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a b s t r a c t

In 1995, Plummer (1992) [6] published a paper in which he gave a characterization of 4-
regular, 4-connected, claw-free graphs. Based on that work, Hartnell and Plummer (1996)
[5] published apaper on4-connected, claw-free,well-covered graphs a year later. However,
in his 1995 paper, Plummer inadvertently omitted some of the graphs with odd order.
In this paper, we will complete Plummer’s characterization of all 4-connected, 4-regular,
claw-free graphs, and then show the implications this has on the well-covered graphs he
and Hartnell determined. In addition, we will characterize 4-connected, 4-regular, claw-
free, well-dominated graphs.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

AgraphG is said to be claw-free if it does not contain an inducedK1,3. A graph iswell-covered if everymaximal independent
set of G has the same cardinality. Two excellent surveys on well-covered graphs are [4,7]. A graph iswell-dominated if every
minimal dominating set is minimum. In general, we use terminology as defined in [2].

In 1995, Plummer [6] published a paper in which he gave a characterization of 4-regular, 4-connected, claw-free graphs.
He divided the set of 4-connected, 4-regular, claw-free graphs into three disjoint subclasses, which he called G0, G1 and G2.

The class G0 is the set of 4-connected, 4-regular, claw-free graphs, which contain a K4. Plummer proved the following
theorem.

Theorem 1 ([6]). If G is 4-connected, 4-regular, claw-free and contains a K4, then either G = K5 or the vertex set V (G) can be
partitioned into disjoint sets of four vertices each, such that each four-vertex set induces a K4 in G.

Thus, the structure of the graphs in G0 is clear and the order of every member in G0 except K5 must be even.
Plummer defined G1 to be a set of graphs, each constructed in the following way: let C1 and C2 be two vertex-disjoint

cycles both of length k ≥ 3 denoted by u1u2 . . . uku1 and v1v2 . . . vkv1, respectively; then join each ui to each of vi−1 and
vi, where the subscripts are taken modulo k. An important property Plummer used to describe the graphs of G1 is that,
although the graphs do not contain K4’s, each vertex lies on three triangles. By Plummer’s definition, the vertices of the
graphs of G1 may be partitioned into two cycles of equal length. Hence these graphs all have even order. However, not all
4-regular, 4-connected, claw-free graphs with the property that each vertex lies on three triangles must have even order.
We will redefine the class G1 in Section 2 to encompass Plummer’s G1 class together with the graphs of odd order that also
fulfill these properties.
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Fig. 1. The well-covered, 4-regular Harary graphs.

The class G2 is the set of 4-connected, 4-regular, claw-free graphs with the property that each vertex lies on exactly two
triangles. An example of a graph in this class can be seen on the left side of Fig. 2.

Adapting Plummer’s proofs in [6], we show that all 4-connected, 4-regular, claw-free graphs belong to precisely one of
the three classes.

Hartnell and Plummer [5] used the characterization of 4-connected, 4-regular, claw-free graphs obtained in [6] to
characterize those which are well-covered. Since Plummer originally omitted some graphs in G1, this paper will also note
the slight revision needed for their work on well-covered graphs.

Finbowet al. [3] proved that the class ofwell-dominated graphs is a subset of the class ofwell-covered graphs. In Section4,
we prove which of the well-covered graphs characterized in Section 3 are also well-dominated. Interestingly, while there
are an infinite number of well-covered ones, there are only a handful of 4-connected, 4-regular, claw-free, well-dominated
graphs.

2. Characterization of 4-regular, 4-connected, claw-free graphs

While investigating the graphs of G1, we realized that all are Harary graphs. A Harary graph, Hr,n, is an r-regular graph
of order n. Let V (Hr,n) = {v1, v2, . . . , vn}, then Hr,n is constructed as follows: If r is even, let r = 2k ≤ n − 1 for some
nonnegative integer k ≤ (n − 1)/2; for each i, where 1 ≤ i ≤ n, join vi to vi+1, vi+2, . . . , vi+k and to vi−1, vi−2, . . . , vi−k. If
r is odd, then n = 2l must be even, so r = 2k + 1 ≤ n − 1 for some nonnegative integer k ≤ (n − 2)/2; join vi to the 2k
vertices described above as well as to vi+l [2]. See Fig. 1 for some examples of Harary graphs.

Indeed, one can see that all the graphs in G1, as defined by Plummer, are Harary graphs of even order, H4,2k, where k ≥ 3.
Thus, we replace the class G1 with the class G′

1, and define G′

1 to be the set of 4-regular Harary graphs, H4,k, where k ≥ 6.
Note that H4,5 ∼= K5, and so, since it contains a K4, is in G0. All other 4-regular Harary graphs are in G′

1.
In Theorem 3, we will show that any 4-connected, 4-regular, claw-free graph with no K4’s and at least one vertex that

lies on three triangles must be in G′

1. First, we will show that such graphs have a particular structure. As noted in Section 1,
our proofs will utilize the ideas and the structure from Plummer’s work in [6].

Lemma 2. If G is a 4-regular, claw-free graph with no K4’s and G contains a vertex that lies on three triangles, then there exist
independent edges e1, e2 ∈ G, that are joined by an edge, where e1 = a1b1 and e2 = a2b2, such that G − a1 − b1 − a2 − b2 has
two components, one of which has order 1.

Proof. Suppose G fulfills the hypotheses of the lemma and v ∈ V (G) is a vertex that lies on three triangles. Call two such
triangles T1 and T2 and let N(v) = {a, b, c, d}. Either T1 and T2 share an edge or they do not.

First, suppose that T1 and T2 do share an edge. Assume without loss of generality that T1 = vabv and that T2 = vbcv. If
a ∼ c,G contains a K4 which contradicts our assumption. Thus a � c . But then, since there is no claw at v, either a ∼ d or
c ∼ d. Without loss of generality, assume a ∼ d. Then e1 = ad and e2 = bc are independent edges of G that are joined by
edge ab, and G − a − b − c − d has two components, one of which contains only v and hence has order 1.

So, suppose that T1 and T2 do not share an edge. Suppose without loss of generality that T1 = vabv and that T2 = vcdv.
Since v lies on three triangles without loss of generality, we may assume b ∼ c. Then e1 = ab and e2 = cd are independent
edges of G that are joined by edge bc , and G − a − b − c − d has two components, one of which contains only v and hence
has order 1. �

This lemma provides a graphical structure to assist in proving the following theorem.

Theorem 3. Suppose G is a 4-connected, 4-regular, claw-free graph with no K4’s and G contains a vertex that lies on three
triangles. Then G ∈ G′

1.

Proof. Since G is a 4-regular, claw-free graph with no K4’s and contains a vertex that lies on three triangles, then, by
Lemma 2, there exist independent edges e1, e2 ∈ G that are joined by an edge, where e1 = a1b1 and e2 = a2b2, such
that G′

= G− a1 − b1 − a2 − b2 has two components, one of which has order 1. Without loss of generality, assume that the
edge joining e1 and e2 is a2b1. Label the vertex in the component of G′ with one element c . By 4-connectivity, c is adjacent to
each vertex in S = {a1, b1, a2, b2}, and also, by 4-connectivity each vertex of S must be adjacent to an element of the second
component, C2. Note that this means a1 � a2 and b1 � b2. The proof is by induction on |V (C2)|.
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Suppose |V (C2)| = 1. Let V (C2) = {u1}. By the comment above, u1 is adjacent to each of a1, b1, a2, b2. By 4-regularity
a1 ∼ b2. Thus G is isomorphic to H4,6.

Suppose |V (C2)| = 2. Let V (C2) = {u1, u2}. Since C2 is connected, u1 ∼ u2. As noted by 4-connectivity and without loss
of generality, assume b1 ∼ u1. By 4-regularity, u2 is adjacent to each of {a1, a2, b2}. Also, by 4-regularity, u1 is adjacent to
both a1 and b2. Hence G is isomorphic to H4,7.

Suppose |V (C2)| = 3. Let V (C2) = {u1, u2, u3}. Since G is 4-connected, G is 3-connected, and so there exists a matching
of three of the vertices of S into V (C2). Without loss of generality, let two of the edges of the matching be b1u1 and a1u2.
Since there is no claw at b1, either u1 ∼ a2 or u1 ∼ a1. If u1 ∼ a2, {a1, u1, b2} is a 3-cut which contradicts 4-connectivity, so
u1 ∼ a1. Since there is no claw at a1, u1 ∼ u2. By 4-regularity, u3 must be adjacent to each of u1, u2, a2, b2, and then b2 ∼ u2
also by 4-regularity. Thus G is isomorphic to H4,8.

Suppose |V (C2)| ≥ 4. Let V (C2) = {u1, u2, . . . , uk} where k ≥ 4. By 4-connectivity there exists a matching of S into
V (C2), say a1u2, b1u1, a2u4, b2u3. Since there is no claw at b1, we must have a1 ∼ u1 and since there is no claw at a2, we also
have b2 ∼ u4. Now since there is no claw at a1, we must have u1 ∼ u2 and since there is no claw at b2, we also have u3 ∼ u4.

1. If k = 4, then, by 4-regularity, u2 ∼ u3, u4. Then again by 4-regularity u1 ∼ u3. Thus G is isomorphic to H4,9.
2. If k = 5, then, by 4-regularity, we must have that u5 is adjacent to each of u1, u2, u3 and u4. Then by 4-regularity

u2 ∼ u3. Hence G is isomorphic to H4,10.
3. If k = 6, then, by 4-regularity and without loss of generality, u5 ∼ u1, u2. By 4-regularity, u6 is adjacent to each of

u2, u3, u4, and u5. By 4-regularity we have that u5 ∼ u3. Thus G is isomorphic to H4,11.
4. If k = 7, then since G is 4-connected, G is 3-connected, and thus there is a matching from {u1, u2, u3, u4} into

{u5, u6, u7}. Without loss of generality let two of the edges in the matching be u1u5 and u2u6. No claw at u1 implies that
u2 ∼ u5, and similarly no claw at u2 means u5 ∼ u6. By 4-regularity we have u7 is adjacent to each of u3, u4, u5 and u6, and
also by 4-regularity we have u3 ∼ u6. Thus G is isomorphic to H4,12.

5. If k ≥ 8 then by 4-connectivity there exists amatching v1u1, v2u2, v3u3, v4u4 for some set of vertices {v1, v2, v3, v4} ⊆

V (C2) − {S ∪ {c, u1, u2, u3, u4}}. Since there is no claw at u1 wemust have v1 ∼ u2, similarly since there is no claw at u4 we
have u3 ∼ v4. Now since there is no claw at u2, v1 ∼ v2, and similarly since there is no claw at u3, v3 ∼ v4. Create a new
graph G′ from G by deleting S∪{c} and replacing themwith one new vertexw whichwe join to each of u1, u2, u3, u4. Finally,
join vertices u1 and u4. Then G′ is 4-connected, 4-regular, and claw-free but |V (G′)| = |V (G) − 4|. Thus by the induction
hypothesis G′

= H4,j ∈ G′

1 where j ≥ 9. But then clearly G = H4,j+4.
Thus, every 4-connected, 4-regular, claw-free graph Gwith no K4’s and containing a vertex that lies on three triangles is

a Harary graph, and therefore is in G′

1. �

Note thatwhile Lemma 2 and Theorem3 only required one vertex to lie on three triangles, observing the symmetry of the
Harary graphs, it is easy to see that every vertex of a graph in G′

1 lies on three triangles. We now prove that any 4-connected,
4-regular, claw-free graph is in exactly one of the three classes: G0, G′

1 or G2. Our proof is a revision of Theorem 3.7 in [6]
replacing G1 with G′

1.

Theorem 4. The class of all 4-connected, 4-regular, claw-free graphs = G0 ∪ G′

1 ∪ G2, where the classes G0, G′

1 and G2 are
pair-wise disjoint.

Proof. In class G0 every vertex lies on a K4, so clearly this class is disjoint from G′

1 and G2. A graph in class G′

1, as just noted,
has the property that each of its vertices lies on three triangles, whereas in class G2 vertices lie on precisely two triangles,
so these classes are disjoint as well.

It remains only to show that every graphGwhich is 4-connected, 4-regular and claw-free lies in one of these three classes.
If G contains a K4, then by definition and Theorem 1, G ∈ G0. Thus we may assume G contains no K4’s. Let v ∈ V (G) and let
N(v) = {a, b, c, d}. By the claw-free property there are at least two triangles at v. Call two such triangles T1 and T2. Either
T1 and T2 share an edge or they do not.

First suppose that T1 and T2 do share an edge. Suppose without loss of generality that T1 = vabv and that T2 = vbcv.
Then if a ∼ c, v lies on a K4, which contradicts our assumption. So a � c. Then since there is no claw at v, either a ∼ d or
c ∼ d. In either case, G contains a vertex that lies on three triangles. Hence, by Theorem 3, G ∈ G′

1.
So suppose that G has the property that each of its vertices lies on two triangles which do not share an edge. But then it

follows that since v is arbitrary, every vertex lies on precisely two triangles and hence by definition, G ∈ G2. �

3. The well-covered graphs

In [5], Hartnell and Plummer determinedwhich graphs in Plummer’s characterization [6] of 4-connected, 4-regular, claw-
free graphs arewell-covered.However, since Plummer’s characterization omitted someof those graphswith oddorder, there
were some that were not examined in the process, namely 4-regular Harary graphs of odd order. Theorem 3 in Section 2
completes Plummer’s characterization of 4-connected, 4-regular, claw-free graphs. By investigating the additional graphs,
we complete Hartnell and Plummer’s characterization of which of those graphs are well-covered. For G0 and G2 we use the
characterizations, unchanged, as presented in [5], and shown in the following two lemmas.
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Fig. 2. The well-dominated graphs ≠ K5 from G2 and G0 respectively.

Lemma 5 ([5]). Suppose G ∈ G0 and G ≠ K5. Then G is well-covered if and only if each K4 in G is joined by edges to no more than
three other K4’s.

Lemma 6 ([5]). Let G ∈ G2. Then G is well-covered if and only if G = L(K3,3).

See the graph on the left of Fig. 2 for an illustration of L(K3,3). The following lemma and resulting corollary are used in
the proof of Theorem 9.

Lemma 7 ([1]). If G is well-covered, then for each independent set S in G,G − N[S] is well-covered.

Corollary 8. If a graph G is well-covered and I is an independent set of vertices of G, then every component of G − N[I] is
well-covered.

Although the class G1 as defined in [6] was missing an infinite number of members, only two of the missing graphs are
well-covered: H4,7 and H4,11.

Theorem 9. The H4,5,H4,6,H4,7,H4,8, and H4,11 graphs are the only 4-regular, well-covered Harary graphs.

Proof. A case-by-case analysis of the graphs listed above will prove that they are all well-covered. To show that these are
the only 4-regular, well-covered Harary graphs, consider H4,k where k = 9, 10 or k > 11. Label the vertices of H4,k by
choosing a vertex to be v1 and continuing clockwise with the labels v2, v3, . . . , vk. Suppose k = 10. The graph H4,10 has two
maximal independent sets {v1, v6} and {v1, v4, v7} and therefore is not well-covered. So suppose k ≠ 10. Let I be the set
{v1} if k = 9 and {v1, v10} if k > 11. Note that I is independent. An examination of the component, C , of the graph G − N[I]
that contains v4 will show that it has two maximal independent sets, {v5} and {v4, v7}, of different sizes and thus C is not
well-covered. Since C is not well-covered, G is also not well-covered by Corollary 8. Thus H4,5,H4,6,H4,7,H4,8, and H4,11 are
the only 4-regular, well-covered Harary graphs. �

See Fig. 1 for an illustration of thesewell-coveredHarary graphs. Hence combining the result in Theorem9with Lemmas 5
and 6, there are an infinite number of well-covered, 4-regular, 4-connected, claw-free graphs in G0, five in G′

1, and one in
G2.

4. The well-dominated graphs

As noted in Section 1, the class ofwell-dominated graphs is a subset of the class ofwell-covered graphs. Thus to determine
the 4-regular, 4-connected, claw-free, well-dominated graphs, we need only look at those that are well-covered, discussed
in Section 3.

An examination of the well-covered graphs in class G′

1 shows that each of H4,6,H4,7,H4,8, and H4,11 are also well-
dominated. The graph L(K3,3), the only well-covered graph in the class G2, is also well-dominated. See the graph on the
left of Fig. 2.

Recall that Hartnell and Plummer proved there is an infinite set of well-covered graphs in G0 (see Lemma 5). Note K5 is
well-dominated. Now assume G ∈ G0 and G ≠ K5. We will show there is only one other graph in G0 that is well-dominated.

Lemma 10. Let G ∈ G0 such that G ≠ K5 and G is well-covered. If G contains a K4 that is adjacent to at most two other K4’s,
then G is not well-dominated.

Proof. Assume G ∈ G0 such that G ≠ K5 and G is well-covered. Then by Lemma 5, G has the property that each K4 in G is
joined by edges to nomore than three other K4’s. Thus a dominating set of G that is constructed by taking exactly one vertex
from each K4 is minimal.

Let B be a K4 in G that is adjacent to exactly one other K4, call it A. By 4-regularity there must be a matching from the
vertices of A onto the vertices of B. Note that now all vertices of A and B have degree four, thus since G is connected, this is
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Fig. 3. Illustrating the dominating set for Case 1.2 of Theorem 11 with white vertices.

the entire graph. A minimal dominating set can be created by choosing all of the vertices of A, and thus it has cardinality
four; another minimal dominating set can be formed by taking one vertex from each of A and B, and thus it has cardinality
two. Hence, there are two minimal dominating sets with different cardinalities and G is not well-dominated.

Therefore, assume B is adjacent to exactly two other K4’s and call them A and C . Label the vertices of each of these K4’s
with {x1, x2, x3, x4} where x ∈ {a, b, c} respectively. Let i be the total number of K4’s in G. There are two ways in which
B could be attached to A and C . Either B has two edges joining it to each of A and C , or, without loss of generality, it has
three edges joining it to A and a single edge joining it to C . If B has two edges to each, then, without loss of generality, let
a2 ∼ b1, a3 ∼ b4, b2 ∼ c1 and b3 ∼ c4. Let W be the set found by taking one vertex from each K4 that is not A, B or C . Then
{a2, a3, c1, c4} ∪ W is a minimal dominating set of size i + 1. But the set U created by choosing one vertex from each K4 is a
minimal dominating set of size i. Thus, there are twominimal dominating sets of different sizes andG is not well-dominated.
So assume B has three edges joining it to A, a single edge to C , and, without loss of generality, let a1 ∼ b1, a2 ∼ b4, a3 ∼ b3
and b2 ∼ c4. Then {a4, c4} is a vertex-cut which contradicts the fact that all graphs in G0 are 4-connected. Therefore, if G
contains a K4 adjacent to at most two other K4’s, G is not well-dominated. �

Since we know that if G contains a K4 adjacent to only one or two other K4’s, then the graph is not well-dominated, by
Lemma 5, the only case remaining is when every K4 is attached to exactly three other K4’s. Thus, each K4 must be joined to
one K4 by two edges and two other K4’s each by one edge.

Theorem 11. K5 and the graph shown on the right of Fig. 2 are the only well-dominated graphs in G0.

Proof. By examination, one can see that K5 and the graph shown on the right of Fig. 2 are both well-dominated.
Assume G ≠ K5, and thus its vertices can be partitioned into K4’s. By Lemmas 10 and 5 all K4’s in G must be adjacent to

exactly three K4’s. Let i be the number of K4’s in G. Then i ≥ 4. Note that there is a minimal dominating set U of size i created
by taking one vertex from every K4. Let A, B, C and D be K4’s in G such that A and B are joined by two edges, C and D are
joined by two edges and B is joined to C by one edge. Label the vertices of each of these {x1, x2, x3, x4} where x ∈ {a, b, c, d}
respectively. Assume, without loss of generality, that a2b1, a3b4, c2d1 and c3d4 are the edges joining the K4’s as mentioned.
There are two cases to be considered: either A ∼ C or A � C .

1. If A ∼ C , then, without loss of generality, a1 ∼ c1. Either D ∼ B or D � B.
1.1 AssumeD ∼ B, thuswithout loss of generality d3 ∼ b3. IfD ∼ A also, then G is the graph on the right in Fig. 2. Suppose

D � A. Then there is a vertex-cut of size two {d2, a4} which contradicts 4-connectivity.
1.2 So assume D � B and by symmetry we may also assume D � A. Thus d2 and d3 are each adjacent to a vertex in a

distinct, new K4. Let d2 ∼ r and d3 ∼ swhere r and s are vertices in these new K4’s. Also, b3 must be adjacent to a vertex in a
new K4, call the vertex t . Note, neither r nor s need be in a separate K4 from t , however r and smust be in distinct K4’s from
each other since D must be adjacent to three K4’s. Choose one vertex from each K4 other than A, B, C,D, or any of the K4’s
containing r, s or t and call this set W . Then {r, s, t, a2, a3, c2, c3, c4} ∪ W is a minimal dominating set of size at least i + 1.
See Fig. 3. But recall that U is a minimal dominating set of size i. Thus, there are two minimal dominating sets of different
cardinalities and G is not well-dominated.

2. Assume A � C . Thus a1 and a4 are each adjacent to a vertex, say u and v respectively, in distinct K4’s. Note that u or v
could be in D. Also, c1 must be adjacent to a vertex w in a K4 other than A, B, C or D. Note, w does not need to be in a distinct
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K4 from either of u or v, however u and v do need to be in distinct K4’s from each other. Choose one vertex from each K4
other than A, B, C,D, or any of the K4’s containing u, v or w and call this set W . Then {u, v, b1, b2, b4, d1, d4, w} ∪ W is a
minimal dominating set of size at least i + 1. However, U is a minimal dominating set of size i. Thus, there are two minimal
dominating sets of different cardinalities and G is not well-dominated. �

Corollary 12. There are seven 4-connected, 4-regular, claw-free, well-dominated graphs.
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