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1. Introduction

The fundamental concept of a fuzzy set, introduced by L. A. Zadeh in his definitive paper [1] of 1965, provides a natural
framework for generalizing several basic notions of algebra. Kuroki initiated the theory of fuzzy Semigroups in his papers
[2,3]. A systematic exposition of fuzzy semigroups by Mordeson et al. appeared in [4], where one can find theoretical results
on fuzzy semigroups and their use in fuzzy coding, fuzzy finite state machines and fuzzy Languages. Fuzziness has a natural
place in the field of formal languages. The monograph by Mordeson and Malik [5] deals with the application of fuzzy
approach to the concepts of automata and formal languages. Murali [6] proposed a definition of a fuzzy point belonging
to fuzzy subset under a natural equivalence on fuzzy subset. The idea of quasi-coincidence of a fuzzy point with a fuzzy
set, which is mentioned in [7], played a vital role to generate some different types of fuzzy subgroups. Bhakat and Das [8,9]
gave the concepts of («, 8)-fuzzy subgroups by using the "belongs to” relation (€) and "quasi-coincident with” relation (q)
between a fuzzy point and a fuzzy subgroup, and introduced the concept of an (€, € Vvq)-fuzzy subgroup. In[10] (€, € Vvq)-
fuzzy subrings and ideals are defined. In [11] Davvaz define (€, € Vvq)-fuzzy subnearring and ideals of a near ring. In [ 12] Jun
and Song initiated the study of («, 8)-fuzzy interior ideals of a semigroup. In [ 13] Kazanci and Yamak study (€, € vq)-fuzzy
bi-ideals of a semigroup. In [ 14] Bhakat define (€ Vv q)-level subset of a fuzzy set. In this paper we introduce the concept of
(o, B)-fuzzy ideal, (o, B)-fuzzy generalized bi-ideal, and characterize regular semigroups by the properties of these ideals.

2. Preliminaries

A semigroup is an algebraic system (S, .) consisting of a nonempty set S together with an associative binary operation
“”, By a subsemigroup of S we mean a nonempty subset A of S such that A> C A. A nonempty subset A of S is called a left
(right) ideal of S if SA € A (AS C A). Anonempty subset A of S is called a two-sided ideal or simply an ideal of S if it is both
a left and a right ideal of S. A nonempty subset Q of S is called a quasi-ideal of S if QS N SQ C Q. A subsemigroup B of a
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semigroup S is called a bi-ideal of S if BSB C B. A nonempty subset B of S is called a generalized bi-ideal of S if BSB C B. A
subsemigroup A of a semigroup S is called an interior ideal of S if SAS C A. Obviously every one-sided ideal of a semigroup
S is a quasi-ideal, every quasi-ideal is a bi-ideal and every bi-ideal is a generalized bi-ideal. An element a of a semigroup S is
called a regular element if there exists an element x in S such that a = axa. A semigroup S is called regular if every element
of S is regular. It is well known that for a regular semigroup the concepts of quasi-ideal, bi-ideal and generalized bi-ideal
coincide.

A fuzzy subset f of a universe X is a function from X into the unit closed interval [0, 1],i.e.f : X — [0, 1]. A fuzzy subset
f in a universe X of the form

te(0,1] ify=x
f(y):{o ify #x

is said to be a fuzzy point with support x and value t and is denoted by x;. For a fuzzy point x; and a fuzzy set f in a set
X, Pu and Liu [7] gave meaning to the symbol x,af, where @ € {€, q, € Vvq, € Aq}. A fuzzy point x, is said to belong to
(resp. quasi-coincident with) a fuzzy set f written x; € f (resp.x.qf) if f (xX) > t (resp.f (x) +t > 1), and in this case,
X; € vVqf (resp.x; € Aqf) means thatx; € f orx.qf (resp.x; € fand x,qf). To say that x,&/f means that x,«f does not hold.
For any two fuzzy subsets f and g of S, f < g means that, forallx € S, f(x) < g(x) (cf.[16]). The symbolsf A g,andf Vv g
will mean the following fuzzy subsets of S

FAX) =fx) Agk)
Fve® =fx Vvgk).

forallx € S.
Let f and g be two fuzzy subsets of a semigroup S. The product f o g is defined by

_ Va0 Ag (@)}, if3y,z €S, suchthatx = yz
(fog)(x) = {0 otherwise .

Definition 1 ([4]). A fuzzy subset f of S is called a fuzzy subsemigroup of S if forallx,y € S
fxy) = min{f x),f (}.
Definition 2 ([4]). A fuzzy subset f of S is called a fuzzy left (right) ideal of S if for allx,y € S

fay=f»  F&)=f®).
A fuzzy subset f of S is called a fuzzy ideal of S if it is both a fuzzy left and a fuzzy right ideal of S.

Definition 3 ([4]). A fuzzy subset f of S is called a fuzzy quasi-ideal of S if
fod)n(Bof)=f
where 4 is the fuzzy subset of S mapping every element of S on 1.

Definition 4 ([4]). A fuzzy subsemigroup f of S is called a fuzzy bi-ideal of S if for all x, y, z € S,
f(xyz) = min{f (x) . f (2)}.

Definition 5 ([4]). A fuzzy subset f of S is called a fuzzy generalized bi-ideal of S if forall x, y,z € S,
f(xyz) = min{f (x),f (2)}.

Definition 6 ([4,17]). A fuzzy subsemigroup f of S is called a fuzzy interior ideal of S if forallx, a,y € S,
fxay) = f(@).

Definition 7 ([12]). A fuzzy subset f of S is called an («, B)-fuzzy interior ideal of S, where o #€ Ag, if it satisfies,

(i) Forallx,y € S and for all t1, t € (0, 1], X, af and y,af = (XY)min(t;.ep) Bf s
(ii) Forallx,a,y € Sand forallt € (0, 1], a;ef = (xay); Bf.

Theorem 1 ([12]). Let f be a fuzzy subset of S. Then f is an (€, € \Vq)-fuzzy interior ideal of S if and only if it satisfies the
following conditions.

(1) f (xy) = min{f (x), f (), 0.5}
(2) f (xay) = min{f (a), 0.5}.

Theorem 2 ([15,18]). For a semigroup S the following conditions are equivalent.
(1) Sis regular.

(2) RN L = RL for every right ideal R and every left ideal L of S.

(3) ASA = A for every quasi-ideal A of S.
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3. (a, B)-fuzzy ideals
Let S be a semigroup and « and 8 denote any one of €, q, € VVq or € Aq unless otherwise specified.

Definition 8. A fuzzy subset f of a semigroup S is called an («, 8)-fuzzy subsemigroup of S, where @ #€ Aq if
th afv and ytzaf = (Xy)min{tl,tz} ﬂf
Let f be a fuzzy subset of S such that f (x) < 0.5forallx € S.Letx € Sandt € (0, 1] be such thatx; € Aqf. Then

fx =tandf(x) +t > 1.Itfollowsthat 1 < f(x) +t < f (x) + f (x) = 2f (x), so that f (x) > 0.5. This means that
{x; : X, € Aq} = (. Therefore the case « =€ Aq in the above definition is omitted.

Definition 9. A fuzzy subset f of a semigroup S is called an («, 8)-fuzzy left (right) ideal of S, where @ #£€ Aq if it satisfies,
yeaf andx € S = (xy), Bf ((yx), Bf) forallx,y € S.

A fuzzy subset f of a semigroup S is called an («, 8)-fuzzy ideal of S if it is both an («, B8)-fuzzy left ideal and («, B)-fuzzy
right ideal of S.

Definition 10. A fuzzy subset f of a semigroup S is called an («, B)-fuzzy bi-ideal of S, where @ #€ Ag, if it satisfies the
following two conditions.

(i) Forallx,y € S and for all 1, t, € (0, 1], ¢, of , Y, &f = XV min(ty.,) BSf -
(ii) Forallx,y,z € S and for all t3, tg € (0, 1], x&f , ze,0tf = (XYZ) min(ty 1) BS -

Definition 11. A fuzzy subset f of a semigroup S is called an (¢, 8)-fuzzy generalized bi-ideal of S, where @ #e€ Ag, if it
satisfies,
Forallx,y,z € S and forall ts, tg € (0, 1], xyef, ze,of = (XYZ) minges 1) B -

Lemma 1. A fuzzy subset f of a semigroup S is a fuzzy subsemigroup of S if and only if it satisfies,

Forallx,y € Sandforallt;, t; € (0,11, X, € f, V5, € = XV min(ty.0r) € f-
Proof. Suppose f is a fuzzy subsemigroup of a semigroup S. Letx,y € Sand t;, t; € (0, 1] be such thatx;, € fandy;, € f.
Then f (x) > t; and f (y) > t,. Since f is a fuzzy subsemigroup of S. So f (xy) > min{f (x),f (y)} > min {ty, t}. Hence

(XY)min{t Lt} Ef.
Convlerzsely, assume that f satisfies the given condition. We show that f (xy) > f (x) Af (y). On the contrary assume that

there exist x,y € S such that f (xy) < f (x) Af (y).Lett € (0, 1] be such thatf (xy) <t < f (x) Af (y). Thenx; € f and
ye € f but (xy), €f. This contradicts our hypothesis. Thus f (xy) > f X) Af(y). 1

Lemma 2. A fuzzy subset f of a semigroup S is a fuzzy left (resp. right) ideal of S if and only if it satisfies,
Forallx,y € Sandforallt € (0, 1],y: € f = (xy); € f (¥x): € f).

Proof. Suppose f is a fuzzy left ideal of a semigroup S. Let y, € f, then f (y) > t. Since f is a fuzzy left ideal of S, so

fxy) = f(y) = t.Hence (xy); € f.

Conversely, suppose that f satisfies the given condition. We show that f (xy) > f (y). On the contrary assume that there
exist x,y € S such that f (xy) < f (y). Lett € (0, 1] be such that f (xy) < t < f (y). Theny, € f but (xy); €f. Which
contradicts our hypothesis. Hence f (xy) > f (y). ®

Remark 1. The above Lemma shows that every fuzzy left (right) ideal of S is an (&, €)-fuzzy left (right) ideal of S.

The proofs of the following Lemmas are similar to the proof of above Lemma.

Lemma 3. A fuzzy subset f of a semigroup S is a fuzzy bi-ideal of S if and only if it satisfies,

(1) Forallx,y € Sand forallt,, t, € (0, 1], %, € f,y, € f = (XY mingty, ) € f.
(2) Forallx,y,z € S and forall t3, t4 € (0, 1], X, € f, 2, € f = XYZ)min(ts,cq) € f-

Lemma 4. A fuzzy subset f of a semigroup S is a fuzzy generalized bi-ideal of S if and only if it satisfies,
Forallx,y,z € S and forallts, ty € (0, 1], X, € f, 2, € f = (XY mines,eq) €S-

Theorem 3. Let f be a nonzero («, B)-fuzzy subsemigroup of S. Then the set fo = {x € S | f (x) > 0} is a subsemigroup of S.
Proof. Letx,y € fo. Thenf (x) > Oand f (y) > O.Letf (xy) = 0.Ifa € {€, € vq}, then x;xyof and ysq,cef but f (xy) =

0 < min{f (x),f (¥)} and f (xy) + min{f (x),f (z)} <0+ 1= 1.So (xy)min{f@,f(y)}ﬁf for every 8 € {€, q, € Vg, € Aq},
a contradiction. Hence f (xy) > 0, thatis xy € fo. Also x1qf and y,qf but (xy), Bf for every 8 € {€, q, € Vg, € Aq}. Hence
f (xy) > 0, thatis, xy € fo. Thus f; is a subsemigroup of S. ®

Theorem 4. Let f be a nonzero («, 8)-fuzzy generalized bi-ideal of S. Then the set fo = {x € S | f (x) > 0} is a generalized
bi-ideal of S.
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Proof. Let x,z € fyandy € S.Thenf(x) > Oandf(z) > 0.Letf (xyz) = 0.Ifa € {e€, € vq}, then x;xf and
Zryaf but f (xyz) = 0 < min{f (x),f (2)} and f (xyz) + min{f (x),f (2)} <0+ 1= 1.S0 (xyz)mm{f(x),f(z”éf for every
B € {€,q, € vq, € Aq}, a contradiction. Hence f (xyz) > 0, thatis, xyz € fo. Also x1qf and z,qf but (xyz), Bf for every
B € {€,q, € vq, € Aq}. Hence f (xyz) > 0, thatis, xyz € fo. Thus fy is a generalized bi-ideal of S. =

Theorem 5. Let f be a nonzero («, B)-fuzzy bi-ideal of S. Then the set fo = {x € S | f (x) > 0} is a bi-ideal of S.

Proof. Follows from Theorems 3and4. ®

Theorem 6. Let f be anonzero («, B)-fuzzy left (resp. right) ideal of S. Then theset fy = {x € S | f (x) > 0} isaleft (resp. right)
ideal of S.

Proof. Proof is similar to the proofs of Theorems 3and 4. W

Theorem 7. Let L be a left (resp. right) ideal of S and let f be a fuzzy subset in S such that,
_JO ifxeS—-1L
f“)—[zos if xe L.
Then

(1) fisa(q, € vVq)-fuzzy left (resp. right) ideal of S.
(2) fisan (g, € vq)-fuzzy left (resp. right) ideal of S.

Proof. (1)Letx,y € Sand t € (0, 1] such that y;qf. Thenf (y) +t > 1.Soy € L. Therefore xy € L. Thusift < 0.5, then
f(xy) >0.5=>tandso (xy); € f.Ift > 0.5, thenf (xy) +t > 0.5+ 0.5 = 1and so (xy); qf. Therefore (xy); € vqf.Thus
fisa (q, € vq)-fuzzy left ideal of S.

(2)Letx,y € Sandt € (0, 1] such thaty, € f. Thenf(y) > t.Thusy € L,and soxy € L Thusift < 0.5, then
f(xy) = 0.5 > tandso (xy), € f.Ift > 0.5, thenf (xy) +t > 0.5+ 0.5 = 1and so (xy), qf. Therefore (xy), € vqf.Thus
fisan (g, € vq)-fuzzy left ideal of S. ®

Similarly we can prove the following Theorems.

Theorem 8. Let A be a subsemigroup of S and let f be a fuzzy subset in S such that
_JOo ifxeS—-A
f@)—{205 if x € A.
Then
(1) fisa (q, € vVq)-fuzzy subsemigroup of S.
(2) fisan (€, € Vq)-fuzzy subsemigroup of S.
Theorem 9. Let B be a generalized bi-ideal of S and let f be a fuzzy subset in S such that
_JO ifxeS—B
f@)—[205 if x € B.
Then
(1) fisa (q, € vVq)-fuzzy generalized bi-ideal of S.
(2) fisan (e, € Vq)-fuzzy generalized bi-ideal of S.
Theorem 10. Let B be a bi-ideal of S and let f be a fuzzy subset in S such that
_JO ifxeS—B
f“)—[zos if x € B.
Then
(1) fisa(q, € vVq)-fuzzy bi-ideal of S.
(2) fisan (€, € vq)-fuzzy bi-ideal of S.
4. (e, € vq)-fuzzy ideals

Lemma 5. Let f be a fuzzy subset of a semigroup S. Then f is an (€, € Vq)-fuzzy left (right) ideal of S if and only if
f(xy) = min{f (¥), 0.5} (f (xy) = min{f (x),0.5}).

Proof. Let f be an (€, € Vvq)-fuzzy left ideal of S. On the contrary assume that f (xy) < min{f (y), 0.5}. Choose t
(0, 1] such that f (xy) < t < min{f (y),0.5}. Then y; € f but (xy), € Vqf, which is a contradiction. Hence f (xy)
min{f (y), 0.5}.

IV m
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Conversely, assume that f (xy) > min{f (y), 0.5}. Lety, € f thenf (y) > t.Now f (xy) > min{f (y), 0.5} > min{t, 0.5}.
Ift < 0.5 thenf (xy) > t.So (xy); € f.Ift > 0.5 then f (xy) > 0.5.Sof (xy) +t > 0.5+ 0.5 = 1. Thus (xy), qf. Hence
(xy); € vqf.Thusf isan (€, € vq)-fuzzy leftideal of S. W

Corollary 1. Let f be a fuzzy subset of a semigroup S. Then f is an (€, € Vq)-fuzzy two-sided ideal of S if and only if
f (xy) = min{f (y), 0.5} and f (xy) > min{f (x), 0.5}.

Theorem 11. If f is an (€, € Vq)-fuzzy left ideal and g is an (€, € Vvq)-fuzzy right ideal of a semigroup S then f o g is an
(€, € vq)-fuzzy two-sided ideal of S.
Proof. Letx,y € S. Then
(fog) W) ANO5 = (Vy=palf (P) A& (@} A 0.5
= Vy:pq{f (p) ng (q) N0.5}
Vy=palf (P) AN 0.5 A g (@}

(Ify = pq, thenxy = x (pq) = (xp) q. Since f is an (€, € vq)-fuzzy left ideal so by Lemma 5 f (xp) > min{f (p), 0.5}.)
Thus

fog)(y)A0S5

Vy=pelf (0) A 0.5 A g (@)}
Vy=pg{f (Xp) A g (@)}
ny:ab{f (a) Ng (b)}
(fog)xy).

INIA I

So

min{(f o g) (¥), 0.5} = (fog) (xy).
Similarly we can show that (f o g) (xy) > min{(f o g) (x) , 0.5}.
Thus f o g is an (€, € vq)-fuzzy two-sided ideal of S. B
Lemma 6. Intersection of (€, € Vq)-fuzzy left ideals of a semigroup S is an (€, € Vq)-fuzzy left ideal of S.

Proof. Let {f;};c; be a family of (€, € vq)-fuzzy left ideals of S. Letx, y € S.

Then (Aier fi) (xy) = Aier (fi (xy))
(Since each f; is an (&, € vq)-fuzzy left ideal of S, so f; (xy) > fi (¥y) A 0.5 foralli € I)

Thus
(Niet f) ®y) = Nier (fi (xy))
> Nier (i ) A 0.5)
= (Nier fi ) A 0.5
= (Nier f) ) A 0.5.

Hence Aiq fi is an (€, € vq)-fuzzy left ideal of S. W

Similarly we can prove that intersection of (€, € vq)-fuzzy right ideals of a semigroup S is an (€, € Vvq)-fuzzy right ideal
of S. Thus intersection of (€, € Vvq)-fuzzy two-sided ideals of a semigroup S is an (€, € Vq)-fuzzy two-sided ideal of S.
Now we show that if f and g are (€, € Vq)-fuzzy ideals of a semigroup S, thenf o g £ f N g.

Example 1. Consider the semigroup S = {a, b, c, d}.

b d

Q||

oo Qe o

(=W N lw = i
QIQQ|Q
S Q

Fact 1. A fuzzy subset f of Sis an (€, € Vq)-fuzzy left ideal of S if and only if

(i) f (@) = f (x) A 0.5 foreveryx € S,

(i) f(b)=f(Y)AOS5fory=candy =d.

Proof. Suppose f is an (€, € Vvq)-fuzzy left ideal of S. Now f (a) = f (ax) > f (x) A 0.5 foreveryx € S.Asb =ccorb = dc
orb=dd.Thusf (b) =f (cc) > f(c) AO.5andf (b)) =f(dd) > f(d) A0.5. ®m

Conversely, assume that (i) and (ii) hold. Since b = cc, b = dc and b = dd, thus by given conditions f (xy) > f (x) A 0.5
for every x, y € S. Hence f is an (&, € Vvq)-fuzzy left ideal of S.
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Similarly we can prove that

Fact 2. A fuzzy subset f of Sis an (€, € vq)-fuzzy right ideal of S if and only if
(iii) f (@) = f (x) A 0.5 foreveryx € S,
(iv) f(b)=f () A05fory=candy = d.

Fact 3. A fuzzy subset f of Sis an (€, € vq)-fuzzy two-sided ideal of S if and only if
(v) f(a) = f(x) ANO.5foreveryx €S,

(i) f(b)=fWy)AOQ5fory=candy =d.

Let f and g be fuzzy subsets of S such that

f(a)=0.5, f ) =0.6, f(c)=0.7, f@=0
g (@ =0.7, g(b) =0.5, g(c) =0.6, g(d)=0.2.
Then f and g are (€, € Vq)-fuzzy ideals of S.
Now

fog) = Vg {f W Ag )}
v {0.6, 0, 0}
0.6 % (fAg)(b) =05

Hencef o g £ f A g in general.

Theorem 12. A fuzzy subset f of a semigroup S is an (€, € Vq)-fuzzy subsemigroup of S if and only if f (xy) > min{f (x),
f(@),0.5}forallx,y €S.

Lemma 7. A fuzzy subset f of a semigroup S is an (€, € \Vq)-fuzzy generalized bi-ideal of S if and only if f (xyz) > min{f (x),
f(),0.5}forallx,y,z €S.

Proof. Suppose f is an (€, € Vq)-fuzzy generalized bi-ideal of S. On the contrary suppose that there exist x, y, z € S such
that f (xyz) < min{f (x),f (z), 0.5}. Choose t € (0, 1] such that f (xyz) < t < min{f (x),f (z),0.5}. Then x;, € f and
z; € f but (XYZ)mingr.} = (Xy2); € V@qf, which is a contradiction. Thus f (xyz) > min{f (x), f (z),0.5} forallx,y,z € S.
Conversely, assume that f (xyz) > min{f (x),f (z), 0.5} forallx,y,z € S.Letx,, € fandz, € ffort;,t, € (0, 1].
Then f (x) > t;and f (z) > t,.So f (xyz) > min{f (x),f (z),0.5} > min{ty, tz, 0.5}. Now if min{t, t;,} < 0.5, then
f (xyz) > min{ty, t}. S0 (XYZ) mint, 1,y € f- I minfty, t} > 0.5. Thenf (xyz) > 0.5.S0f (xyz) + min{ty, £} > 0.5+0.5 =1,
which implies that (Xyz)min(t, ¢,) 4. - Hence (Xyz) minge, r,y € VqSf. Thus fis an (€, € Vvq)-fuzzy generalized bi-ideal of S. ®

Theorem 13 ([10]). A fuzzy subset f of a semigroup S is an (€, € Vq)-fuzzy bi-ideal of S if and only if it satisfies the following
conditions,

(1) f (xy) = min{f (x),f (y),0.5} forallx,y € S,
(2) f (xyz) = min{f (x),f (z),0.5} forallx,y,z € S.

Proof. Follows from Theorem 12 and Lemma7. ®

It is clear that every (&, € Vq)-fuzzy bi-ideal of a semigroup S is an (€, € Vvq)-fuzzy generalized bi-ideal of S. The next
example shows that the fuzzy generalized bi-ideal of S is not necessarily a fuzzy bi-ideal of S.

Example 2. Consider the semigroup S = {a, b, c, d}.

d

Qe|Q|oT
S Qo

a
b
c

Qe Q

oT|QQla

d al|b
Let f be a fuzzy subset of S such that
f@=05  fb)=0, f()=02, f(d=0.
Then f is an (€, € Vvq)-fuzzy generalized bi-ideal of S. Because f (xyz) = f (a) = 0.5 > f (x) A f (z) A 0.5.But f is not
(€, € vq)-fuzzy bi-ideal of S. Because f (cc) =f (b)) =0 £ 0.2 =f (c) Af (c) A0.5.
Lemma 8. Every (€, € Vq)-fuzzy generalized bi -ideal of a regular semigroup S is an (€, € Vq)-fuzzy bi-ideal of S.

Proof. Let f be any (€, € \Vq)-fuzzy generalized bi-ideal of S and let a, b be any elements of S. Then there exists an element
x € S such that b = bxb. Thus we have f (ab) = f (a (bxb)) = f (a (bx) b) > min{f (a), f (b), 0.5}. This shows that f is an
(€, € vq)-fuzzy subsemigroup of S and so f is an (€, € vq)-fuzzy bi-ideal of S. &
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Definition 12. A fuzzy subset f of a semigroup S is called an (€, € Vq)-fuzzy quasi-ideal of S, if it satisfies,

f &) = min{(f o 8) (), ($of) (x),0.5}

where 4§ is the fuzzy subset of S mapping every element of S on 1.

Theorem 14. Let f be an (€, € Vq)-fuzzy quasi-ideal of a semigroup S, then the set fo = {x € S : f (x) > 0} is a quasi-ideal of S.

Proof. In order to show that fy is a quasi-ideal of S, we have to show that Sfy N oS C fo. Let a € Sfg N foS. This implies
thata € Sfpand a € f,S.Soa = sxand a = yt for some s,t € Sandx,y € fo. Thus f (x) > Oand f (y) > 0. Now
f(a) = min{(f o 8) (), (80f) (a),0.5}.

Since

(80f) (@) = Vazpq {8 () A f (@}
> {8(s) Af (x)} becausea = sx
=f®.

Similarly (f o 8) (a) > f ().
Thus

f (@) > min{(f o $) (@), (80f) (a),0.5}
min {f (x),f (y), 0.5}

> 0 becausef (x) > Oandf (y) > 0.
Thus a € f. Hence fy is a quasi-ideal of S. ®

\

%

Remark 2. Every fuzzy quasi-ideal of S is an (€, € Vvq)-fuzzy quasi-ideal of S.

Lemma 9. Anonempty subset Q of asemigroup S is a quasi-ideal of S if and only if the characteristic function Cq is an (€, € Vq)-
fuzzy quasi-ideal of S.

Proof. Suppose Q is a quasi-ideal of S. Let Cy be the characteristic function of Q. Letx € S.Ifx & Q thenx ¢ SQ or
x ¢ QS.Ifx ¢& SQ then (80Cq) (x) = 0 and so min{(Cyo48) (), (80Cy) (x),0.5} = 0 = Co (x).Ifx € Q then
Co ) =1>min{(Co038) (x),(80Cy) (x),0.5}.Hence Cq isan (€, € vq)-fuzzy quasi-ideal of S.

Conversely, assume that Cy is an (€, € Vq)-fuzzy quasi-ideal of S. Leta € QSN SQ. Then there existb, c € Sandx,y € Q
such that a = xb and a = cy. Then

(Ca 0 8) (@) = Vazpq {Co 1) A S (@)}
Co X) A 8 (b)
1IA1
=1.

So (Cq 0 4) (a) = 1. Similarly (8 o Co) (a) = 1.

Hence Cq (@) > min{(Cq 0 8) (a), (80Cq) (a),0.5} = 0.5. Thus Co (@) = 1, which implies that a € Q. Hence
SQ N QS C Q, thatis Q is a quasi-ideal of S. W

The proof of the following Lemma is straight forward.

v

Lemma 10. The characteristic function C; is an (€, € Vq)-fuzzy left ideal of S if and only if L is a left ideal of S.

Similarly the characteristic function Cy is an (€, € Vq)-fuzzy right ideal of S if and only if R is a right ideal of S. Hence it
follows that characteristic function C; is an (€, € Vq)-fuzzy two-sided ideal of S if and only if I is a two-sided ideal of S.
Theorem 15. Every (€, € \VVq)-fuzzy left ideal of S is an (€, € Vq)-fuzzy quasi-ideal of S.

Proof. Letx € S, then
(Bof)(x) = Vix=yz BWAf@)= Vx:yzf (2)
This implies that
(80f)(X) AN0.5 = (Vxzy f (2)) A0S
= Vi (f (2) A 0.5)
=fb2)
= f(x) (becausefisan (g, € vq)-fuzzy left ideal of S.) .

Thus (8 of) (x) A0.5 < f (x).Hencef (x) > (8of) (X) A0.5 > min{(f o &) (X), (S 0of) (x),0.5}.Thus f isan (e, € vq)-
fuzzy quasi-ideal of S. ®

Similarly we can show that every (€, € Vvq)-fuzzy right ideal of S is an (€, € vq)-fuzzy quasi-ideal of S.
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Lemma 11. Every (€, € Vq)-fuzzy quasi-ideal of S is an (€, € Vq)-fuzzy bi-ideal of S.
Proof. Suppose f is an (€, € Vvq)-fuzzy quasi-ideal of a semigroup S. Now

f@y) = (fos)xy) A(Sof)(xy) A0.5
= [\/xy=ab{f (@ A8 b} A [\/xy=pq{5 ® Af(@}IA05
> [fCOASWMIAE @ AFHIAOS
> [fANNATIAFWIANOS
=fX Af(y)AO0.5.

Sof (xy) = min{f (x),f (¥),0.5}.
Also

fxyz) = (f o 8) (xyz) A (8 0f) (xyz) AO.5
= [Viyz=av{f (@) A 8 (D)} A [Viyz=pg{8 () Af (@} A 0.5
> [fX)ASGDIA[S@xy) Af(2)]A05
>fF&x)AINA[IASf(@2]IAO0S5
=f@&x Af(z) A0S
Sof (xyz) > min{f (x), f (z),0.5}. Thus f is an (€, € Vvq)-fuzzy bi-ideal of S. ®

Lemma 12. Every (€, € Vq)-fuzzy two-sided ideal of S is an (€, € Vq)-fuzzy interior ideal of S.

Proof. Let f be an (€, € Vvq)-fuzzy two-sided ideal of S. Now f (xy) > f () A 0.5 > f(x) Af(¥) A0.5. 50 f (xy) >
f@ Af(y)A0.5. Alsoforallx,a,y €S.f (xay) > f (x(ay)) > f (ay) A0.5 > f (a) A0.5.50f (xay) > f (a) A 0.5. Hence f
isan (€, € vq)-fuzzy interior ideal of S. ®

The following example shows that the converse of Lemma 12 does not hold in general.
Example 3. Consider the semigroup S = {0, a, b, c}.

0

0
a
b

oO| ool a
o|oIo|T

o|o|o|o
oTQlololo

0|a
Let f be a fuzzy subset of S such that

f(@©0) =0.7, f(a) =04, f () =0.6, f)=0.

Then f is an (€, € Vvq)-fuzzy interior ideal of S which is not an (€, € Vvq)-fuzzy two-sided ideal of S. In fact f (xyz) =
f(@©) =07 > 05> f(@y) A0.5. Alsoifxy = 0, thenf (xy) = f(0) = 0.7 > 0.5 > f(x) Af (y) A0.5.Ifxy = q, then
f&xy)=f@=04>0=fx Af () A0.5.Andifxy = b,thenf (xy) =f (b)) =0.6 > 0=f (x) Af (y) A 0.5 for every
X,y,z € S.Thus f is an (€, € vq)-fuzzy interior ideal of S. But since f (bc) = f (a) = 0.4 < 0.5 = f (b) A 0.5.So f is not an
(€, € vq)-fuzzy right ideal of S, that is, it is not an (€, € Vvq)-fuzzy two-sided ideal of S.

Cc

5. Lower and upper parts of (e, € vq)-fuzzy ideals

Definition 13. Let f be a fuzzy subset of a semigroup S. We define the upper part f* and the lower part f ~of f as follows,
ffx)=f®vo05andf~ (x) =f (x) A0.5.

Lemma 13. Let f and g be fuzzy subsets of a semigroup S. Then the following holds.
DFAL = Arg)
@ (Ffve =("veg)
B)(fog) =(fog)
Proof. Foralla € S.
(1)
frg) (@ =(FAg(@A05
=f@Arg@An0.5
= (f (a) A0.5) A (g (a) AO.5)
=fT(@Arg (0
=(f"reg)@.
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(2)
fveg) (@ =(Fveg@A05
= (f@vg@)A05
= (f(a) A0.5) V (g (@) A0.5)
=fT@vg (@
=" ve).

(3) If a is not expressible as a = bc for some b, c € S, then (f o g) (a) = 0. Thus (fog)” (a) = (fog) (a) A0.5 = 0.
Since a is not expressible as a = bc, so (f~ o g~) (a) = 0. Thus in this case (f 0g)~ = (f~ o g~). And if a is expressible
a = xy for some x,y € S. Then

(fog) (@) =(fog)(an05
= Va=xy{f (X) NE (y)} A 0.5
= Va=ylf ®) AN0.5A g (y) A 0.5}
= Va:xy{f_ (X) NE™ (.Y)}
=(fog)@. m

Lemma 14. Let f and g be fuzzy subsets of a semigroup S. Then the following holds.
DFA =" rgh)
@ Ffver=(frvegh)
B)(fog)" = (ffogh).
If every element x of S is expressible as x = bc, then (f o g)* = (f+ o g*) .
Proof. Foralla € S.

M FA (@ =(fArg@V0s5
= (f@ng(@)Vvos5
= (f (@) V0.5) A (g (a) v 0.5)
=ff@nrg" (@
= (f*regh)@.
(2)
fve)f@=(Fve@vos
=f@vg@vo5
= (f(a) v0.5) Vv (g(a) v0.5)
=fT@vg (@
=(f"ve)@.
(3) If a is not expressible as a = bc for some b, ¢ € S, then (f o g) (a) = 0. Thus (f 0 g)* (@) = (f 0 g) (a) v 0.5 = 0.5. But
(f+ og*) (@) =0.50f" og®™ < (fog)t.Butifais expressible as a = bc for some b, ¢ € S, then
(Fog) (@ = (og (@V05
= (Vomylf ) AEG)D V05
Va=y{(f ) Ag (¥)) v 0.5}
Va=y{(f (x) V 0.5) A (g (¥) A 0.5)}
= Va:xy{f+ (X) A g+ (Y)}
=(ffogN@. m

Definition 14. Let A be a nonempty subset of a semigroup S. Then the lower and upper parts of the characteristic function is,

_ 05 ifaeA
Gy (@) = [0 ifa & A
and

+,._ )1 ifaeA
Ca (a)—{o.s ifa ¢ A,
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Lemma 15. Let A and B be nonempty subsets of a semigroup S. Then the following properties hold.
(1) (CA A CB)7 = CA_ﬂB

(2) (CA Vv CB)_ = CA_UB

(3) (CaoCp)™ =Cyp.

Lemma 16. The lower part of characteristic function C; is an (€, € Vq)-fuzzy left ideal of S if and only if Lis a left ideal of S.

Proof. Let L be a left ideal of S. Then by Theorem 7 C; is an (€, € Vvq)-fuzzy left ideal of S.

Conversely, assume that C; is an (€, € vq)-fuzzy leftideal of S. Lety € L.Then(; (y) = 0.5.S0yo5 € C, .Since (| is
an (e, € vq)-fuzzy left ideal of S. So (xy)o5 € VvqC, , which implies that (xy)o5 € C; or (xy)osqC, . Hence C; (xy) > 0.5
or G, (xy) +0.5 > 1.If C (xy) + 0.5 > 1, this is not possible, because C; (xy) < 0.5. Thus C; (xy) > 0.5, which implies
that C; (xy) = 0.5. Hencexy € L.ThusLis aleftidealofS. m

Similarly we can prove that the lower part of characteristic function C; is an (€, € vq)-fuzzy right ideal of S if and only if

Ris aright ideal of S. Thus the lower part of characteristic function C;” is an (€, € Vq)-fuzzy two-sided ideal of S if and only
if I is a two-sided ideal of S.

Lemma 17. Let Q be a nonempty subset of a semigroup S. Then Q is a quasi-ideal of S if and only if the lower part of characteristic
function Cj is an (€, € Vvq)-fuzzy quasi-ideal of S.

We have shown in Lemma 2 that every fuzzy left (right) ideal of a semigroup S is an (€, €)-fuzzy left (right) ideal of S.
Obviously every (€, €)-fuzzy left (right) ideal of S is an (&, € Vvq)-fuzzy left ideal of S. But (&, € Vvq)-fuzzy left (right) ideal
of S need not be fuzzy left (right) ideal of S.

Example 4. Consider the semigroup given in Example 1. Then the fuzzy subset f of S defined by f (a) = 0.5, f (b) = 0.6,
f()=0.7andf (d) = 0is an (€, € vq)-fuzzy left ideal of S but f is not fuzzy left ideal of S. Because f (a) = f (ab) = 0.5
andf (b) = 0.6,sof (ab) # f (b).

Next we show that if f is an (€, € vq)-fuzzy left (right) ideal of S then f~ is a fuzzy left (right) ideal of S.

Proposition 1. Let f be an (€, € Vvq)-fuzzy left (right) ideal of S, then f~ is a fuzzy left (right) ideal of S.

Proof. Let f be an (€, € vq)-fuzzy left ideal of S, then for all a, b € S, we have
f (ab) = f (b) A 0.5. This implies that f (ab) A 0.5 > f (b) A 0.5.Sof ~ (ab) > f~ (b). Thus f~ is a fuzzy left ideal of S.
Similarly if f is an (&, € Vvq)-fuzzy right ideal of S, then for all a, b € S, we have
f (ab) = f (a) A 0.5 implies that f (ab) A 0.5 > f (a) A 0.5.Sof~ (ab) > f~ (a). Thus f~ is a fuzzy right ideal of S. ®

Next we show that every fuzzy left ideal of S is not of the form f~ for some (€, € vq)-fuzzy left ideal f of S.

Example 5. Consider the semigroup of Example 1. A fuzzy subset f of S is a fuzzy left ideal of S if and only if (i) f (a) > f (x)
forallx € Sand (ii) f (b) > f (y)fory =cord.Thusf (a) =0.9,f (b) =0.8,f (c) = 0.7,f (d) = 0.7 is a fuzzy left ideal of
S but this is not of the form g~ for some (€, € vq)-fuzzy left ideal g of S.

In [4] regular semigroups are characterized by the properties of their fuzzy ideals, fuzzy bi-ideals and fuzzy generalized
bi-ideals. Next we are characterizing the regular semigroups by the properties of lower parts of (€, € vq)-fuzzy ideals,
bi-ideals and generalized bi-ideals.

Theorem 16. For a semigroup S the following conditions are equivalent.
(1) Sisregular. .
(2) f Ag) = (f og) forevery (€, € vq)-fuzzy right ideal f and every (€, € Vq)-fuzzy left ideal g of S.
Proof. First assume that (1) holds. Let f be an (€, € Vvq)-fuzzy right ideal and g be an (g, € vq)-fuzzy left ideal of S. Now
a € S, we have

(fog) (@ = (fog)(@A0.5

= (Va:yz{f(y) /\g(z)}) A 0.5

Va=yz{f (¥) A g(z) A 0.5}
Va=y: ({f ) A 0.5} A {g(z) A 0.5} A0.5)
< Va=my:({f v2) A (8(¥2)} A 0.5)
f(a) ng(a) A 0.5)
= (fAg)a)A0S5
={frg (.

So(fog)" =(frg.
Since S is regular, so there exists an element x € S such that a = axa.

A
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So

(fog) (@ = (fog)@A05
= (\/a=yz{f(.V) A g(z)}) A 0.5
> {f(ax) Ag(@} A 0.5
> {f(@) A05Ag(@} A05
=f(a)Agl@ A05
=(fArg)ayn05
= fnrg (@.

So(fog)” > (f Ag)~.Thus(f Ag) = (f og) and so (1) implies (2).

Conversely, assume that (2) holds. Let R and L be right ideal and left ideal of S, respectively. In order to see that RNL = RL
holds. Let a be any element of R N L. Then by Lemma 16, the lower part of characteristic functions C; and C; of R and L are
(€, € vq)-fuzzy right ideal and (€, € Vvq)-fuzzy left ideal of S, respectively. Thus we have

Cq = (Gro G)~ byLemma 15
= (GACG)” by(1)
= Cpn, byLemma 15.

Thus RN L = RL. Hence it follows from Theorem 2 that S is regular and so (2) implies (1). ®

Theorem 17. For a semigroup S, the following conditions are equivalent.

(1) Sisregular.

(2) (hAfAg) <(hofog) forevery (g, € VvVq)-fuzzy right ideal h, every (€, € VVq)-fuzzy generalized bi-ideal f and every
(€, € vq)-fuzzy left ideal g of S.

3) (hAfAg) <(hofog) forevery (e, € Vq)-fuzzy rightideal h, every (€, € VVq)-fuzzy bi-ideal f, and every (€, € Vq)-
fuzzy left ideal g of S.

(4) (AAfAg)” < (hofog)™ forevery (€, € Vq)-fuzzy right ideal h, every (€, € Vq)-fuzzy quasi-ideal f, and every
(€, € vq)-fuzzy left ideal g of S.

Proof. (1) = (2) : Let h,f and g be any (€, € Vvq)-fuzzy right ideal, (€, € Vvq)-fuzzy generalized bi-ideal, and any
(€, € vq)-fuzzy left ideal of S, respectively. Let a be any element of S. Since S is regular, so there exists an elementx € S
such that a = axa. Hence we have
(hofog) (@) = (Vamy:{h () A (f08) (2)}) AO.5
> h(ax) A (fog)(a) A0.5
> (h(@) A0.5) A (Vazplf () AZ(@}) A0.5
> h(a) A (f (a) A g (xa)) A 0.5
> h(a) A(f(a) Ag(a) A0.5) A0.5
=h(a) Af(a) Ag(a) ANO.5
=(hAfrg.
So (1) implies (2). (2) = (3) = (4) straight forward.
(4) = (1) : Let hand g be any (€, € Vvq)-fuzzy right ideal and any (€, € Vvq)-fuzzy left ideal of S, respectively. Since §
is an (€, € vq)-fuzzy quasi-ideal of S, by the assumption, we have
(hrhng) (@) = (hAag)(@ A05
=((hAsAng)(@An0S5
=(hAsAng) (a)
< (hoso0g) (a)
< (hod8o0g)(a A0.5
= (Va=pc{(ho 8) (b)) Ag (©)}) A OS5
= (Vazpc{(Vp=pe{h (0) A 8 (@} Ag (©)}) A 0.5
= (Vazpc{(Vp=pg{h (0) A 1}) A g (©)}) A 0.5
= (Va=pc{(Vp=pg h (p)) Ag (©)}) A 0.5
= (Va=bc{(Vp=pg h (p)) A g ()} A 0.5) A 0.5
= (Vazpc{(Vp=pg{h (p) A 0.5}) Ag (©)}) A 0.5
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< (Va=bc{Vo=peth (0)} A g ()}) A 0.5
= (Va=bc{h (b)) Ag (c)}) AO.5

= (hog) (@) A0.5

= (hog) (a).

Thus it follows that (h A g)~ < (ho g)™ for every (€, € vVq)-fuzzy right ideal h and every (€, € vq)-fuzzy left ideal g of
S.But(hog)” < (hAng) always.So(hog)” = (h A g) .Henceitis follows from Theorem 16 that S is regular. ®

Theorem 18. For a semigroup S, the following conditions are equivalent.

(1) Sisregular.

(2) f~ = (f o8 of) forevery (€, € Vq)-fuzzy generalized bi-ideal f of S.
(3)f~ = (fodsof) forevery (€, € Vq)-fuzzy bi-ideal f of S.

(4) f~ = (f o8 of) forevery (€, € Vq)-fuzzy quasi-ideal f of S.

Proof. (1) = (2) : Let f be an (&, € Vvq)-fuzzy generalized bi-ideal of S and let a be any element of S. Since S is regular, so
there exists an element x € S such that a = axa. Hence we have
(fodof) (a) =(fodsof)(@ 05
= (Vamyz{(f 0 8) W) Af (D)D) A 0.5
> (fod)(ax) Af(a) AO.5
= (\/ax=pq{(f M AS@D ASf(a) A05
> (f@A8x)Af(a) A05
=f@A1)Af(@A0S5
=f(a) A05
=f"(a).
Thus (fod8of)” >f".
Since f is an (&, € Vvq)-fuzzy generalized bi-ideal of S. So we have
(fodof) (a) =(fodsof)(@ 05
= (VazyA(f 0 ) M AfF (@)} A 05
= (Vamye((Vy—palf () A S @D Af @) 705
= (Va:yz{(vy:pq{f @AY Af @D A0S
= (Va:yz{\/y:pq{f OIAf@H A0S5
Va:yz{vy:qu (P) /\f (Z) N 05}
< Va=pg:tf (pgz) A 0.5} (because f is an (€, € vq)-fuzzy generalized bi-ideal of S.)
f(@A05
=f(a).
So,(fod8of)” <f .Thusf™ = (fodof) .Now (2) = (3) = (4) are obvious.
(4) = (1) : Let A be any quasi-ideal of S. Then we have ASA C A (SS) N (SS)A € ASN SA C A. Let a be any element of A.
Since by Lemma 9 C, is an (&, € Vq)-fuzzy quasi-ideal of S. So we have
(Vayz{(Ca 0 8) 0) AC4 @D} A 0.5 = ((Cao8) 0 Ca) (@) AO5
= ((Cao ) oCa) (@
=G, (@
=05

implies that

Vamyz{(Ca 0 8) W) A G ()} = 0.5
since

Va=yz{(Ca 0 8) W) A Ca (2)} # 0.5
So

Va=yz{(Ca 0 8) ¥) AC4(2)} > 0.5.
Hence

Vazyz{(G1 0 8) ) A G ()} = 1.
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This implies that there exist elements b and ¢ of S such that (C4 o 8) (b) = 1and C4 (¢) = 1 with a = bc. Thus we have
Vi=pg{Ca (D) A 8 (@)} = (Ca0 8) (b) = 1.

This implies that there exist elements d and e of S such that
Ca(d)=1 and S(e) =1

withb = de.Thusd,c € Aande € S and soa = bc = (de) ¢ € ASA. Therefore, A C ASA, and so A = ASA. Hence it follows
from Theorem 2 that S is regular. B

Theorem 19. For a semigroup S, the following conditions are equivalent.

(1) Sisregular.
(2) f Ag) = (fogof) forevery (g, € Vq)-fuzzy quasi-ideal f and every (€, € Vq)-fuzzy two-sided ideal g of S.
3) f Ag) = (fogof) forevery (g, € VVq)-fuzzy quasi-ideal f and every (€, € \Vq)-fuzzy interior ideal g of S.
(4) f Ag)” = (fogof) forevery (€, € Vq)-fuzzy bi-ideal f and every (&, € Vq)-fuzzy two-sided ideal g of S.
(5) f Ag)” = (fogof) forevery (€, € Vq)-fuzzy bi-ideal f and every (€, € Vq)-fuzzy interior ideal g of S.
(6) f Ag)” = ogof) forevery (€, € vq)-fuzzy generalized bi-ideal f and every (€, € \Vq)-fuzzy two-sided ideal g of S.
(7) f Ag)” = (fogof) forevery (€, € VVq)-fuzzy generalized bi-ideal f and every (€, € Vq)-fuzzy interior ideal g of S.
Proof. (1) = (7) : Letf and g be any (€, € Vvq)-fuzzy generalized bi-ideal and any (€, € vq)-fuzzy interior ideal of S,
respectively. Then
(fogof) (@) =(fogof)(@n0.5
< (fodof)(a)n0.5
= VazyA(f 0 8) ) Af (2)} A 0.5
= Va:yz{\/y:pq{f (p) NS (Q)} /\f (Z)} A 0.5
Vazyz{Vy=pe{f ®) A1} Af (2)} AO.5
{
{

y
= Va:yz Vy:qu (p) /\f (Z)} AN 0.5
Vamyz{Vy=pef (P) A f (2) A 0.5}
Va=pq:f ®0) Af () A0.5 0.5}
= Va:(pq)zf (qu) A 0.5
f(a)A0.5

=f" (o).

A

and
(fogof) (a) < (8ogod) (a)
= (80go4d)(a) A0S
= (Va:yz{()s 0g)Y) ANS(2)}) A0S
= (Va:yz{(\/y:pq{5 (p) NE (Q)}) ] (Z)}) A 0.5
= (\/a:yz{(\/y:pq{1 Ng (Q)}) A 1}) A 0.5
= (Va:yz{vy:pqg (Q)}) A 0.5
- Va:yz{vy:pqg (Q) A O~5}
Va:(pq)z{g (pqz) A 05}
=g (@ A05
=g (a).
Thus(fogof) < (f* A g*) = (f A g)".Nowletabe any element of S. Then, since S is regular, there exists an element
x € S such that a = axa (= axaxa). Since g is an (€, € vq)-fuzzy interior ideal of S, we have
(fogof) (a) =(fogof)(@A05
Vazy{f @) A (g of) ()} A 0.5
> f(a) A (gof) (xaxa) A 0.5
=f@n (anxa:pq{g M Af (Q)}) A 0.5
> f(a) A (g (xax) Af (a)) A 0.5
= f(a) A (g (xax) Af (@)) A O.5
> f(@ A (Eg@An05Af(a)) AO.5

IA
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=f@Arg@An0.5
=({fArg)@Ahn05
=(fArg (@.
So(fogof)”<(fAg) .Hence(fogof)" = Ag).(7)=06B)= 3)= 2)and (7) = (6) = (4) = (2) are
clear.
(2) = (1) : Let f be any (€, € Vvq)-fuzzy quasi-ideal of S. Then, since 4 itself is an (€, € Vvq)-fuzzy two-sided of S, we
have
f7(@ =f@A05
= (A8 (@A05
= (A8 ()
= (fodof)" ().

Thus it follows from Theorem 18 that S isregular. ®

Theorem 20. For a semigroup S, the following conditions are equivalent.

(1) Sis regular.

(2) f Ag)” < (fog) forevery (€, € Vq)-fuzzy quasi-ideal f and every (€, € Vq)-fuzzy left ideal g of S.

(3) f Ag)” < (fog) forevery (€, € Vq)-fuzzy bi-ideal f and every (€, € \Vq)-fuzzy left ideal g of S.

(4) f Ag)” < (fog) forevery (€, € vVq)-fuzzy generalized bi-ideal f and every (&€, € Vq)-fuzzy left ideal g of S.

Proof. (1) = (4) : Let f and g be any (€, € Vvq)-fuzzy generalized bi-ideal and any (€, € Vvq)-fuzzy left ideal of S
respectively. Let a be any element of S. Then there exists an element x € S such that a = axa. Thus we have
(fog) (@ =(fog)(@n05
= (Va:yz{f (y) NEg (Z)}) A 0.5
> f(a) Ag(xa) AO.5
> f(a)Ag(a) A0.5A05
=(fArg)(@An05
=(frg @.
So(fog)” = (fAg).(4) = (3) = (2) are obvious.
(2) = (1) :Letf bean (€, € vq)-fuzzyrightidealand g be an (&, € Vvq)-fuzzy left ideal of S. Since every (€, € Vvq)-fuzzy
right ideal of S is an (€, € Vvq)-fuzzy quasi-ideal of S.So (f o g2)™ > (f A Z)™.
Now
(fog) (@ = (fog)@ A0S
= (Va:yz{f(y) Ng@H A0.5
= Va:yz({f(y) 74N g(z)} A 05)
= Va—y: ({f (¥) A 0.5} A {g(2) A 0.5} A 0.5)
= Va=y:({f (¥2) A g(y2)} A 0.5)
= f(a) Ag(a) A0.5
=(fArg)a)rn05
={frg (o).
So(fog)” <(fAg) .Hence(fog)™ = (f Ag)~ forevery (g, € vVq)-fuzzy right ideal f of S, and every (€, € Vvq)-fuzzy
left ideal g of S. Thus by Theorem 16 that S is regular. H
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