View metadata, citation and similar papers at core.ac.uk brought to you by .{ CORE

provided by Elsevier - Publisher Connector

JOURNAL OF ALGEBRA 85, 32-39 (1983)

Cyclic Derivation of Noncommutative
Algebraic Power Series

CHRISTOPHE REUTENAUER

CNRS Institut de Programmation, 4 place Jussieu,
7500 Paris, France

Communicated by D. Buchsbaum

Received June 15, 1981

We show that the cyclic derivative of any algebraic formal power series in
noncommuting variables is again algebraic.

INTRODUCTION

Rota et al. [8] have introduced two operators C and D of the algebra of
noncommutative formal power series; they are defined in the following way:
the image Cw of a word w is

—
Cw= > wu
uv=w
vl

(and C is extended by linearity and continuity) and the cyclic derivation D is
obtained by composing C with the map T such that

TOew) = w,

Tx)=0

if w does not begin with x where x is a fixed letter. In the case of one
variable, D is the usual derivation. The above cited authors show that the
image under C or D of any rational noncommutative power series is again
rational. The purpose of the present note is to prove that the image of any
algebraic power series is still algebraic (which is well known for one
variable): the concept of algebraicity for noncommutative formal power
series that we shall use here was introduced by Chomsky and Schiitzenberger
[3]; it extends on one hand the usual concept in one variable and, on the
other, the concept of context-free languages. These languages are closed with
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respect to C (and the same is true for rational (or regular) languages, as
proved by Schiitzenberger (unpublished result, cited in [5, I1.23])).

1. PRELIMINARIES

Let X be an alphabet, X* the free monoid generated by X. The neutral
element of X* is denoted by 1. The elements of X are words and 1 is the
empty word. The length of a word w is denoted by |w].

Let X be a field; the algebra of noncommutative polynomials K(X) is the
set of all linear combinations

P= > (P,w)w,
wex*
where (P, w) denotes the coefficient of the word w; I = K" (X) denotes the

ideal of the polynomials P such that (P, 1) =0 (i.e., without constant term).
The powers

I, n>0,

of I define a fundamental set of neighbourhoods of O for a metrizable
topology, see [8]. The completion of K(X) is the algebra of noncommutative
Jformal power series K{X), which can be identified with the (finite or
infinite) sums

A language L is a subset of X*; it can be identified with its characteristic
series

L=> w

™~

The support of a formal power series S is the language
supp(S) = {w € X* | (S, w) = 0}.

A formal power series is rational if it can be obtained from polynomials by a
finite number of the following operations: sum, product, inversion. By a
theorem of Schiitzenberger (which extends a well-known theorem of Kleene)
a series is rational if and only if it is recognizable, that is, if there exist n > 1,
an algebra homomorphism

u: KXy = #(K)
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and matrices 4 €4, (K), y € #, ,(K) such that for each word w

(S, w) = Auwy

(for a proof of this theorem, see [4] or [9]).
Let us now define algebraic series. Let

F=1{ ... ¢}

be a new alphabet and
P& s & )pes P s €) E KX U E)D,

We say that the system

él = Pl(él PIIED én)
: (1.1)
én = Pn(él 9y in)

is an algebraic system of equations. We now introduce two conditions on the
polynomials P,, each of which is sufficient to imply the existence and the
uniqueness of an n-tuple of formal power series in KX which is a solution
of this system.

Call the system proper if for each i

supp(P,) M 11, ¢&,,... ¢, =@.
Call the system strict if for each i

supp(P,) N E* =@

If the system is strict, it can be shown that there exists one and only one n-
tuple (S,...., S,) € K{X )" which is solution of this system, that is, such that

S, =P(S.... S,)

: (1.2)
Sy =Py(Syrr Sy)

where P(S,,..., S,) denotes the series obtained by replacing each & in P; by
S;. Similarly, if the system is proper, there exists one and only one n-tuple
(S1s0 S, EKYEX)" (where KT{X) is the set of all series without
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constant term) such that one has (1.2); this n-tuple will be called the proper
solution of the system.

One shows that the following conditions are equivalent for a formal power
series S

(i) § is a component of the solution of a strict system,

(i) S is the sum of a constant and component of the proper solution
of a proper system

(See [9, Chapter IV, Theorem 1.1, Definition p. 120 and Theorem 2.3].)
In this case, we say that S is algebraic.

Let C: X{X)— K{X}) be the K-linear and continuous mapping defined
for each word w=x, -- x,, (x; € X) by

)

CW =1y Xy Xy oo XXy ooe F Xy Xy o0 X, = O vu Ci=1.
wW=up
vl

Rota et al. [8] show that if S is rational, then CS is again rational. We want

to deduce the following result.

THEOREM. [If S is algebraic, then CS is algebraic.

The above-cited authors call ¢yclic derivation with respect to a given letter
X;, the operator D of K{X) defined by

DS =x,(CS),

where, for each series T, x, '7T is defined by

xg'T= > (T, xyw)w.

wex”*

Now it is a classical result that if 7 is algebraic then x, '7 is algebraic too
{e.g., it is a consequence of Theorem 2.3. Chapter IV in [9]). Hence, the
theorem above implies the

COROLLARY. [If S is algebraic, DS is algebraic.

ExampLE. Consider the series defined by
S=x55+y
We have

S =x + Xpy + XX9pY + XpXPY + XXXYYpY + oo
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S is just the characteristic series of the well-known Luckasiewicz language L
(see [2, I1.4]). A word in L can be pictured as a binary tree; for instance,

Let |w|, denote the degree in x of w. Then for each w such that
|w|, —|wl|, = —1, there exists one and only one u € L conjugate to w (i.e.,
u = ab, w = ba), see |2, Proposition I1.4.3]. Hence

CS = > w

Wl fwly=—1

and, letting D denote the cyclic derivation with respect to y,

DS = Z w,

1Wle—[wly=0

which is algebraic (ibid.)

Remarks. 1. The operator x~'T allows one to characterize rationality
in a nice way: indeed a series S is recognizable if and only if the smallest
subspace of K{(X)) containing S and closed with respect to the operators x ™'

(for all letters x) is finite dimensional. This dimension is the rank of S,
which can also be defined by a Hankel matrix (see [4]).

2. Through the notion of recognizability, one can give another proof
of the result of Rota et al.: indeed if

(S, w) = duwy (see above)

then

(CS,w)= 3 (Ssvw)= 3 D (uuy); (),

w=uv uv=w 1gign
v#E1 v+l

Z (S; u)(Ty, v) :Z (S;T;, w),

i,u,v

where §; and T; are the recognizable (hence rational) series defined by
(S;, w) = Auwy, (T, w) = Auwy;,

and where 4; (resp. ;) are the matrices of the canonical basis of .7 ,(K)
(resp. .#, (K)). Hence CS =", §,T; is rational.
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2. PROOF OF THE THEOREM
The Hadamard product of two series S and 7 is the series

SOT=Y (S, w)(T, w)w.

w

Let ¥ and Y be two alphabets and

Ve y

Y-Y

be a bijection between them. We call Dyck language the language 4 on the
alphabet Z = YU Y defined by

Ad=9" 1(1)9
where ¢ is the canonical morphism
Z* Y(*),
Yy,
V=

1

and Y'* the free group generated by Y. We still denote by 4 the charac-
teristic series of the Dyck language: A4 is an algebraic series (see |2, IL3)].
The theorem of Chomsky—Schiitzenberger [3] asserts that for each algebraic
series § € K((X)) there exists an alphabet Z=YU ¥, a rational series
R € K{Z) and an alphabetical morphism y: Z* - X* (alphabetical means
that the image under y of each letter is either a letter or the empty word)
such that the family of series

(R O 4, w) y(W))yez-
is summable in K{X)) and that its sum is S. We then write
S=w((R QO 4).

(For a proof of this result see [9, IV.4}.)

There exists a more sophisticated version of this theorem: it says that
there exists a rational language K (see [4] or [2]) and an integer & such that
supp(R) c X and that

Vaub € K, lul > k= lw@)>1. 2.1)

In other words, each factor of length at least k of any word in K contains at



38 CHRISTOPHE REUTENAUER

least one letter z € Z such that w(z)&€ X. This improvement of the
Chomsky—Schiitzenberger theorem is proved for languages in [1] and [2]
(Ex. 3.8 of Chapter IT), but its extension to formal power series is
straightforward. ,
Now, let S € K{X})) an algebraic series and Y, y, R, K and k as above,
Let K’ be the language defined by

K'=CK={vu|luve K}

Condition (2.1) implies that a similar condition is true for K’ (with 2k in
place of k); indeed each factor of length at least 2k of a work in K’ contains
a factor of length £ of some word in K.

Let Z, be the set of all letters z € Z such that y(z)=1 and Z,=Z\Z,.
We denote by T the series

T=CUOR) QO Z*Z,

(recall that Z*Z, is the characteristic series of the language Z*Z,). Then
supp(R) = K implies that supp(T)cK’, hence the family of series
((T, wy w(w)),,cz- is summable in K{X); we denote by w(T) its sum and
show now that

w(T)=CS. (2.2)
Indeed, let w =,z ,uy -+ z,u,, u; € Z¥, z; € Z, with y(z;) = x; € X. Then
CU(W) =X, e Xy Xy oo XX, 4 e+ XXy o Xy
and
w(Cw () Z*Z,) = (U ugzithy »+ Zy+ Uy ZUgZ Uy -+ 2, F oo
B touy ez U Uy Z)

:xl ...xn+xnxl "'xn—l o+ e _|_x2 xnxl

hence Cy(w) = (Cw () Z*Z,) and (2.2) follows by linearity and continuity.
We now show that w(7) is algebraic. Let

0 Z% 5 KX,
w— w(w) if wekx,
w0 if wé&k'.

Because of the condition on K’, the mapping 7 extends by linearity and
continuity to a mapping

T K(X)) = KX
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which is a rational regulated transduction (see |[7] or [9, Chapter 3,
Section 1]). Hence (ibid.) the image under 7 of any algebraic series is
algebraic. Now, because supp(7) < K’ we have (7} = w(7). Furthermore,
because uv € 4 < vu € 4 we have

CA(OR)=4() CR
and: CR is rational [8], Z*Z, is rational because
Z*Z,=(1 —_Z)¥l Z,,

T=4()CR () Z*Z, is algebraic by a theorem of Schiitzenberger {10] (the
Hadamard product of an algebraic (resp. rational) series by a rational series
is again algebraic (resp. rational)).
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