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In this paper we investigate the Weber function D, for small index v and
obtain explicitly the first-order asymptotic behavior. We then apply this
result to obtain an expression for the first moment of the first passage distribu-
tion for a stationary, Gauss—Markov (Ornstein—Uhlenbeck) process.

I. AN AsvmproTic ExpransioN FOR THE WEBER FuncTION

The Weber function D,(2) satisfies the (parabolic cylinder) differential

equation
with the initial conditions
D,0) = =t %/i-— D/(0) = —mt 207
r(5) r(-%)

where the prime denotes differentiation with respect to the argument 2.
It is shown in [1] that D,(2) is an analytic function of both z and v. In
particular, there is an asymptotic expansion in » of the form

Dyz) = Y. yulz) v @)

n=>0
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We obtain the coefficients y, by a perturbation approach to the differential
equation (1).
We denote by L the differential operator

d? 1 32
&=t d

and expand the initial conditions as power series in v:

D) =Y ap, D/0)=Y b
n=0 n=0

Direct computation (by differentiation, for example) gives

a, =1, by =0,

1
w=—ttlogd,  b=4[T, 3

] >

where y is Euler’s constant. By standard perturbation methods (see for exam-
ple, [2]), we obtain the following differential recurrence relations for the y, ,
n>=0:

Ly, (2) = — ¥ua(2),  3u(0) =a,, 3,(0) =25, 4)
with
y1(2) = 0.

The solution of this system of equations is conveniently expressed in terms of
the homogeneous Green’s function for the operator L given by

. 0’ 4 < C;
g(z, O - 3i[D_1(l'(:) Do(z) - Do(l) D—l(iz)]’ 2> C (5)

The solution to (4) then has the form
@) = [ 8 0301 &L + Vo(o) Q)

where the function Y,(2) satisfies the homogeneous problem

LY,(s) =0, Y,(0)=a,, Y, (0)=b,.

499/38/2-5
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It is easily checked that
V#) = (an — \/ 3 iba) Dyf#) + ib,D_(i2). ()

Combining (6) and (7) we obtain

Yo(#) = Dyf3) = e~ (8)
Similarly,

() = D) || DiO) D_yiT) dt — iD_y(iz) | DD de
©)

—_ é. (y +log2 + im) Dy(2) 41 \/ —721 D_y(iz).

This expression can be simplified considerably by using the relation

J\z DOZ(C) dg _— \/_g_ _ e_z?/4 D-—l(z)
0

and observing that since

5 [P D) + [ Do) D) ] = — iyiz) D),

we have

D_(2) D_y(1z) + J: Dy(0) D_(i0) df = % —1 J: Dy(i0) D_4(Z) d¢.
Equation (9) for y, may then be rewritten as
y(5) = 1t {Lizl—"gl ~ 0 Dy(it) D_y(2) dtg . (10)
In terms of Rosser’s G function (3]
Cap) = [ e [ e dndy,

y, can alternatively be expressed as

y(z) = e~ %L%‘E&% —iv3ef (- %) + 2G(z, i)g .
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Efficient computational formulas for G are known. For 0 < z < 6 see [3,
(16-7)]. For 2 = 6 ten significant figures may be obtained from the approxi-
mation

G(z,1) ~ —\—21 J: et dt =

—7

4

erf(iz).

Since G(z, 1) cannot be expressed in terms of elementary functions, it does not
seem possible to obtain y, in simple form.
Combining (2), (8), and (11) we have the first order asymptotic develop-
ment
D(3) = e #4 | ¢~2*4 ;_____y +log 2 +iv2erf (— &
2 V2 (12)
-+ 0(1/2).

14

) +26(.1)

II. AppLICATION TO THE ORNSTEIN-UHLENBECK PROCESS

We now apply the results of the first section to find the first moment of the
first passage distribution of the special diffusion process () which is station-
ary, Markovian and Gaussian with mean 0 and covariance

E&(t) €(t)] = g_;_ NP,

This process describes the motion of a harmonically bound Brownian particle
drawn to the origin by a force whose magnitude is proportional to its displace-
ment with proportionality constant p > 0. We consider only the case 6%2 = 1
and p = | since the general case can be obtained by a simple scale change. The
transition density p(t, x, y) of this process satisfies the backward type Kolmo-
gorov equation

&
—prg (12)

Let £ denote a constant threshold level and r the first passage time across

the level /, i.e.,
r =inf{t = 0: &1) > /}.
Then it is shown in [4] that the Laplace transform for the distribution of = is
given by
z2/4 —

L[l_— "D _y(—x) ]
o Pl D_(—¢)

R(e, %) = f e=tP[r > #] dt =
¢ 0, x>,
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where x is the starting point of the process. Let u, (%, £) be the n-th moment of
the first passage time distribution, i.e.,

pal, £) = | “tn dPefr < 1)
1]
(14)
= nJ t"1Pe[r >1]dt, n>=1.
0

Then, in view of (13), we may write

”n-l]?
— (__1\n-1
=(—1) nhL0 Pl
In particular,

pax, &) = liﬁ)l R(a, x).

Applying the asymptotic expansion in (12) for D_, we have

e yo(—£) — ayy(—¢) + O(o)]
¥, £) = lim — — e 1yy(—%) — ayy(—a) + O(2)]
e yo(—£) + O(w)]

so that

pal, £) = €Ay, (—x) — ey (7). (15)

Explicitly, we have
plx, £) = i\2 [erf ({%) —er (\/ )] 1 2G(—x,i) — G(—¢4,i)).  (16)

Successive differentiation shows that the expression in (16) can be written as
the simple power series
© fn — XM

pl, £) = V'm Z

- 17
n=l yn/2y, p(”—‘_l) ()

It is of separate interest to note that this last series can be obtained directly
from (13) using the integral representation of D_, for « > 0:

22/4

D_z) = [,()f P
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Expanding the exponential e~** and interchanging the integration and sum-
mation we have

e_22/4 [+

D_(z) = @) ) > U. e—bolatn-l ds] (‘:")" .

n=0

The interchange of operations is justified by monotone convergence for x > 0
and dominated convergence for x < 0. From these two representations it
follows that

fw ewsg—18%a1 o — Z F(ot + n) D—(u+n)(0) (—x)"
0

]
0 n

I'(a + 1)
=7 —x)".
Z—:o Yatnyi2] (E‘i_;j‘_l) ! =)

Substitution in (13) then gives

- I'(a + n)
=l Yatn) /2] ("‘ +'2’ + 1) al

(¢n— an)

R(a, x) =

= T(a + n) ’

o A

n=0 Yat+n)/2 [ (ﬁjf%j'.l) nl

from which the expression in (17) easily follows.
One may also easily verify (17) by direct substitution in the general dif-
ferential recurrence relation for the moments obtained in [4]:

0 o i
i T it =1, (40 =0

We remark that as a consequence of the finiteness of this first moment we
have that for x < ¢

Pef(s) < 4,0 <Ls <1 =o(l—) as t — co.
This is in contrast to the case of a Brownian motion X(¢) with E[X(#)] = 0
and var[X(¢)] = o*, where for x < ¢

f—=x [ 2

(] i

PX(s) <40<s <t] ~
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(see [5, p. 171]). The comparison is interesting in view of the fact that

1<

o

var[€(2)] = 5 and var[ X(t)] = o%,

and apparently reflects the propensity of Brownian motion to take extended
excursions in both directions.

Figure 1 below indicates the behavior of y, as a function of the threshold
level £ for several parametric choices of the starting point x. It is interesting to
note the marked departure of u, from translational invariance, i.e., u, is not a
function only of the difference £ -—— x. This behavior is of course the result of
the central restoring force acting on the Brownian particle after which the
stationary, Gauss—Markov process is modeled.
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Fic. 1. Expected time to first passage across a fixed threshold for a stationary
Gauss—Markov process. Note: x and ¢ expressed in units of 4/1/2pc. p, is expressed
in units of 1/p.
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