Available online at www.sciencedirect.com
- 5 An International Journal

" ScienceDirect computers &
r . mathematics
= - with applications
ELSEVIER Computers and Mathematics with Applications 54 (2007) 955-965

www.elsevier.com/locate/camwa

Modified variational iteration method for Boussinesq equation

Tamer A. Abassy?, Magdy A. El-Tawil®>*, H. El-Zoheiry®

4 Department of Basic Science, Benha Higher Institute of Technology, Benha University, 13512, Egypt
b Department of Engineering Mathematics and Physics, Faculty of Engineering, Cairo University, Giza, Egypt

Received 28 September 2006; accepted 20 December 2006

Abstract

This paper applies the modified variational iteration method to solve a class of nonlinear partial differential equations.
Boussinesq equation is used as a case-study to illustrate the simplicity and effectiveness of the method. Comparison between
variational iteration method and Adomian decomposition method is made.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The variational iteration method (VIM) was proposed by Ji-Huan He in 1999 [1,2] and has been proved by many
authors [3,4] to be a powerful mathematical tool for solving various types of nonlinear problems, which represent a
plenty of modern science branches [1-7].

In some applications when series solution is searched for, variational iteration method has some drawbacks which
reduce the efficiency of the method due to repeated calculation and calculation of unneeded terms. Such phenomena
will not happen if an initial guess is chosen with some unknown parameters. To overcome the shortcoming arising
in series solution, the present authors proposed a modified variational iteration method (MVIM) and used it to give
approximate solutions for some well-known non-linear problems [8]. The authors also proposed treatments on MVIM
results by using Padé approximants and Laplace transform [9,10]. The treatment improves convergence [7—10].

This paper is an extension of the work done in [8]. A new application of MVIM for a nonlinear problem is described
and is used to give approximate solutions for well-known nonlinear problem that takes the form

Lu(x,t)+ Ru(x,t)+ Nu(x,t) =0,

u(x, 0) = folx), ey
ur(x, 0) = fi(x),
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where L = 5)—;, R is a linear operator and Nu(x, t) is a nonlinear term. Ru(x,t) and Nu(x, t) are free of partial
derivative with respect to ¢.

A comparison was made among variational iteration method, modified variational iteration method and Adomian
decomposition method.

2. Variational iteration method

Using variational iteration method [1,2] to solve the nonlinear partial differential equation (1), the following
variational iteration formula can be obtained:

) ~ ~
Upt1(x,t) = U,,(x,t)—i—/ MLU, + RU, + NU, }dr, 2)
0

—=
where A is called a general Lagrange multiplier [11] which can be identified optimally via variational theory, RU,, and

— . . L. . — — =
NU, are considered as restricted variations, i.e. § RU, =0,§ NU,, = 0.

Calculating variation with respect to U,,,

2

t —
MMH@J):SMALU+8/‘MQ A L ¢ dt, (3)
0
t 92U, (x, 1)
8MHKLI%=MM@J)+5/‘M)—————— T, 4)
, U, (x, T) t 32r(1)
M&H@J)=Mh@ﬁxl—kﬁnhﬁ+S—j;—— +/GM&@J)8H dr. ®)
=t 0

Consequently, the following stationary conditions are obtained:

n A1) =0,
L (@) e = 0, (©)
Sup i 1 — 2 (1)]e= = 0.
The Lagrange multiplier, therefore, can be identified as
AMo)=1—1. (7N

Substituting the identified multiplier into Eq. (2) results in the following iteration formula:

U"l ( )

Upyri1(x,t) = Uy(x, 1) +/ (t—1) { + R(U,) + NU,,} dr. (8)

The second term on the right is called the correction term. Eq. (8) can be solved iteratively using Up(x,t) =
Jfo(x) 4+ f1(x)t as an initial approximation.

2.1. Remarks on variational iteration method results

Analysing the results obtained from iteration formula (8), it can be verified that U,, takes the following form:

Uy = B) + B{t,

Ui = B) + B|t + Bit* + B31* +-
9)

Uy = BY+ Blt + BX? 4 ... 4 B2 2041 | p2n2, 2042 | pdnd3 2n3 4
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where B]" is the coefficient of ™ which is settled and takes the same value for each U, as (2n 4+ 1) > m and is not
settled and doesn’t take the same value for each U, as 2n + 1) < m.

2.1.1. Remark 1

. 52 L
Concerning our case of L = 5’7, there are repeated calculation in each step (n > 0). To cancel some of the repeated
calculation, the iteration formula (8) can be handled as follows:

t

t t
Un(x,o—/ r(Un<x,r)>”dr+/ r(Un<x,r>),,dr+/ (t = 1) (R(Uy) + NU,} dr
0 0 0

Uny1(x,1)

U (x, 1) = 1 (Ua (. D) 470U (x, D) 1y ~Un (2, 7) |g+/t(r — ) {R(Uy) + NU,} dr
=Uy(x,t) —t (Uy(x,0); +1t (Uy); (x,0) + 1 (Uy(x,1)), — U,,();), )+ U,(x,0)
+/Ot<r — 1) ([R(Uy) + NU,} dr,
but
Un(x,0) +1 (Un), (1,0) = folx) + fi ()t = Up(x, 1).
So

t
Unt1(x, 1) = Up(x, 1) +[ (t =) {RWUp) + NU,} dr. (10)
0

Via the iteration formula (10) some repeated computations are cancelled.
2.1.2. Remark 2
If we rewrite Eq. (9) in the form
Un(x, 1) = Uy (x, 1) + Up* (x, 1), (11)

where US" contains the settled terms in Eq. (9) and U}}* contains the non-settled terms in Eq. (9).

It is observed that the addition of the term U,/* (x, t) deteriorates the convergence to the exact solution since the
coefficients of #*in U]"* (x, t) are not the exact coefficients of ¢°. So, U}”* (x, t) doesn’t lead to better convergence but
deteriorates the convergence and should be cancelled.

To overcome this problem and eliminate U,*(x, t), the following modification on the recursive formula (10) is
suggested:

t
Unt1(x, 1) = Up(x, 1) +/ (T =) {RUp) + Gu(x, 1)} dr1, 12)
0

where Up = fp(x) + f1(x)t and G, (x, t) is obtained from
NU(x,1) = Gu(x, 1) + O +?).

2.1.3. Remark 3
To cancel all repeated computation, let us rewrite Eq. (12) in the following iteration formula:

t t
Unt1 = U +/ {R(Up—1) + Gu-1}dr +/ {R(Un — Up—1) + (G — Gp—1)}dr. (13)
0 0
But it is known from (12) that

t
Uy = Up +f (R(Un_1) + Gr_1}dr. (14)
0
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Substituting by Eq. (14) in Eq. (13), we get:

t
Ui = Up + / (R(Uy — Up_1) + (Go — Gy_1)}dr, (1)
0
where U_1 = 0, Uy = fo(x) + f1(x)t and G, (x, t) is obtained from
NU,(x, 1) = Gu(x, 1) + 0" +?).

This final modified formula (15) cancels all the repeated calculations and the unsettled terms in VIM.
Accordingly, we are in the state to propose the modified variational iteration method. In the next section, the
modified variational iteration method is summarized on the basis of our case.

3. The proposed modified variational iteration method

Concerning the nonlinear partial differential equation (1) and following the same procedure as done in the
variational iteration method to calculate the Lagrange multiplier A and using the following modified variational
iteration formula instead of the variational iteration formula (8):

t
Unt1(x, 1) = Up(x, 1) +/ (t =) {RWUy, — Up—1) + (Gn — Gp-1)}dr, (16)
0
where U_1 = 0, Up = fo(x) + f1(x)t and G, (x, t) is obtained from

NU,(x,1) = Gu(x, 1) + 0" 12). 17)

The modified variational iteration formula (16) is used to obtain an approximate series solution for Eq. (1), which
takes the

u(x,t) = Uy(x,t),
where n is the final iteration step.
4. Case-study: “Good” Boussinesq equation
Consider the “good” Boussinesq equation [12]
Ui — ey — U)x +Upey =0, X €R, (18)

with the constrains

—3c2 s [CxX
u(x, 0) = ——Sech [7]
2

331 —¢ s [CX cx
1y (x, 0) = =———Sech [?] Tanh [7]

19)

where c is a constant.

It is solved using variational iteration method, modified variational iteration method and Adomian decomposition
method.
Solving the “good” Boussinesq equation using VIM:

To solve Eq. (18) by means of the variational iteration method, we set

RU, = _(Un)xx + (UH)XXXXa

(20)
and NU, = —(U>),.

Substituting by (20) in (8), we get the following variational iteration formula:

t
Upp1 =U, ‘|’/0 (T =D {Un)er — WUp)xx + WUp)xxxx — (Uy%)xx}d'L 210
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Using (21), the approximate solutions U, (x, t) are obtained iteratively by substituting:

Uo(x,t) = u(x,0) 4+ u;(x, 0)t
2

—3c s [CX 3371 = ¢2 2
= 2% Sech [—]+—s ch [ ]T h[ ]
2 2 2 2 2

Some approximate solutions are listed below:

3
Ut = Up+ Se*(=1+¢?) (=2 + Cosh [ex]) Sech* [%] 2

1 3
e <c5(1 — )3 Sech’ [%] (—llSinh [%] + Sinh [%D £

3
= 37¢°(=1+¢%)? (10 — 10Coshlex] + Cosh{2cx7) Sech® [%] X

3 4 -1 2 5 1— NS
Us = Uo—l—%( 2+Cosh[cx])Sech46[ : ]t ;}—Z%Sechs [%]
3 1
x —1ISinh[z] wsinh |25 3= CELE T 53 s6Coshiex]
2 2 128

i 5
1 — .
+ Coshi2exSech [ ] + (12—8(‘))5 o’ [<] <302$inh (<]

5120
+33763¢?)Cosh[cx] + (—1382 + 16 718¢*)Cosh[2cx] + 6(—53 + 227¢2)

1] — 2y
x Cosh[3cx] + (=11 + 23¢?)Cosh[4cx])Sech 2 [%] 0+ %(445
—7717¢% + 2(62 + 3913¢?)Cosh[cx] — 4(70 + 269¢?)Cosh[2¢x] + (40 + 14¢?)

x Cosh[3¢x] + (=1 + ¢2)Cosh[4cx])Sinh'2 [ : ]T h[ . ]ﬂ .

3ex Scx 10(_] 4 (2
—57Smh|: : ]+s h[ : }>t5+&(1569+52971c2—2(71

and so on.
The results obtained in (24) can be written as

Uop = B + Bjt,
Ui = BY + Bl1 + B* + B}1® + B},
U, = BY + Byt + B3t> + B31> + B3t* + B3r> + B3 + B]1" +-

where
0 0 0 g
By = B = B; = B3 =B, [7],
3¢3V1

Bl=B =Bl =Bl =...o gl = V1= ch? [ =] Tanh [ ],

2 3 4 2 4 CcX
B?=B}=Bl=...=B>= <! (=1+¢%) (=2 + Coshlex)) Sech [7]
3 3 3 3 cs(l—cz)% s[ex . cx . 3cx
B =B} =Bj= =B = ———Sech [?] —IISmh[?]—i—Smh 1)

-3
B} = §c6(—1 +¢2)2 (10 — 10Cosh [cx] + Cosh[2¢x]) Sech® [%] ,

959

(22)

(23)

(24)

(25)
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U, error

30
— = U;l error 25}
20¢
151
10}
5 /
-7.5 -5 -2.5 25 5 7.5

Fig. 1. The absolute error between the exact solution and U; and the absolute error between the exact solution and U‘Z” atx =0and c =0.5.

_ .6 -1 2\2
B =Bt == = TSI 33 p6Coshlex] + Cosh[2ex])Sech® Kl
128 2
7 23
5 o5 s c(I—=c9)2 7[€x . X 3cx S5cx
B} =B = =B} = ———Sech [2 | (30281nh[ 2] 57S1nh|: o | +sinh [ == ).
6 _ cVC=1+ch 2 2 2
BY = i (1569 + 52971c” — 2(71 + 33763¢”)Coshlex] — (1382 - 16 718¢?)

x Cosh[2¢x] — 6(53 — 227¢%)Cosh[3cx] — (11 — 23¢2)Cosh[4cx])Sech' [%] , (26)

Fig. 1 shows the absolute error between the exact solution and U; and the absolute error between the exact solution
and Uﬁ" , where the exact solution of Eq. (18) takes the form [12]

)
¢ Sech? [%(x +V1— czt)] . 27)

Solving the “good” Boussinesq equation using MVIM:
Now, let us solve Eq. (18) using MVIM. By using the modified iteration formula (15), where

u(x,t) =

U_1 =0,
Uoz%czseChz[%]Jr a 2 e hz[z]T h[z]

and G, (x, 1) is calculated from the relation
— ((Un (x, t))2) =G,(x, 1)+ 0(t2n+2).
XX

The following results are obtained:

3
U = Uy + gc“(—l +¢2) (=2 + Cosh [cx]) Sech? [%] 2

+% <c a —cz)ZSechS[z ]( IISmh[ 2]+Sl h[?’;xD)P,
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Uy = Uy 4 0= (33 — 26Cosh [cx] + Cosh[2¢x]) S h6[cx]t4+ 0=
H» = U 178 osh [cx osh[2c¢x]) Sec 3 1530
3ex Sex
x ( Sech’ [ﬂ] 3ozsinh[ﬂ] _ 57Sinh +sinh [ 255 1)) £,
2 2 N 23
8 -1 2\3
Us = Uy + %(—IZOS + 1191Cosh[cx] — 120Cosh[2¢x]

%smﬁ [%] (—15 619Sinh [%]

3 Scx Tex
+4293Sinh [%] — 247Si nh[ 5 i|+S h[ : ])ﬂ,

Clo(—l +C2)4
Uy = Us + W(_78 095 — 88234Cosh[cx] + 14 608Cosh[2cx]

+ Cosh[3¢x])Sech® [%] 0 _

1] — 2)3
_ 502Cosh[3cx] + Cosh[4cx])Sech!” [%] 84 %sm“ [%]

3ex Sex
x <1310354Sinh[%] 455 19281nh|: : :|+4784081nh|: : ]

Tex
—1013Smh|: : ]+Smh[9; Dﬂ, (28)

By observing the results and the calculation done, we found that the unneeded terms are omitted. This means that
the error will coincide with the error curve of the settled terms in Fig. 1 (dashed line).

Solving the “good” Boussinesq equation using ADM:

Following the analysis of Adomian decomposition method [13-15], Eq. (18) can be rewritten in an operator form
as

Lu(x,t)+ Ru(x,t) + Nu(x,t) =0, (29)

. . a2
where the differential operator L = %, R=— x2 + x4, and the nonlinear term Nu = (u?),. It assumes that the
unknown function u(x, t) can be expressed by an infinite series of the form

u(x.1) =Y un(x,1), (30)

n=0

where the components u, (x, t) will be determined recurrently and the nonlinear term Nu(x, t) can be decomposed
by an infinite series of polynomials given by

o0
Nu(x,t) =Y Ay(x,1), 31
n=0
where A, are the so-called Adomian polynomials of ug, uy, ..., u, defined by

A,,(x,t)——|:d)\n (Zku,(x t))j| , n=0,1,2,3,.... (32)
A=0
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The Adomian polynomials that represent the nonlinear term (%), are given by

Ao = 2(uo,)* + 2uoug
Al = 4u0xu1x + 2141140“ + 2uguq

xx?

xx?

Ay =2(ui 4 2uo,u, + uo, Uz + Uiy, + Uz, o), (33)
Az = 2(2u1_¥u2x + 2uoxu3x +uo, u3z +uy ux +uz, up + u3_¥xu0),

Other polynomials can be generated in a like manner.
The inverse operator L~! is an integral operator given by

t t
—1(.)=/0 /0(.)dtdt. (34)

Applying L~ "on Eq. (29) and using the given constraints we find that

u(x,t) = fo(x) + fix)t — Lil(Nu(x, ) + Ru(x, 1)). 35)
Substituting Egs. (30) and (31) into Eq. (35) gives

D unlx, 1) = fox) + fix)r — L7 (Z An(x,T) + R (Z n (x, r))) : (36)
n=0 n=0

n=0

The components u, (x, t)follow immediately upon setting

uo(x, t) = fo(x) + fi(x)t
:_;Czsechz[%]—i- ¢ . 3eVl=chg hz[z]T h[z] 37)

and substituting by (33) in the following iterative equation:
Unt1(x, 1) = —L7V (A, + Ruy). (38)

We can obtain the following components:

3
i (x, 1) = §c4(—1 +¢2) (=2 + Cosh [cx]) Sech* [%] 2

1 5 2.3 s[ex . cx . 3cx 3
+ I3 (c (1 —¢*)2Sech [7] <—11$1nh [7] + Sinh [T:D)t

3
— 35" (=14 ¢%) (10 — 10Cosh{cx] + Cosh[2cx]) Sech’ [%] ,

1
ur(x,t) = —mc( 1 + ¢?) (=40 — 440 4+ 15(—1 + 33¢?)Cosh[cx] + 24(—1

7 1 — 2y5
+3¢)Cosh[2¢x] + (—1 + ¢2)Cosh[3cx])Sech® [2 i %

]
X (Sech7 [%] (3ozsinh[cx]—57s nh[ : :|+S h[sz ]))P

1
+5555 (=14 ¢#)(600 + 26 670¢ — (59 + 33 775¢2)Cosh [cx]

+4(—133 + 2050c2)Cosh[2cx] + (123 — 645¢2)Cosh [3cx] — (4 — 10c2)

3¢13(1 — 2 3
« Cosh [4¢x])Sech!? [3] 1+ % ( — 3749Sinh [ﬂ]

2

3cx S5cx Tex
1551Sinh | =— | — 2 h nh ch!?
+555m[2} 3SSn|:2:|+9S [ZDS [2]t,
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uz(x, 1) = 15 76ch(—l + ¢%)(—2604 — 52392¢% — 2562 924¢* + 6(—301+

x 1546¢% + 540 099¢*)Cosh[cx] + 96(—17 — 498¢2 + 8183¢™)
x Cosh[2¢x] + (717 — 13242¢? + 62 637¢*)Cosh [3cx] — (116 — 616¢2

+1076¢*)Cosh [4cx] + (1 — 2 + ¢*)Cosh [Scx])Sech'? [%] 3

9(1 — ¢2)3
U= 18774 4 3754862 + 34717866 — 6(3157 — 63142
1720320

+ 639 157¢*)Coshcx] + 24(131 — 262¢2 + 27251¢*)Cosh [2¢x]
+ (3069 — 6138¢% + 22 851c*)Cosh[3cx] — (242 — 484¢? + 2426¢%)

x Cosh [4ex] + (1 — 262 +c4)Cosh[5cx])Sech12[2]T h[ ]z - (39)

and so on.

Considering these components, the solution can be approximated as

n

(1) = gu(x, 1) = Y tm(x, 1). (40)
m=0
¢‘=_362 [%]er%s hz[z]T h[z]

+ 364( 1 + ¢?) (=2 + Cosh[cx]) Sech* [ 2 ]t + 116 ( a

— )3 Sech® [%]( 1Sinh [ 2] + i h[ D)r + o),
¢2=i€28ech2[%]+33 ; Se hz[ ] [ ]t—l——c (-1

2
(c (1 — )3 Sech’ [ 2 ]

[5]7

( 1lsmh[2]+s h[ D) Sge 1+ D33
15
5

+¢?) (=2 + Cosh[cx]) Sech4

7
(l —c ) JTCX
— 26Cosh[cx] + Cosh[2¢x])Sech® ] e <Sech [7]
. cx 6
x 302Smh[ : ] — 57Sinh + Sinh 54+ 035,

93 = —?Shz[z]Jr%SeChz[Cz] h[z]

3 1
+ gc“(—l + ¢2) (=2 + Cosh[ex]) Sech® [%] 2+ 5 (c5(1 — )3

3 1
x Sech® [%] <—11$inh [%] + Sinh [%D) P = b1+ )

-3
x (33 — 26Cosh[cx] + Cosh[2¢x]) Sech® [ 5 ] "+ %

x (Sech7 [%] <302$inh [sz] — 57Sinh [32 } + Sinh [S;CD) 5

+68(_1+c2)3( 1208 + 1191Cosh[cx] — 120Cosh[2¢x]
—_—(— osnicx | — 0S CX
15360
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¢ (ADM) eror 15}
— — = U3 (MVIM) error 1.25F
1
0.75F
05f
\ 025} —/
— [ —— t
—4 2 2 4

Fig. 2. The absolute error between the exact solution and ¢3 (ADM) and the absolute error between the exact solution and Uz (MVIM) at x = 0
and c = 0.5.

Table 1
The time consumed in calculating Uy, (x, t) for Boussinesq equation using Mathematica -4 package

Up(x,t) Uy(x,t) Us(x,t) Uy(x,t) Us(x,t)
VIM 0.907 59.203 N/A N/A N/A
MVIM 0.672 1.719 4.562 8.281 34.11

9 22

1— 2
+ Cosh[3¢x])Sech® [ﬂ] LA G LR [9]
2 215040 2

. cx . 3cx . S5cx
x <—15 619Sinh [?] + 4293Sinh [7} — 247Sinh [T]

7
+Sinh[%])t7+-~, @1)

By analysing the previous results, it can be noticed that ¢, composes of settled term and non-settled term, ¢’ and
¢° respectively, i.e.

Gn(x, 1) = @' (x, ) + " (x, ). (42)

Fig. 2 shows that the MVIM results are better than the ADM results in our case.

By observing the results obtained by MVIM, VIM and ADM in the case study, we found that the series solution
obtained by MVIM converges faster than those by VIM and ADM, and MVIM eliminates all the non-settled terms in
VIM and ADM.

5. Some remarks

By analysing the obtained results and procedures used in modified variational iteration method, variational iteration
method and Adomian decomposition method we observe that:

1. Modified variational iteration method cancels all the unsettled terms in variational iteration method and also in
Adomian decomposition method.

2. The series solution obtained by modified variational iteration method converges faster than that by variational
iteration method. Table 1 shows the efficiency of the modified variational iteration method.
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3. Modified variational iteration method eliminate the shortcoming in variational iteration method by cancellation of
computation of the unsettled term, see Figs. 1 and 2.

4. Modified variational iteration method is easier than variational iteration method and Adomian decomposition
method in calculation.

6. Conclusion

Modified variational iteration method (in the used cases) cancels the repeated calculation in the variational iteration
method, also the computation of unnecessary terms in VIM and ADM. The obtained series solution converges faster
than those obtained by VIM and ADM in the studied case.
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