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B. Mond and I. Smart (J. Math. Anal. Appl. 136 (1988), 325-333) defined a kind
of invexity and discussed the duality and sufficiency in scalar control problems with
such invexity. D. Bhatia and P. Kumar (). Math. Anal. Appl. 189 (1995), 676-692)
defined another kind of invexity, corresponding generalized invexity, and discussed
the duality for multiobjective control problems with such generalized invexity. In
this paper, the duality results for multiobjective control problems with Mond and
Smart’s generalized invexity are discussed. © 2001 Academic Press

Key Words: invexity; generalized invexity; multiobjective control problems;
efficient solution; duality.

1. INTRODUCTION

Recently, quite a few authors discussed duality for multiobjective varia-
tional problems with different generalized convexity or generalized invexity,
such as [1, 3, 6-8, 10-13, 16]. Most of them considered the Wolfe type and
Mond-Weir type duals for multiobjective variational problems.

The General dual concept or an equivalent was introduced in some
papers, such as [5, 14, 15, 17] for conventional multiobjective mathematical
programming and in [10] for multiobjective variational problems.
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Bhatia and Kumar [2] discussed multiobjective control problems with
p-pseudoinvexity, p-strictly pseudoinvexity, p-quasiinvexity, or p-strictly
quasiinvexity. Nahak and Nanda [12] discussed efficiency and duality for
multiobjective variational control problems with (F-p)-convexity. The
objective functionals and constraint functionals in both papers were dif-
ferent. In the present paper, we discuss duality for multiobjective control
problems with the same objective functionals and constraint conditions as
in [2], but with the invexity defined in [9].

2. NOTATIONS AND PRELIMINARIES

Let I = [, t;] be a real interval, and let f:1 x R" x R" — R(i =
L,2,...,p), g I xR"xR" - R(j=1,2,...,1),and hy: I x R" x R" —
R(k =1,2,...,n) be continuously differentiable functions. Denote by X
the space of piecewise smooth functions x:/ — R”, with the norm ||x| =
lx|ls + |Px||s and by U the space of piecewise continuous control func-
tions u: I — R™ with the norm | ||, where the differentiation operator D
is given by

u=Dx & x(t) = x(t) + ft u(s)ds,

(

where x(7y) is a given boundary value. Denote the partial derivatives of f;
with respect to ¢, x, and u, respectively, by f;;, fi;, and f;, such that

fom (LAY (L

ax, dx, " ax, u; duy, " du,
i=1,2,..., p,where T denotes the transpose operator. The partial deriva-
tives of the vector functions g and /4 are similarly defined, using n x [ matrix

and n x n matrix, respectively.
Consider the multiobjective control problem (VCP)

min /tf f(t, x,u)dt = (/tf fi(t, x,u)de, ..., ftf [t x, u)dt)
subject to x()) = a, x(t;) = B, €))
X =h(t, x,u), tel, 2

g(tﬂ X, M)I(gl(l,x, u),...,g1(t,x, u))Tfoa tel (3)
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For any partition {3,3'} of {1,2,...,1}, ie, 2UY = {1,2,...,1},
3N = ¢, we propose two types of general duals for (VCP):

(VCD1)
max (_/ttf[fl(t’ »)+w@)igs(t yv)lde, ..., fttf[f,,(z, )
+ u()igs(t, y,v)] dt) subject to y(fy) = a, y(t;) =B,  (4)

p
2 Aoty ) + 8,6y, vIm(D) + hy(, v, v)y() + ¥(1) =0, 1€l (5)
i=1

p
2 Aifult y,v) + 8 (6 y, v)u(t) + hy (4 y, v)y(1) =0, tel, (6)
i=1

Iy )
[ O (e yv) = 31di = 0, ()
0
i
fl w(1)4 g5 (1, y, v)dt = 0, 8)
0
w0 =0, el )
P
)\izo, i=1,2,...,p,2)\i=1, (10)
i=1

where u(f)s denotes the || column vector function with the component
indices in 3, and similar notations have the same meanings.

(VCD2)

ma"(/ttf{fl(f’%V>+M~(t)§gz(t,y,v)+v(t)T[h(t,y, v)—yl}de,...,

[ Uty + w0130+ 1O TGt 3) =513t

subject to y(fp) =a, y(17)=p, (11)

p
ZAifiy(tayaV)+gy(tsyaV)lu(t)_’_hy(t’y’V)'Y(t)'f'y(t):O’ tEL (12)

i=1

14
ZAifiv(tay’V)+gv(t’y’V)/*L(t)+hv(t’yay)7(t):0’ IEI, (13)
i=1
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Ly
~/t I'L(t)g’gﬁ'(ta Vs V)dtzoa (14)
0
u(t)=0, tel (15)
14
A =0, i=1,2,...,p, Z)\l:l. (16)
i=1

Remark. When % ={1,2,...,1}, 3 = ¢, (VCD1) is just (WVCD) in
[2], and when S = $, 3/ = {1,2, ..., [}, (VCD2) is just (MVCD) in [2].

DEerINITION 1 [4]. A feasible solution (x*, u*) for (VCP) is said to be
an efficient solution for (VCP) if for all feasible solutions (x, u),

i I
£t x, u)dt < / £t x5, ut)d Vie {1,2, ..., p}
ly

fy

t 13
= /ffi(t, x,u)dt = /ffi(t,x*, ut)duvie{l,2,..., p}.
) )

DEFINITION 2 [9].  If there exist vector functions n(¢, x, x*, X, X*, u, u*)
€ R", with n = 0 at ¢ if x(¢) = x*(¢), and (¢, x, x*, X, X*, u, u*) € R™
such that for the scalar function A(¢, x, x, u) the functional H(x, X, u) =
ftf]f h(t, x, X, u) dt satisfies

H(x,x,u)—H(x*,x*,u")
s T * ook ok dnT * ok ok T * ok ok
> n' h(t,x*, %% u )+7hx(t,x L 5u )+ by, (X, 3, ut) |dt,
lo
then H is said to be invex in x*, x*, and u* on [y, f;] with respect to 7
and (.
DEerFINITION 3. Iffor all x € X and u € U,
s T ok ok dnT E T E
/ n' h(t,x*, %%, u )—l—whx(t,x LU )+ Ry, (G x*, 3, u) |de >0
7

0

=H(x,x,u)>H(x",x*,u*),
then H is said to be pseudoinvex in x*, x*, and u* on [f, t;] with respect
to m and (.
DEerFINITION 4. If forall x € X, x #2 x*, and u € U,
s T ok ok dnT EC T ook ok
/ n' h(t,x*, %%, u )—l—whx(t,x LU )+ hy, (G x*, 3, u) |de >0
)}

=H(x,x,u)>H(x*, x*,u*),

then H is said to be strictly pseudoinvex in x*, x*, and u* on [#, t;] with
respect to n and {.
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DEFINITION 5. Ifforall x e X and u e U,

H(x, x,u) < H(x*, x*, u*)

= s Th (l ko ok * dT]Th t * ok *
t n' h, ,x,x,u)+7 Lt X, 1, u”)
0

+{Th,(t, x*, &*, u*):| dt <0,
then H is said to be quasiinvex in x*, x*, and u* on [f), ;] with respect to
n and .
DEerFINITION 6. If for all x € X, x # x*, and u € U,
H(x, x,u) < H(x*, %, u*)

s Th * ok * d’)’]Th * ok *
= |7 x(t,x,x,u)+7 Lt x, 1, u”)
0

+{Th,(t, x*, &*, u*):| dt < 0,

then H is said to be strictly quasiinvex in x*, x*, and u* on [f), f;] with
respect to n and (.

3. THE DUALITY BETWEEN (VCP) AND (VCD1)

THEOREM 1 (Weak Duality). Assume that for all feasible (X, i) for
(VCP) and all feasible (y, v, A, 1, ) for (VCD1), ftgf[fi(t, yv) + (1)l gs x
(t, y,v)] dt is strictly quasiinvex at (y,v) on X x U with respect to n and
¢, and ftgf Y(OT[h(t, y,v) — y]dt and ftgf u(1)s gs/(t, y, v) dt are quasiinvex
at (y,v) on X x U with respect to the same n and {, then the following
cannot hold simultaneously,

[t w ayde < [ 159 + 08,5 9)] dr

vie{l,2,..., p}, (17)

/ttf fit, %, @) di< /ttf [£(t, 5, 9) + ()L gs (¢, 7, )] dt,

for some je{l,2,..., p}. (18)
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Proof. Suppose to the contrary that (17) and (18) hold for some feasible
pp ry

(%, i) for (VCP) and some feasible (y, v, A, i, ¥) for (VCD1), then by (3),
(9), and (17),

[ [t %0 + BT gs(c. 7. )] de

)
1y o T o )
S/t (£t 7, 7) + () gs(t, 3, 9)] dr,  Vie{l,2,..., p}.
0

t

By the strictly quasiinvexity of [/[f;(,y,v) + ()L gs(t, y, v)]dt, when
(x,u) # (y,?),

/ttf {nT(t’ X, u,y, ’_/)[fiy(t’ ¥V, 1_/) + gEy(ta ¥V, 1_’)/*_’“(1‘)2]

+ (8 %, i, 3, 0)[ (8 5, 0) + g5,(8 5, P)i(t)s]}de < 0,
ie{l,2,...,p}. (19)

Multiply each equation of (19) by A; > 0, i =1,2,..., p, and add them
together;

/totf {nT(t’ 2% D)[ i Aifiy(t, 3, 9) + 83, (5, 3, 17),1(;)2}

1
P

+ gT(ta X, i, .)_}7 D)I: Z /_\ifiv(ta .)_}a 1-}) + gEV(ta .)-)7 ﬁ)ﬁ(t)2:| } dt < 0. (20)
i=1

By (2) and (7),

ty _ o . ty _ o .
| O e 2 @) = R de < [ 90 b 5.9) - 5 di.
0 0
The quasiinvexity of ft(')f Y()T[h(t, y, v) — y] dt implies that

t o - dn” _
[ 705 5.9y 0550 + (B 70

0

+{1(t, x, 4, 3, v)h, (1, 3, 17)5/(:)] dt <0. (21)

Integrate [flf(dnT/dt)(—Enxn)i/(t) dt by parts;

i dnT _ ot oo oo
— | =) dt = —nTH()|/ Tyt dt = T3(1) dt.
dtv() nv()|z0+/t0n7() /tonv()

Iy
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By (21), we obtain

T (4 % a5 D) A8 5 90 + ()]

ty
+ {7t %, i, 5, 9)h,(t, 3, 9)¥(1)} dt <0
By (3), (8), and (9),
i o o o
/, a(Oh gs (1, %, v)dt < /, ()L gs (1, 3, 7)d.
0

0

It follows from the quasiinvexity of ft;f [:L(l)g, gs/(t, y, v)dt that

Z‘f o o
ft [TIng'y(f,y, D)y + ¢ gs, (1, 3, v)ia(t)s dt < 0.
0

Add (20), (22), and (23);

t p
/f {nT(t:)_C’ ﬁ’)_jai)[z)‘ifiy(t’yai)"_gﬁy(tay’ ’_})p’(t)i

fo i=1

+ngy<z,y,am<r>y+hy<z,,v,a>&(r)+w7<z>}

p -
+§T(t,567ﬁ,y,ﬁ)[z)\iﬁu(h}_’,77)+g2u(f,}7,77)ﬂ(f)2
=1

+g2fv<r,y,f/>n<r>y+hy<r,y,a>«7<r>} }dr

ty p
:-/t {nT(I,)_C, L_t’}_)aﬁ)[z/\iﬁy(l")—)sﬁ)'i'gy(tay’ 7_})/1(0

i=1

+hy(r,y,m(r>+‘&(r)}+§T(r,fc,a,y,ﬂ)

i=1
which contradicts (5) and (6).

P
x [infw(t,y, B)-+8,(1, 7. )a()+ (0,5, f/w(r)} }dr<o,

(22)

(23)

Remark. From the proof of Theorem 1 we can obtain that (17) and (18)
cannot hold simultaneously if ftf)’ (1)L gs/(t, y, v) dt is strictly quasiinvex at

(y,v) on X x U with respect to the same n and ¢ and ft:f[fi(t, »v)+
,a(t)ggz(t, y,v)]dt and f Y()T[h(t, y,v) — y]dt are quasiinvex at (y, ¥)

on X x U with respect to the same 5 and ¢, or ft;f y()T[h(t, y,v)

— yldt

is strictly quasiinvex at (y, ) on X x U with respect to the same 1 and ¢
t - tr — .
and [/ [(t, 3, ) + A(0)Egs(t, y. )] di and [}/ i) g (1, . v) di are quasi-

invex at (y, ¥) on X x U with respect to the same 1 and .
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THEOREM 2 (Weak Duality) Assume that for all feasible (x, i) for
(VCP) and all feasible (y,v, A, ,y) for (VCDl) one of the functionals
UL Nt yv) + B(OTgs (6 v ), [ 30T AL y,v) — F]di, on
ft“f [L(t)g, gs/(t, y, v)dt is strictly quasiinvex at (y,v) on X x U with respect
to m and { and the other two are quasiinvex, then (17) and (18) cannot hold
simultaneously.

Proof. Assume to the contrary that (17) and (18) hold simultaneously
for some feasible (¥, #) for (VCP) and some feasible (y, v, A, i, y) for
(VCD1). Multiply each equation of (17) by A; > 0,i=1,2..., p, and add
them together,

L o i . N -
[ Ehsz mdr = [ S Ah 50+ 20T 5.9 | d
0 j=1 0 Li=1

By (3) and (9),

/ [Zp: fi(t, %, u)+,u(t)2g2(t X, u)] dt

t ~ o . o
o Li=1
The left part of the proof is similar to the proof of Theorem 1.

THEOREM 3 (Weak Duality). Assume that for all feasible (x,u) for
(VCP) and for all feasible (y, v, A, i, y) for (VCD1), ft:)f{ P oNfit, yv) +
w(t)T g(t, y,v) + ¥()"[h(t, y,v) — y]} dt is strictly pseudoinvex at (y,v) on
X x U with respect to m and {, then (17) and (18) cannot hold simultaneously.

Proof. Multiply (5) from the left-hand side with n7; then take integra-
tion from ¢, to ; on both sides,

ty p - o o .
[ 5.0+ 8,05 90+ (13, 9)300) + 500 | ar =
0 i=1
Integrate ft;f nTy(t) dt by parts;

[ s o+ a59m0-41,0.5.950)

Iy

—diy(t)} dt =
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t P
[ [ 3. + 8,05 9t + 1y 15, 77300)
’ i=1

0

dn’ [, - o o
T [Z Aifis (8, 3, ) + g8, y, v) (1)
i=1

+[h(t, y,v) — ;]yq'/(t)] } dt =0. (24)

Multiply (6) from the left-hand side with {7, and then take integration from
fy to t; on both sides;

t p
[ €[S A 6527+ (05RO + (15570 | = 0. @)
fo i=1
Add (24) and (25);

/ttf {nT [i Xifiy(f, y,v)+ gy(t, v, v)(t) + hy(t, 7, 17))7(t):|

0

. [Z Aofis(t 3. 7) + g5( 3 DYR(0) + [R(1, 7. 5) — mm}

% [Z Aot 5.5) + g6, 3. DYR(E) + o0, 5, a)&(r)} } di=0 (26)

i=1
By assumption,

/tf{f At %, @) + () (e, %, @) + y(0)T[h(1, %, i) — 2]} dt

LN

t P
> ff{z/_\ifi(t’ 5}9 I_J) + /'_'L(t)Tg(t’ )_}7 7_}) + ?(I)T[h(t’ )_}7 7_}) - 5}]} dt

o iz

By (. (). (). and (8).
[[[Casnesm]a (S0 + a0l s.n] a
0 Li=1 b Lz

It follows obviously that (17) and (18) cannot hold simultaneously.

THEOREM 4 (Weak Duality). Assume that for all feasible (x,u) for
(VCP) and for all feasible (§,v,X, i, %) for (VCD1), [Jfi(t, y,v) +
,a(t)ggg(t, y,v)]dt is strictly pseudoinvex at ()7, v) on X x U with respect
to m and ¢ and f[;f w(t)% gs/(t, y,v)dt and f ¥()T[h(t, y,v) — y]dt are
quasiinvex at (y,v) on X x U with respect to 77 and {, then (17) and (18)
cannot hold simultaneously.
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Proof.  Similar to the first part of the proof of Theorem 3, we obtain
(26). It follows from (26) that

[ { 0" [Z Rofiy(8,5,5) + g, (8, 3, 77)@(02}

fo i=1

dnTT 2. _
+ % [Z Aifis(t, ¥, ¥) + g5y (L, Y, ’_’)ﬁ(t)z}

i=1

o [z MFul5.9)+ (0.5 9i(0s | ar
- ff[nTgyy(t, 5, D))y + ddi:ngy(r, 7, A0y
{05, PO | d
-/ {nThya, 5,930+ (e 5.5) - 51300
LTy (15770 d @7
By (2). (3). (7). (8), and (9),
[ a0esx e < [ a0Lgs(e5.7)dr

[ 50 5 @) - 51de < [ 5015 ) — 501 de

fo
By the quasiinvexity of fttof (1)% g5/ (1, y, v)dt and f YOI [h(t, y,v) —
yldt,
[ [nfgyyu, 590 + gy (3, DD
(05D | dr <0 (8)
and

[ .59 + Dethte 5.9 - 7130

+Th,(t, 7, a)y(r)} dt <0. (29)
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Substitute (28) and (29) into (27);

[ { nT[i Rufis(t 52 7) + 5,6 3 a)n(t)z}

fo i=1

dnT L,
+ % [Z Aifi(t, 9, V) + gs5(t, ¥, ;7),1(;)2}

i=

p —_
+ zT[Z Aifa(t, 5.5) + gsalt, 3. 17)11(1)2] } dt > 0.
i=1

By assumption,

By (3) and (9),

[ [ Miex o |- [ [Z M1 3.9) + B0 g6 5.)| .

0

It follows obviously that (17) and (18) cannot hold simultaneously.

THEOREM 5 (Weak Duality). Assume that for all feasible (x,u) for
(VCP) and for all feasible (y, v, A, i, ¥) for (VCD1),

() A,>0,i=1,2,...,p;

(ii) for each i € {1,2,..., p}, flf)"[f,-(t, yv)+ (Digs(t, y,v)]dt is
pseudoinvex at (y,v) on X x U with respect to ) and {;

(i) [ B0 ge(tyov)dt and [7 (6 h{(t, y,v) — ] dt are quasi-
invex at (y,v) on X x U with respect to n and ¢,

then (17) and (18) cannot hold simultaneously.

Proof. 1t is similar to the proof of Theorem 4.



MULTIOBJECTIVE CONTROL PROBLEMS 457

For the strong duality theorem, some results about scalar optimal control
will be needed. Consider one scalar optimal control problem as follows:

(cpP)

min /t:f f(t, x,u)dt
s.t.x = h(t, x,u)
g(t,x,u) <0,
where f, g, and & are as defined earlier.

LEMMA 1 (Kuhn-Tucker Necessary Optimality Conditions). If (x°, u®)
€ X x U, X being the space of continuously differentiable state function
x : I — R" such that x(4)) = «, x(t) = B and is equipped with the norm
Ix]l = I*llee + |Dx|l and U being the space of piecewise continuous con-
trol functions u: I — R™ with the uniform |u| ., solves (CP), if the Frechet
derivative [D — H (x°, u®)] is surjective, and if the optimal solution (x°, u")
is normal, then there exist piecewise smooth u’: I — R' and y° : I — R"
satisfying, for all t € I,

Folt, %, u) + g (1, x°, ul ) () + ho (2, 2, u)y* (1) + 7°(1) = 0
Fults X0, u®) + g, (1, x°, ) (2) + hy (1, x, u)y° (1) = 0.

(1) gt 20, ) = 0

u'(t) = 0.

LEMMA 2 (Chankong and Haimes). (x°, u) is an efficient solution for
(VCP) if and only if (x°, u®) solves Py (x°, u°) for all k = 1,2, ..., p, where
P(x%, u®) is defined as

ty
min | fi (¢, x, u)dt
)

s.t. x(f) = a, x(t;) = B
X =h(t, x,u)

g(t,x,u) <0

! t
[ 15 wyde < [ £ 20, 0y de
t 4

1

forall j€{1,2,..., p},j# k.
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THEOREM 6 (Strong Duality). Let (x°, u®) be an efficient solution for
(VCP) and if all the constraint qualifications of Lemma 1 for Pi(x°, u®)
for at least one k € {1,2, ..., p} hold, then there are nonnegative \° € R?,
piecewise smooth u° : I — R' and y° : I — R" such that (x°, u®, A°, u°, y°)
is feasible for (VCD1) and u°(t)" g(t, x°, u®) = 0, and if any one of the weak
duality theorems holds between (VCP) and (VCD1), then (x°, u®, A%, u°, y%)
is efficient for (VCD1).

Proof.  As pointed out in [8], P,(x°, u’) is a hybrid constrained opti-
mal control problem and the Lagrangian multipliers with respect to
ftif fit,x,u)dt < ftif fi(t, x° ulydt, j € {1,2,..., p},j # k are con-
stants in the corresponding optimal control problem without constraint.
By Lemma 1 and the assumption in the theorem, there are nonnegative
A € RP~! and piecewise smooth @’ : I — R and %° : I — R", such that

et 2%, u") + Zp: At X0, 1) + g, (8, X0, u) (1)
o
+h (1, 2, U (1) + 7' (1) = 0,
Freut, 2%, u®) + Xp: At X0, 1) + g, (1, X0, u®) (1)
oy
+ h,(t, X0, u”)i/"(t) =0,
p(0)" gt ", u’) =0,

(1) = 0.

Dividing the above formulas by 1 4 Zf’:]’ ik Aj» We obtain

p
D Xifin(t 2%, 1) + g (8, 1%, )l (0) + ho(2, 5%, u®)y' (1) + 4°(1) = 0,

i=1

14

Z Aif;'u(t> x07 u()) + gu(t7 x0> M())/“Lo(t) + hu(t7 x07 L{O)'}’O(t) = 0>
i=1

n(1)"g(t, x°, u’) =0,

n’(t) = 0,
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p p
)\iin/<1+Zx_\i>,i;ék,/\k=1/<1+25\i>,
i=1 i=1

ik ik

p p
0(F) — 50 1 A A) =90 1 A
u2(0) M(t)/<+2 )v(t) v<t>/<+£ )

2

where

EEN
il

Then (x%, 1%, A%, u% %) is a feasible solution for (VCD1) and with
w()Tg(t, x°, u’) = 0. It is easy to show that if any of weak duality
theorems holds between (VCP) and (VCD1), then (x°, u®, A°, u°, y°) is
efficient for (VCD1).

4. DUALITY BETWEEN (VCP) AND (VCD2)

We state the following duality theorems 1’-6" without proof that can be
proved as in (VCD1).

THEOREM 1’ (Weak Duality). Assume that for all feasible (X, i) for
(VCP) and for all feasible (y,v, A, ji,7y) for (VCD2), f;f {fi(t,y,v) +
,a(t)ggz(t, v, v) + ¥(OT[h(t, y, v) — y]} dt is strictly quasiinvex at (y,7) on
X x U with respect to m and { and f;’ [L(t)g, gs/(t, y, v) dt are quasiinvex at
(3, v) on X x U with respect to the same m and {, then the following cannot
hold simultaneously,

" p g i< [ U5 + O 5,7)

+3()T[h(t, y,9) — y]}dt, forall ie{l,2,...,p}, (30)

[ p s i< [15.9) + mOLes 5.9+ 50"
x [h(t, 3,7) — y]]dt, forsome jeie{l,2,...,p} (31)

THEOREM 2’ (Weak Duality). Assume that for all feasible (x, i) for
(VCP) and for all feasible (y,7v, A, ix,y) for (VCD2), one of the func-
tionals [{3°0, N fi(t, 3, v) + i(6)Lgs (1, y, v) + ¥()T[h(1, y, v) — §1} di on
ftgf p,(t)g, gs/(t, y, v)dt is strictly quasiinvex at (y,v) on X x U with respect
to m and { and the other is quasiinvex at (y,v) on X x U with respect to the
same m and {, then (30) and (31) cannot hold simultaneously.
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THEOREM 3’ (Weak Duality). Assume that for all feasible (x,u) for
(VCP) and all feasible (y,7v, A, i, y) for (VCD2), ftzf{Zle X fi(t, y,v)
+a(t)Tg(t, y, v) + ¥()T[h(t, y, v) — y]} dt is strictly pseudoinvex at (¥, V) on
X x U with respect to m and {, then (30) and (31) cannot hold simultaneously.

THEOREM 4’ (Weak Duality). Assume that for all feasible (X, i) for
(VCP) and for all feasible (y,v, A, i,7y) for (VCD2), ft(t]f{fl-(t, yv) +
ﬁ(t)ggz(t, v, v)+ ¥ [h(t, y,v) — y]}dt (i =1,2,..., p) is strictly pseu-
doinvex at (y,v) on X x U with respect to m and { and ftgf [L(t)g,ngx
(t, y, v) dt is quasiinvex at (y,v) on X x U with respect to the same m and
¢, then (30) and (31) cannot hold simultaneously.

THEOREM 5 (Weak Duality). Assume that for all feasible (X, i) for
(VCP) and for all feasible (y, v, A, i, ¥) for (VCD2),

i A>0,i=1,2,...,p;

(i) for each i € {1,2,....p}, [J{fi(t, pv) + (D)gs(t yv) +
Y(OT[h(t, y, v) — ]} dt, is pseudoinvex;

(iii) ftf)f u(1)% g/ (, y, v) dt is quasiinvex,
then (30) and (31) cannot hold simultaneously.

THEOREM 6 (Strong Duality). Let (x°, u®) be an efficient solution for
(VCP) and let all the constraint qualifications of Lemma 1 for P,(x°, u®) for
at least one k € {1,2, ..., p} hold, then there are nonnegative \° € R? and
piecewise smooth u’ : I — R' and y° : I — R" such that (x°, u®, A%, u?, y°)
is feasible for (VCD2) and u°(t)"g(t, x°, u’,) = 0, and if any one of weak
duality theorems holds between (VCP) and (VCD2), then (x°, u®, A°, u°, y°)
is efficient for (VCD?2).
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