-

View metadata, citation and similar papers at core.ac.uk brought to you by .{ CORE

provided by Elsevier - Publisher Connector

Available online at www.sciencedirect.com

SCIENCE DIRECT?® JOURNALOF

4 @ PURE AND
PR APPLIED ALGEBRA

ELSEVIER Journal of Pure and Applied Algebra 204 (2006) 1-8

www.elsevier.com/locate/jpaa

Differential torsion theory
Paul E. Bland

Department of Mathematics, Eastern Kentucky University, Richmond, KY 40475, USA

Received 30 November 2004; received in revised form 18 February 2005
Available online 10 May 2005
Communicated by A.S. Merkurjev

Abstract

Differential torsion theories are introduced and it is shown that for a hereditary torsion theory
every derivation on aR-moduleM has a unique extension to its module of quotients if and only if
7 is a differential torsion theory. Dually, we show that wheis cohereditary, every derivation dh
can be lifed uniquely to its module of coquotients.
© 2005 Elsevier B.V. All rights reserved.

MSC:Primary 16S90; 16W25; secondary 16D99

The purpose of this paper is to introduce the concept of a differential torsion theory
on Mody and to use this notion to study derivations on modules and their extension to
modules of quotients. After obtaining the main result concerning such extensions we turn
our attention to the problem lifting derivations on modules to modules of coquotients.

ThroughoutR will denote an associative ring with identity, all modules will be unitary
right R-modules and/lod  will denote the category of unitary rigRtmodules. A function
d : R — Ris aderivation on Rf 6(a + b) = d(a) + 6(b) ando(ab) = é(a)b + ad(b) for
alla,b € R. If §is a derivation orRandM is anR-module, then a functiod : M — M
is ao-derivationif d(x + y) =d(x) + d(y) andd(xa) =d(x)a + xo(a) forall x,y e M
and alla € R. We now assume thatis a fixed but arbitrary derivation dRand that every
derivation under consideration iyaderivation. Also, ifN is a submodule of aR-module
M, thenforanyx € M, (N : x) will denote the right ideal dRgiven by{a € R | xa € N}.
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Atorsiontheoryr onMody is apair(T, F) of classes oR-modules such that the following
conditions hold.

TNF=0.

. If M - N — 0Ois an exact sequencelifodg andM € T, thenN € T.

. If0 - M — N is an exact sequenceMod; andN € F, thenM < F.

. For eaclR-module M, there is a short exact sequence® T —- M — F — 0in
Modg with T € T andF € F.

BWN R

It follows that the clas§ is closed under factor modules, direct sums and extensions and
thatF is closed under submodules, direct products and extensions. Acctdd’-modules
is said to beclosed under extensiorniswhenever 0— N; — N — N2 — 0 s a short
exact sequence iMod g and N1 and N, are inC, thenN is in C. Modules inT will be
calledz-torsionand those irf are callede-torsion free EachR-module has a largest and
necessarily unique-torsion submodule given by (M) = XycsN, whereS is the set of
T-torsion submodules a¥. A torsion theory will be calledhereditaryif T is closed under
submodules and it will be callembhereditanyif F is closed under factor modules. Standard
results and terminology on torsion theory can be found ], while general information
on rings and modules can be foundj.

1. Differential filters

A nonempty collectionZ of right ideals ofR is said to be a (Gabrieljliter [7] if the
following two conditions hold.

1. If K € #,then(K :a) € &# foreacha € R.
2. If lis aright ideal ofRand K € % is such that/ : a) € & for eacha € K, then
1 e7.

It can be shown that each filter of right ideals Rfalso satisfies the following three
conditions.

3. If J € # andK is aright ideal oR such that/ € K, thenK € #.
4. If J,K € #,thenJNK € #.
5.IfJ,K ¢ #,thenJK € &.

If t = (T, F) is a hereditary torsion theory dMod g, thenZ ;, = {K | K is a right ideal
of R andR/K € T} is a filter. An elemenk of an R-moduleM is said to be a-torsion
elemenbf M if there is aK € % ; such thatt K = 0. The set of alk-torsion elements of
M is thez-torsion submodule, (M) of M mentioned earlier. Moreover, &moduleM is
t-torsion ift; (M) = M andz-torsion free ift; (M) = 0. Conversely, ifZ is a filter of right
ideals ofRand: (M) ={x € M | xK =0 for someK € 7}, thent= (T, F) is a hereditary
torsion theory oMod g, whereT={M | t (M) = M} andF = {M | (M) = 0}. It follows
that there is a one-to-one correspondence between the hereditary torsion thebtagson
and the filters of right ideals ak.
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If 7 is afilter of right ideals oR, then.Z will be called adifferential filterif for each
K € 7 ,thereisan € # suchthav(/) C K. If tis a hereditary torsion theory dvod g
and.7 . is a differential filter, then is said to be alifferential torsion theory

The following examples show that differential torsion theories do indeed exist.

Example 1.1. If R is a commutative ring, then every filte¥ of right ideals ofR is a
differential filter. Indeed if € #,theni? € #,soifa, b € I,thend(ab)=05(a)b+ad(b) €
I.ltfollowsthats(72) C I.Sothe hereditary torsion theory determined®is a differential
torsion theory.

Example 1.2. Jans has shown if10] that if t = (T, F) is a hereditary torsion oiod
such thafT is closed under direct products, then there is an idempotentidea¥ ; such
that/ C K foreachK € Z .. If ab € 12 = I, thend(ab) = 5(a)b + ad(b) € I and from
this we can conclude that/) C K. Thusrt is a differential torsion theory.

Example 1.3. If Ris left perfect, then Alin and Armendatjiz] and Dlab[6] have indepen-
dently proved that it = (T, F) is a hereditary torsion theory dviod z, thenT is closed
under direct products. Thus, we see from the previous example thatRvisdeft perfect
every hereditary torsion theory dnhody, is a differential torsion theory.

Example 1.4. Let Sbe a multiplicatively closed set of elementsthat is a right denom-
inator sef11]. ThenSsatisfies:

1. If (a,s) € R x S,thenthereis &b, r) € R x S such thatir = sb.
2. If sa=0withs € S anda € R, thenar =0 for somer € S.

The set# = {K | K is aright ideal of R andK N S # ¢} is a filter of right ideals of
R, If K € 7,lets € KNS. Since(i(s),s) € R x §, thereis ab,t) € R x S such
thatd(s)t = sb. Now 6(st) = 0(s)t + s0(t) =sb + s0(t) € sR C K, soifae R, then
d(sta) = d6(st)a + std(a) € K. Henceo(stR) C K. ThereforeZ is a differential filter, so
the torsion theory determined I3¥ is a differential torsion theory.

The following lemma will prove useful.

Lemma 1.5. The following are equivalent for a hereditary torsion theorgn Mod g.

(1) 7. is a differential filter.

(2) For every right R-module M and eveny € t.(M), there is anl € % such that
o(I) C (0: x).

(3) For every R -module M and every derivation d definedbni (¢, (M)) C t.(M).

Proof. (1) = 3): If x € t;(M), then(0 : x) € F., so there is af € . such that
0I) CO:x).fae K=INO:x) e Z., thenxa =0 andxd(a) = 0. Hence,
O=d(xa)=d(x)a+xd(a) =d(x)a which shows thad (x) K =0. Thereforel(x) € t.(M),
sod(t:(M)) < t:(M).
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Q) = 2:If x € t;(M), thend(x) € t;(M), so(0 : x) and(0 : d(x)) are inZ ..
Thereforel = (0:x) N (0:d(x)) € .. Ifa € I, thenxa =d(x)a=0, so 0=d(xa) =
d(x)a + x0(a) = xo0(a). Thusd(a) € (0 : x) and we have that(/) € (0: x).

2 = ():If K € #,,then I+ K is ar-torsion elementoR /K. Thus(0: 1+ K) € 7,
which indicates there is ahe #; suchthatv(/) C (0: 1+ K)=K. O

2. Derivations and modules of quotients

If zis atorsion theory oMod g, then arR-moduleQ . (M) together with afR-homomor-
phisme : M — Q.(M) is said to be ¢ocalizationof M atz provided that ke and cokekp
aret-torsion andQ. (M) is t-injective ande-torsion free. AMR-module M is said to ber-
injectiveif Hompg(—, M) preserves short exact sequences>ONy —- N — No — 0
in Mod z, where N> is at-torsionR-module. The modul&. (M), called themodule of
quotientsof M, is unique up to isomorphism whenever it can be shown to exist. Ohtake
[13] has shown that a localizatiom : M — Q.(M) exists for everyR-moduleM if and
only if the torsion theory is hereditary. It is well known that i hereditary, then we can set
O:(M)=E (M/t;(M)), whereE.(M/t.(M)) isthet-injective envelopgt,9]of M /1. (M).

In this case, if) : M — M/t;(M) is the natural mapping and: M/t;(M) — Q.(M) is
the canonical injection, thep = un.

When the torsion theory is hereditary, Golan has shovilithat if a derivatiord defined
on anR-moduleM is such thati(t;(M)) C t;(M), thend can be extended to a derivation
d. on Q.(M) such that the diagram

M — Q-(M)

| e

M = Q-(M)

is commutative. The question of uniqueness of the extengjomas not addressed by
Golan other than to point out that a derivati®on R has a unique extension to the ring of
quotientsQ.(R) of R provided that the hereditary torsion theory is faithful, i.eRifs
t-torsion free. This observation is subsumed by the following more general proposition
and corollary.

Proposition 2.1. Let t be a hereditary torsion theory oMody. If a derivation d on an
R-module M extends to a derivatidnon the modul&) (M) of quotients of\/, thend; is
unique

Proof. Let x € Q.(M). If d also extendsl to Q.(M), then (d; — d)p(M) = 0 gives
(dr—d)(x((M) : x))=0, sincex(p(M) : x) € p(M). Butd, —d is anR-linear mapping,
so we haved; — d)(x)(p(M) : x) =0. Nowx € Q.(M) implies that(p(M) : x) € F,

and so(d — d)(x) € t;(Q(M)) =0. Consequentlyl, =d. O

Corollary 2.2. If zis a hereditary torsion theory ollod g, then any derivation d defined
on art-torsion free R-module M has a unique extensio@WtgM).
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Proof. Sinces; (M) = 0 andd(0) = 0, we haved(t;(M)) C t.(M). Thus, Golan’s result
shows that an extensiafy of d to Q.(M) exists and the proposition shows thatis
unique. O

We can now show that can always be extended uniquely@® (M) if and only if t is a
differential torsion theory.

Proposition 2.3. If 7 is a hereditary torsion theory oModg, then every derivation d
defined on an R-module M has a unique extengidn the module of quotients of M if and
only if 7 is a differential torsion theory

Proof. Let © be a hereditary torsion theory dMody and letp : M — Q.(M) be a

localization atr of an arbitraryR-module M. Suppose also thal is a derivation de-
fined onM. If 7 is a differential torsion theory, thetr ; is a differential filter, so it fol-

lows from Lemma 1.5 thatl(r;(M)) C t(M). It is now immediate from Golan’s re-
sult thatd can be extended to a derivatiah defined onQ.(M). Uniqueness follows
from Proposition 2.1.

Conversely, suppose that every derivatibslefined orM can be extended uniquely to a
derivationd,; on Q.(M). Sincepd =d. ¢, we see that ik € t,(M)=Kker ¢, thenpd(x)=0.
This givesd (x) € t;(M) and so we havé(t;(M)) C t;(M). By invoking Lemma 1.5 again
we see that is a differential torsion theory. [

One important consequence of the proposition above is that for a hereditary torsion
theoryt on Modg, the right ideals of the filte7 ;. can be tested with to determine if all
o-derivations defined oR-modules can be extended to their modules of quotients.

3. Derivations and modules of coquotients

We now show that a result similar to Proposition 2.3 holds for colocalizations of mod-
ules whenever they universally exist. Colocalizations have been investigated under various
approaches by several authors, for examplgd3&e12]

An R-moduleC. (M) together with arR-linear mappingp : C:(M) — M is said to be
acolocalizationof M att provided that ke and cokekp aret-torsion free and’; (M) is
7-torsion and-projective. We callC; (M) themodule of coquotientsf M. An R-moduleM
is t-projectiveif Homg (M, —) preserves short exact sequencesV; — N — No — 0
in Mod g, where N7 is at-torsion freeR-module. Ohtake was also able to show[13]
that a torsion theory is cohereditary if and only if everig-moduleM has a colocalization
att. If ¢ : C;(M) — M is a colocalization oM at 7, then there is af-epimorphism
7 : C;(M) — t;(M) such that ifu : t;(M) — M is the canonical injection, thep = ux.
Furthermore, a module of coquotients is unique up to isomorphism whenever it can be
shown to exist.

If o : C:(M) — M is a colocalization oM at r andd is a derivation defined on
M, then we will say that a derivatiod, defined onC.(M) lifts d to C.(M) provided
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that the diagram
Cr(M) 2 M

N

C-(M) 2 M

is commutative.

Whent = (T, F) is cohereditarythe classF of 7 is both a torsion and a torsion-free
class, and the clagsgenerates a hereditary torsion theersy: (F, D) on Mod ;. The pair
(7, 0) is often referred to as a TTF theory. Jans has showjfOhthat there is a one-to-
one correspondence between TTF theories and idempotent iddats If (z, o) isa TTF
theory with corresponding idempotent iddalthen the filter determined by is given by
F+={K C R| K 2 I, Karight ideal ofR}. In this setting¢;(R) = I andt;(M) = M1
for eachR-moduleM. We have seen in Example 1.2 thais a differential torsion theory
although this condition oa is not a factor in lifting derivations okl to the moduleC; (M)
of coquotients of. Sato has shown ifi14] that if t is cohereditary, theh®z I E 15 Ris
acolocalizationoR, wherethemap : I®gI — IisgivenbyX? ;(a; ®b;) — X7_ja;b;.
Furthermorel @1 is a ring, possibly without an identity, and &R, R)-bimodule. Sato
also shows ifl4] that M QprIQr I X M1 5 Mis a colocalization oM at<. In this case,
the mapr : M®rI®grI — MI is such thal” ,(x; ® a; ® b;) — 27_;x;a;b;. Sincel
is an idempotent ideab (/) € I andd(M1I) € M1 for each derivatiord defined onM.
Hence,s andd restricted td andMI produce derivations chandM I, respectively, and
we denote these also bByandd.

We need the following lemma in order to show thati$ a cohereditary torsion theory on
Modg, then every derivation on eémoduleM can be lifted to the module of coquotients
of M.

Lemma 3.1. If | is an idempotent ideal of R and d is a derivation #f then the map
P Mx1IxI1—> M®RgrI®grI given by

P (x,a,b)=d(x)@a®@b+x®a) @b+ x®a® db)

is R-balanced. Thatjg’ is additive in each variable and such thétxr, a, b)=p'(x, ra, b)
andp’(x,ar,b) = p'(x,a,rb) forall (x,a,b) ¢ M x I x I and allr € R.

Proof. Sinced ando¢ are additive, it is easy to see thatis additive in each variable. We

showp’(xr, a, b) = p'(x, ra, b) and a similar proof holds fqi' (x, ar, b) = p’(x, a, rb). If

(x,a,b) e M x I x I andr € R, then

P (xr,a,b)=dxr)@a®@b+xr®6(a) @b+ xr @a R 5(b)

=dx)r@a®b+x0r)R®a b+ xr @d(a) @b+ xr ® a® 6(b)
=dx)Rra®b+xQ[0(r)a+réa)l®b+x @ra® o(b)
=dx)®ra®b+xR0(ra) @b+ x @ra® o(b)
=p/(x,ra,b),

so we are done. O
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Proposition 3.2. If 7 is a cohereditary torsion theory olWlodz, then every derivation
defined on an R-module M lifts uniquely to a derivation defined on the module of coquotients
of M.

Proof. If 1 = (T,F) ando = (F, D) is the torsion theory generated By let | be the
idempotent ideal corresponding to the TTF the@ry). If dis a derivation oM, then we
have a commutative diagram

MxIxI -2 M@RIQgI

T

M@rIorl

wherep : M x I x I — MQ®gIQgI isthe canonicaR-balanced map given y(x, a, b) =
X ®a®Db, p is theR-balanced map of Lemma 3.1 add is the group homomorphism
produced by the tensor produdt® z I @ g I. Now consider the diagram

M@plogl = MI £+ M

T

MOpl@pl = MI L+ M

Sincep=pun, whereist : M®rI®grI — Missuchthat(2!_, (x;®a; ®b;)) =2"_,x;a;b;
andu : M1 — M isthe canonical injection, we see tha’_, (x; ®a; ®b;)) =2"_,x;a;b;
foreachl? ;(x; ® a; ® b;) € MRrI®rI. Soifx ® a ® b is a generator M@ rIQr1,
then

od:(x ®a ®b) = @p/(x,a,b)
=pd(x)®a®b)+x®0(a)®b+x ®a® b))
=d(x)ab + xo(a)b + xad(b)
=d(x)ab + x[0(a)b 4+ ad(b)]
=d(x)ab + xd(ab)
=d(xab)
=dp(x ®a®b).

Sincepd; andd ¢ are additive functions, this suffices to show thdt =d ¢, so the diagram

MepI@rl 2 M

Jdo

Megrl@pl <+ M
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is commutative. Finally it @ a ® b € MQrI®rI andr € R, then

di(x ®@a®b)r) =de(x @ a® br)
=d(x)®@a@br +x ®0(a) @br +x ®a ® 6(br)
=dx)Qa®br +x®da)br +x Ra @ d(b)r + x ® a ® bo(r)
=[dx)®a®b+x®a)@b+a®b)r+ (x ®aQ b)d(r)
=d(x ®a®b)r + (x ®a ® b)d(r).

Sinced; is additive, this last result shows thatis a derivation that liftgl to the module
of coquotients ofM. Finally, if 4 also liftsd to M®zI®gI, then p(d; — d) = 0, so

Im(d, — d) C kerg. Thus, Im(d; — d) is t-torsion free. ButM Qg IQx! is z-torsion, so
sinced; — d is anR-linear mapping, Inil; — d) is alsor-torsion. Hence, Irtd; — d) =0

and we havel, = d. Therefored; is unique. [

Corollary 3.3. If 7 is cohereditary then a derivations defined on R lifts uniquely to a
derivationd, defined on the ring of coquotients Bf

Proof. This follows from the observation th&®rIQrlI =IQgl andRI =1. 0O
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