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Abstract

In this paper we define the p-adic framed braid group Foo,,, arising as the inverse limit of the modular framed braids. An
element in Foo ,, can be interpreted geometrically as an infinite framed cabling. F , contains the classical framed braid group
as a dense subgroup. This leads to a set of topological generators for Fo, , and to approximations for the p-adic framed braids.
We further construct a p-adic Yokonuma-Hecke algebra Yoo , (1) as the inverse limit of a family of classical Yokonuma-Hecke
algebras. These are quotients of the modular framed braid groups over a quadratic relation. Finally, we give topological generators
for Yoo, n (u).
© 2007 Elsevier B.V. All rights reserved.

MSC: 20C08; 57TM27

Keywords: Inverse limits; p-adic integers; p-adic framed braids; p-adic infinite cablings; p-adic Yokonuma—Hecke algebras; p-adic Markov traces

0. Introduction

0.1. Framed knots and links are like classical knots and links but with an integer, the ‘framing’, attached to each
component. It is well known that framed links can be used for constructing 3-manifolds using a topological technique
called surgery. Then two-manifolds are homeomorphic if and only if any two framed links in 3 representing them are
related through isotopy moves and the Kirby moves or the equivalent Fenn—Rourke moves [2]. In [6] Ko and Smolin-
sky give a Markov-type equivalence for framed braids corresponding to homeomorphism classes of 3-manifolds. It
would be certainly very interesting if one could construct 3-manifold invariants by constructing Markov traces on
quotient algebras of the framed braid group and using the framed braid equivalence of [6].

In this paper we introduce the concept of p-adic framed braids and we also construct p-adic quotient algebras. The
p-adic framed braids can be seen as natural infinite cablings of framed braids. Cablings of framed braids have been
used for constructing 3-manifold invariants (e.g., by Wenzl [11]). The paper is organized as follows: In Section 2.1 we
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recall the structure of the framed braid group F,, = Z" x B,, where By, is the classical braid group on n strands. By
construction, a framed braid splits into the ‘framing part’ and the ‘braiding part’. Moreover, J,, is generated by the
elementary braids o1, ..., 0,—1 and by the elementary framings f1, ..., f,,. We further introduce the modular framed
braid group F4 , = (Z/dZ)" » B,, which has the same presentation as F,,, but with the additional relations:

=1
In [13] the Yokonuma—Hecke algebras (abbreviated to Y-H algebras), Y, ,(u), were introduced by Yokonuma,
where u is a fixed non-zero complex number. They appeared originally in the representation theory of finite Chevalley
groups and they are natural generalizations of the classical Iwahori-Hecke algebras, see also [10]. In Section 3 we

define the Y-H algebra as a finite-dimensional quotient of the group algebra CF, ,, of the modular framed braid group
Fa.n over the quadratic relations:

g =1+ —weq;i(1-g),
where g; is the generator associated to the elementary braid o; and e;; are certain idempotents in CFy , (see Sec-
tions 3.1 to 3.3). In Y4 , (u) the relations fid = 1 still hold, and they are essential for the existence of the idempotents
eq.i, because eq; is by definition a sum involving all powers of f; and f;+;. In Section 3.4 we give diagrammatic
interpretations for the elements e; ; as well as for the quadratic relation (see Figs. 10, 11 and 12).

For relating to framed links and 3-manifolds we would rather not have the restrictions fl.d =1 on the framings.
An obvious idea would be to consider the quotient of the classical framed braid group algebra, CF,, over the above
quadratic relations. But then, the elements e;; are not well-defined. Yet, we achieve this aim by employing the
construction of inverse limits.

In Sections 1.1 and 1.3 we give some preliminaries on inverse systems and inverse limits and we introduce the
concept of topological generators. This is a set, whose span is dense in the inverse limit (see Definition 1). In Sec-
tions 1.2, 1.4 and 2.2 we focus on the construction of the p-adic integers Z, and their approximations. Let p be a
prime number and let C, be the cyclic group of p” elements: C, = Z/p"Z. Then 1(i£1C » = ZLp, where the inverse

system maps 0, : Z/p"Z — Z/p°Z (r > s) are the natural epimorphisms. Z, contains Z = (t) as a dense subgroup.
The element t is a topological generator for Z, and a p-adic integer will be denoted t£, where a =:(aj,az,...) with
a, = ag (mod p®) whenever r > s.

We shall now explain briefly our constructions. Section 2 deals with the construction of the p-adic framed braids.
More precisely, in Section 2.3 we consider the inverse system (C, 7)) indexed by N, where the map 7} : C! — C?
(r = s) acts componentwise as the natural epimorphism 6. Then l(iLan = Z’;, (see Proposition 3) and Z;’, contains

Z" = (ty,...,t,) as a dense subgroup (see Lemma 2). We then consider the inverse system (F,r ,, 7, - id) indexed
by N, where the map n] - id acts on the framing part of a modular framed braid as described above, and trivially on
the braiding part (Section 2.4). So, we define the p-adic framed braid group F«. , (Definition 3) as

foo,n = lim]-',,r’n.
-

Geometrically, a p-adic framed braid is an infinite sequence of modular framed braids with the same braiding part
and such that the framings of the ith strands in each element of the sequence give rise to a p-adic integer. See
Section 2.5 and left-hand side of Fig. 1 for an illustration, where (ay, a2, ...), (b1,b2,...) € Zj,. In Theorem 1 the
natural identification

~ n
fOO,l’l :Zp X Bn

is established. This is used in Section 2.5, where we give geometric interpretations of the p-adic framed braids as
classical braids with framings p-adic integers. See Fig. 4. We can then say that a p-adic framed braid splits into the
‘ p-adic framing part’ and the ‘braiding part’. So, a p-adic framed braid can be also interpreted as an infinite framed
cabling of a braid in B, such that the framings of each infinite cable form a p-adic integer. See right-hand side of
Fig. 1. Of course, the closure of a p-adic framed braid defines an oriented p-adic framed link. Fig. 2 illustrates an
example.

The identification in Theorem 1 implies also that there are no modular relations for the framing in o ,. Moreover,

that the classical framed braid group F,, sits in F«, , as a dense subset. Hence, the set A = {t;, 01,...,0,-1} C Fy is
a set of topological generators for F ,. So, by Theorem 1, a p-adic framed braid is a word of the form:
a az An

tt ...t -0,
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a, b, a, b, a; by (@ ap ag,...) (by by, by,

\//\% R

Fig. 1. A p-adic framed braid as an infinite framed cabling.

%

\ .

Fig. 2. A p-adic framed braid and a p-adic framed link.

where ai, ..., an are the p-adic framings and o € Bj,. In Section 2.6 we give approximations of p-adic framed braids
by sequences of classical framed braids. See Figs. 8 and 9 for examples.

Section 3 deals with the construction of the p-adic Yokonuma—Hecke algebras. More precisely, in Section 3.5
we define the p-adic Yokonuma—Hecke algebra Y o (1) as the inverse limit of the inverse system (Y ,r , (1), ;) of
classical Y-H algebras, indexed by N (Definition 5):

Yoo,n () = l(iLan’,n(u)~

The above inverse system is induced by the inverse system (CF,r ,, @5 ), where ¢y is the ‘linear span’ of 7] - id at the
level of the group algebra, using also our definition of the Y-H algebras as finite-dimensional quotients of the group
algebras CFy . Yoo,n(u) is an infinite-dimensional algebra, in which the framing restrictions fid = 1 do not hold.
Finally, in Section 3.6, Theorem 3, we give the set of topological generators {t1, g1, ..., g1—1} for Yoo » (1), satisfying
the quadratic relations:

=14+ —-wei(l—g),

where the element ¢; is also an idempotent and its approximation involves the ‘framing’ generators t;, t; ;1.

It is, perhaps, worth stressing that the quadratic relations satisfied in the classical as well as in the p-adic Y-H
algebras involve the framing, by definition of the elements e;. One could also define ‘framed’ Iwahori—Hecke alge-
bras (see Section 3.7) by taking quotients of the group algebras CFy , or CF, over the well-known Hecke algebra
quadratic relations:

g =(@—-Dg+q.

The structure of these algebras is clearly not as rich as that of the Y-H algebras.

In [4] linear Markov traces have been constructed by the first author for the classical Y-H algebras of any index.
In a sequel paper we use these traces to extend the construction to a p-adic linear Markov trace on the p-adic Y-H
algebras. We then normalize all these traces according to the Markov equivalence for classical framed and p-adic
framed braids to construct isotopy invariants of classical and p-adic framed links. We also adapt the Markov traces
constructed in [7] by the second author for obtaining a simpler family of framed link invariants.

We hope that this new concept of p-adic framed braids and p-adic framed links that we propose, as well as our
framed link invariants will be useful for constructing new 3-manifold invariants.

0.2. As usual we denote by C, Z and N = {1, 2, ...} the set of complex numbers, the integers and the natural
numbers, respectively. We also denote Z/dZ the additive group of integers modulo d. Throughout the paper we fix a
prime number p and a u € C\({0, 1}. Finally, whenever two objects a, b are identified we shall write a = b.
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0.3. Let H beagroupandlet H* = H x --- x H (n times). The symmetric group S, of the permutations of the set
{1,2,...,n} acts on H" by permutation, that is:

o-(hi,....,h) = oy, ..., how)) VYo €S,.
We define on the set H" x S,, the operation:
(h,o)-(h',t)=(ho(),07).

Then, the set H" x §,, with the above operation is a group, the semidirect product H" x S,,.
1. Inverse limits and p-adic integers

1.1. Aninverse system (X;, q’);) of topological spaces (groups, rings, algebras, et cetera) indexed by a directed set /,
consists of a family (X;; i € I) of topological spaces (groups, rings, algebras, et cetera) and a family (¢§. Xi— Xj;
i,j€l, i > j) of continuous homomorphisms, such that

¢f =idy, and ¢>,{ od);- :¢,’; wheneveri > j > k.

If no other topology is specified on the sets X;, they are regarded as topological spaces with the discrete topology. In
particular, finite sets are compact Hausdorff spaces. '
The inverse limit 1(21 X; of the inverse system (X;, ¢}) is defined as:

timX; = {2 € [T Xi: (8} 0 m1) () = w;(2) whenever > 1,

where the map @; denotes the natural projection of the Cartesian product [[ X; onto X;. It turns out that l(ng i
is uniquely defined, and it is non-empty if each X; is a non-empty compact Hausdorff space. 1(31 X; is a topological

group (ring, algebra, etc.) with operation induced in [ | X; componentwise by the group (ring, algebra, etc.) operations.
Moreover, in this case, l(iLnX i 1s always non-empty.

As a topological space, [[ X; is endowed with the product topology, so 1<an ; inherits the induced topology.

A basis of open sets in 1(£n X; contains elements of the form
o (U) Nlim X;,
Pt

where U; open in X;. Then, any open set in @ X; is a union of sets of the form

wil”(Ul)m.-.mw,.;‘(Un)m(iLnx,-, (1.1)
where iy, ...,i, € I and U, open in X;, for eachr.

A morphism between two inverse systems (X, qﬁ;) and (Y;, w;), both indexed by the same directed set I, is a
collection of continuous homomorphisms

(pi:Xi—>Yis i€l
such that w; o p;=pjo q);., for all i € I. A morphism (p;; i € I) from the inverse system (X;, q);.) to the inverse
system (¥;, w;) induces a morphism between the inverse limits:
l(ln 0; - l(ln X, — l(ln Y;
by setting
Liani((xi)) = (i (x7)).
If we have embeddings ¢; from X; into Y;, these induce a natural embedding l(iﬂur 1(21 X — 1<£n Y;. Moreover, if the

following sequence

0—>X,'i>Y,'ﬂ>Zi—>0
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is exact for any i, then the sequence

(hﬂlr (hﬂfpr
0—>1limX; —— limY; —— lim Z; (1.2)
<« <~ <~

is also exact.
Let now J be a subset of the index set /, such that for every i € I there is a j € J with j > i. Then J gives rise
to the same inverse limit. This is used in the following: Let X and Y be the inverse limits of the inverse systems

(X, qb,i; iel)and (Y;, W;{ﬂ j € I, respectively. Then we have

X x Y =1m ) (X; X Yy) Zhm g jyerxr (Xi X Yj). (1.3)
The isomorphism between X x Y and l(igl(l-),')(Xi x Y;) identifies pairs of sequences ((x;), (y;)) € X x Y with the
sequence (x;, y;) € l(in (,h(Xi x Y;). Clearly, the above generalize to any finite Cartesian product of inverse limits.

Finally, let X; = X for all i and ¢§. the identity for all , j. Then 1{&1 X can be identified naturally with X (identifying

a constant sequence (x, x, ...) with x € X).

1.2.  Our working example for the notion of inverse limit will be the construction of the p-adic integers. Let p be a
prime number, which will be fixed throughout the paper, and let Z/p” Z be the additive group of integers modulo p”.
An element a, € Z/p”7Z can be written uniquely in the form

ar=ko+kip+kap*+---+k_1p 7 +p'Z,

where kg, ..., k,—1 €{0,1,..., p — 1}. For any r, s € N with r > s we consider the following natural epimorphisms:
6, Z/p"Z— Z/p°Z, (1.4)
0l (ko+hkip+kap*+-+k_1p '+ p' L) =ko+kip+hkap*+ -+ k1 p' T+ pZ

(“cutting out” r — s terms). We obtain, thus, the inverse system (Z/p"Z, 0. ) of topological groups, indexed by N. Its
inverse limit, l(iEIZ/ p’Z, is the group of p-adic integers, denoted Z,,. Z,, is a non-cyclic subgroup of [ [(Z/p"Z) and

it contains no elements of finite order. Z, can be identified with the set of sequences:
Zp={(ar); ay € Z, ar = a; (mod p*) whenever r > s}. (1.5)
Clearly, for the (n + 1)st entry of an element (a,) € Z, there are p choices, namely:
ar+1 €{a, +Ap"; A=0,1,...,p—1}. (1.6)

On the contrary, there is no choice for the entries before, as a; = a, (mod p*®) foralls =1,...,r — 1. Elements in Z,
shall be usually denoted as

a:=(ai,a,a3,...) €Lp. 1.7)

1.3. Contrary to embeddings between inverse systems, if each component p; : X; — Y; of a morphism between two
inverse systems is onto, the induced map l(in p;i between the inverse limits is not necessarily onto.

For example, consider the inverse systems (Z, id) and (Z/p"Z, 6 ), both indexed by N, and for each s € N define
the canonical epimorphism

ps:Z— 7] p*Z. (1.8)

Then (p5; s € N) is a morphism between the two inverse systems. The first inverse limit is isomorphic to Z, while the
second is the set of p-adic integers Z,. Note that the image of LiLnZ in Zp under 1<£1 ps consists in all constant tuples

of integers. On the other hand, the tuple (b,), where b, =14+ p+--- + p”_1 is in Z, but is not constant.
Yet, we have the following very important result.

Lemma 1. (See [8], Lemma 1.1.7.) Let (X;, ¢;) be an inverse system of topological spaces indexed by a directed set |
and let p;: X — X; be compatible surjections from a topological space X onto the spaces X; (i € I). Then, either
lim X; = 0 or the induced mapping p =lim p; :lim X — lim X; maps lim X onto a dense subset of lim X;.

P— Pa— <~ Pa— Pa— P—
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Proof. For the proof of Lemma 1 consider a non-empty open set V in Lln X; of the form (1.1). We have to show that
p(X)NV #@. Indeed, letig > iy, ...,i, andlet y = (y;) € V. Choose x € X so that p;,(x) = y;,. Thenp(x) e V. O

For example, let p; denote the restriction on a subset A C l(iLnX ; of the canonical projection of l(iLnX ; onto X;.
Recall that 1<£n A can be identified with A. Then we have the following.

Corollary 1. If for a subset A C l(iElX,' we have p;(A) = X; forall i € I, then ,0(1(111 A) is dense in l(ingi, where

p =limp;.

Since Z projects onto each factor Z/p"Z via the canonical epimorphism (1.8), we obtain the following, as an
application of Corollary 1.

Corollary 2. Z is dense in Zj,.

This means that every p-adic integer can be approximated by a sequence of constant sequences. In Section 1.4 we
study further this approximation.

Definition 1. (cf. [8] §2.4.) Let G; be a group (ring, algebra, et cetera) for all i € 1. A subset S C l(iglG,' is a set of
topological generators of l(gn G; if the span (S) is dense in @ G;. If, moreover, S is finite, l(ln G is said to be finitely

generated.

For example, the element (1, 1, ...) is a topological generator of Z,, since, by Corollary 2, the cyclic subgroup
((1,1,...)) =Zis dense in Zj,.

1.4. As a topological space, Z, is endowed with the induced topology of [[(Z/p”Z), which builds up from the
discrete topology of each factor Z/p"Z. Thus, a basic open set in Z, is of the form {zzrl._1 (Up); U; €7/ p' 7}, where
w; is the restriction of the natural projection of Z, onto Z/ p'Z. So, for any given element a = (a1, a2, ...) € Z, we
have thata € wi_l({ai}) for all i. Moreover,

wl_l({al}) = {(al,xz,X3,x4,...); x2 =ay (mod p), x, =x, (mod p™), n >m},

@y ({a2}) = {(a1, a2, y3, y4,...); y3=as (mod p?), y, =y (mod p™), n >m}

As we can see, wl_l({al}) 2 wz_l({az}) DR

This implies, in particular, that for a; € Z the constant sequence (a;, a;, ...) € Z), is contained in infinitely many
open sets, each set being a refinement of the previous one. Recall now, from Corollary 2, that the set of constant
sequences is dense in Z,. Thus, every element a= (a1,az,a3,...) € Z, can be approximated by a sequence of
constant sequences, the following:

-1
(ar,a1,ai,...) €wy ({a1}),

-1
(a1, az,az,a2,...) = (az,a2,a2,...) €,  ({az}),

_ 1.9
(a1, a2,a3,a3,...) = (a3,a3,a3,...) € w3 ' ({a3}), (1.9)

since a, = a1 (mod p), forr > 1, a, = ar (mod pz), for r > 2, and so on. Indeed, (a1, az, a3, ...) and (a;, a;, a;, ...) =
(a1,a2,...,ai-1,a;,a;,...) are both in @, ' ({a;}) for all i. Finally, @ '({a1}) 2 @, ' ({az}) 2 - --, justifying the
approximation claim. We shall write:

a =1il£n(ak). (1.10)

For more details and further reading on inverse limits and the p-adic integers see, for example, [1,8,9,12].
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2. p-Adic framed braids

The aim of this section is to introduce the notion of p-adic framed braids. These are similar to the classical framed
braids but, instead of integral framing, each strand may be colored with a p-adic integer.

2.1. Before starting with our construction we need to digress briefly and recall the definition and the structure of the
classical framed braid group (see, for example, [6]) and the modular framed braid group.
We consider the group Z" with the usual operation:

@i, ...,an)(b1,...,bp) :=(ar +bi,...,an + by). (2.1
7" is generated by the ‘elementary framings’:
fi=@,...,0,1,0,...,0)

with 1 in the ith position. Then, an element @ = (ay, ..., a,) € Z" can be expressed as:
a= f{"f7 [
Let also B, be the classical braid group on n strands. B, is generated by the elementary braids o1, ..., 0,_1, where

o; is the positive crossing between the ith and the (i 4 1)st strand. The o;’s satisfy the well-known braid relations:
0i0j =0j0;, if [i — j| > 1 and 0;0;410; = 0;4+10;0;41. Recall the symmetric group S, generated by the n — 1
elementary transpositions s; := (i, i + 1), and let further r be the natural projection of B, on S,. We let o (j) denote
w(o)(j) forany j =1,2,...,n.In particular, o;(j) = s;(j). Using = we define the framed braid group F,, as:

Fu=7Z" x By,
where the action of B, ona = (ay, ..., a,) € Z" is given by permutation of the indices:
o(a)=(as1),---,aom) (0 € By). (2.2)

In the above notation, the action of B, on Z" is given by the multiplicative formula:

ap pa Ao (1) lo(2) Ao (n)
a(fl1 PEIU ,f”):fl" T’ (0 € By).

Any word in F,, splits, by construction, into the ‘framing’ part and the ‘braiding’ part. That is, it can be written in
the form

e flo, wherek; €Z, o € By. (2.3)
The multiplication in F,, is defined using the action of B, on Z" as follows:
b b +bﬂ' +b(7 Yl+b(7' n
(B2 fom o) () 12 e n) = PO BT T o (2.4)

Geometrically, an element of F;, is a classical braid on n strands, with each strand decorated on the top by an
integer, its framing. An element of Z", when this is seen as a subgroup of F,, is identified with the identity braid on
n strands, each strand being decorated by the corresponding integer of the element. For example, the element f; is
the identity braid with framing 1 on the ith strand and O elsewhere, while fla ! fza 2. fy™ is the identity braid with
framings ay, as, ..., a,. On the other hand, a braid in B,,, when this is seen as a subgroup of F,,, is meant as a framed
braid with all framings 0. Geometrically, the multiplication in the group F, is the usual concatenation in B, together

with collecting the total framing of each strand to the top of the final braid. See Fig. 3 for an illustration.

Definition 2. The d-modular (or simply modular) framed braid group on n strands is defined as Fy ,, := (Z/dZ)" »
By.

The group F4 , can be considered as the quotient of F, by imposing the relations
fil=1 (=1,...,n).

Clearly, F4., has the same geometric interpretation as F,, only that the framings of the n strands are taken from the
cyclic group Z/dZ. Note now that in F,, or in F4 , the f;’s can be deduced from f1, setting, for example:

-1 -1
firz=oi—1...01fio] ...0_.

Then we have the following.
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ay+b,

a+ b3 \ ag+ b2
a; a, ag by b, b3 \
Fig. 3. Multiplication of framed braids.
Proposition 1. F,, has a presentation with generators f1, 01, ...,0,—1 and relations:

fioj=o0jfi forj>1,
-1 -1
fio1 fio; " =o1 fio] " f1,
-1 —1y -1 -1 -1 -1 .
0i(0j—1...01f10] ...0;_))o;  =o0; (0j-1...01f10] ...0;_)o; foralli

together with the usual braid relations among the o;’s.
Proposition 2. F; , has the same presentation as F,, but with the extra relation ffl =1

2.2. In order to define the p-adic framed braids we would rather pass to multiplicative notation for Z/p"Z. Let C,
denote the multiplicative cyclic group of order p”, generated by the element #,. That is,

Cr:=(tr; 7 = 1).
Then Z/p”Z = C,. The maps (1.4) of the inverse system (C,, 6;) are now defined by:

er.C, — Cs,
s Cr s 2.5)
Iy > I
r—1 s—1
whenever r > s. In this notation: 67 Rtk theotp™™y _ hotkiptthe 0™ e have:
Ly = l(in C,
and we can write:
Zp= {(tf”,tgz, ..)E HCi; ar € Z, a, = ay (mod p°®) whenever r > s}.
The element
t:=(11,n,...) €limC, (2.6)

corresponds to (1, 1, ...) in the additive notation, so, following the notation of (1.7), we shall write: t& := (tla1 , tg 2,.0)
for elements in l(in C, =Z,. The element t generates in 1(&1 C; the constant sequences. So, we shall write Z = (t). By

Corollary 2, Z is dense in 1<i£1Cr and t is a topological generator of 1(i£1Cr, so an element (tfl , tgz, ...) €Z, can be
approximated by the sequence (t*) of elements in Z. So, we shall write:
t€ = (tf‘ , tgz, .. ) = lilin(t”k). 2.7)

For example, for p =(1,1+ p,1+ p+ p?,...) in the additive notation we write t2 in the multiplicative notation,

and we have that it can be approximated by the sequence (t, t' =7, t!+P+P* ). Thatis:

2
t2 = (0o 7oL = lime P, (2.8)
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With the above notation and according to Section 1.2, if th = (ti71 , té’ 2,...) is another element in Z p» the multiplication
in Zj, is defined as follows:

el = gl = (Ot geathr ) (2.9)
and we have the approximation:
tel = lilin(t"kerk). (2.10)

2.3.  Consider now the direct product C/! := C, x - - - X C, (n times). This is an Abelian group with the usual product
operation defined componentwise, generated by the n elements

ti=00,...,1,8,1,...,1), (2.11)
where ¢, is in the ith position and where 1 is the unit element in C,. In this notation:
(", ) =t s inCL (2.12)

Moreover, C! has the presentation:
Cl = trt oo tpms i trj =t 1 and 17 = (1, D). (2.13)
Using the maps (2.5) of the inverse system (C, 8{) and (2.12) we define componentwise the maps:
n;:Cl — CV
Iri > Iy
whenever r > s. Then:

7y (1"

S S S
) my () — M (mod p )-tm2 (modp)_._tsn}g (modp). (2.14)

'tr,2 r,n)_ts,l 5,2

The maps 7] are obviously group epimorphisms, so (C}, mr]) is an inverse system of topological groups, indexed
by N, and so the inverse limit l(in Cy' exists.

Proposition 3. l(ﬂ] Ccl= (l(iLn c)O=z"
Proof. It follows immediately from (1.3). O

Notice now that an element w € lim C}' can be written as:

W= ((t;ln talz’ ) t;‘ln), (t221 tazz’ ) [;Zn)’ - .),

t““t‘”z L t““t“zz. tg’z};’,...) (by (2.12))

1,n>

1,n>

(1
(tfll‘ , tgzll, ) (1 ’”2 135, ) (15, . (by product operation)
(

tarl ar2 am)
rl e bin ),

An explicit 1som0rphlsm between l(gn C}' and Z,, is then given by the map:

wis (00 ), (02 ) ()

Thus, we have the identification:
(g ey o) = (M 5 ), (2 52, (M ™). (2.15)

1 rn

In particular, the following elements get identified, fori =1, ..., n:

l(gncf > (tr,i)r i((la 17-")7"-7(t15 t27‘-')7”-7(15 19”‘)) € (l(iI—nCr)n5

where the sequence (f1, 2, ...) is in the ith position. Setnow 1:= (1, 1,...) and t = (71, 12, ...) (recall (2.6)) in 1<i1_nC,
and denote:

t; :=(1,...,1,t,1,...,1)e(l(iLnCr)”, (2.16)
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where t is in the ith position. Then we have the identifications:
l(iLan > (ti)r =t GZZ. 2.17)

Thus, with the above notation and with the notation of (2.7) we can rewrite the identification (2.15) as follows, for
ai = (ari)y:

ay (a2

ay a a,
M C s w= (24 145 i), =R ) = e 2, (2.18)

Lemma 2. The identification in l(in C} of the set X = {t1, ..., t,} C Z}, is a set of topological generators of l(in Ccr.

Equivalently, the identification in 1(&1 C} of the subgroup 2" = (X) of Z', is dense in 1(£n Ccl.

Proof. By Corollary 2 and by Definition 1, (t;) is clearly dense in the ith factor ({1} x - - x {1} x Z, x {1} x - -- x {1})
of Z’;. The result now follows from Corollary 2 and the identification (2.18). O

For example, by (2.16) and (2.17), and by the approximation (2.7), we have the approximation of (IZ:-)r € l(in Ccr:

(7%),

In general, for an element in ZZ we have, by (2.18), (2.7) and (2.19), the following approximation, where 4 = (ari)r:

64 =lim(t;) = lim[ (7). ]. (2.19)

ay a ap,
Zhstt .ty = im (K152 g) =Tim(t, 12, g, (2.20)

Consequently, for the product of two elements in Zj, we have by (2.10) the following approximation, where (b_, =
(bri)r:

a O ey b :

(t ...t)(t ...t ):ll}{n(t’fk1+ KL D), 2.21)
Hence, for an element w € lim ', w = (tr“ﬁ‘ tra’zz S =1t Lty we obtain, by (2.18), (2.19) and (2.20), the
approximation:

1 r r rn — T a a n

Llncil? 3 (l‘;l,l1 t;fZZ e ti?,n )r - h,gn[(tr,kll tr,k22 e tf,I;l )r] (222)

and for the product of two elements in lim C} we have the approximation:
—

(o afm) (Do) = 111£n[(t““+”“ o b (2.23)

r,1 “trn rl r, rl

2.4. p-Adic framed braids. In order to introduce the inverse limits in the construction of framed braids we start
the construction from the beginning. Consider the Cartesian product C;' x B,. Using the maps (2.14), define for any
r,s € N with r > s the surjective maps:

nl xid:C! x B, — C} x By,

arl a2 a dag] ds2 a
(g 5 ot o) = (10 S o)

(2.24)

for any o € B, and for any exponents satisfying a,; = ay;; (mod p*). Then we have the following.

Proposition 4. (C}! x B, m; x id) is an inverse system of topological spaces, indexed by N and we have:
gn(cy x By) =1limC;' x By = Zj, x By.

Moreover, the identification in l(iI—n(C;' X Bp) of Z" x By, is dense in l(iI—n(C;' X By) and 7" x B, is dense in Z;’, X By.
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Proof. Since the maps 7] are maps of the inverse system (C/*, 7y ), it follows immediately that (C) x By, 7] x id) is
an inverse system of topological spaces. An element in LiLn(Cf x By) is a sequence of the form ((wy, o), (w2, 0),...),

where o € B, and where w € C}, wp € C}, ..., such that ] (w,) = wy whenever r > s. Identifying it with the pair of
sequences ((wy, wa,...), (0,0,...)) € 1<i£1C;’ X 1<iLnB,,, where l(ingn arises as the inverse limit of the trivial inverse

system (B, id), induces the bijection between LiLn(Cf X By) and l(iLnC;’ X By:
l(gl(Cf X Bn) =) ((wl,a), (wa, 0), ) = ((wl, wr,...), a) € @Cﬁ x By, (2.25)

where the natural identification between l(ln B, and B, is induced by the identification (o, o, ...) = ¢. So the assertion
1<iLn(C;1 x By = l(inc;l X By, is proved. Moreover, by (2.15), l(lnCﬁ x B, = Z’; X By.
By Lemma 2, and by Corollary 2, the identification of Z" = (t|, t2,...,t,;) in mC;' projects surjectively on

each factor C)' of the inverse system (C), m}). Extending the projection by the identity map on B, implies that the
identification of Z" x B, projects surjectively on each factor C}' x B, of the inverse system (C)' x By, ] x id).
Hence, by Corollary 1, the identification of Z" x B, is dense in l(iﬂl(Cf X By). O

Consider now the action of the group B, on the group C} by permutation, as defined in (2.2). For the case d = p”
and with the above notation, we have that C;' x B,, = Fr ,, the modular framed braid group with the operation (2.4)
(in additive notation).

Remark 1. The generator f; of F,r , (Proposition 2) in the additive notation corresponds to the generator f,; of
Cy'. The generators of C}' x B, = Fpr , are the n elementary framings ¢, 1, ..., ., and the n — 1 elementary braids
Ol,...,0p—1.

Further, use the maps (2.24) of the inverse system (C}! x B, m} x id) to define:
g id: Fpr n = Fpsn,
(tri, 1d) > (1, 1d), (2.26)
(A,....D,00) > (A,.... D), 57),

whenever r > s.
Lemma 3. (Fpr ,, 7w} - id) is an inverse system of topological groups, indexed by N.

Proof. On the level of the sets C;' x By, the map 7] -id is 7] x id. We shall show that 7] -id is a group homomor-
phism. Indeed, let (x, o), (y, T) € C}! x B,. Then we have:
(7] -id)[(x,0), (v, D] = (7] -id)(x0o(y).07)=(7](xc(y)),07)

(in C})
="

r — r
(g 00 =0 o7 )

7y (x) nsr(a(y)),ar) = (n;(x)o(n:(y)),at)
= (rrsr(x), 0) . (nsr(y)t) = (n: -id)(x, o)- (n: -id)(y, 7).
Hence, (Fpr ,, ;] -id) is an inverse system of topological groups. O
Definition 3. The p-adic framed braid group on n strands F , is defined to be the inverse limit of the inverse system
(Fpr n, g -id), that is:
Foon :=limFpr » =1im(C}! x4t By).

Elements of F, , shall be denoted g .

Remark 2. F, , could have alternatively been defined as the semidirect product Z;’, x By. In fact, the two groups are
isomorphic, as the following theorem states. Our definition, though, leads naturally to the construction of the p-adic
Yokonuma—Hecke algebras, since the classical Yokonuma—Hecke algebras are quotients of the modular framed braid
groups (see Section 3).
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Theorem 1. There are group isomorphisms:
Foon =L, ¥ By %LiLan X By.
Moreover, F,, is dense in Z'I’, X By, and the identification in Fo , of Fyy = Z" X By, is dense in Fu . Finally, the

identification in Foo y of the set A= {t|,01,...,0,—1} CF, is a set of topological generators of Foo .

Proof. The second isomorphism is clear from Proposition 3. We will prove the first one. On the right-hand side B,
acts on Z’I; by permutation, that is, a 0 € B, permutes accordingly the positions of an n-tuple of p-adic integers. We
consider the bijection:

o Foon = Z; X B,
defined by combining (2.25) and (2.15). More precisely:

((wl, o), (w2,0), ) > ([(wll, wal, ..., (W12, w2, . ..)s ooy (Wiy, Wop, ...)], a)

where w, = (W1, Wy2, ..., Wr) € C.
Claim. « is a group homomorphism.

Indeed? let X = ((w17 O—)’ (w25 0)7 .. ‘) and y = ((Mla T)a (I“LZa T)a . ') € foo,n’ Where Mr = (Ml‘15 Mr27 Tt Mrn) €
C!'. Then:

xy = ((wr,0), w2.0), ...) - ((1,7), (U2, 7), ...)
= ((w1,0) (11, ), (W2,0) (142, 7), ...)
= ((wl o(uy), UT), (w2a(uz), UT), .. )
= ([(witkioys - Winkiom), 0T ], [(W21120(1ys - - - W26 (), OT ], ...
Hence,

a(xy) = ([(witp1o) W21 K261 - s -+ o Winliom)s W2nl2om)s ---) ], O T).
On the other hand:

ax)a(y) = (w11,...),...,(wm,...)],o) - ([(,u”,...),...,(,uln,...)],T)

[
[Wit, .. s Win, ) ] o [(rs 2D (ns -2 ) ] 0 T)
[(wn, o)y ey (W1, )] [(Mlg(l),...), o (Mo, ...)],ot)
[W11, ) 1oy =)y e ees Wiy o2 ) oy, -+ )]s OT)

= ([(wiiriocys - oo Winkio@m), - )], 0T) = a(xy).

Further, Z" x By, is identical as set to Z" x B,. By Proposition 4, Z" x B, is dense in ZZ X B,,, which in turn is
identical as set to Z’;, X B,. With similar reasoning the identification in Foo , of F,, = Z" x B, is dense in Fg -

For the last statement of the theorem, we only need to observe that the generators (2.16) of Z" are the multiplicative
versions of the generators f; of F;, given in Section 2.1. Therefore, the span (A) is isomorphic to the classical framed
braid group F,,. So, the identification of A in F , is a set of topological generators for Foo . O

In the sequel we will not distinguish between Z’[@ X By and Foo .

Remark 3. The fact that Z, and B, contain no elements of finite order imply that o, , = Z’;, X B, contains no
elements of finite order either. In particular, the modular relations for the framing are not valid in Fo 5.
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Fig. 5. A p-adic identity framed braid.

V NN
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a1y 212 343 851 8np 8p3 by byp Pyg boy bop bog
)
ayp+by, an+byy .

1
ﬁ\/ \/ Yy wes (\ , (\ ,
3y1+ b3 a5+ 3+ P22
Fig. 6. Multiplication of p-adic framed braids in Foo 5.

2.5. Geometric interpretations. By Definition 3 a p-adic framed braid is an infinite sequence of the same braid o €
By, such that the rth braid of the sequence gets framed in the modular framed braid group Fr , (recall Definition 2)
with the framings (a,1,a,2, ..., ar) € (Z/Zp)", Where a = (ari)r. By the isomorphism in Theorem 1, a p-adic
framed braid can be identified with the element:

a. @ n n
trty ...ty o eZp X By, 2.27)

that is, the braid o € B,, with each strand decorated with a p-adic integer. This in turn can be interpreted as an infinite

ay a an
framed cabling of a braid o € B,,. See Fig. 4. In particular, the element tfl ti‘Q .ty € ZZ can be viewed as the identity
braid in B,,, having the p-adic framing a; on the ith strand, see Fig. 5.

Remark 4. By (2.3) for classical framed braids, by Theorem 1 and by (2.27) a p-adic framed braid splits into the
‘ p-adic framing’ part and the ‘braiding’ part.

The operation in F, , corresponds geometrically to concatenating in each position of the infinite sequence the two
corresponding modular framed braids and collecting the total modular framings to the top (recall Section 2.1, (2.1)
and Fig. 3). See Fig. 6 for an illustration.
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Fig. 7. Multiplication of p-adic framed braids in Z’;, X By.
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Fig. 8. The approximation of an one-strand p-adic framed braid.

On the other hand, by (2.9), the multiplication between two elements in Z'I', X By, is defined as follows:

n b bn +bo (1) n+bg (n)

(o) (. )=t Lt ot (2.28)

where a; = (ari), and (b_l = (byi)r. This corresponds geometrically to concatenating the two braids ¢ and t with

p-adic framings (c(z_l seensln ) and (13_1 ey @), respectively, and collecting the total p-adic framings to the top. The

resulting braid will then have the p-adic framings (51_1 + bs(1)s -+ An + bon)), Where a; + by iy = (ari + bro@))r,
<~ <~ <~ <~ <~

according to (2.9). See Fig. 7.

As we said, we consider Foo n = Zj, X By, So, the expression (2.27) and its corresponding geometric interpretation
is what we will have in mind from now on. In this context, if Q € Z’I'] X By, such that all framings of Q are con-

stant sequences (k1), ..., (k,) € Zg for (k; € Z), then b € Z" x By and it is a classical framed braid with framings
ki, ..., k,. Of course, a classical braid in B, is meant as a p-adic framed braid with all framings 0.
2.6. Approximations. By Theorem 1, any element w = (tra A tra 5 .. tym . o), in Faon can be approximated as
follows:

w = lilgn(wk), (2.29)

where wy is the constant sequence (tf"l1 tf"zz o 28 a), € Foon. The product of two elements is approximated ac-

cording to (2.29) and (2.23). Further, the fact that F;, is dense in Z’I’, X By, = Foo n, means that any p-adic framed braid

can be approximated by a sequence of classical framed braids. More precisely, let 8 = t%lt;Z . tZ& 0 €L X By,
<
where a; = (a,;),. Then, by (2.20), we have:

<«

B =lim(B), (2.30)
<~ k

where g = t{'t5 .. ;)" - o € F,, and where ay; = (a;, aki, . ..), the constant sequence in Z C Z,,. For example,
the p-adic braid t¢ for a= (ai, az, ...), can be approximated as shown in Fig. 8, where ay = (ax, ax,...) € Z C Zp.

See Fig. 9 for a generic example. Of course, the product of two p-adic framed braids is approximated accordingly, by
(2.30) and (2.21).
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a a
21 %2 % a1 32 s

W)
\ = lim \ v =@ e )
) )

Fig. 9. The approximation of a p-adic framed braid.

3. Quotient algebras from p-adic framed braids

In this section we define the main algebra studied in the paper. This algebra arises as the inverse limit of an
inverse system of so-called Yokonuma—Hecke algebras. In the sequel we fix an element u in C\{0, 1} and we shall

denote C[G] (or simply CG) the group algebra of a group G.

3.1. Let H = (h) be a finite cyclic group of order d. As in (2.11) we define the element 4; in H" :== H x --- X H (n
copies) as the element having / on the ith component and 1 elsewhere. So, for any element (h%l, ..., h%) e H" we

can write
(h', ... k™) =h{" . W
For any i, j with i # j, we define the subgroups H; ; of H" as follows:
. -1
Hj j = (hih}").
Clearly, H; ; is isomorphic to the group H.In C[H"] = CH" we define the following elements:
1
edij = 7 Z xcCH"
XEH,‘J
or, equivalently:

1
e — mip—m
€dij = E hihj.
1<m<d

Lemma 4. For any i, j withi # j the elements ey ;, j are idempotents.

Proof. Itis enough to observe that ey ; ; is the average on the elements of the group H; ;. Indeed,

(ed,i,j)2=$ Z yé Z X=% Z Z yx:% Z X' =eq. a

YEH, j X€H; ; YEH, j x€H; x'eH; ;

Remark 5. Notice that H; j = H; ;. In the case j =i + 1 we denote H; ;11 by H; and ey ; ;11 by eq ;.

(3.1)

3.2. Consider now the modular framed braid group F; , (Definition 2). The C-algebra CH" is a subalgebra of the
group algebra CFy , and the elements ey ; ; are still idempotents in CFy ,. The main commutation relations among

them and the elementary braids o; are given in the proposition below.
Proposition 5. Forany i, j € {1,...,n — 1} we have:

(1) oey j=eq o' forall j#i—1,i+1.
Q) ey =ea;jo, forli — jl=1.

+1 +1 . .
() eq,jo; =07 ‘eqj forl|i—jl=1

4) eqih]" ...hy" =eqih" .. .0 (W] R

aj4+2 an
R VS

i+2
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Proof. (1) If j #i,i £ 1, the claim follows from the fact that o; commutes with 4 ;. Let now j =i. We have ojeq; =

-1 s, —S LSS __ 1S =S __ 1,8 -5 __.
oid™" Y hih; ;. Note that o;hih; '\ = hi, 0ih; | = hi  h; " o;. Then

1
2 : )
Uied,i = E hls-+1hi g; = ed,i0i~
K

(2) Let j =i + 1. We have that oithh;z = hfoihijf2 = hjflj:zo, So, we deduce: gieq ;41 =d ! Do hf.hl.:'zai.
Claim 3 follows similarly as Claim 2.

(4) Setting ¢ := hY" ... hy" we have:

s, —S . __ 1,41 Ai—1 7 a;i+S 7 Ai+1—5 7 Aj42 a,
hihifie=h{" . i RS h R

i+1 i+2 -
__ a1 aj—1y (s+ai—aj+1)+aiv1 ; —(s+ai—ajy1)+ai ; ai42 a
=h, "'hiflhi hiJrl hi+2 Y
__ga aj—1 5 (s+aij—ajy1) g aiv1 , —(+ai—aiv1) pa; 1042 a
=hy bk hi™ hi hifahily - oy
_ (3 Gtai—ait1) ; —(s+ai—ait+1)\ al Aj—1 7 Ai+1 7 a; 7 Ai42 a
= (; hiyi LR A i AR
Therefore,
1
o S7,—S
ed’lc_d Z hihH_lc
0<s<d—1
1 (5 ti—aiet)  —(5hi—; . o
_ s+a;—ajy1) (s+a;j—aj+1) aj aj—1 (1,4i+1 1, 0i aj+2 a,
= (5 Zhi hi g it (R R S kg
S
_ AL ai—1 (1 4i+1 7 a; ai+2 a
=eq,ih| "'hi—l(hi hi+1)hi+2...hn”. O

Remark 6. The elements /; correspond to the elementary framings f; in the additive notation of Section 2.1 and, for
d = p”, to the elements #,; defined in (2.11).

3.3. The Yokonuma-Hecke (Y-H) algebras were introduced by Yokonuma [13] in the context of Chevalley groups,
as generalizations of the Iwahori—-Hecke algebras. More precisely, the Iwahori—-Hecke algebra associated to a finite
Chevalley group G is the centralizer algebra associated to the permutation representation of G with respect to a Borel
subgroup of G. The Y-H algebra is the centralizer algebra associated to the permutation representation of G with
respect to a unipotent subgroup of G. So, the Y-H algebra can be also regarded as a particular case of a unipotent
algebra. See [10] for the general definition of unipotent algebras.

Definition 4. We define the Yokonuma—Hecke algebra of type A, Y4 ,(u), as the quotient of the group algebra of the
modular framed braid group F4 , under the quadratic relations:

g?:l—i—(u—l)ed,i(l—g,-) (i=1,...,n—=1). (3.2)
More precisely, Yy, (1) is defined as follows:
CFq
Yau(u) = -

(0 =1—@w—Deqi(1—0p),i=1,....,n—1)

Corresponding now o; € CFy , to gi € Yq,,(u) and fi € F4 n to h; € Yq4 ,(u), we obtain from the above and from
Proposition 2 a presentation of Y, , (1), by setting:

hi=gi--.g1h1gf1.-.gf1. (3.3)

Indeed, we have:
Theorem 2. The algebra Y4 ,(1) can be presented with the generators hi, g1, ..., §.—1 and the following relations:

(1) Braid relations among the g;’s.
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2) higi =gl'fi1,f0ri 221

(3) higihig; =gihigy hi.

@) hd=1.

(5) gi(gio1-..gthigy - .gi g ' =g (g1 qiigy . g g
©) g8=1+@w—Deq;(1—g)(=1....n—1).

In this above notation, we may rewrite the elements eq ; € Y4, (1) as:

1 _ _ - _
€di= 7 Z (gi_ll...g1 1h’1"g1...g,-_l)(gi...glhlmgl1...gi 1).
1<m<d

Remark 7. The Y-H algebra Y, , (1) can be also thought of as a u-deformation of the group algebra C[H" x S,] in
the following sense: The algebra C[H" x S,] = C[H" x §,] contains CH" as a subalgebra, so the elements e, ; are
also in C[H" x S, ]. We correspond now the generator s; € C[H" x S, ] to the generator g; € Y4 ,(u), the generator
h1 € C[H" x S,] to the generator i1 € Yy ,(u) and eq; € C[H" x Sy]to eq.; € Ya.n(u) (we keep the same notation).
Then, the canonical presentation of C[H" x S,] gives rise to a presentation of Y, ,(«) (the same as in Theorem 2) by
imposing the quadratic relations (3.2) instead of the relations sl.2 =1.

Remark 8. The fact that the element e, ; is an idempotent makes it possible to define in Y4 , () the inverse of g;.
Indeed, multiplying relation (3.2) by g; gives gl.3 =gi+w—1eqigi—(u—1eq; g,.z. Replacing now g,.2 by its
expression (3.2) and using the fact that e4 ; is an idempotent, we obtain that g? =gi— (u2 —u)eqi+ (u2 —u)eq.igi.
Using again (3.2) we substitute ey ; g; by (1 — DA+ @— Deg.; — giz), so we have g? =u+gi— ugl.z. Multiplying
the latter by glfl we deduce gf] =y~ (gl.2 4+ ug; — 1) and, using (3.2) once more, we finally obtain:

g l—gi—w™ ' = Degi+ ' — Deg,;gi. (3.4)

3.4. In this part we give a diagrammatic interpretation of the elements e, ; and of the quadratic relations in Y4 ,, ().
The elements ¢4 ; seen as elements of CF, , can be interpreted geometrically as the average of the sum of d identity
framed braids with framings as shown in Fig. 10.

Similarly, the quadratic relations gi2 =1+w—1)ey; — (u—1)ey ;g canbe also considered as relations in CFy .
In Fig. 11 we illustrate the relation for g% in CF4 3. Note that the effect of ¢4 ; on the identity element or on g; is to
produce d copies and frame appropriately the ith and (i 4 1)st strand. Similar is the effect of e;; on any braid. In
Fig. 12 we illustrate the quadratic relation in a compact form. Finally, in Fig. 13 we illustrate the equation for g]_1
in CFy 3.

Remark 9. Note the resemblance of relation (3.4) to the skein relations used for defining classical quantum link
invariants. For d = 1 the relation gives rise to the skein relation of the 2-variable Jones polynomial (HOMFLYPT),
that arises from the quadratic relation of the Hecke algebra of type A, see [3]. In fact, Y1 ,(u) coincides with the
Hecke algebra of type A.

3.5. The p-adic Yokonuma—Hecke algebra. We shall now explain our construction of the p-adic Yokonuma—Hecke
algebra Yoo , (1). The C-algebra Y , (1) will be defined as the inverse limit of an inverse system of the Y-H algebras

0 0 s ds O 0

S~

ith strand

i+15t strand

Fig. 10. The elements ¢ ; .
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0 0 O
\ 0 0 O 0 0 O 1 d10 2 d20 d11 0
= +l%1 + ‘ + | + o+
)
0 0 O 1 d10 2 d20 d11 0
- u_d1 \ + \ + \ + o+ \/
) ) ) )

Fig. 11. Geometric interpretation of g%.

0 0 s d-s s d-s
\K _ , ul -\
K d 0zser-1 \

Fig 12. g2 = 1+ —Deg; (1 - g).

0 0O 0 0 O 0 0 O 1 d10 2 d2 0 d1 1 0

J| -\ | ‘ .
( )
0 1d10 2d20 a1 1 0

+u-17.1% +\\ +\\ +...+\\

Fig. 13. Geometric interpretation of gl_l.

‘ + e 4

Ypr.n(u), r €N, where p is a fixed prime number. On this family of Y-H algebras we consider epimorphisms
(psr Ypr ) = Yps y(u) (r=s),

induced from the group homomorphisms 7/ - id defined in (2.26). More precisely, extending 7} - id linearly, yields a
natural algebra epimorphism

Oy CFprn—>CFpsn (r=5).

It is a routine to check the following lemma.
Lemma 5. (CF,r ., ¢7) is an inverse system of rings, indexed by N.

Note that the natural embedding ¢, : Fpr , < CFpr , induces a natural embedding len‘r Foon = l(iLn(C]-'pr,n.
So, up to identifications, we have the inclusions:

-7:11 gj:oo,n gl(ii](c‘;l:p’,w

Recall now that t; :=(t,1,...,1) and 0; := (07, 0;,...) In l(in CFpr n. Then we have the following result:
Proposition 6. The set X = {t|, 01, ...,0,—1} is a set of topological generators of the algebra 1<i£1(C]-'pr’n. In partic-

ular, the subalgebra CF,, is dense in l(iLn(C}"pr,n.
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Proof. By Proposition 1, the set X is a set of generators for the group F,,, hence X spans the algebra CF,. Now,
the mapping o; — o, t; > f,,1 defines an epimorphism n, : CF, — CFpr ,, for any r € N. Notice now that », is
surjective and that we have the following commutative diagram:

1 CF, LiLn(C]:p’,n
n’l Erl/
CFprn=—==CFprp

where &, is the natural projection. Then the proof follows from Corollary 1. O
Recall now the subgroups H; ; defined in (3.1). With the notations of Section 2 for H = C, we denote these
subgroups by H,; ; and we have:
Hr,i,j = <tr,it;,'1+1>-
Hence e, ; j € CC}. Recalling also that Fjr , = C;' X B, we have the following.

Proposition 7. For any i, j with i # j and for s < r, we have:

(1) The homomorphism ¢} maps H,; ; onto Hy ; ;.
(2) The kernel of the restriction of ¢; on H,; ; has order p"™5.
(3) dglepr.ij) =eps.ij-

Proof. Since ¢; (tr,it; jl) =1, it‘; ! Claim 1 follows. Claim 2 is clear by the fundamental theorem of homomorphisms
for groups. Finally, Claim 3 follows directly from Claims 1 and 2. O
Defining now in CFr , the elements:

gri=0f—1—@—Depy (1 —01)eCFp, (=1,....,n—1),

and the ideal
I[)’,n = (Sr,i; [ = 1,“.7,1 _ 1)
We have that
CFpr
Yp’,n(”) = #
prn

Using (3) of Proposition 7 we obtain the following lemma.
Lemma 6. For all i and for s <r, we have: ¢} (1pr ) = Ips 5.

According to Lemma 6, we obtain the following commutative diagram of rings:
CFprn—2aCFp .

Y pr (1) 5 Y s 1)
where p, and p; are the canonical epimorphisms and ¢} is defined via ¢} as:

Qs (x +1prp) =g (x) + Ips p. (3.5)
Recall that Ker(p,) = I,r ,. Thus, the inverse system (CF,r ,, ¢}) induces the inverse system

(Ypr @), ¢)
indexed by N.
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Definition 5. The p-adic Yokonuma—Hecke algebra Y« (1) is defined as the inverse limit of this last inverse system.

Yoon(u) := LiLan’,n ().

The algebra Yoo, (1) is equipped with canonical epimorphisms:
Er Yoo,n () — Yp',n(l't)7
such that ¢} o 5, = &;.

3.6.  We shall now try to understand better the structure of Y, , (#). By Lemma 6 the restriction of ¢§ to I, , yields
the inverse system (/,r ,, ¢; ). Furthermore, for any » we have the following exact sequence:

0= Iyrn =5 CFpron 25Y pr () — 0.
Then, by (1.2), we obtain the exact sequence:
0= lim Ly <> im CFpr 5 Yoo n(w),
where ¢ := 1<£nL, and p := l(inp,. Hence, and since l(inl,,r,n is an ideal in L&n@}"pr,n, we have:
im CFpr
= p(ImCFpyr ).
1im1pr’n p((_ P ,)’l)
Pa—

At this writing it is not clear whether the map p is a surjection or not. Yet, we have the following result.

Proposition 8. p(l(iLn CFpr n) is dense in Y oo 5 ().

Proof. The proof is again an application of Corollary 1. Indeed, define the map 6: p(x) — (por 0 &) (x), for x =
(xr) € l(igl(C}"pr,n. Clearly 6 is a surjective map. Also, we have: (o, 0 §.)(x) = p,(§, (X)) = pr (x)) =X + Ipr =

Er (4 Lpr p)ren) = Er(pr (1)) = (&) 0 {ianr)(x). Hence the proposition follows. O

Proposition 8 tells us that, although Y , (#) may not arise as a quotient of l(gl CFpr n, yet it does contain a dense
quotient. This means that, if we find a set of topological generators for ,o(l(igl CFpr n) we will have a set of topological
generators for Yoo , (#). In order to do that, we define first certain idempotents ¢; ; in l(in CFpr n that play analogous
role to the idempontent e ; ;. According to (3) in Proposition 7 we can define the following elements:

e j= (e[,,,"j, ep2 ;s )€ l(iLn(CC:} - {iLnC]:pr,n, (3.6)
where i, j € {l,...n—1}and i # j. For j =i + 1 we shall denote:
€ 1= €it1.

Notice that ¢; ; = ¢ ;. According to Remark 6 and Definition 4, e, ; ; is also an elementin Y ,r ,(u). So (3.6) defines
an element in Yoo , (#) (With same notation) and we have from the diagram below:

IimCCY S MmCFprn 2 oy, (u)

N

(CC;l (C]:pr,n b Yp’,n(u)ﬂl
(Erop)eij) = (pro&)(eij)=epij (forallr).

Lemma 7. For any i, j with i # j, the elements e; ; € l(iLnC]-"prﬂ are idempotents.
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Proof. The multiplication in l(in CFpr n is defined componentwise, so the proof follows directly from Lemma 4. O

Lemma 8. In im CF)r ,, we have:
<«

07 =1+ (u — 1)e;(1 — ;) mod (tm 7, ).

Proof. We must prove that oiz —(1+@—1)ei(l1—o0j)) e 1<£n I n. Recall that o; is the constant sequence (o}, 07, .. .),

2

hence oiz is the constant sequence (al.z, of,...). Also, the rth component of the element 1 + (u — 1)e;(1 — 07) €

1<i1_n(C]-"pr,,, is 1+ (u— ey ;(1—0;) € CFpr . Therefore, the element aiz — (14 (u — 1)e; (1 — o;)) is the sequence

(e1,r,€2,,...), and &; , € Ir ;. Hence the lemma follows. O
Proposition 9. Setting €; := crl.z —1—w—1e+ @ —1)ejo; € @Cfpr,n, we have:

l(lnlpr,nz(si; i=1,...,n—1).

Proof. Recall that &; = (&,;),en. Now, for any i and for any x = (x,), y = (y) € l(iLn(C}"pr,,, we have that xe;y =
(x,-&r.; yr). Furthermore ¢g (x,&,;yr) = @} (x;)&s,i @5 (yr) € Ips . Thus, xe;y belongs to l(in I,r , for all i. Hence, the
ideal generated by the &;’s is contained in LiLnIpr,,,. Let now w = (wy);eN € Liinlpr,,,. Then w, =, yri€riZri,
where y,.;, zr,; € CFpr . Thus, we can write:

W= Gri)r(eri)r @iy €imly .
i
As (ri)rs (2r,i)r € imCFpr , we obtain w € (e;; i=1,....n—1). O

Recall that, according to our inverse system, the element o; € B,, corresponds to the constant sequence (g;, i, -- )
in Yoo, (#). We denote this sequence by g;. Similarly, the braid O’l-_l € B, corresponds to the constant sequence

(g7 " g7",...) in Yoo, (1) and it shall be denoted by g;'. Thus, in pUmCFpr ) Yoo, (u) the following quadratic
relations holds:

g=1+@w—De(l—g) G(=1,....n—1).
We define now t; := p(t;) and e; := p(e;). Then, from Theorem 2 and Proposition 8, we deduce the following theorem.

Theorem 3. {1,t1, g1, ..., 8s—1} is a set of topological generators of Yoo n(u). Moreover, these elements satisfy the
following relations:

(1) Braid relations among the g;’s.

2) tigi =gity, fori > 2.

3) tigitig; ' =gitigy 'ti.

@ gigio1-..qitigy g g =g (@i gitigr g e
(5) gi2=1+(u—1)e,-(1 —g)@=1,...,n—1).

Moreover, as in Proposition 5, we can prove analogous commutation relations for e;. More precisely we have:

Proposition 10. In Y ,, () we have:

(1) gtlej=ejg! for j#i—1,i+1.
2) gl.ilej =el-jgl.il,f0r i —jl=1
3) ejg =g e forli— jl=1
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Proof. The proofs follow directly from Lemma 7 and Proposition 5. O

Remark 10. It is worth observing that Y , (#) can be regarded as a topological deformation of a quotient of the group
algebra CF,,, recall Theorem 3. Roughly, the algebra Yo , (1) can be described in terms of topological generators, in
the sense of Definition 1, and the same relations as the algebra Y, , () but where the relations hji =1 do not hold.
Consequently, Yoo (1) has a set of topological generators which look like the canonical generators of the framed
braid group F,, (recall Proposition 1), but with the addition of the quadratic relation.

3.7. As already noted in the introduction, the advantage of the classical and the p-adic Y-H algebras is that, by
definition of the elements ¢;, their quadratic relations involve the framing. Using the well-known Iwahori—-Hecke
quadratic relations we define the modular and classical framed Hecke algebras:

Hyn(q) i=CFun/lo? —(q—VDoi—q; i=1,....,n—1)
and
Hoon(q) = CFu/{of = (@ = Doi —q; i =1,...,n = 1).

The structure of these algebras is simpler than that of the Y-H algebras. Yet, the framed Hecke algebras are related to
the cyclotomic and ‘generalized’ Hecke algebras of type B (see [7] and references therein) in a similar manner that the
modular and classical framed braid groups are related to the B-type Artin braid group. So, the Markov traces and the
link invariants for the solid torus constructed in [7] by the second author can be adapted here for obtaining invariants
of framed links.

In a sequel paper we construct a p-adic linear Markov trace using the linear Markov traces in [4]. More precisely,
we can prove the following result.

Theorem 4. There exists a unique p-adic linear Markov trace defined as

T:=1lim7,: Yoo ny1 () — lim C[X, ],

where T, is the trace try of [4] for k = p” and where l(ir—n(C[Xr] is constructed via appropriate connecting epimor-

phisms: 87 : C[X, ] — C[X] (see [5]).
Furthermore

t(ab) = t(ba),

(1) =1,

T(agnb) = (2),t(ab),
t(at,’ b) = (xp)rT(ab)

forany a,b € Yoo n(u) and m € Z.

Normalizing all these traces according to the Markov equivalence for classical framed and p-adic framed braids,
we construct invariants of classical and p-adic oriented framed links.

We hope that this new concept of p-adic framed braids and p-adic framed links that we propose, as well as the use
of the Yokonuma-Hecke algebras and our framed and p-adic framed link invariants, will lead to the construction of
new 3-manifold invariants.
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