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1. Introduction

It is well known that Ringel-Hall algebras of hereditary algebras provide a successful
model for the realization of quantum groups. One of the important features of Ringel-
Hall algebra approach is that it makes it possible to study quantum groups by using the
machinery of representation theory of algebras, in particular, homological techniques and
Auslander—Reiten theory.
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In [19], Ringel constructed a PBW-basis for the Ringel-Hall algebra of any represen-
tation-finite hereditary algebra. Note that in the case of finite type, the composition algebra
and the Ringel-Hall algebra are coincide.

In [14,26], the authors constructed integral PBW-basis for the (twisted) generic compo-
sition algebra of Kronecker quiver and affine quivers, respectively.

In both cases, the Auslander—Reiten quiver, AR-quiver for short, of the corresponding
graph plays very important role.

In [4], the authors built a direct bridge between the quiver and valued quiver by com-
bining the idea of folding graphs with the idea of Frobenius morphisms and consequently
gave an explicit construction of the AR-quiver of the valued quiver from the AR-quiver of
the corresponding quiver.

The aim of this paper is to construct a PBW-basis for the twisted generic composition
algebra of any affine valued quiver by using its AR-quiver given by the method in [4].

2. Preliminaries

In this section, we recall some definitions and basic results of Ringel-Hall algebras and
Frobenius morphisms and F-stable modules from [4,7,17]. We refer to [1,8,22] for the
unexplained terminology and results used in this paper.

Throughout, IF, denotes a finite field with g elements. For any r > 1, let [F,+ denotes
the unique extension field of F,, of degree r contained in the algebraic closure F, of F,,.
All modules considered are left modules of finite dimension over the base field. If M is a
module, [M] denotes the class of modules isomorphic to M, called the isoclass of M.

2.1. Valued quiver and its representation

2.1.1. A valued graph (I, d) is a finite set I" (of vertices) together with non-negative
integers d;; for all i, j € I" such that d;; = 0 and there exist positive integers {&;};c satis-

fying
dijej =djie; foralli, jer.

Further, the valued quiver (I', d) defines a symmetrizable generalized Cartan matrix
Cr =(aij)i,jer by ajj =2 and a;j = —d;; fori # j.In fact, all symmetrizable generalized
Cartan matrices can be obtained in this way.

An orientation §2 of a valued graph (I, d) is given by prescribing for each edge {i, j}
of (I', d) an order (indicated by an arrow i — j). We call (I, d, £2), or simply £2, a valued
quiver. For i € I', we can define a new orientation o; §2 of (I', d) by reversing the direction
of arrows along all edges containing i.

2.1.2. Let (I',d, §2) be a valued quiver. We assume that (I, d, §2) is connected and
without oriented cycles in an obvious sense. Let S = (F;,;M;); jer be a reduced F,-
species of type £2, thatis, for all i, j € I", ;M is an F;-F;-bimodule, where F; and F; are
finite extensions of Iy, and dim(; M;)r; = d;j, dimg, F; = ¢;. A representation (V;, j¢;)
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of S is given by vector space (V;)r and F;-linear mapping ;j¢;:V; ® ;M; — V; for
any i — j. Such a representation is called finite-dimensional if Zdim]pq Vi < 0o0. A mor-
phism «: V — W from a representation V = (V;, j¢;) to W = (W;, ;) is defined as a
set @ = («;) of Fj-linear mappings «; : V; — W;, i € I', satisfying

iVilai®1)=aj j¢; foralledgesi — j.

We denote by rep-S the category of finite-dimensional representations of S. Note that
the category rep-S is equivalent to the module category of finite-dimensional modules
over a finite-dimensional hereditary I -algebra A, where A is the tensor algebra of S.
Furthermore, any basic finite-dimensional hereditary [ -algebra can be obtained in this
way.

2.1.3. LetS=(F;,;M;); jer beanF,-species, &; = diqu F;,and d;; = dim(iMj)Fj.
For a representation V = (V;, j¢;) € rep-S, we define the dimension vector of V to be
dim V = (dimpg, V;)ier. If V, W € rep-S, assume that

a=dimV =(ay,...,a,) and B=dimW = (by,...,b,),
and we define
(o, B) = _eiaibi — Y dijejaib;.
iel i—j
One sees that (cf. [20])
(. B) = dimp, Hom, (V, W) — dimg, Ext} (V, W).

Set

(a, B) = (o, ) + (B, ).

It is well known that both (—,—) and (—,—) are well defined on the Grothendieck group
Go(A) of rep-S. The bilinear form (—,—) and (—,—) are called the Euler form and symmetric
Euler form, respectively. In fact, the Grothendieck group with the symmetric Euler form is
a Cartan datum and any Cartan datum can be realized in this way (see [21]). Let e(x) =
(o, ). We see that (i) = ¢;.

2.1.4. Denote by QT the vector space of all x = (x;);er over the rational numbers. In
particular, for each i € I', ¢; denotes the vector with x; =1 and x; =0 for all j #i. Also,
for each i € I', we define the linear transformation s; : Q7 — Q! by s;(x) = y where
yj =xj for j #i and

Vi =—x; + Zdjixj'
jer
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The symbol W = W will denote the Weyl group, i.e., the group of all linear transforma-
tions of Q7" generated by the fundamental reflections s;,i € I".

2.1.5. Let (I',d, 2) be a valued quiver (connected and without oriented cycles) and
S =(F;,iMj); jer be an F,-species of type £2. Let i € I" be a sink or source of (I, £2).
We define o;(S) to be the F,-species obtained from S by replacing , M; by its F,-dual for
r=1iors=i;then 0;S is areduced IF;-species of type o; (£2).

2.1.6. For each sink or source i € I', one may define Bernstein—Gelfand—Ponomarev
reflection functors O'ij: :rep-S — rep-0; S (see [2,5]).

If i is a vertex of I', let rep-S (i) be the subcategory of rep-S of all representations which
do not have §; as a direct summand, where S; is the simple representation with dim S; = e;.
If i is a sink or source, then rep-S (i) is closed under direct summands and extensions. We
point out that if i is a sink, then ‘71‘+ :rep-S (i) — rep-0;S(i) is an exact equivalence and
induces isomorphisms on both Hom and Ext. The assertion for o, : rep-S (i) — rep-0; S (i)
is the same if i is a source.

2.1.7. Let A be a finite-dimensional hereditary I, -algebra, P the set of isomorphism
classes of finite-dimensional A-modules, and I C P the set of isomorphism classes of sim-
ple A-modules. We choose a representative V,, € o for any « € P. By abuse of notation,
we write

(or, B) = (dim V,,, dim V)
and
(o, B) = (dimV,,dim Vg) foralla, BeP.
So the Euler form (—,—) and its symmetrization (—,—) are defined on Z[/].

2.1.8. Fora,B,LeP,let ggﬂ be the number of submodules B of V,, such that B >~ Vg
and Vy /B >~ V.

2.1.9. Letv=,/q (hence g = v?), and Q(v) be the rational function field of v. The
Ringel-Hall algebra h(A) is by definition the free Q(v)-module with basis {uy | @ € P}
and the multiplication is given by

s = 3 s
rEP

forall , B € P.
The twisted Ringel-Hall algebra h*(A) is defined by setting h*(A) = h(A) as Q(v)-
vector space, but the multiplication is defined by

Ug *Up = plep) Z gé‘lﬂuk
reP

for all o, g € P.
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We denote by dim: Z" — Z the linear form given by dim e; = ¢;. For o € P, letdima =
dim(dim V).

For convenience of use, in twisted Ringel-Hall algebra h*(A), we write (uy) =
p~dimate@)y, - for each o € P (noting that (u;) = u; for all i € I). Then, it is easy to
see that the multiplication of h*(A) can be replaced by

(Ug) * (ug) = p B Z ggﬂ(ux) forall o, B € P.
rEP

Let A be the tensor algebra of an [, -species S. We can identify the categories mod-A
and rep-S; therefore, h(A) can be viewed as being defined for rep-S. Also, we denote
by o; A the tensor algebra of 0;S. We define h(A)(i) to be the Q(v)-subspace of h(A)
generated by u, with V, € rep-S(i). If i is a sink or source, since rep-S(i) is closed under
extensions and so h(A)(i) is subalgebra of hH(A). Because

Ji+ :rep-S(i) — rep-0;S(i)

is an exact equivalence and induces isomorphisms on both Hom- and Ext-spaces, it is not
difficult to see the following result of Ringel [19].

Proposition 2.1. Let i be a sink. The functor ol.+ yields a Q(v)-algebra isomorphism
i :h(A) (i) = h(oi A) (i)
with 6; (uy) = Uy for any V, € rep-S{i).
Of course, we have a dual statement for a source i.

2.1.10. In the study of quantum groups and the Ringel-Hall algebras, the following
notations and relations are often used:

= T = By,
[ V)
_ “ n|_ I[n]!
[”]!_rl:[l[r]’ [r]_ [r1in — 1t
n_q
=L (" g+ 1) =0,

—1

nlt=TTie1=v@n,
=1

I’l:| N |n]! — (=D |:I’l:|
t] n =11 t]

The following equations are the basic ones.
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Lemma 2.2. For n > 0, we have

n
Z(_l)l‘vl(lfl)
t=0

n
n|_ 1\, t(n—1)
t]—O and Z( IDETAR

t=0

”}:o.
t

If f(v) is a rational function of v, then by f(v), we mean f(v¢®).

2.1.11. Let (I,d,$2) be a valued quiver. We assume that (I",d, §2) is connected
and without oriented cycles in an obvious sense. Let S = (F;,;M;); jer be a reduced
IF,-species of type £2 and A be the tensor algebra of S, {S; | i € I} is a complete set of
pairwise non-isomorphic simple A-modules. We denote by ¢(A) the Q(v)-subalgebra of
h(A) generated by u;, i € I, which is called the composition algebra and whose twisted
generic version is denoted by ¢*(A).

On the other hand, we have a symmetrizable Kac—Moody algebra g = g(Cr) associ-
ated with Cp. Let U [;L (g) be the positive part of the quantized enveloping algebra U, (g)
of g. Then U;(g) is a Q(v)-algebra generated by the standard basis E;, i € I. The fol-
lowing well-known result of Green and Ringel (see [9] or [17]) lays down a base for our
investigation.

Theorem 2.3. There exists an isomorphism n:U, ; (g) = ¢*(A) of Q(v)-algebras such that
n(E;)=u;, i€l

2.2. Frobenius morphisms and F -stable modules

2.2.1. Letnow k = F, be the algebraic closure of ;. A Frobenius map on a k-vector
space V is an Fy-linear isomorphism Fy :V — V satisfying Fy (Av) = A9 Fy (v) for all
veVandAek.

Let A be a finite-dimensional k-algebra with identity 1. A map F4:A — A is called
a Frobenius morphism on A if it is a Frobenius map on the k-space A and it is also an
IF,-algebra isomorphism sending 1 to 1.

Given a Frobenius morphism F4 on A, let

Af =A™ ={ae A| Fs(a) =a}

be the set of Fa-fixed points. Then A% is an F,-subalgebra of A, and A = A" ® k. The
Frobenius morphism F4 on A is given by Fa(a @ 1) =a ® A4 foralla € AT, 1 e k.

Let M be a finite-dimensional A-module. We call M an F-stable A-module if there is
a Frobenius map Fy; : M — M such that

Fy(am) = Fa(a)Fy(m) forallae A, me M.

We denote by mod’ -A the category of finite-dimensional F-stable A-modules (M, Fy).
The morphisms from (M, Fys) to (N, Fy) are A-module homomorphisms compatible with
Frobenius maps Fy; and Fy. Note that mod’-A is an abelian IF,-category. We have fol-
lowing result.
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Theorem 2.4. [4] The abelian category mod” -A is equivalent to the category mod-Af of
finite-dimensional AT -modules.

2.2.2. Let Q =(Qop, Q1) be a quiver without loops, where Q¢ and Q; denote respec-
tively the set of vertices and the set of arrows of Q. For each arrow p in Q1, we denote by
s(p) and ¢ (p) its initial and terminal points, respectively.

Let o be an automorphism of Q, that is, o is a permutation on the vertices of Q and on
the arrows of Q such that o (s(p)) = s(o(p)) and o ((p)) =t (o (p)) for any p € Q1. We
further assume that o is admissible, that is, there are no arrows connected vertices in the
same orbit of o in Q. We call the pair (Q, o) an admissible quiver, or simply an ad-quiver.

Let A :=kQ be the path algebra of Q over k = Fq which has identity 1 =), €0, &>
where ¢; is the idempotent (or the length O path) corresponding to the vertex i. Then o
induces a Frobenius morphism

Foo=Fpoiq:A—> A, Y xips> Y xio(py), (1)
N N

where ) x, p; is a k-linear combination of paths p,, and o (ps) =0 (p;) --- o (p1) if ps =
pr - - - p1 for arrows p1, ..., pyin Q1.

2.2.3. A representation V = (V;, ¢,) of ad-quiver (Q, o) is called F-stable if there
is a Frobenius map Fy :@ier V; — @ier V; satisfying Fy (Vi) = Vy( for all i € Qo
such that Fy ¢, = @5 (p) Fy for each arrow p € Q1. An F-stable representation is called
indecomposable if it is not isomorphic to a direct sum of two non-zero F-stable represen-
tations. Clearly, for each i € Iy, Sj := @, Si is a simple F-stable representation of Q,
whose dimension vector is ej. Let Rep? (Q, o) be the category of all finite-dimensional
F-stable representations of (Q, o) together with morphisms in Rep Q which are compat-
ible with Frobenius maps. Then Rep’ (Q, o) is an abelian [F,-category. It is easy to see
that the equivalence between mod-A and Rep Q induces an equivalence between mod” -A,
where F = Fgp ., and RepF(Q, o). Hence, by Theorem 2.4, RepF(Q, o) and mod-A¥ are
equivalent.

Given a representation V = (V;,¢,) of O together with a Frobenius map Fy:
@ier V; — Gaier Vi satisfying Fy (V;) = V4 (;) for alli € Qp, we define the Frobenius
twist VI = (W;, v,) by

Woiy=Vi and s = (py] foralli € Qpand p € Q1.
Note that up to isomorphism, V!l is independent of the choice of the Frobenius map Fy .
Inductively, we define V51 = (V=1 for ¢ > 1. A representation V of Q is called
F-periodic if V11 = V for some s > 1. Such a minimal positive integer s is called F-period

of V. By [4], every finite-dimensional representation of Q is F-periodic.

Theorem 2.5. [4] Let V be an indecomposable representation of Q with F-period s. Then

Vi=vevilg.. vkl
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is an indecomposable F-stable representation of Q. Moreover, each indecomposable
F-stable representation of Q can be obtained in this way.

2.2.4. Toan ad-quiver (Q, o), we can associate a valued quiver I" = I ) as follows.
The vertex and arrow sets I and I7 of I" are, respectively, the sets of o-orbits in Qg
and Q. For each k € Qp and p € Q1:i — j, we denote by k and a the o-orbits of k
and p, respectively, and define

&k = #{vertices in o -orbit k}, &4 = #{arrows in o -orbit a},
da=¢a/¢j, and d,=¢a/ei, wherea:i— jinI7.
The valuation of I' is given by ({€i}icry. {(da, dj)}acr))-
Using the Frobenius morphism F' = Fp , on A defined by o, we can attach naturally

to I" an [F;-modulation to obtain an IF,;-species as follows: for each vertex i € I and each
arrow p in I, we fix ig €1, po € p, and consider the F4-stable subspaces of A

gi—1 sp_l
AiZ@keiZ@ke’(;x(io) and Ap=®k,0= @koj(l)O)a
iei s=0 pEP =0

where e; denotes the idempotent corresponding to the vertex i. Then

gi—1
Al = { Y x4 e

s=0

.
xek, x‘”:x} and

ep—1
t
Ay = { > %o’ (po)

t=0

ep
x ek, x? :x}.

Further, the algebra structure of A induces an AjF -AiF -bimodule structure on Af for
each arrow p:i — j in I'. Thus, we obtain an [F,-modulation M = M(Q,0) :=

({Aif H, {AZ: }p) over the valued quiver I". We shall denote the [ -species defined above
by

Moo =Mg ;g = (I, M). 2)

Let T (M p,») be the tensor algebra of the species My . Thus, by definition,

T(Mg.o)=EPM®",
n=0

where M =@ ,cr, A} is viewed as an R-R-bimodule with R = @, Al and ® = ®.
If, for each o-orbit p of a path p, - - - p201 in O, we set Ap = @pep kp, then

AIIJ: = A/f QF,_; *** OF, A:; F, A:fl ’

n
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where p, is the o-orbit of o, and F, = Af, . Since A" = @), A7, it follows that the fixed

point algebra A" is isomorphic to the tensor algebra 7 (Mg ). Thus, A¥-modules can
be identified with representations of the species Mo » (see [6]). The above observation
together with Theorem 2.4 implies the following.

Proposition 2.6. [4] Let (Q, o) be an ad-quiver with path algebra A = kQ and induced
Frobenius morphism F = Fg . Let Mg » be the associated F,-species defined as above.
Then, we have an algebra isomorphism AF = T (IMg,o). Hence the categories mod-AF
and mod-T (Mg ) are equivalent.

3. AR-quivers for affine valued quivers

3.1. We are now going to recall from [4] that the Frobenius morphism F on a finite-
dimensional algebra A induces an automorphism s of the Auslander—Reiten quiver Q of
A and that the induced species 91g 4 is isomorphic to the Auslander—Reiten quiver of the
fixed point algebra A

Let A be a finite-dimensional algebra over field k = F,. For an A-module M, let Dy
denote the k-algebra

Dy :=End4(M)/Rad(End4 (M)).

This is a division algebra if M is indecomposable. By definition, the Auslander—Reiten
quiver (or AR-quiver for short) of A is a (simple) k-species Q 4 consisting of a valued graph
I' = I'y and a k-modulation Ml = M4 defined on I". Here, the vertices of I" are isoclasses
[M] of indecomposable A-modules and the arrows [M] — [N] for indecomposable M and
N are defined by the condition Irr4 (M, N) # 0, where

Irr4 (M, N) :=Rada (M, N)/Rad% (M, N)

is the space of irreducible homomorphisms from M to N. Each arrow [M] — [N] has the
valuation (dyn,d), ) with dyn and d),, being the dimensions of Irr4 (M, N) consid-
ered as left Dy-space and right Dy,-space, respectively. The k-modulation M is given by
division algebras Dy, for vertices [M] and (non-zero) Dy-Dys-bimodules Irr4 (M, N) for
arrows [M] — [N].

Since the algebra A is defined over the algebraically close field k = Fq, we may regard
the AR-quiver Q@ = Q4 of A as an ordinary quiver. We first observe that Q admits an
admissible automorphism s. For each vertex [M] € Q, s([M]) is defined to be [M!1]. If
M and N are indecomposable A-modules, then there are ny; arrows yS(";’) from [M!$1] to
[N in Q, where 0 < s < p(M) — 1, 0 <t < p(N) — 1, ng = dimy Irrg (M1, NI
and 1 <m < ng. Note that ng; = ngy1 41 for all s, ¢, where subscripts are considered as
integers modulo p(M) and p(N), respectively. We now define

s(y?) =y L forall 0<s < p(M) —1and 0 <1 < p(N) — 1.

Clearly, s is an admissible quiver automorphism and (Q, s) is an ad-quiver.
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Associated to (Q, s5), we may define a species Mg 5 as follows: let 4 = kQ denote
the path algebra of Q and F = Fg ,; be the Frobenius morphism of A induced by the
automorphism s. For each vertex i(M) (i.e., the s-orbit of [M]) and each arrow p (i.e., an
s-orbit of arrows in Q) in I'(Q, s), we define subspaces

p(M)—1
Aoy = @ kepppisyy and - Ap = @k,o,
s=0 PEP

of A, which are obviously F-stable. By definition, the IF,-modulation M(Q, s) is given by
(Aio) and (Ap)F for all vertices i(M) and arrows p in I'(Q, 5).

Let = DTr = DExt(—,A) and t~! = TrD = Ext|(D(A), —), where D =
Homp, (D(A), —), be the Auslander-Reiten translates (cf. [1]). An indecomposable A-
module M is said to be preprojective (respectively preinjective) provided that there exists
a positive integer m such that t™ (M) = 0 (respectively t~"(M) = 0), and to be regu-
lar otherwise. An arbitrary A-module X is said to be preprojective (respectively regular,
preinjective) provided that every indecomposable direct summand of X is so.

If P, R and I are preprojective, regular and preinjective modules, respectively, then
there holds the nice properties

Homy (R, P) =Homyu (I, P) =Homyu (I, R) =0
and
Extl (P, R) = Ext\ (P, I) = Ext\ (R, 1) =0.

By [7], the Auslander—Reiten quiver of A has one preprojective component, which con-
sists of all indecomposable preprojective modules and one preinjective component consists
of all indecomposable preinjective modules; all other components turn out to be “tubes”
which are of the form T = ZA,/m, where m is called the rank of 7. If m =1, then T
is called a homogenous tube, and if otherwise, it is a non-homogenous tube. The ranks of
non-homogenous tubes of A is completely determined by the type of valued quiver (except
for type Ay).

Theorem 3.1. [4] The species Mg ¢ associated to the AR-quiver (Q, ) of A defined above
is isomorphic to the AR-quiver Q 4r of AF . Moreover, the Auslander—Reiten translation of
A naturally induces that of the fixed-point algebra AF .

~3.2. In this paper, we will consider the affine valued graphs A 11, A 12, §n, 5,,, l?é’,,,
CD,, bT)n, F41 , f42, 621 and 522.

In the following, we will construct the AR-quivers for these valued graphs with an
admissible orientation from the AR-quiver for corresponding ordinary quivers case by
case.
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N(a) If we define 0(2) =3,03)=4,0(4)=5,0(5) =2 and o (1) =1 for the quiver
(Dg, £2)

then ((D4, §2),0) is an ad- qulver with automorphlsm o . By the construction in 2.2.4, we
get the valued quiver (A11, £2), where £2 is the following admissible orientation:

(1,4)
— .
1 2

We know that the AR-quiver of (54, £2) has the following form:

Py P3 . . Q41 021

Plzli 4 P32>: P 4 Regular : / Q42>i 4 szli
21 41 cee 1 [

RV AN N N R NN : part : Q4/ Qz/

P14/ \ P34/ \ \ Q4/ Q24/

................

The regular part is of the form:

‘1 €2 3

where c1, ¢ and ¢3 are non-homogeneous tubes and others are homogeneous tubes.
It is easy to see that the F-period of P;; is 4 and 1 for odd i and even i, respectively.
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Similarly, the F-period of Q;; is 4 and 1 for even i and odd 7, respectively. So from the
construction in 3.1, we get that the AR-quiver of (A1, §2) has the form:

(1,1 (3,2) . . 3.1 (1,0
~ "z Regular
Q? 2 QS part
0, 1) 4,3) . . (8,3) “4,1)

For the regular part, because the F-period of the modules in ¢ and c; is 4 and that of the
modules in c3 is 2, so the regular part of the AR-quiver of (Z 11, £2) consists of homoge-
neous tubes only.

(b) If we define o (1) =1,0(2) =2 and 0 () = B, 0 (B) = « for the quiver (Zl, )

then ((Z 1,82),0)1s anNad—quiver with automorphism o . By the construction in 2.2.4, we
get the valued quiver (Aj3, §2), where £2 is the following admissible orientation:

2,2
— .
1 2

The AR-quiver of ((;1, £2), 0) is of the form:

1,2 3.4 . . (3.2 1,0
o

©, 1 (2,3) “4.3) 2,1

where the regular part consists of homogeneous tubes only. Because the automorphism s
fixes the points and permutes the two arrows, and the number of elements of s-orbit of
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each point is one and the number of elements of s-orbit of each arrow is two, so from the
construction in 3.1, we get the AR-quiver of (A2, §2)

1,2 (3.4 . . (3.2 (1,0)

°
2

&)
®

Regular
part

o)

» ™
o o

©,1) 2,3) . . 4,3) 2,1

where the regular part consists of homogeneous tubes only.

Similarly, we can get the AR-quivers of all other tame valued quivers with the given
admissible orientation. In the remaining cases we omit the AR-quivers, but for later use we
express the non-homogeneous tubes in the regular part explicitly.

(c) If we define

a(l)y=1, c2)=2n, ocB)=2n-1, ..., on)=n+2,
omn+1)=n+1, oR2n)=2, ocRRn-1)=3, ..., om+2)=n

for the quiver (Zz,,_l, )

1 n+1

2n 2n—1 n+3 n+2

then ((Zzn,l, £2),0)1s anNad—guiver withNautomorphism o. By the construction in 2.2.4,
we get the valued quiver (B, §2), where £2 is the following admissible orientation:

(1,2) 2,1

2 3 n—1 n nt1

k. J

The regular part contains one non-homogeneous tube ¢ of rank n and only the even multi-
ples of 4, i.e., 28,446, ... occur in ¢, where § is the minimal positive imaginary root.
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(d) If we defineo(l1)=2,0(2)=1,03)=3,0(4) =4, ...,0n)=n,0n+1)=
n+1,0(n+2)=n+3and o(n 4+ 3) =n + 2 for the quiver (D42, £2)

2 n+2

n+3

then ((Dn+2, £2),0) is an ad qulver with automorphlsm o. By the construction in 2.2.4,
we get the valued quiver (C " .Q) where 2 is the following admissible orientation:

2,1 (1,2)

1 2 3 n—1 n nt1
The regular part contains one non-homogeneous tube c of rank » and all positive imaginary
roots occur in c.

(e) If we define
o()=1, o@)=2n+3, ..., ocn—1)=n+6, on)=n+5, ocn+1)=n+3,
o2n+3)=2, ..., on+6)=n—1, cn+5 =n, cn+3)=n+2,
ocn+2)=n+4,
ocn+4)=n+1

for the quiver (52n+2, )

n+3
2n+3 2n+2 2n+1 n+6 n<
n+4

then ((52n+2, £2),0) is an ad-quiver with automorphism o. By the construction in 2.2.4,
we get the valued quiver (BCy, §2), where §2 is the following admissible orientation:

~ 1,2) 1,2)
BC,: e SN >0 . o o .
1 2 3 n—1 n n+1

The regular part contains one non-homogeneous tube c of rank » and all positive imaginary
roots occur in c.

) Ifwedefineo(l)=1,02)=2n+3,02n+3)=2,03)=2n+2,02n +2) =
3,04 =2n+1,02n+1)=4,...,.c0n—1)=n+6,c6n+6)=n—1,0(0n) =
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n+50mn+5)=non+1l)=n+3,0n+2)=n+40n+3)=n+l,on+4) =

n + 2 for the quiver (D2n+2, £2) in case (e), then ((D2n+2, £2), 0) is an ad-quiver with au-
tomorphism . By the construction in 2.2.4, we get the valued quiver (CD,H_l .Q) where
2 is the following admissible orientation:

n+1 2.1

n—+2

The regular part contains two non-homogeneous tubes ¢; and ¢, of rank n — 1 and 2,
respectively, and all positive imaginary roots occur in both ¢ and c;.

(g) If we define o(1) =1,0(2)=2,03)=3,....,on—1)=n—1,0(@)=n,
on+1)=n+2,0(n+2)=n+1, for the quiver (D, 41, £2)

2 n+1
3 4 n—1
n
1
n+2

then ((5n+], £2),0) is an /zlg—quixer with auiomorphism o. By the construction in 2.2.4,
we get the valued quiver (D D,,, §2), where §2 is the following admissible orientation:

1 1,2)

3 4 n—1 n n+1-°
2

The regular part contains two non-homogeneous tubes cj and ¢, of rank n and 2, respec-
tively. All positive imaginary roots occur in ¢ but in ¢y only positive even multiples of §
occur.

(h) If we define o (1) =1,0(2) =2,6(3)=3,0(4) =6,0(5)=7,0(6)=4,0(7) =5
for the quiver (E(,, )

then ((E6, £2), 0) is an ad-quiver with automorphism o. By the construction in 2.2.4, we
get the valued quiver (F41, .Q) where £ is the following admissible orientation:

(1,2)
1 2 3 4 5
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The regular part contains two non-homogeneous tubes ¢y and ¢, of rank 3 and 2, re-
spectively. In ¢y, only the positive even multiples of the minimal positive imaginary roots
occur and in ¢, all positive imaginary roots occur.

(i) If wedefineo (1) =4,0(2)=5,03)=6,0(4)=1,0(5)=2,06)=3,0(7) =17,
o (8) = 8 for the quiver (E7, )

then ((E7, 2),0)1s an ad- qulver with automorphlsm o. By the construction in 2.2.4, we
get the valued quiver ( F42, .Q) where 2 is the following admissible orientation:

2,1
1 2 3 4 5

The regular part contains two non-homogeneous tubes ¢y and ¢ of rank 3 and 2, respec-
tively. All positive imaginary roots occur in both ¢1 and c¢;.

~(]') If we define o(1) =1,02)=2,03) =4, 0(4) =5, o(5) =3 for the quiver
(D4, £2)

3
1 2/;
30 «—@

then ((D4, £2),0)1s an ad- qulver with automorphlsm o . By the construction in 2.2.4, we
get the valued quiver (G21 .Q) where 2 is the following admissible orientation

(1,3)
1 2 3

The regular part contains one non-homogeneous tube c of rank 2 and in ¢ only 36, 64, . ..
occur.
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(k) If we define o (1) =2,0(2) =3,03)=1,0(4)=5,0(5)=6,0(6) =5,0(7) =
for the quiver (Eg, £2)

then ((E6, £2),0)i1s an ad- qulver with automorphlsm o. By the construction in 2.2.4, we
get the valued quiver (G22, .Q) where 2 is the following admissible orientation:

3,1
1 2 3

The regular part contains one non-homogeneous tube ¢ of rank 2 and all positive imaginary
roots occur in c.

4. PBW-bases of the twisted generic composition algebras of affine valued quivers

Let (I', d, £2) be a valued quiver and S = (F;, ;M}); jer be the F,-species of type £2.
We denote by h(A) and ¢(A) the Ringel-Hall algebra and the generic composition algebra
of the tensor algebra A of S, respectively. We denote by P(A) and Z(A) the subalgebra of
h(A) generated by the isomorphism classes of preprojective modules and the preinjective
modules, respectively. Because of Theorem 2.3, we will discuss the twisted Ringel-Hall
algebra h*(A) and twisted generic composition algebra ¢*(A) in the following.

In this section we will construct a PBW-basis of the twisted generic composition algebra
of affine valued quivers by using their AR-quivers we obtained in the previous section.

4.1. The cases X]] and Xlz

4.1.1. Given a positive integer 7, a partition p of n is a finite sequence (ny, ..., n;) of
positive integers such that

n=--->2n>=21 and ny+---+n; =n.

We call ¢ the length of p, which is denoted by /(p) = t. Denote by P(n) the set of all
partitions of n, and by p(n) the number of elements in P(n). Set p(0) = 1; and for p € P(0)
set [(p) = 0. For partitions A and p, we define their cup product A LI u to be the partition
formed by arranging all the parts of A and x in descending order. Moreover, if A and p are
partitions of some 7, then we set A < p if the first time that A; # u; implies that A; > u;
(i.e., the reverse lexicographic ordering).



350 A. Obul, G. Zhang / Journal of Algebra 297 (2006) 333-360

Remark 4.1.2. We also know from [25] that for any homogeneous tube 7', the Ringel-Hall
subalgebra h*(T) generated by the isomorphism classes of indecomposables in T is com-
mutative and it is well known that there is no Hom and Ext between two different tubes, so
the Ringel-Hall subalgebra generated by the isomorphism classes of regular indecompos-
ables is also commutative.

4.1.3. Foragivend € Z", where n is the number of vertices of the affine valued quiver
(I',d, £2), we define the following element in h*(A) following [26]

rq = Z urpm)  where M ranges over the regular modules with dim M =d.
[M]

Note that this is a finite sum since [, is a finite field, and that M can be decomposable. If
there is no regular modules M with dim M = d, then we define rq = 0. Then rq € ¢*(A)
(see [26]).

For a positive integer n and a partition p = (n1, ..., n;), we define

*
Fp=Tns*Tnys % %Tys €C (A),

where § is the minimal positive imaginary root. From the above remark, we know that r,
does not depend on the ordering of the factors.

4.1.4. From the AR-quiver of A 11 and A 12, we can define a total ordering for the
isomorphism classes of preprojective part as follows

[P]1<[P;] ifandonlyif P;ison the left side of P;.

Similarly, we can define a same total ordering for the preinjective part.
Now, we state our main theorem about A;; and Aq».

Theorem 4.1. Let (I',d, $21) be Z]] or X]z, where the orientation §21 as in 3.2. Then
the twisted generic composition algebra ¢*(A1) has a PBW-basis consisting of elements
of the form u|p) * rp * uiy), where Ay is the tensor algebra of Si, Sy the corresponding
IF,-species of type §21, and

(1) upy=upp*---xupp, with 0 < [P1] < -+ < [Ps] indecomposable preprojectives;
(2) peP(n), ne€Ny;
Q) upn =up * - xup, with 0 <[] < - - - < [I;] indecomposable preinjectives.

Proof. From [24] we know that the preprojectives, preinjectives and r,,s, for all m € N,
belong to ¢*(Aj). So the space V(Aj), spanned by the elements up| * rp * ujy, is
a subspace of ¢*(A). Clearly V(A1) also inherits the gradation of ¢*(A;). More pre-
cisely, V(Ay) = @a V(A1)q where V(A1)e = ¢*(A1)e NV (A1). Moreover, the elements
upp] *rp * uy) in the theorem are linearly independent over Q(v). So it is enough to prove
that the dimension of each graded part is same.
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Let g be the affine Kac—-Moody Lie algebra corresponding to the underlying graph of Sj.
The positive roots of g are of two types [11]: the real roots (having multiplicity one) and
the imaginary roots (the multiples of §).

We also recall that the dimension vectors of the indecomposable modules for A; are
precisely the positive roots of g. (This is proved in [7] for the affine case; see also [11-13]
for the general result.)

It follows from the PBW-basis of 2/ (g) that the dimension of the graded part ¢* (A ) is
precisely the number of ways of expressing « as a sum of positive roots (with multiplicity).
For example, dim ¢*(A); is 1 plus the number of ways of expressing § as a sum of positive
real roots.

For an arbitrary preprojective module P € P(A}), we can write

P:P]alea...@Pla”

where Py, ..., P; are indecomposable preprojective modules such that [P1] < --- < [Py],
then by [17]

R 1, @
S P P T L R O

laill la;
It follows that the number of preprojective modules (up to isomorphism) with dimension
vector « is precisely the number of ways of expressing « as a sum of dimension vectors of
indecomposable preprojective modules (with multiplicity). An analogous result holds for
the preinjectives.
For any dimension vector o, we consider an arbitrary expression of « as a sum of posi-
tive roots

a=a(pp)+---+oag(pp)+n1é+---+n:8+ar1(pi) + -+ o (pi),

where s,t,r >0, n1 =2 --- > n; 20, and a1 (pp), ..., as(pp) are the real positive roots
which are dimension vectors of indecomposable preprojective modules, n{4, ..., n;é are
the positive imaginary roots which are the dimension vectors of indecomposable regular
modules and a1 (pi), ..., o, (pi) are the positive real roots which are dimension vectors of
indecomposable preinjective modules.

We take

P=P® - &P, [P]< - <[F],
I=h&---®l, [h]l<- <[]
rp =Trns *rn25 Kook Iy,s,
where dim P; = a1 (pp), ..., dim Py = o5 (pp) anddim [1 = o1 (pi), ..., dim [, = «, (pi).
Then the element upp; * rp * up;) is in V(Ay)e. This implies that dimV(A1)q =

dim c¢*(A1)q. So for each dimension vector «, the dimension of ¢*(A1), and the dimension
of V(A1)q are coincide. 0O
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4.2. The preprojective and preinjective cases

4.2.1. Let(I',d, $2) be a tame valued quiver and A = (I, (—,—)) be the corresponding
Cartan datum in the sense of Lusztig, g the corresponding symmetrizable Kac—Moody
algebra. We have the Drinfeld—Jimbo quantized enveloping algebra U, (g) attached to the
Cartan datum A. Its Chevalley generators: E;, F; and K, with o € Z[I]. Lusztig in [15]
has introduced the symmetries Tl/ " :Uq4(g) = Uy(g) for i € I, which are automorphisms
of U, (g) and satisfy braid group relations:

T/\(E)=—FK{,  T/\(F)=-K]E,
TNEN= Y DvTEEVEE forj#iinl,
r+s=—ajj
T\(Fp= Y (~)VSFPFF® forj#iinl,
r+s=—ajj
i1 (Kp) = Ky, p).
where a;; = (i, j) fori, j € I, B € ZI, El.(’) = E[/[r]e;, (&) is the minimal symmetriza-

tion, and s;(8) = B8 — (B, i)i.

For each i € I, one may define
U @lil={x e U/ () | T/, (x) e U (9)}.
Then Tif/l : U,;' (@]~ U;‘(g)[i] is an automorphism.

If i € I is sink, then the Q(v)-algebra isomorphism o; in Proposition 2.1 induces ho-
momorphism

0 1" (A) (i) > *(or A) i),

where ¢*(A) (i) = {x € ¢*(A) | 0;(x) € (0;A)}. It is well known that 0; = Ti”’l under the
identification ¢*(A) = U ; (g) (see [23]).
Dually, if i is a source, we have analogous results.

4.2.2.  We call an indecomposable A-module M to be exceptional if it has no self
extension, i.e., Ext! (M, M) = 0. Then it has been proved (see [3]) that (ufsa) € ¢*(A)
for any s > 1 if M is exceptional.

4.2.3.  We denote by Prep and Prei the set of isomorphism classes of indecomposable
representations in the preprojective and preinjective components of mod A, respectively. In
particular, the set

{(u[SM]) | M is indecomposable in Prep or Prei and s > 1}

lies in ¢*(A).
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The situation we meet in this section is essentially the same as in the case of finite type.

Let i, ...,i; be an admissible sink sequence of (I, d, £2), that is, i, is a sink of
(I',d, §2) and for any 1 <t < m, the vertex i, is a sink for the orientation o;,_, - - -0y, £2.
Let M be an indecomposable module in Prep. Then there exists an admissible sink se-
quence of (I', d, £2) such that

+ +
M=0;"0.(Si,,)

where §; ., is a simple module in modg;, - - - 0;; A. We have following (see [19])

m+1

Lemma 4.2. Let M be indecomposable preinjective module. Then

(MM) = Ti/]/,l e TH,] (Eirrl+l)’

i"l
where M = oiT . 'Gij,: (8i,,.1), for an admissible sink sequence iy, ...,i1 of (I', d, §2).
Since Prei is directed, we may give a total ordering of Prei as follows. Let

{... B3, B2, 1}

be all positive real roots appearing in Prei, and

{0 M(B3), M(B2), M(BD) }

be all indecomposables in Prei with dim M (8;) = B;. We require that a total ordering < in
Prei satisfies the following

Hom(M(ﬁi),M(ﬂj)) #0 implies B; <pB; and > ].
Then such an ordering has the property
(Bi.Bj) >0 implies f;<p; and i>j,
(Bi.Bj) <0 implies B; <pB; and i<
and
Ext(M (i), M(Bj)) =0 fori> j.

There is no harm to denote by Prei ={..., 83, B2, B1}.
Similarly, Prep is directed, we may give a total ordering of Prep as follows. Let

{ar, o0, 03,...}
be all positive real roots appearing in Prep, and

{M(a)), M(a2), M(e3), ...}
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be all indecomposables in Prep with dim M (¢;) = ;. We require that a total ordering <
in Prep satisfies the following

Hom(M(oti), M(aj)) #0 implies o; <a; and i< j.
Then such an ordering has the property
(aj, ;) >0 implies o; <a; and i<,
(aj,a;) <0 implies o <a; and j<i
and
Ext(M(e;), M(aj)) =0 fori < j.

There is no harm to denote by Prep = {1, o2, a3, . . .}. '
Let b: Prei — N be a support finite function, we denote it by b € N"¢_ Then

M®b)=  bBIMPB)

Bi €Prei

is a preinjective module and any preinjective module is of this form, up to isomorphism.
We set

(Upy) = v dim M (b)+dim End(M (b))

UM (b)]-
By Ringel [19], we have
Lemma 4.3. For any b € NP/,

(upty) = (ub(p;, )M (B, )1 * -+ % (Wb, )M B 1)
where {B;, < Bi,_, <+ =< Bi,} are those B € Prei such that b(B) # 0.

Because all indecomposable preinjectives are exceptional, (uimm)]) € c*(A) for all
b € NP7¢Therefore, we are ready to define ¢*(Prei) to be the Q(v)-submodule of ¢*(A)
generated by
{(urprmy) b e NP}
We have
Lemma 4.4. The Q(v)-submodule ¢*(Prei) is an subalgebra of ¢*(A) and
{urpmn) | b e N}

is a Q(v)-basis of c*(Prei).
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For a proof, see [14]. We have similar results for Prep.
Lemma 4.5. For any a € NP7l e have

(upm @) = (Uage )M(ai)1) * % (Ulage;,) M (@,)])>

where {o;, ..., o, With aj <, <--- <, } are those o € Prep such that a(o) # 0.

m

Lemma 4.6. Let ¢*(Prep) be the Q(v)-submodule of ¢*(A) generated by
{12 e NP},

Then ¢*(Prep) is an subalgebra of ¢*(A) and {{(uim@y) |a € NPrP) is a Q(v)-basis of
c*(Prep).

4.3. The PBW-basis for affine valued quivers

4.3.1. From [7] we know that there is a full exact embedding 7 : mod-A| < mod-A.
This gives rise to an injection of algebras, still denoted by T :§*(A1) < b*(A). The in-
jection T maps ¢*(A1) into ¢*(A). We have defined the elements 7, (p € P(n), n € Np) in
h*(A1) and we know that they are in ¢*(A1), so

Eps=tEps*---xEps=:T(rp) =T(rps)*---*%T(rps) €c*(A)
forall p=(p1,..., pr) € P(n), n € Ny.

4.3.2.  We may list all non-homogeneous tubes 71(r1), 72(r2), ..., Zs(rs) in mod-A
where r; is the length of 7;(r;) (in fact s <3). Let Sy, ..., S,, be all the simple objects
in 7 (r;) (called quasi-simple modules in mod-A) and S;[/] the (unique) indecomposable
module in 7 (r;) with top S; and length /.

Let IT denote the set of all n-tuples of partitions. Then for each element 7 =
(m(1),7(2),...,mw(n)) € I1, we define a module in the non-homogenous tube 7 (ry),
kef{l,2,...,s},

M) = P Si[nj(.')],
ieAp
jz1
where 7 = (?fl(l), 7?2(1), ...) is the partition dual to 7¥) and Ay is the set of vertices on the
mouth of 7; (r). In this way, we obtain a bijection between IT and the set of isomorphism
classes of nilpotent representations in 7y (r¢).

An n-tuple w = (71(1), @ ..., n(”)) of partition is called aperiodic (in the sense of
Lusztig [15]), or separated (in the sense of Ringel [18]), if for each / > 1 there is some i =
i(l) € Ag such that 7"?](.’) #1 for all j > 1. By IT%, we denote the set of aperiodic n-tuples
of partitions. A module in 7 (r) is called aperiodic if M >~ M (r) for some 7 € IT¢.
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It is well known that (see [7])

N
Y ri—D=n—1,
i=1

where n + 1 is the number of vertices.

4.3.3.  For each non-homogeneous tube 7;(r;), we have the generic composition al-
gebra ¢*(7;(r;)) and the set IT{ of aperiodic r;-tuples of partitions such that for any
T e Hi“, M () is a aperiodic module in 7;(r;). Note that in all cases in 3.1, the valua-
tions for each arrow in tubes are (1, 1). So we can identify each non-homogeneous tube
7; (r;) with the regular part of ANr,- with the cyclic orientation. Hence, from [14], for each
7;(r;), we have a PBW-basis {E; | w € IT{'} of ¢*(7;(r;)), where

Ex=(umen) + Y. 1} (umoon)-
AeHl.“,A«r

For later use, we recall a lemma from [14].

Lemma 4.7. Let {S; | 1 < j < ri} be a complete set of non-isomorphic quasi-simple mod-
ules of a non-homogeneous tube T such that S; = tU=DS, and b*(T) is the twisted
Ringel-Hall algebra of T over Q(v), where T is the AR-translation.

(D) If ritl, 1 < j <y, then

usip= Yy @B (modw— DHX(T)),
A=, AelT?

where ay € Q and S;[1] ~ M (r).
Q) Ifri|l,1<j<ri—1, then

US;[I] — US; 1] = Z a) E; (mod(v — l)b*(T)),
Ar=m(or '), AeIT?

where ay € Q and S;[11 >~ M (), Sj1[l1~ M (x").

Note that there is natural imbedding ¢*/(v — 1)c* into h*/(v — 1)h*, so we may re-
place h* in Lemma 4.7 by c¢*.
Now we define a set M by the following rule. Any ¢ € M is given by the data:

(1) a support-finite function a. : Prep — N,

(2) a support-finite function b, : Prei — N,

(3) an element 7;c € IT{ for each 7;, 1 <i <,

(4) a partition we = (w1, w2, ..., ;) for some ¢t > 1, where w; < wp < --- < wy are in
N\ {0}
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Then for each ¢ € M, we may define

Ee = (uim@o) * Exy * Emye % -+ % Exy % Eoes % (UM Dbo)1)s

where (u[p(a,))) and (u M(bc)]> are defined just before Lemma 4.3, E, for 1 <i <s are
defined in 3.3.3 and E,, s is defined in 4.3.1. Obviously, {E. | ¢ € M} lies in c*(A) and
linearly independent over Q(v).

Theorem 4.8. The set {E. | ¢ € M} is a PBW-basis of ¢*(A).

Proof. Let V be the subspace of ¢*(A) spanned by the basis elements E.. Then V is
contained in ¢*(A) and inherits the gradation of ¢*(A). More precisely, V = @, Vi, where
Vo = V N ¢*(A)y. From the observation just before the theorem, it is enough to prove that
dim ¢*(A), and dim V,, are equal for all dimension vectors «. For this, first we investigate
the corresponding dimensions at Lie algebra level.

For each tame valued quiver (I',d, £2), we denote by g™ (A) the positive part of cor-
responding symmetrizable Kac—-Moody Lie algebra, where A is the tensor algebra of
F,-species S of type §2. Then we have the root space decomposition

g7 (A) =P oA,

where o ranges over all positive roots of g(A).

Let g1 (A) be the Lie algebra arising from module category of A (see [16]). It is well
known from Ringel that the Lie subalgebra gT(A) C ¢*(A)/(v — 1)c*(A) generated by
urs;], i € I over Q, is just the positive part of the corresponding symmetrizable affine
Kac—Moody Lie algebra g(A) over Q, and ¢*(A)/(v — 1)c*(A) is the universal envelop-
mg algebra of g F(A). So the dimensions of each corresponding root spaces of g+ (A) and

(A) are coincide.

In the following we will construct a suitable basis for each root spaces of gT (A).

If « is positive real root, then dim g(A), = 1 and there is unique indecomposable mod-
ule M with dimension vector o and we will take u[ys] as a basis for g (A)g.

If « is positive imaginary root, say o = mé§, m > 0, where § is the minimal positive
imaginary root of g(A). Then we examine this case by case.

(i) Type B,. Then by [10]

n, 1ifmiseven,

dimg(A), =
8(A)a {1, if m is odd.

By 3.2(c), for each even m = 2, we can take n — 1 elements of the form us; ) —
ULS; 41 [In]]- Together with the element 7 (r,,5), we have n linearly independent elements in
g1(A)ms for even m and one element for odd m, respectively.

(ii) Type Cn, BCn or CD Then by [10] dimg(A), = n. By 3.2(d), (e) and (f) we can
take n — 1 elements of the form us; 7y — u(s; ), (n | 1) for each m. Together with the
element T (r,,5), we have n linearly independent elements in g1 (A),,s for each m.
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(iii) Type DD,,. Then by [10]

if m is even,

n,

dimg(A)e = {n —1, ifmisodd.

By 3.2(g), for each even m = 2I, we can take n — 1 elements of the form u(s;y —
ugs; 12+ For each odd m =21 — 1, we can take n — 1 elements of the form u[g;[21—17] —
uis;, 121—17- So together with the element 7 (), we have n linearly independent ele-
ments for each even m and n — 1 linearly independent elements of the form ug;[217) —
urs; 12 for each odd m, in gy (A)s, respectively.

@iv) Type f41. Then by [10]

4, if m is even,

dim g(A)e = { 2. ifmisodd.

By 3.2(h), for each even m = 2[, we can take two elements of the form ULS; 30 —
ugs; 137 and one element of the form wugs; ) — wus;, 47 For each odd m =21 —1,
we can take one element of the form us;j41—27) — us;, (4127 Together with the element
T (rms), we have 4 and 2 linearly independent elements in g1 (A),,s for even m and odd m,
respectively.

(v) Type Fy3. Then by [10] dimg(A)q = 4.

By 3.2(i), for each m, we can take two elements of the form u(s; 3y — us;, (317 and
one element of the form ug; 217 — us; ,[217- Together with the element 7' (ry,5), we have 4
linearly independent elements in g (A),,s for each m.

(vi) Type Go1. Then by [10]

di 2, if3|m,
mg(A)e = { 1, if3fm.

By 3.2(j), for each m with 3 | m, we can take one element of the form us;3 —
urs; 131+ Together with the element 7 (ry5), we have 2 and 1 linearly independent el-
ements in g (A)s for m, 3 | m and for m, 3 1 m, respectively.

(vii) Type 522. Then by [10] dim g(A)y = 2.

By 3.2(k), for each m, we can take one element of the form us; oy — u(s;[217). To-
gether with the element 7 (7,,5), we have 2 linearly independent elements in g1 (A);,s for
each m.

It is well known from Lusztig that

dimgy) ¢*(A)g = dimQ(c*(A)/(v — De* (A))a

for each dimension vector «.

It follows from the PBW-basis of U; (g(A)) that the dimension of each graded
part ¢*(A)y is precisely the number of ways of expressing o as a sum of positive roots
(with multiplicity).
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For the root space decomposition

g1(A) =P 1A

of g1 (A), by Zle (ri —1) =n—1, we could take a homogeneous basis vy, v2, ... where v;
is the element of the form (i) ue; if «; is a positive real root corresponding to preprojective
or preinjective indecomposable module; (i) us; 1) if ot is positive real root corresponding
to regular indecomposable module and ! { the rank of corresponding tube; (iii) u[s; (1)) —
ugs; 1) if @ is positive imaginary root corresponding to regular indecomposable module
in non-homogeneous tube and [ | the rank of corresponding tube; (iv) Es if aj = w§ is the
positive imaginary root corresponding to regular indecomposable module in homogeneous
tube.

Let dimg(c¢*(A)/(v — 1)c*(A))o = ¢, then we can take a basis for dimg(c*(A)/(v —
1)c*(A))q consisting of the monomials x; = v;, - - - v;, of the basis elements vy, vy, ... of
g1(A),wherei| >ir>--->igjandi=1,...,1.

From Lemma 4.7, we know that each x; belong to V;, modulo (v — 1)c*(A). In this way,
we can find elements yi,...,y; in V, such that y; =x; + (v — 1)z;, i =1, ..., ¢, where
each z; € ¢*(A). From Nakayama lemma we can see that the elements y1, ..., y; are Q(v)-
linearly independent. Otherwise, xp, ..., x; are Q(v)-linearly dependent, a contradiction.
So dimgyy Vo = dimgyy) ¢*(A)«. Hence the dimensions of V,, and ¢*(A), coincide. O

References

[1] M. Auslander, I. Reiten, S.O. Smalg, Representation Theory of Artin Algebras, Cambridge Stud. Adv. Math.,
vol. 36, Cambridge Univ. Press, 1997.
[2] L.A. Bernstein, LM. Gelfand, V.A. Ponomarev, Coxeter’s functors and Gabriel’s theorem, Uspekhi Mat.
Nauk 28 (1973) 19-33.
[3] X. Chen, J. Xiao, Exceptional sequences in Hall algebras and quantum groups, Compos. Math. 117 (1999)
165-191.
[4] B. Deng, J. Du, Frobenius morphisms and representations of algebras, Trans. Amer. Math. Soc., in press.
[5] B. Deng, J. Du, Monomial basis for quantum affine sl;;, Adv. Math. 191 (2005) 276-304.
[6] V. Dlab, C.M. Ringel, On algebras of finite representation type, J. Algebra 33 (1975) 306-394.
[7] V. Dlab, C.M. Ringel, Indecomposable representations of graphs and algebras, Mem. Amer. Math. Soc. 6
(1976).
[8] P. Gabriel, A.V. Roiter, Representations of Finite-Dimensional Algebras, Algebra VIII, Encyclopaedia Math.
Sci., vol. 73, Springer, Berlin, 1992 (with a chapter by B. Keller).
[9] J.A. Green, Hall algebras, hereditary algebras and quantum groups, Invent. Math. 120 (1995) 361-377.
[10] V. Kac, Infinite-Dimensional Lie Algebras, third ed., Cambridge Univ. Press, 1990.
[11] V. Kac, Infinite root systems, representations of graphs and Invariant Theory, Invent. Math. 56 (1980) 57-92.
[12] V. Kac, Root systems, representations of quivers and invariant theory, in: Lecture Notes in Math., vol. 996,
Springer, Berlin, 1983, pp. 74-108.
[13] H. Kraft, C. Riedtmann, Geometry of representations of quivers, in: P. Webb (Ed.), Representations of
Algebras, in: London Math. Soc. Lecture Note Ser., vol. 116, Cambridge Univ. Press, Cambridge, 1986,
pp. 109-145.
[14] Z. Lin, J. Xiao, G. Zhang, Representations of tame quivers and affine canonical basis, preprint.
[15] G. Lusztig, Affine quivers and canonical basis, Inst. Hautes Etudes Sci. Publ. Math. 76 (1992) 111-163.
[16] L. Peng, J. Xiao, Triangulated categories and Kac—Moody algebras, Invent. Math. 140 (2000) 563-603.



360 A. Obul, G. Zhang / Journal of Algebra 297 (2006) 333-360

[17] C.M. Ringel, Hall algebras and quantum groups, Invent. Math. 101 (1990) 583-592.

[18] C.M. Ringel, The composition algebra of a cyclic quiver, Proc. London Math. Soc. 66 (1993) 507-537.

[19] C.M. Ringel, PBW-basis of quantum groups, J. Reine Angew. Math. 470 (1996) 51-88.

[20] C.M. Ringel, Representations of K -species and bimodules, J. Algebra 41 (1976) 269-302.

[21] C.M. Ringel, Green’s theorem on Hall algebras, in: Representations of Algebras and related Topics, in: CMS
Conference Proceedings, vol. 19, Amer. Math. Soc., Providence, RI, 1996, pp. 185-245.

[22] C.M. Ringel, Tame Algebras and Integral Quadratic Forms, Lecture Notes in Math., vol. 1099, Springer,
Berlin, 1984.

[23] J. Xiao, S. Yang, BGP-reflection functors and Lusztig’s symmetries: A Ringel-Hall algebra approach to
quantum groups, J. Algebra 241 (2001) 204-246.

[24] P. Zhang, Triangular decomposition of the composition algebra of the Kronecker algebra, J. Algebra 184
(1996) 159-174.

[25] P. Zhang, Ringel-Hall algebras of standard homogeneous tubes, Algebra Collog. 4 (1) (1997) 89-94.

[26] P. Zhang, PBW-basis for the composition algebra of the Kronecker algebra, J. Reine Angew. Math. 527
(2000) 97-116.



