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Abstract

We consider lower bounds for the largest eigenvalue of a symmetric matrix. In particular we extend a
recent approach by Piet Van Mieghem.
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1. Introduction

Let Amax (A) be the largest eigenvalue of a symmetric m x m matrix A = (a;;). Since

xTAx
T

Amax (A) = max

x#0 XX

it clearly follows that a lower bound for Apyax(A) is given by
ul Au

uTuy

Amax(A) = 6]
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where uT = (1---1). Note that

N = ulAu = Zaij,
ij
uTu = mand N; /m is a commonly used lower bound for Aax (A). Recent work on lower bounds

for a symmetric matrix has been done by Van Mieghem [2]. He showed that

Ny N3 NiN; N13 ) 4
Amax(A) z—+ 20— — 2 + N3 )\() + O(t )a (2)
m 2m m 2m
where t > T, Ao = t/m,
g + > laij| 3)
- m .. .
p 1<jagxm ajj aijl | »

i#]
and Ny, = uT A*u with No = m.

The aim in the current paper is to extend the results of Van Mieghem [2]. The central idea of the
paper is to apply the classic bound to transforms of A. Applying standard bounds to transformed
matrices which result in improved bounds has recently been exploited in Walker [3,4] and Liu
et al. [1]. We derive the general lower bound in Section 2, where we also consider some specific
cases. Section 3 provides a further useful result when A is positive definite and finally Section 4
concludes with a numerical example.

2. Lower bounds for symmetric matrices

Consider the m x m symmetric matrix
oo
k,—k
A=) fidft7k,
k=0

where the Taylor series Y 7, fix* = f(x) converges for |x| < Ry, where R > 0 is the radius
of convergence. If A is an eigenvalue of A, corresponding to eigenvector v, then

o0 oo )\'
Av = ARty = ek = (=) .
{V kX—(:)fk v gfk v=f v

The series converges for any eigenvalue of A provided we choose t > A/R f» where L=
maxigj<m{|Ajl}

If f(x) is real for real x and increasing, then Amax(A;) = f (w) Next, we apply the
classical bound (1) to A; and obtain

utAu 1 & 1 &
dmax (A1) > ——— = =" fru" Ayt = =" N,
m n k=0 m k=0

It follows from (1) that Ny < mAmax (A%). Since Amax (A%) < Xk, we have tl~1at Ni < mA¥ and this
inequality shows that the series Z,‘:io fiNxt—* indeed converges for t > 1/R f-
Since also the inverse function f~!(x) is increasing when f(x) is increasing such that

Amax(A) = £ Oumax (A1),
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we arrive at the inequality

Amax (A) > ( kaNkr "). )

The best possible bound is reached when the right hand side in (4) is optimized over all increasing
functions f. Obviously the set of increasing functions includes the case f(x) = x and for this
increasing function we obtain the classic inequality Amax(A) > Nj/m. Hence (4) is at least as
good as the classic bound when optimized over all increasing functions. In fact as we will see in
Section 3, when A is positive definite, it turns out that the worst f is indeed f(x) = x.

The function f~! ( % Y reo kakzk) is expanded in a series around z = 1/t = 0 in Appendix
A to obtain

Amax (A) > ( kaNkr ") =Y '™ 5)
k=1

and the general term cy is given in (8). Explicitly, the first few coefficients ¢ are

N
c|=—
m
fr (N2 NP
) = — _— —
film m?2
CS:E &_N_l?’ +2f22 N_?_NINZ
fi\m m Vi m?
c4:ﬁ &_N_ﬁ +f2f3 5Ni‘_31\/121\’2_21\/1N3
fi\m m* 2\ m 3 2
+f—2 _ﬁ+6N12N2_N_22
P m m? m? )

If R ;-1is the radius of convergence of the Taylor series of f ~1(x) around fp, then

B <%kathk> = <f0+ kath k)

indicates that convergence requires that - o Y ey fulNkt™ k<R ¢-1. Using N < < mAK, the series
is bounded by

1 & _ R x
Zl;kakf ké;fk?»kt k=f<;)—fo

from which f (%) < fo+ Ry-1 and thus, that? > Combined with the above bounds

S S
T Co+R—D”

l‘l_k

on t, convergence of Y po ck requires that

1 1
X _ 6
t > max(Rf = (fO+Rfl)> (6)
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and, in practice, t > T«/ max < RI/ +>, where

f=1(fo+R 1)
m
T+/m = max aiil ¢,
1</<m{21:| ”'}
1=
since it is well known that A < Tﬂ .

2.1. Examples

If fir = 1, then f(x) = ;= and f~ lw)y=1- .The Taylor series of f(x) around x = 0 has
Ry =1, while the Taylor series of f~ (f) around f (0) = 1 has radius of convergence R ;-1 = 1.
Hence, the bound (6) for ¢ yields ¢ > 2T +/m and we find from (5)

Ni 1[N N} Ny NiNy NP\ 1 3
Amax (A) 2> m+?<;—m +2 - ) +m t_2+0(t ). @)

The bound (7) is very similar to the Van Mieghem [2] expression (2), except we have an additional
1/t term which is positive. Note that the 1/¢2 term L is not necessarily positive. On the other hand,
the bound on 7 in (2) is less than half as large as 27 «/m here.

If we choose f(x) = (1 — x)“, then the Taylor coefficients around x = 0 are f; = (—D¥ (‘Z)
and Ry = 1. The inverse function f Tx)y=1- xé has aradius of convergence around f(0) = 1

equalto R ;-1 = 1. Using (6), we have that 7 > T /m max (1, —l>.Fora = —|B| < 0, where

1-2@
S = ('ﬁlkak) andt > Tf , the lower bound (5) up to O(¢~ 3) is
2T
Nl N2 NPY (B4 D)
A A _
LB+ __N_* (N oMM | s+
3381+ 1) m3 m3 m? 212
To compare with (7) where |8] = 1, we write t = t;j ————, where 1] > Zfﬁ,
212" THT)
M (N w2\ Bl (1-27)
Amax(A) 2 — + ———2
m m m t
2 — 2z
CJasi (v NP (N Miv | 20D (1-277)
3381+ 1) m? m3  m? it

This shows that the coefficient of l is larger than in the B = 1 case provided || < 1. In that

case, however, the coefficient of has a smaller positive 3((‘63“11)) factor. The argument shows

that, depending on the values of Nk, we may fine-tune § to produce a larger lower bound.
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Finally, consider f(x) = ¢** for which f; = ‘,,‘(—],( and Ry — oo. Theinverse function f 1x) =

aT Jm

log?2

% log x has a Taylor series around f(0) = 1 with R 1= 1. The bound (6) becomes ¢ >
and (5) up to 0@t 3)is

A (4) SN (N N} a_ Ja (N N} N N} NNy | @?
nax m  2\m m?)t 3\ m  m3 m3 m? 212

. . . _ a[l .
Comparison with (7) via t = 5155 7 gives

N1 Nz N2\ log?2 a [ N3 N? N? N{N> 2 log? 2
Amax (A) > +< ;) R E E-E A R - e 2
m m m H 3 m m m 12

The coefficient of is now smaller than in the 8 = 1 case, but the value of a can be freely chosen

in the coefficient of pos (ignoring higher order terms).
1

Another possible sequence of functions to consider is f(x) = x* for odd k. As has been
mentioned the case k = 1 provides the classic bound. For these functions the inverse is trivial and
hence bounds are easily available.

3. Positive definite case
When A is positive definite we have the following key result:
Lemma 3.1. It is that Ny > Nk/mk Yorallk =1,2, .
Proof. It is well known that we can write
A=0DQ" = ix’;v,v},

where Q is an orthogonal matrix with column eigenvectors {v;}, and D is a diagonal matrix with
entries the eigenvalues {1 ;}. So
m
_ k T T
N = ZA UVjviu
j=1

T, T T, A2 wi
and u vjvjuz(u v;)“ with

m

Z(uTv j)2 =m.

j=1
Hence, Ny = E(Ak) with P(4 = 4;) = (uij)z/m; and, since A; > 0V, a consequence of A
being positive definite, it is that 4 > 0 with probability one, and using Jensen’s inequality, it is

that E(A%) > {E(1)}X. So Ny = mE(A¥) > m{E(A)} = N{‘/mk_l, completing the proof. [

Applying Lemma 3.1 shows that

I o —k 5 1 k= N
. kgo JieNkt Z fex (%) -
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Hence, the inequality (4) is lower bounded by

1 oo
hmax(A) > 17! (E kath_k> > if! <f <%)) S

k=0

In other words, if A is symmetric and positive definite and if f(x) is increasing, then (4) is at
least as sharp as the classical bound Ny/m.

A better bound is achieved when all ¢ in (5) are made larger than those in (7). This seems
possible, because Lemma 3.1 states that the prefactor Ny/m — (N /m)k of fx/f1 in (8) is
always positive. For, choose f, > 1, then ¢, is larger. However, increasing f> has a nega-

. . N} . .
tive effect on c3 since m—L — % < 0. This effect can be compensated by choosing f3 suffi-

ciently large. A same argument applies for all other terms: there is always the possibility to
choose in ¢ the highest Taylor coefficient fi, that is multiplied by (% — Z—,I:) > (0, sufficiently

large to compensate for the possible decrease in c; by augmenting lower order Taylor coeffi-
cients f; with j < k. It is a matter of optimizing the Taylor coefficients f; and the bound (6)
onft.

4. Numerical examples

Here we consider a specific example when

A (—1 ~/5)
=\ o)
The eigenvalues of A are 1 and —4 and we have N1 = 1.8990, Ny = 2.3031 and N3 = 0.6867.
Hence, the classic bound is given by Ni/m = 0.9495. On the other hand, using (7) with 7 =
2T /m = 8.8990, we obtain a lower bound for Am,x (A) as 0.9521, which obviously improves on
0.9495.

Now we consider the example when A is a 10 x 10 symmetric matrix and for j =1, ...,
we have a(i, j) = 2j —i. Then we have Ny =55, N, = 3553 and N3 = 108823. Hence the
classic bound is given by 5.5. The bound (7) with t = 2T/10, and T+/10 = 50, is given by the
improved lower bound of 9.465. However, for this example, the function f (x) = x> provides the
lower bound of (N3/10)!/3 = 22.16.

If we now take a(i, j) =2j —3i,j <i, and A is again a 10 x 10 symmetric matrix,
then N; = —1375, Ny = 194425 and N3 = —27325375. Also T+/10 = 190. So the classic
bound is —137.5 and the bound (7) with = 2T+/10 is —136.00. On this occasion the bound
based on f(x) = x> is given by —139.8, which is smaller than the classic bound. The bound
(2) is given by —137.00 which improves on the classic bound but is worse than

(D.
Appendix A. Taylor expansion of f ‘1(% Y oo fiNxz¥) around z = 0
We now expand f~! (% Yo Ji Niz¥) in aseries around z = % = 0 by invoking characteristic

coefficients, defined e.g. in [2, Appendix]. We apply the general expansion (deduced from [2,
Appendix]), provided that f(zo) = h(zo)
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him (ZO) )m

f()

[ =20+ Z

0o m n—1
+3 (ZH)" (" e 1) £ s e, n — 1]|f<z><zo)>
k=1

m=2n=2

y s[n, m]|p) (o)

(z—z0)"
t0h(z) = L3 0 fiNez = fo+ LMz 4 L5 fiNiz* and zo = 0. Then,

@) = —f Z feNez

k=1

oo m n—1
VK n+k—1 n—k g _ sln, mllnzy p
+ZZ(Z( ) ( . >f [k, n 1]|f<z>> =

m=2n=2 \k=1
Hence,
JieNi gy n+j— s[n, kllne)
Cr = + —1j< . > T js[',n—l] ey
e nzzz jEZI( ) i Ji J lf @) .

This can be simplified using s[k, k] = f1 and s[1, m] = f, to explicitly obtain the prefactor of
the highest Taylor coefficient fj in cy,

N N k k—1 .
Ck = ]:Zflk+ < 1) Z( 1)/ <k+; )fl "s*j k= 1lse

n—1

+ 1 —n—j % . s[n, klln;
+Z Y- 1)1(” 7= )fl K T

n=2 \j=1

or

N k 1 /N k k—1 .
(3 ()1 e (4w
; n+] 1\ nej s[n, kllne)

(S s = Mg | =7 ®
n=2 \j=1
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