on S, then (S§*, c*) is also a group.) To this end we define
a subset W of S* X ... X §* to be internal if membership to W can be
computed co-ordinatewise almost everywhere, i.e., if there exists for each
i €1, a subset W, of §; X --- X §, such that for all f, € S1,...,/, € S}

(B11)  (fy/Dsesf, /D) E W e {fi(D)enr o)) € W, p.pi.

We refer to (W,),; as a family of components for W. We leave the reader to
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check that (3.11) is a well-defined equivalence, and that if (W}),., is another
family of components for W, then W, = W} p.p.i.

(3.12) It is also immediate that if we are given any family (W,),., of
subsets of §, X --- X S,,, then (3.11) uniquely defines a (necessarily internal)
subset of S X .-+ X S with components W,.

Note that if VcS§, X.--XS§,, then V* is an internal subset of
S¥X - X S¥ (take all the components to be V), but in general not all
internal sets are of this form.

The definition of internal function can be obtained from (3.11) (as (3.10)
was from (3.9)) and turns out to be equivalent to:

(3.13) F:8¥ X .- XSk |- S¥is internal iff there exists for each i€/ a
function F;: 8, X --- X S,_,—- S, such that for all f,€S],..[,_, €8,
F(/y/ D fufD) = (i = Fi{fy(Dsfrr_1(0))/D

We shall need the following lemmas later; they are examples of remark (b)
of (3.2).

(3.14) LEmMMA. (i) Suppose W is an internal subset of S*, with
components W, and n €N and #W, < n p.p.i. Then #W L n.

(ii) No infinite subset of S is an internal subset of S*.

Proof. We leave the proof of (i) to the reader. For (ii) suppose 4 = S, 4
infinite and internal. Let (4,);., be a family of components for 4. Suppose
Q)5 Ay Ay oo are distinet elements of 4, and say I={i, i,,.., i,,,...} (recall
that 7 is countable). Define f'€ S’ by f(i,) = a;, where j is maximal such that
a;€ A, , if j exists, a, . ; otherwise, where j is minimal such that a,, , ; €4, ;
since /() € 4, for all i € I, we have f/D € A. Therefore f/D = a,, for some
meN, ie., f/D=d,/D, ie., f(i)=a,, p.p... However, this clearly implies
Q. €A, ppi,sod,, ,/DE&A,ie,a,,, & A—contradiction. [l

(3.15) LEMMA. Suppose g, € S* for n € N. Then there is an internal
Junction F:IN* —» §* such that F(n)=g, for all' n € N. (We make no claim
here for the values of F(n) when # is nonstandard, except of course that they
lieinS".)

Proof. Say g,=f,/D, where f, € S’, for n € N. For each i € I define the
function F;: N — S by Fy(n)=f,(i) (n € N). Let F be the function N* - §*
(necessarily internal—see (3.2)) with components {F;:i€I}. Then for
neN, ’
i F(A()

F(i/D)=——

(by 3.13),
_ i+ Fy(n)

) (by definition of #),
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_ i /0)

D (by definition of F,),
=f,/D=g, which gives us the required result, by
the identification of /i/D with n. 1

(3.15) There comes a time in any exposition of nonstandard analysis
when one cannot avoid some simple logical distinctions. In our approach, the
force of remark (a) of (3.2) is contained in Lo§’s theorem, which states that
any property of a structure, that can be expressed in the language of
elements and sets, is preserved (when suitably reconstrued) to the
nonstandard extension of that structure.® To (roughly) explain this let us fix
sets S;,..., S, in whose structure we are interested. Suppose W,,..., W, are
internal sets (i.e., each W, is an internal subset of some finite Cartesian
product of the S}’s) and f,/D,....f,/D are each an element of some Sj.
Suppose @ is some property of Wi, Wi fi(0),...fi(i) (the ith
components), which can be expressed over the S’s in the language of sets
and elements. That is @ can be expressed using the set quantifiers “3X < [1,”
“YX < IT” (where II is some finite Cartesian product of the S,’s), the quan-
tifiers “Ix € 11,” “Yx € II,” equality “=" membership “&,” and the usual
Boolean operations “A” (and), “V” (or), “=" (not), “—=" (implies). If the set
quantifiers are not needed to express @, then @ is called elementary.

(3.16) ExampLES. (i) Suppose S, =R, and W, =¥, (< denotes the
usual ordering of R—regarded as a subset of R X IR, but we write “x <"
for “(x,y) € <"— and <* denotes its nonstandard extension as given by
(3.8)) so we take each component, W,;, of <* to be just <. Let @, be the
property “< is a total ordering.” Then @, is elementary, since it may be
expressed as: VxER VyER((x<yAy<x)ox=y) A ¥xeR YyeR
VZER (x<y Ay 2)=xK)AVXERVYYER (x <y Vy<x)

(ii) Consider now the property, @,, of <, which says “< is
complete,” i.e., “every nonempty subset of R with an upper bound, has a
supremum.” This can be written as: VXcR[(AIxe RxeX)APheER
VXER (x€X-oxg<y)—»3zER (VxER (xEX—-xL2)AVIER
(t<zA—t=z)>3uER (mEXANt<u)))|, which shows &, to be
expressible in the language of elements and sets.

(ili) We leave the reader to write out in the language of elements and
sets, the property of < and N (@,, say) which expresses “every nonempty
subset of N has a least element.”

(3.17) Let @*, the “nonstandard interpretation of @”, be that property

4 Lo§’s theorem is also true for higher order languages, but we shall not need this fact in
our proof of Gromov’s theorem, so we do not discuss it here.
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of W,pws Wosf1/Dserr f3/D which results from @ by changing “Ix € §,”,
“Yx €8, to “Ix € Sk, “Yx € S}, respectively, and “IX c I1,” “VX < IT”
to “there is an internal subset of IT*..” and “for all internal subsets of
IT*...)” respectively; here, if IT is, say S, X S,, then IT* is S§ X S¥. (For
example, let us see what @}, @F, and ®@F (of (3.16)) say. P asserts that
the relation <* totally orders R*; @F asserts that every nonempty internal
subset of R* which is (<* —) bounded above has a (<* —) supremum; @
asserts that every nonempty internal subset of N* has a (<* —) least
element.) Then Lo§’s theorem states:

(3.18) W..,W,, f,/D...f,/D have property @* iff W, W,
L1y f(§) have property @ p.p.i. In particular, ® holds of (the standard
sets and elements) V.., ¥,y 5, 8, Uf @* holds of Vs VE 51,00 8.

A full discussion of Lo3’s theorem (in the elementary case) may be found
in |2]; see also |9, Chap.l]. However, the proof of (3.18) for some
particular @’s conveys the flavour of the general resulit.

Since @, (of (3.16)) holds of <, we must show @F holds of ¥, i.e., we
must show <* totally orders R*. So suppose x,y € R*, x <* y and y <* x.
Say x=f/D, y=g/D. Then f(i)<g(i) p.p.i and g(i)<Sf(i) p.pi (by
definition of <*). Hence by (3.3)(ii), (iii), /(i) = g({) p.p.i., s0 x =y. We
leave the proof of the other two conjuncts in @ (the third requires (3.3)(iv))
to the reader.

Let us now show that @5 (of 3.16)) holds of <*. Let X « R* be internal
and assume f/D € R* is an (<* —) upper bound for X. Let (X;);,, be a
family of components for X. We claim that X; is bounded above (in R) p.p.i.
For otherwise X; would be unbounded above p.p.i. (by (3.3)(iv)) and so we
could choose, for each i € {i € I: X, unbounded above} an element g(i) € X,
such that f(i) < g(i). Setting g(i)=0 (say) if X; is bounded above, gives
S(i) < g@@) p.pi., and g(i) € X, p.p.i., and hence f/D <* g/D and g/D € X,
which contradicts the assumption that f/D is an <* — upper bound for X.

Now define

P , sup X; if X,;is (£ —)bounded above,
nERT by )= 0 (say)  otherwise.

We leave the reader to check that #/D is the <* — supremum of X.

As a further example, we recommend the exercise of proving (3.18) for the
property @, of (3.16).

We hope these examples go some way towards convicing the reader why
the definition of internal set, and the restriction of set quantifiers to these
sets, guarantees the truth of (3.18). Of course, in using (3.18) we shall not
always write out the property @ under consideration in strict logical
notation, since we hope it will be fairly clear what @* is saying.
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Indeed, if @ is in fact elementary, then @* expresses the same property of
the nonstandard extension as @ does of the original structure, although more
care must be taken if @ is not known to be elementary. For example, it is not
the case that every subset of R*, which is bounded above, has a supremum
as we shall see below.

(3.19) An immediate corollary of (3.18) is that any subset of
S,* X -+ X §% which can be defined from internal sets using (our restricted)
quantifiers and boolean operations is also internal and hence, if it is infinite,
must contain a nonstandard element (by (3.14)(ii)). This latter phenomenon
is called overspill. It is crucial in many applications of nonstandard analysis
because the nonstandard elements that arise in this way often turn out to do
the coding mentioned in remark (3.2)(b).

(3.20) We now look more closely at the structure of R* and I'* (the
nonstandard extension of the group I') in the light of (3.16). For convenience
of giving examples, we take our index set I to be the set of natural numbers.

(3.18) implies that the nonstandard extension to R*: 4% —* .* * etc.,
of the usual operations and relations on R, makes R* into an ordered field
(this is an elementary property). Suppose n € R*. If —r <* n <* r for some
re R, n is called finite; otherwise, it is called infinite. For example,
i3+ (1/i + 1)/D is a finite element of R* (which is not in R); i — i/D is
infinite (by (3.3)(1)). If —r<* n*r for all positive r€R, n is called
infinitesimal. Thus i+ 1/i + 1/D is an example of a nonzero infinitesimal.
Define R™™ = {n € R*: 5 finite}, R® = {# € R*: 7 infinitesimal}. Warning:
these sets are nof internal subsets of R*. (Proof: They are both bounded
above (in R*) but neither has a supremum.) Clearly R € R, We leave the
reader to check that R is a subring of R*, that R° is a maximal ideal in
Rf" and that the map p: R = R"/R% r— r + R® is a (field) isomorphism.
Let A: R™ > Rf"/R® be the natural homomorphism. The homomorphism
p~'oh:Rf" 5 R is called the standard-part map and is usually denoted by
st. Thus for each n# € R, st(y) is the unique real number “infinitesimally
close to #”, i.e., it satisfies st(y) —n € R°.

Let us also note here that N* M Rf" = N, so that all nonstandard elements
of N* are infinite.

(3.20) We now investigate I'*. Let us suppose I’ is infinite so that
I'*#7T (by (3.5)). By (3.18) I'* is certainly a group under the nonstandard
extension, o *, of the group operation, o, on I" (the reader may like to verify
this directly from (3.10)) and I' is a subgroup of I'* by (3.10). Now suppose
X is a finite generating set for I. By (3.5) X = X*; but now we appear to
have a conflict with (3.18). While the statement “X generates I™ is true, the
statement “X* (i.e., X) generates I'*” cannot be literally true (since I' & I'*).
The clue is that “X generates I is not an elementary statement about X and
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I (see the remarks immediately proceeding section (3.19)). It turns out that
this statement can be adequately expressed in the language of elements and
sets. In this way, we discover the appropriate nonstandard interpretation.
The following formulation of “X generates 7™ will do:

“for each g€, there is nE€N and functions x:{m&N:
m<m}->XUX', yiimEN:mn}—TI such that y(0)=e
(the identity of I') and for all m < n, y(m + 1) = y(m) o x(m), and
y(n)=g” (In ordinary notation, y(m)=x(0)x(1)x(2)--
x(m — 1), g = y(n) = x(0) x(1) - x(n — 1).)

The nonstandard interpretation of “X generates I (which must be true by
(3.18)) should now be clear. It states that if g € I'*, then there is n € N* and
internal functions x:{mEN*:m<*n}>XUX™' and y:{m€N*:
m <* n} - I'* such that for all m <*n (m € N*), y(m + 1) =y(m) o* x(m)
and y(n) = g. (Of course, if g € I'*\I, then the n here will be in N*\N, i.e.,
it will be infinite.)

In other words, every element, g, of I'* may be written as an “internal
word” (the function x )} in the generators, although the length of this word
may be an “infinite natural number.” (The function y, of course, will
enumerate the “initial segments™ of this word.) Note also that the set of all
n € N* for which such a word exists (for fixed g € I'*) is internal (by the
remarks at the beginning of (3.19)) so it will have a <* — least element (see
@¥ of (3.17)), and this element will of course be | g|*, i.e., the value of non-
standard extension of the length function, | [*: I'* - N*, applied to g (again,
this follows by a suitable aplication of (3.18)).

(3.21) The preceding discussion illustrates a principal difference between
nonstandard extensions and more familiar extensions obtained by forming,
say, completions, or by identifying “infinitesimal” objects like tangent
vectors with derivations on a local ring of functions. What the latter do not
do is to pick out infinite integers which are constantly used in nonstandard
analysis for “counting,” “coding,” etc. We recognize the importance of the
“familiar” extensions: they generally give canonical objects. But then it is to
be noted that these objects can always be interpreted quite intuitively as
(equivalence classes of) suitably chosen objects in a nonstandard extension.
In particular, the points of the space we are going to associate in the next
section to I' will be equivalence classes of elements in I'*. We shall use
nonstandard counting in Section 6 to obtain the local compactness of that
space, if /" has near polynomial growth.

481/89/2-9
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4. NONSTANDARD CONSTRUCTION OF THE SPACE Y

(4.1) We now return to the situation of Section 1, so that I" is a group
with finite generating subset X, and length function | |: "> N. Our aim in
this section is to construct a space Y having the properties listed in (2.4). To
this end we consider (uniform) non-standard extensions, I'*, R*, N* etc., of
I, R, N, as described in Section 3, although we shall now use the same
symbols to denote the nonstandard extensions of familiar functions and
relations defined on these sets. (For example, we shall use just |-| for |-|*, <
for <*.)

Fix a positive infinite hyperreal number R, i.e., R € R* and R > n for all
n €N, and define I'® as the subgroup {g € I'* || g|/R < ¢ for some ¢ > 0,
cE€ R} of I'*, and let u=pu® be the subgroup {ge& I'* || g|/R < c for all
cER, ¢>0} of I'®, The quotient |-|/R defines a map I'® - R =
(xER*: —c<x<c, some c€R}, and clearly |g|/R—|h|/R is
infinitesimal, whenever gu = Au in the set of left cosets I'®’/u. So we can
factor out ¢ and apply the standard map st: R™ — R to obtain a commuting
diagram:

& _-1/R, R fin

l l“ | gull = st( g|/R).

[‘(R)/# [-1 R

(Note that the construction here is rather similar to the discussion of R
in (3.20).)

From the definitions it follows that || gu||=0< g €y, so by putting
d( gu, hu) =1 g~ 'hul|, we obtain a metric space (I'®/u, d) which we denote
by Y®, or simply by Y if no confusion results. The reader can easily verify
that example (1.3)(a) leads to the space ¥ = (R?, N.Y.-distance).

(4.2) ProPOSITION. The metric space Y has the following properties.

(a) Y is homogeneous;

(b) for each two points p,q € Y with d(p,q) =r there is an isometry
of |0,r] into Y sending O to p and r to q; so Y is connected and locally
connected,

(c) Y is complete.

Proof. (a) I'™ acts on Y on the left by isometries:

d(agu, ahu) = |h~'a~'agu|=|h""gu| = d(gu, hu),

and clearly this action is transitive.
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(b) For simplicity we assume that p=eu, ¢g=gu and
d(p,q)=st((g|/R)=1 (the general case is very similar). Replacing if
necessary g by another member of gu, we may assume that | g|=[R], | ]
denoting the integral part operator defined on R* (with values in Z*). So g
has a shortest representation as a (nonstandard) word g, -+ gz, where all
g EXUX ™' (See the discussion in (3.20).) We define f: [0, 1] ¥ by
S(r)=g, - g,r- A straightforward computation shows that f is the
required isometry.

(c) Let (g,u),cn be a Cauchy sequence in Y. For simplicity we
assume || g, u|l < 1 for all n. As in (b), there is no loss of generality in further
assuming that | g,| <R. Extend (g,),cn to an internal sequence (g,),cn:»
this being possible by Lemma (3.15). For each k € N>°, take M(k) € N such
that | g, 'g,| < R/k for all (standard) integers m, n > M(k). By “overspill”
this remains true for all m,n € N* greater than M(k) but less than some
infinite N(k) € N*. (See (3.19). We are applying the remark there to the
internal  set {tEN*:YmEN*VYne N*(Mk)<m,k<t-|g;' g, <
R/k)}.) By a similar argument using (3.15) and (3.19) there is w € N*
greater than all M(k) and less than all N(k), k € N”° Clearly we have
limg,u=g uinY. 1

(4.3) Remarks. (1) We have to keep in mind that the metric space Y
depends not only on the hyperreal number R but also on the generating set
X, so let us (temporarily) write Y, and its metric as d,. Take another finite
generating set X' (but keep the same R). Then, with

C=max({|gly:g €X'} {|gly: g€ X})
we have (for I+ {e}):
Cligle<lgly <Clgly forallge I, hence for all g € I'*,

So I'® does not change, nor does u®’, and the metric spaces Y, and Y,
have the same underlying set I'®/u, and their metrics are related by:
C~'d, <d, < Cdy.

(2) The functoriality mentioned in the introduction amounts to the
following: Let ¢:(I'),X,)— (I',,X,) be a morphism of groups with
distinguished finite generating sets X,,X,, ie, ¢o(X,)<X,. Clearly
| g| > lo(g)| for all g € I'| (the norms are taken w.r.t. the generating sets X,
and X,, respectively). So ¢ induces naturally a group morphism I, —» I'®)
sending #{*’ into 4{. Hence ¢ induces a map ¢: Y, - Y,, where Y,, Y, are
the spaces attached to (I, X;, R) and (I',, X,, R), respectively. Clearly we
have || gu|| > [|@(gu)ll =(0g) 1], g€ I'"". So the assignments (I, X)— Y,
@ - @ -define a functor, still depending on R, from the category of groups
with distinguished finite generating sets to the category of metric spaces with
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distance decreasing maps. Note also that if ¢(X,)=X,, then g: Y, > Y, is
surjective.

(3) It would be nice to know more about the spaces Y. It seems
plausible that Y is homeomorphic with some R”" if I is nilpotent. If I is free
on X, then the space Y is “tree-like”: for any two points p, g there is essen-
tially only one way to go from p to g; more precisely, Y contains no
subspace homeomorphic with a circle.

Question. Do there exist finitely generated groups I" for which Y is not
simply connected?

5. ACTIONS OF SUBGROUPS OF ' ON Y

(5.1) The purpose of this section is to establish property (IV) of
Section 2. As we saw in the proof of (4.2)(a) the group I'® acts
isometrically by left multiplication on ¥ =I"®/u, and this action naturally
induces a morphism I"® - Isom(Y), which we shall write as y +— /.. Unfor-
tunately, many y € I’ may act trivially on Y: the kernel of / is the largest
normal subgroup of I''®) contained in u. For instance, if I is abelian, this
kernel is u itself, so contains I".

However, under the hypotheses of property (IV) in Section 2 the kernel I/
of /|I' (of finite index in I') has a conjugate B~ 'I"B, € I'*, which is
contained in I'® and acts “usefully” on Y. As " =8~ 1I"B, the action of
BB can be transported to an action of I'" on Y.

(5.2) In the rest of this section we assume that /(') < Isom(Y) is finite
(one of the assumptions in (IV), Section 2), and we put I'" = kernel(!| I'’). So
I'" is of finite index in I, and we fix a finite generating set .S of I such that
S 'cs.

(5.3) LemMA. If I' has no abelian subgroup of finite index, then the set
of lengths |y~ 'sy| (y €I, s € §) is unbounded.

Progf. Otherwise each s € S has only finitely many I”’-conjugates, in
other words, the I'-centralizer of s has finite index in I’. Therefore the
center of I'’, being the intersection of the centralizers of the s € S, has finite
index in I, hence inI". 1§

(5.4) Before we state the next proposition which is a precise version of
property (IV) of Section 2, we remind the reader that the group Isom(Y) is
topologized by taking the U, ,, k€N, 0<eE€R, as basic (closed)
neighborhoods of 1,, cf. (2.3).
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(5.5) PROPOSITION. Suppose I has no abelian subgroups of finite index.
Then for each neighborhood U of 1, there are B € (I")* and s € S such that
BB I™® and Iy, € U\ {1y}

Proof. Fory € I'* and 0 < r € R* we put &(y, r) = max{d(ya, a): |a| < r}
(maximum “displacement” effected by y among the points of B,(r)). We
claim:

o(g ve ) <o) +2|gl  (gET™). (1)

Let [a|<r. Then d(g~'yga, a)=d(yga,ga) < o(y,| gl +r) <30, r) + 2] gl
The last inequality follows by writing an element of B,(| g| + r) as bc with
|b[<r, [e] <] gl; then

d(ybe, be) < d(ybe, yb) + d(yb, b) + d(b, bc)
=d(yb, b) + 2d(bc, b) < 6(y, )+ 2] g|.

Inequality (1) is established.
Fix a neighborhood U=U, ,, k€N >% &> 0. A nonstandard translation
of Lemma (5.3) gives us s € S and g € (I'")* such that:

| g7 'sg| > eR. )

Write g =5, -+ §,, 5; € S, t € N*, For 0 i<t we put:

gi=S, 5 and M; =max{d(g; 'sg;, kR):s € S}.

Further we let C = max{|s|: s € S}, so C € N. Then we have:

M, < eR (because I acts trivially on Y), 3)
M,>eR  (by (2)), (4)
M, — M| < for 0<i<t—1 (by 1)). (5)

From (3), (4) and (5) we derive the existence of an i € {0,..., {} with:
|M,—eR| < 2C. 6)

For this i we define 8 =g;, so B E€ (I'")*. Note that if yE I, then ™ 'y8 is a
finite product of elements of the form S~ 'sB, s € S, each of which is in I'®?
by (6), so:

BB ™, @)

From (6) we also obtain the existence of s € S such that (8~ 'sB, kR) differs
from R by at most 2C. For ¢ =; ., this means that ¢ # 1. Moreover, for
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la| < kR: d(o(au), au) = st(d(oa, a)/R) < &, by (6), so o € U. The propo-
sition is proved.

6. FURTHER PROPERTIES OF Y RESULTING FROM
GROWTH RESTRICTIONS ON I"

(6.1) The properties of the space Y = Y® discussed in Sections 4 and 5
hold for any finitely generated group I, and any positive infinite R € R*.

We now show that if I" has near polynomial growth, then R can be chosen
so that Y® is locally compact and of finite dimension. The proof of the
following lemma contains the crucial argument.

(6.2) LEMMA. Let R, be positive infinite and suppose G(R,)<c - R}
where 0 < c € R, d € N. Then there is a positive infinite S < R,, such that
Jor every i EN, i > 4, the following property P(S) holds:

P(S): if g,,..., 8, € B(S/4), t € N*, and B, (S/i),.., B, (S/i) are
pairwise disjoint, then t <i%*",

Proof. Suppose the lemma is false. Thus, for all §€&€R* with
log R, < S <R, there is some i EN, i >4, such that P,(S) fails. In fact,
clearly the function mapping S to the least i/ such that P,(S) fails
(log Ry < S < R,), is internal, so its range must be internal; since this range
is a subset of N, it is bounded by some K € N (by (3.14)(ii)). Hence we may
define internally, by induction, natural numbers i,,...,7,, u € N* to be
chosen below, and elements g(l,j)EI'*, for 1<I<u, 1<j<¢,, where
t,=[i¥**] + 1, such that for /= 1,..., u:

4 <i, <K, (D
) R, .
g(la.l)eBe 4.— for 1<]<tl’ (2)
11...11_1
R R

B ___0__>mB ) <_0,_>= ,

s (,'1...,',_1,', A VAR A @
for 1<j<j'<¢. (3)

(As [ goes from 1 to u, the radii R,/i,--- i,_, represent decreasing values of
S.) Clearly the obvious inductive definition of the i’s and g(/,j)’s may
proceed as long as the condition P(R,/i, ---i,_,) fails, and this will be
guaranteed if we choose u to satisfy
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R R
———>logRy> ————. )

Iyl 10 Byl

Now let T={(s;,.8,):5EN, 1<s,Ky, for I=1,.,u}, and for
§=(5,s5,) € T define g, =g(1,s,) 2(2, 5,) --- g(u, s,). Note that

“ R
| &< E | g(l,s) < Z 4.—0. (by (2)),
=1 =1 4y
< Ry/4! (by (1)),
=1
< R,.
Hence:
{g,:s €T < B.(Ry) (5)

Suppose s, s’ € T and s # s’. We shall show that:
gs¢:gy- (6)

For if g,=g,., then g(v,s,) --- g(u,s,) = g(v, s}) - g(u, s.) for some v < u,
with s, # s,,. Hence:

8(v.5;) " g(v,s,) =g+ 1,sl,,) -+ 8w, ;) gy 5,) ™

g+ s, )7 7
But
i o <la(,s) " g(v,s,) (by (3)),
<2 5: Ro/4iy i), (by (2)), using (7)),

I=v+1

<= (14 ﬁ : by (1
\2i1---iv( P W) (by (1)),

This contradiction establishes (6), which clearly implies
u
#{g:sET)=#T> []if+ (by definition of T),
=1

> (Ro/logRo)d+l (by (4)),

>c-RY (since R, is infinite).
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Together with (5) this contradicts G(R,) < c - Rd, and this establishes the
lemma. [

(6.3) PROPOSITION. Let I" be of near growth degree <d, d € N. (See
(1.5)(3).) Then there exists positive infinite R € R* such that the metric
space Y® is locally compact of dimension <d + 1.

Proof. By “overspill” there is a positive infinite R, € R* such that
G(R,) < c-RY. Let S € R* be positive infinite such that the property P,(S)
of (6.2) holds for all i€ N, i >4. Set R = S/4. We shall show that Y*®
satisfies the conditions. Let k€ N”% From (6.2) we conclude: if
&1 8 € BR), tE€N*, and the balls B, (R/k),..., B,(R/k) are pairwise
disjoint, then ¢ < (4k)?*", in particular ¢ is ﬁmte Takmg t maximal, the balls
B, (2 - R/k) necessarily cover B,(R): if g were not in their union then

g(R/k) would be disjoint from all B (R/k) Applying the coset map
I'®  Y® we see that the closed ball of radius 1 and center ey in Y® is
covered by at most (4k)?*! balls of radius 2/k, for any k € N>’ As Y® is
complete and homogeneous this immediately implies that all closed balls of
radius 1 are compact and of Hausdorff dimension <d + 1. (See [8, Chap. 7]
for the notion of Hausdorff dimension and its connections with topological
dimension.) Hence Y® is locally compact and of dimension <d + 1. 1

(6.4) Remarks. (1) In the arguments of (6.2) and (6.3) the term d + |
can actually be replaced by d + ¢, where ¢ is an arbitrary positive real.
Hence the space Y® in (6.3) can in fact be taken to be of dimension <d.
Note that we have now established property (V) of (2.4) for the space
Y=Y® where R is as in (6.3).

(2) It is an easy exercise to show that if Y® is locally compact, R
positive infinite, then every closed bounded subset of Y%’ is compact.
(Assuming that closed balls of radius » > 0 in Y are compact, use (4.2) to
show that closed balls of radius (3/2) - r are covered by finitely many balls
of radius r.)

(3) It seems plausible (and would be nice to prove) that, conversely,
local compactness of Y®’ for some positive infinite R, implies that I is of
polynomial growth. Let us show here only the following fact which we stated
in (2.4) as property (VI) of the space Y, putting ¥ = Y®,

(6.5) If I is of exponential growth, then for no positive infinite R is the
space Y™ locally compact.

By an observation of Milnor [10, p. 2] lim G(r)"/" exists, and it is >1 iff I"
is of exponential growth. So if I' is of exponential growth there is a real
number r>1 such that for any positive infinite R we have:
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st(G(R)V®) = st(G(2R)**) =r, so st((G(2R)/G(R))/®) =r, which implies
that G(2R)/G(R) is infinite: hence B,(2R) cannot be covered by finitely
many balls B,(R), so that closed balls of radius 2 in Y® are not compact,
and therefore Y® is not locally compact. |

(6.6) Concluding Remark. We have finally proved all the properties
stated in (2.4) for the space Y = Y®), where R is chosen as in (6.3). Hence
Gromov’s theorem (1.10) has now been established.

7. EFFECTIVE BOUNDS

Gromov proved also a finite version of his theorem by means of a
topological compactness argument:

(7.1) THEOREM. Let positive integers d and k be given. Then there are
positive M, i, N such that for any group I' with finite generating set X we
have:

if Gy(n

Gy(n

<k - n? for n=1,.,M, then
<k-nd

)
) -n Jorall n,and I has a subgroup of

index <i and nilpotency class <N.

(7.2) We will give a new proof of this theorem by means of a model
theoretic finiteness argument which moreover shows how M, i, N can be
effectively computed from d and & (in the sense of recursion theory; we do
not claim efficiency of the algorithm).

(7.3) Proof of (7.1). Let T be the first order theory of groups with k
distinguished elements x,..., x,, not necessarily distinct. For each positive
integer M, let o,, be a sentence in the language of T saying (for each model
of T) that Gy(n)<k-n? for n=1,.,M in the subgroup I'" generated by
X = {x,,..., X;} in the model. It is clear how to construct such a sentence for
given d, k and M.

Similarly, let 7, , be the sentence in the language of T saying (for each
model of T) that subgroup generated by x,,..., x, has a subgroup of index at
most i and nilpotency class at most N.

To see that such a sentence 7; y exists and can be effectively constructed
from k, d, i, N we use the following two facts:

(*) A group generated by r elements y,,..., y, is nilpotent of class N
iff all commutators [ p; ,.... y;,| (1 <i;<r) equal the identity. See |7, 10.2.3].

(#*) If I' is generated by {x,,..,x,} then there are at most A(j, k)
subgroups of index at most i (and exactly 4 (i, k) such subgroups if I" is free
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on the k-element set {x,,.,x.}); here 4:NXN->N is effectively
computable, and for all i, k one can effectively specify A(i, k) finite sets of
generators for these subgroups, each generator given as a word on
{X ooy Xpy X7ty X'}, where the letter X, is to be interpreted as x;.
(Obviously, we only have to do this for the case that I' is free on the &
elements x,,.., x,, and for that case one may consult [6]; in general we
allow the possibility that several of the A(i, k) finite sets define the same
subgroup of I').
Now Gromov’s theorem (in its “infinite” form) says:

T= N gy e \/ Tin-

M21 i21,N21

By the compactness theorem of model theory (see [4, pp. 148-149] for the
version used here) it follows that there are M, i, N > 1 such that

TEG, o TN

By Godel’s completeness theorem we will eventually find such M,i, N
by systematically checking proofs from 7 until we find one of
TEOoye Ty

(7.4) Remark. Note that (7.1) is a finite version of Gromov’s original
theorem. The method of (7.3) also gives a finite version of our improvement
(1.10) of Gromov’s theorem:

There is a (recursive) functional which to any triple (a,d, k), with
a:N—- N and d, k € N>, assigns positive integers M, i, N such that for any
group I" with finite generating set X we have:

if Gy(a(n)) <k - (a(n))? for n=1,..,M, and a(1) < --- < a(M),
then there is d' € N such that Gy(n) < k - n® foralln>0,and I'
has a subgroup of index <i and nilpotency class <N.

(7.5) One of the most interesting unsolved problems concerning the
growth of finitely generated groups is to determine whether or not every such
group has either polynomial or exponential growth.® In the last result of this
paper we use (7.1) to construct an effectively computable function growing
faster than any polynomial and such that every growth function majorized
by it is of polynomial growth.

(7.6) THEOREM. There is an effectively computable, nondecreasing

*We have been told that R. Grigoréuk, in Moscow, has recently constructed finitely
generated groups whose growth is neither polynomial nor exponential.
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Sunction g:N— N, such that g(n)— o as n- oo, with the following
property.
if T is any group with finite generating set X, and the growth

function G, of T satisfies Gy(n) < k - n®™ for n =1, 2,..., where k
is a constant, then I' has polynomial growth.

Proof. Define g(n)=(3)-#{d€EN:d>1 and d+ max, ,.,M(s,u)
< n}, where the function M = M(k, d) is given by (7.1).

Clearly g is nondecreasing, g(n)— o0 as n— oo and g is effectively
computable (because M is).

Now let I" be any group with finite generating set X, and suppose kK € N,
k> 1 is such that Gy(n) < k - n®"™ for n=1, 2,....

Let d = max{2 - #X + 1, 2k}.

Then n? > k - n%?* for n =2, 3,.... However, from the definition of g we see
that g(n) < d/2 for n < max, _, , ., M(s, u), thus, in particular, we obtain

ni>k-nf™  for n=2,3,.,M2- #X+ 1,d),

so that

n? > Gy(n) for n=2,3,.,M2 -#X+ 1,4d).
Since Gy(1)< 2 - #X + 1 we deduce that
G2 -#X+1).-n* for n=1,2,.. M2 - #X + 1,d)

and so, by (7.1), I has polynomial growth, as required. 1
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