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KEYWORDS Abstract In the present article, effects of nanoparticles on the peristaltic flow of tangent hyperbolic

Padsilie o fluid in an annulus are described. The two-dimensional equations of tangent hyperbolic fluid are

Annulus; solved by using the assumptions of low Reynolds number and long wavelength. Analytical solution
Homotopy perturbation is obtained with the help of homotopy perturbation and Adomian decomposition method for veloc-
method; ity, temperature and nanoparticles concentration. Solutions are discussed through graphs.
Adomian decomposition Solutions for pressure rise, temperature, nanoparticles concentration, pressure gradient and stream-
method;

lines are plotted for various emerging parameters. It is found that the temperature profile increases
with increase in Brownian motion and thermophoresis parameter. It is also found that the size of
the trapped bolus in triangular wave is smaller as compared to other waves. Further, the compar-
ison of both analytical solutions is presented.

© 2015 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Tangent hyperbolic fluid
model and comparison

1. Introduction discussed by various researchers in the past few years [3-8].

Recently, peristaltic flow has gained much attention of the

Peristalsis is a distinct pattern of smooth muscle contractions
that mix the food material properly through the esophagus
and intestines. Literature on peristalsis is quite extensive i.e.
with the initiative work of Latham [1], in which he discussed
the fluid motion in peristaltic pump. After Latham, Jaffrin
and Shapiro [2] made developments on mathematical modeling
and experimental fluid mechanics of peristaltic flows. They
made analysis under the assumption of long wavelength and
low Reynolds number approximation. Peristaltic motion in
both mechanical and physiological situations has been
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researchers due to its wide range of applications in physiology
and industries [9-13].

Nanofluid is basically the liquid suspension that contains
tiny particles of diameter less than 100 nm. These particles
can be found in metals such as, oxides, carbides, nitrides or
nonmetals (Graphite, carbon nanotubes). The pioneering work
for nanofluids was reported by Choi [14], who observed that
the small amount of these nanoparticles significantly increases
the thermal conductivity of the base fluid. Buongiorno [15]
presented convective transport in nanofluids, where he pro-
posed a nonhomogeneous equilibrium model which predicts
that increase in the thermal conductivity occurs due to the
presence of the Brownian motion and thermophoretic param-
eters, which are basically the diffusion of nanoparticles.
Kuznetsov and Nield [16] reported the natural convective
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boundary layer flow of nanofluid past a rigid flat plate. Sadik
and Pramuanjaroenkij [17] discussed the review of convective
heat transfer enhancement with nanofluids. Two-dimensional
boundary layer flow of nanofluid over an impermeable stretch-
ing sheet was analyzed by Khan and Pop [18]. Heat transfer
enhancement by using nanofluids in forced convection flows
was visualized by Marga et al. [19]. Rana and Bhargava [20]
extended the work of Khan and Pop for nonlinearly stretching
sheet. The influence of endoscope on the peristaltic transport
of nanofluid has been examined by Akbar and Nadeem [21].
Analysis of nanoparticles on peristaltic flow of Prandtl fluid
model in an endoscope has been addressed by Nadeem et al.
[22]. Recently, a theoretical study of Prandtl nanofluid in a
rectangular duct through peristaltic transport is presented by
Ellahi et al. [23].

The current research is conducted to study the effects of
nanoparticles on peristaltic flow of tangent hyperbolic fluid in
an annulus. The two-dimensional equations of tangent hyper-
bolic fluid are solved by using the assumptions of low
Reynolds number and long wavelength. Analytical solution is
obtained with the help of homotopy perturbation and
Adomian decomposition methods for velocity, temperature
and nanoparticles concentration. Graphical results are presented
for pressure rise, pressure gradient, stream function, temperature
and nanoparticles concentration. Interpretation is presented
with respect to interesting parameters entering into the problem.

2. Model of the problem

Governing equations for an incompressible non-Newtonian
nanofluid model are defined as [21,22]

divA =0, (1)
dA . -
Py = divS + pd, (2)
dr D=
(pc),.7 = kV’T + (pc),[DsVC.VT + ( )VT VT, (3)
. 1
dc D5
= DgV*C VT, 4
T 5V C+ (Tl) (4)

where A is the velocity component, S gives the Cauchy stress
tensor, C the nanoparticles concentration, D the Brownian
diffusion coefficient and D the thermophoretic diffusion coef-
ficient respectively. Constitutive equation of tangent hyper-
bolic fluid is defined as [11]

S=-Pl+7, (5)

7= ([0 + (19,1, tanh (T9) 3], (6)
in which 7, n,, 1., m, I', denote the extra stress tensor, zero
shear rate viscosity, infinite rate of shear viscosity, power law
index, time constant respectively and 7 is now defined as

1 S 1
Ezngﬁ = \/;ﬂ (7)

_ _ 7.2
n = trace(grad A + (grad A)T) , (8)
in which 7 is the second invariant strain tensor. We study Eq.

(6) in the case for ,, =0 and I'y < 1. The element of extra
stress tensor therefore is inscribed as

=2
Il

where

T =no[(T9)"[7: = nol(1 + T5 = 1)" [ = no[1 + m(T§ — 1)]7;,(9)
yi=L+L" (10)

3. Formulation of the problem
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Geometry of the problem

Considering the peristaltic transport in the profile of an
incompressible tangent hyperbolic fluid in an annulus.
Inward cylinder is rigid, and kept at temperature T,; however,
outward cylinder takes a sinusoidal wave traveling down its
walls and kept at temperature 7;. Wall surface geometry is
expressed as

Fl :H|, (11)

_ C2n —

R, = H, + Esin == (Z — s1), (12)
A

where H|, H,, /, E, s are the radius of the inward and out-
ward cylinders, wave length, wave amplitude and wave speed
respectively. The governing equations in the fixed frame for
two-dimensional incompressible tangent hyperbolic fluid
model in the presence of nanoparticles are given as
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In the above equations, D the thermophoretic diffusion coef-

ficient, Dy and the Brownian diffusion coefficients of mass dif-

fusivity 7, = (p )

o Wthh depicts the ratio of the effective heat
capacity in the case of nanoparticle material and heat capacity
of the fluid. In the fixed coordinates (R,Z), the flow in the
cylinders is unsteady, and it converts steady in a wave frame
(¥,Z) moving with same speed as the wave moves in the Z
directions. The conversions between the wave references are
[24]

F=R, z2=Z—st, u=U, w=W—s, (18)

In the wave reference & and w are the velocity components. The
boundary limits are expressed as

.27
Ww=-—s, atF =7, w=—sati=7r, = H, + Esin—(2),

A
T=Tyati=r, T=T, at F=ry,
C=Ciati=r,C=C atF=r

(19)

R F w W Z z AU
R=— r= W=— w=—,Z=="z="U="=-
H27r H2, S’u s’ }L7Z A HzS,
yi ] H P T-T, . H sH
u:—u,lzs—,Pz I == _1, = Z,Re o
Hys A SAN To— T, A n
H2§ rp H1
S=— rn=—=—= ——1 2
S , T A =€, 1n= A + ¢sin 27z,
T k ¢),Ds(Co— C
L S S 0 )
Y oy ()%
. (PC)pD?(To -T) . pfgain(To -T)
t (pe )_/Tl oy o ns ’
g _PErch(C-C) | E |,
ns H, ns
1.7&7 0_7?_61
/_ s ’Y7 _Z,O_E,l'

(20)

We define N,, B,, Re, G,, We, N,, 9, ¢ <1, az, oz are the
thermophoresis parameter, local nanoparticle Grashof num-
ber, Reynolds number, local temperature Grashof number,
Weissenberg number, Brownian motion parameter, wave num-
ber, ¢ is the amplitude ratio, coefficient of thermal expansion,
and coefficient of expansion with nanoconcentration respec-
tively. Using Egs. (18) and (20) into Egs. (13)—(17), we obtain

e,
5’ Re (u%—i—w%) =— gl;+62aaz( )+8§’ (rtw), (22)
dRe (u%+1v%) = —%4—%;( T,) +$%(T:z) +G,0+B,a, (23)
o) ndn ()

Go(3))+

where

G

845
= 20[1 + m(Wej — 1)] %, (26)
=1+ m(Wej — 1)] (g”(s +%‘r’) 27)

t = 28[1 + m(Wey — 1] 2 (28)

oz’
!

Ou Ou ow ow
2 2, 9 52 u
e (20 (2 o () ]
We note that Egs. (22) and (23) are non-linear; therefore, we
are interested to solve our problem incorporating the supposi-
tions of low Reynolds number and long wavelength, avoiding

the terms of order & and greater, and Egs. (22)-(25) take the
following form

op

ﬁrio7 2
op 10 : aw
az_,’_a(([l—}-m(Wey—l (a—)))+G,H+Bro—, (31)
10/ 00 da 00

;5(’5)””8 or N(E) - 2

(RN

Eq. (30) illustrates that p is not a function of r. The resultant
dimensionless boundary limits for the problem under concern

are given as
w=—latr=r, w=—latr=r, =1+ ¢sin(2nz),

34
c=0=1latr=r, 6=0=0atr=r,, (34)

4. Analytical solutions

4.1. Homotopy perturbation solution

To obtain the solution of above equations, we used homotopy
perturbation method. The homotopy perturbation method
suggests [25-31] that we write Eqgs. (31)-(33),

H(j«r):(l—j>[£<o>—£<azo>1+j[£<a>+ ‘(32 ( @))} (35)

ror\ or
HIG.0)= (1= 0)~£(0m)] 7] £0)+ Mgy 573 (5] } (36)
H(G) = (1=)[E0) ~£(w0)]

+j (37)

2
£(w)fg—p+l% (rmWe(?;:) >+G,A0+B,Aa .

The linear operator and the initial guesses are chosen as

1o/ 0 1o/ 0 10 0
£0,.7;5(15), £G,,7;5<r5>, £W7;5(1(1 —m)a),
_ r—r _ r—r
alrz) = (F22) . olrie) = (2212,

dp, r
d (m*‘r[m}ln(}’)‘f*éﬂ) .

Wy =—1+—

(38)
According to HPM, we define
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Fig. 1 Velocity field for
B, =243, N, =4.86, We =0.12,
z=0.15.

m=027,N, = 1.22,G, = 2.46,
0=001,6=0.13,¢ = 0.25,

9:60+]01 +j262+...,
o =0y +jo, + 0 +...,

0 ]. 1] : 2 (39)
wW=wy+jw +jwr+ ...,
Fi = Foi+ jFy; + P Fai +
With the help of above equations, Egs. (35)-(37) after equating
the like powers of j and summarizing the perturbation results
for parameter j — 1, the expression for nanoparticles concen-
tration, temperature and velocity profile can be written as
0 = logr” 4 rl + Uy Inr + U, (40)
9:£39r3+r2546+£41r+f471nr+€48, (41)

dp 7’
=-1 ——— Uy 1 L
+d (4(1 —m)+ 49 In7 + 50>
75

1
+ 1t les + P lyg + Pl + 1l + ;582 -y

+Z83 lnr+€73r2 lnr+£84, (42)

in which all ¢; are defined in Appendix A.
The expression for pressure gradient can be obtained as

dp F;
_— = . 4
& lae + lgy (43)
Flow rate in dimensionless form is defined as
1 ¢
=F+-(1+2—-¢). 44
Q=F+ 3 ( +t5 e ) (44)

The expressions for dimensionless time mean flow rate F,
Pressure rise Ap and friction forces (at the wall) on the outward
and inward cylinders are F* and F’ respectively

'dp Yoo (dp b b (dp
Ap—/o <E)dZ7F’—/O - (E)dz,ﬁ{ —‘/0 —rz(a)dz.
(45)

The velocities and stream function relation are defined as

-1 /o¥ 1 /0¥
u= - (E) and w = " (E) (46)
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Fig. 2 Pressure rise versus flow rate for, m=0.1,

¢ =0.05,Ny =241, N, = 5.14,G, = 3.32, B, = 2.22,¢ = 0.02.

Fig. 3 Pressure rise versus flow rate for ¢ =0.03,6 =0.01,
We=0.14,B, = 3.62,m = 0.11.

For study, we considered four waveforms explicitly, sinu-
soidal, triangular, trapezoidal, and square wave, and dimen-
sionless expression can be stated as

1. Sinusoidal wave:

ra(z) = 1 + ¢sin(2nz). (47)

2. Triangular wave:
8§ & )}-H
nE)=1+¢ n_Z: 5o sin(27(2y — 1)z) §. (48)

3. Trapezoidal wave:

32 sing(2y — 1) .
r(z) =1+ ¢{ 2. W sin(2n(2y — l)z)}. (49)
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Fig. 4 Pressure rise versus flow rate for ¢ = 0.03,6 =0.01,
We =0.14,B, = 3.62,m =0.11. Fig. 6 Nanoparticles concentration profile for z=0.26,
¢ =0.03,6 =0.14, N, = 3.55.
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Fig. 5 Nanoparticles concentration profile for z=0.26, Fig. 7 Temperature profile for z=0.03,¢6=0.12, N, = 1.83,
N, =3.55,¢=0.03,¢ =0.14. ¢ =0.59.
4. Square wave: The linear and the inverse operator are taken as
4 (1) e g 1o/ 0 ¢ 10 | 0
rE) =1+¢d-> —2— cos(2n(2y — 1)z) ¢. (50) or =Eq ==\ ro- ), L =—o-(r(1 —m)-],
n;(Zy—l) ror\ Or r Or or

5. Analytical solution by Adomian decomposition method

To develop the solution of Egs. (31)-(33), we applied the
Adomian decomposition method. We inscribe Eqs. (31)-(33)
in the operator form as [32-37]

N,
oy te = 1
£ra +N[; £r0 07 (5 )
90 9o a0\’
£ +Nb55+Nr (E) =0, (52)
o 10 ow\’
£V”'8z+r0r<1mwe(8r) ) +G,0+ B,o =0. (53)

gt1= [ |5 [vala =[5 [ e o

£ = / " {W / " ,,Hd,,} "

Applying £, to the Eqs. (51)(53) yields

S

—_t

a(r,z) = oy(r,z) — % [0(r,z) — Ox(r,2)], (55)

_ /2 r [’l / ,‘r [N, (gﬂ dr} dr, (56)
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Fig. 8 Temperature profile for z=0.03, N, = 1.83,¢ = 0.59,
e=0.12.
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Fig. 9 Pressure gradient for sinusoidal wave for m = 0.23,
We=0.13,B,=2.77,6e=0.11,0 =042, N, =2.88,G, =2.44, N, =
2.72.

[t [t (e Ge)
- / ’ {ﬁ / rr[G,0+Bra]dr} d.

Now we decompose g, 0, w as

o= zoo:ay, 0= i@w w= iwy (58)
y=0 y=0 y=0

Making use of Eq. (58) the solutions of Egs. (55)—(57) are
finally defined as

(57)

145 T T
JE——— \
j ‘.
15} I3 Kl .
[ kl
./ -
¢ W
. 5 i N .
15.5 g 3
N \
T
= 16 %\ /4
© ) l; ,’
£y L p— =0.01 h 1
AesFy_ kI N A
\ 4 |77-6=0.02| 4
T I _ [ i
AT . =0.03 . !
1 ! ¢ ! ]
[ O [ 0=0.04 | SO, J
-17.5 L .
0.5 1 1.5 2
z

Fig. 10  Pressure gradient for (trapezoidal wave) for m = 0.23,
We=0.13,B,=2.77,6 =0.11,0 =042, N, = 2.88,G, = 2.44, N, =
2.72.

dp/dz

z

Fig. 11  Pressure gradient for (triangular wave) for m = 0.23,
We=0.13,B,=2.77,6=0.11,0 = 0.42, N, = 2.88,G, = 2.44, N, =
2.72.

N, (r—nr
—— Inr
¢ Nb(rl*VZ)_'—Cl nrt Gt ’ (59)
N, (r—rnr )
0:—7 +C31I1}’+C4+l‘bg+l‘b9+b1011’l}"
Ny \ri — 12
+b11(lnr)2+b12+..., (60)
1 dp (v*
W:allnr+az+mg(5—}%lnr+blg)
— V3b21 — l‘zbzz —b23r21nr+b24 lnr+b25 + RN (61)

where non-linear term is solved by Adomian Polynomial and
constants C, to C4 and a;, a, are evaluated by using the fol-
lowing conditions:
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Fig. 12 Pressure gradient for (square wave) for m = 0.23,
We=0.13,B,=2.77,6 =0.11,0 =042, N, = 2.88,G, = 2.44, N, =
2.72.

\\@
SN

0.6

Fig. 13  Streamlines (sinusoidal wave) for N, =3.92,¢ = 0.10,
m=0.19,¢6=0.25We=0.11,N,=5.83,B, =5.22,0 =0.53,G, =
444 d=14.

0=0c=1atr=r,

0=c=0atr=r,=1+ ¢sinnz,
2 ¢ (62)

w=-—1latr=r,

w=—latr=r, =1+ ¢sinnz.

whereas all the constants are defined in Appendix A.

6. Results and discussion

We analyzed pressure rise, temperature, nanoparticles concen-
tration, pressure gradient, and streamlines in this unit. Figs. 2

16 are shown for this purpose. Numerical integration is per-
formed by using mathematics software to calculate pressure
rise Ap. Fig. 1 shows the comparison of velocity profile for

0.7F “ ' ' "

0.6

0.5F

r
S
=

T

1

0.3F

0.2 f

0.15-‘. L ‘.

0.6 0.8 1.0 1.2 1.4 1.6 1.8
Z

Fig. 14  Streamlines (Trapezoidal wave) for N, = 3.92, ¢ = 0.10,
m = 0.19,¢ = 0.25, We = 0.11, N, = 5.83, B, = 5.22, 0 = 0.53,
G, =444,d=14.

ol g
n:
02 -J\/—\ :

o //\/\

Fig. 15  Streamlines (Triangular wave) for N, = 3.92, ¢ = 0.10,
m=0.19,6 =025 We=0.11,N, =5.83,B, =5.22,0 = 0.53,G, =
4.44.

Homotopy perturbation Method (HPM) and Adomian
Decomposition Method (ADM). Both techniques avoid lin-
earization and other assumptions. The solutions arrived by
HPM are much easier as compared to (ADM). To understand
the feasibility of this method more terms of series are calcu-
lated. Accuracy increases if more components are included in
the series, but at the expense of large increase in the difficulty
of calculations. Pressure rise for various physical parameters
such as We (Weissenberg number), N, (thermophoresis param-
eter), and N, (Brownian motion parameter) is observed in
Figs. 2-4. Pumping characteristics known as retrograde pump-
ing (Q < 0,Ap > 0), peristaltic pumping (Q > 0,Ap > 0) and
augmented pumping (Q > 0,Ap < 0) are shown in Fig. 2 by
the intervals Qe[—2,0], 0¢[0.01,0.09], Q¢[0.1,2] respectively.
One may observe from Fig. 2 that pressure rise decreases by
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Fig. 16 Streamlines (Square wave) for N, =3.92 ¢ = 0.10,
m=0.19,6=0.25,We =0.11,N, =5.83,B, =5.22,0 = 0.53,G, =
4.44.

increasing the values of We in retrograde pumping whereas
opposite results are revealed in the augmented pumping
region. Free pumping region (Q = 0,Ap = 0) can also be seen
in Fig. 2. It is observed from Figs. 3 and 4 that by increasing
values of N, and N, pressure rise increases in peristaltic, retro-
grade and augmented pumping regions. Variation of nanopar-
ticles concentration profile for different values of N, and N, is
displayed in Figs. 5 and 6. It is observed that with the increase
of N, nanoparticles concentration decreases; however,
nanoparticles concentration increases with the increase of N,.
Figs. 7 and 8 present the variation of temperature profile for
different values of N, and N,. Temperature profile increases
by increasing values of N, and N,. The deviation of pressure
gradient for different values of ¢ is described in Figs. 9-12.
These figures show that in the wider part of the annulus in
the regions (ze [0.5,1], z&[1.5,2]) for Figs. 9-11 and
(z& [0.5,0.75], ze [1.26,1.75]) for Fig. 12 pressure gradient is
small. It means that the flow can easily pass without imposi-
tion of large pressure gradient. On the other hand large pres-
sure gradient occurs in the narrow portion of the annulus
shown by the regions (ze [1.1,1.49] for Figs. 9-11 and
(z& [0.76,1.25] for Fig. 12). It means that in this region large
pressure gradient is required to maintain the same flux to pass
it. This is in good agreement with the physical situation. The
trapping occurrence for four different waveforms can be seen
in Figs. 13-16. It is depicted that the size of the trapped bolus
in triangular wave is smaller as associated with the other
waves.

7. Conclusions

This study examines the effects of nanoparticles on the peri-
staltic flow of hyperbolic tangent fluid in an annulus. The lead-
ing points of the phenomenon are given as follows:

(1) For increasing values of N, and N, retrograde, peristaltic
and augmented pumping increases.

(2) Temperature profile increases with an increase in N, and
Np.

(3) Nanoparticles concentration declines with the increase
in N, and increases with increase in N,.

(4) Pressure gradient takes the form of the wave which is
taken into account.

(5) The size of trapped bolus in triangular wave is smaller as
compared to the other waves.
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