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fractional calculations, stochastic analysis technique and methods adopted directly from
deterministic control problems, a new set of sufficient conditions for approximate
controllability of fractional stochastic differential equations is formulated and proved. In
particular, we discuss the approximate controllability of nonlinear fractional stochastic

il?;v:.’g;?;ate controllability control. system under the assumptiqns Fhat the correspoqdin_g linear system is
Stochastic systems approximately controllable. The results in this paper are generalization and continuation
Fractional differential equation of the recent results on this issue. An example is provided to show the application of our
Fixed point principle result. Finally as a remark, the compactness of semigroup is not assumed and subsequently

the conditions are obtained for exact controllability result.
© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Control theory is an important area of application oriented mathematics which deals with the design and analysis of
control systems. In particular, the concept of controllability plays an important role in both the deterministic and the
stochastic control theory. In recent years, controllability problems for various types of nonlinear dynamical systems in
infinite dimensional spaces by using different kinds of approaches have been considered in many publications. An extensive
list of these publications can be found (see [1-5] and the references therein). Moreover, the exact controllability enables to
steer the system to arbitrary final state while approximate controllability means that the system can be steered to arbitrary
small neighborhood of final state. Klamka [6] derived a set of sufficient conditions for the exact controllability of semilinear
systems. Further, approximate controllable systems are more prevalent and very often approximate controllability is
completely adequate in applications. The approximate controllability of systems represented by nonlinear evolution
equations has been investigated by several authors [7-9], in which the authors effectively used the fixed point approach. Fu
and Mei [10] studied the approximate controllability of semilinear neutral functional differential systems with finite delay.
The conditions are established with the help of semigroup theory and fixed point technique under the assumption that the
linear part of the associated nonlinear system is approximately controllable. Recently, Sakthivel et al. [11] established a set
of sufficient conditions for obtaining the approximate controllability of semilinear fractional differential systems in Hilbert
spaces.

Stochastic differential equations have many applications in economics, ecology and finance. In recent years, the
controllability problems for stochastic differential equations have become a field of increasing interest, (see [12,13] and
references therein). The extensions of deterministic controllability concepts to stochastic control systems have been
discussed only in a limited number of publications. More precisely, there are less number of papers on the approximate
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controllability of the nonlinear stochastic systems [14,15]. Klamka [ 16,17] studied stochastic relative exact and approximate
controllability problems for finite dimensional linear stationary dynamical systems with single time-variable point delay in
the control by implementing the open mapping theorem. A set of necessary and sufficient conditions are established for the
exact and approximate stochastic controllability of linear system with state delays in [18].

The concept of non-integral derivative and integral is used to study the behavior of real world problems in science and
engineering [19,20]. In various problems of physics, mechanics, electrochemistry, diffusion processes and viscoelasticity,
fractional derivatives describe certain physical phenomena more accurately than integer order derivatives. Recently, the
existence and uniqueness results of initial and boundary value problem for fractional differential equations have been
reported in (see [21-24] and the references therein). Zhou and Jiao [25] discussed the existence of mild solutions to fractional
neutral evolution equations in an arbitrary Banach space. More recently, Wang et al. [26] investigated nonlocal problems for
a class of fractional integrodifferential equations via fractional operators and optimal controls in Banach spaces in which the
mild solution is introduced with the Caputo fractional derivative in terms of some probability density function and operator
semigroup.

However, to the best of our knowledge, the approximate controllability problem for nonlinear fractional stochastic
system in Hilbert spaces has not been investigated yet. Motivated by this consideration, in this paper we will study
the approximate controllability problem for nonlinear fractional stochastic systems, which are natural generalizations of
controllability concepts well known in the theory of infinite dimensional deterministic control systems. Specifically, we
study the approximate controllability of nonlinear fractional control systems under the assumption that the associated
linear system is approximately controllable. In fact, the results in this paper are motivated by the recent work of [15] and the
fractional differential equations discussed in [25,27]. The main tools used in this paper are stochastic analysis techniques,
fractional calculations and Banach contraction principle. Moreover, without assuming the compactness of semigroup, the
results are established for the exact controllability of fractional stochastic systems.

2. Preliminaries

In this section, we provide definitions, lemmas and notations necessary to establish our main results. Throughout this
paper, we use the following notations. Let (£2, ', P) be a complete probability space equipped with a normal filtration
I't,t € ] = [0, b] satisfying the usual conditions (i.e., right continuous and I'g containing all P-null sets). We consider
three real separable spaces X, E and U, and Q-Wiener process on (§2, I',, P) with the linear bounded covariance operator
Q such that rQ < oo. We assume that there exists a complete orthonormal system {e,},>1 in E, a bounded sequence of
non-negative real numbers {X,} such that Qe, = Ane;, n = 1,2,... and a sequence {f8,},>1 of independent Brownian
motions such that

(w(t), &) =Y Vanlen, e)Ba(t), ecE, t€[0,b]
n=1

and I'y = I'Y, where I'}’ is the sigma algebra generated by {w(s) : 0 < s < t}. Let Lg = L,(Q'?E; X) be the space of all
Hilbert-Schmidt operators from Q '/2E to X with the inner product (v, n)Lg = tr[yQn*]. Let L>(T'p, X) be the Banach space
of all I',-measurable square integrable random variables with values in the Hilbert space X. Let E(-) denotes the expectation
with respect to the measure P. Let C([0, b]; L?(T", X)) be the Banach space of continuous maps from [0, b] into L?(T", X)
satisfying sup;¢; Ellx()||> < oo. Let Hy([0, b]; X) is a closed subspace of C([0, b]; L*(T", X)) consisting of measurable and
I';-adapted X-valued process x € C([0, b]; L*(I", X)) endowed with the norm IXlln, = (sup;g Ellx(t) ||)2<)]/2. For details, we
refer the reader to ([28,29] and references therein).

The purpose of this paper is to investigate the approximate controllability for a class of nonlinear fractional stochastic
differential equation of the form

Dx(t) = Ax(t) + Bu(t) + f(t, x(t)) + o (¢, x(t))$, te], (1)

x(0) = Xo, (2)

where 0 < g < 1; °Df denotes the Caputo fractional derivative operator of order q; x(-) takes its values in the Hilbert space
X; Ais the infinitesimal generator of a compact semigroup of uniformly bounded linear operators {S(t), t > 0}; the control
function u(-) is given in L%([O, b], U) of admissible control functions, U is a Hilbert space. B is a bounded linear operator
fromUintoX;f :J xX — Xand o : ] x X — LI are appropriate functions; X is I'o measurable X-valued random variables
independent of w.

Let us recall the following known definitions. For more details see [20]

Definition 2.1. The fractional integral of order 8 with the lower limit O for a function f is defined as

1 Cf)
e (t—s)1—5ds’ t>0,8>0

provided the right-hand side is pointwise defined on [0, c0), where I'(-) is the gamma function.

1°f(t) =
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Definition 2.2. Riemann-Liouville derivative of order 8 with lower limit zero for a function f : [0, c0) — R can be written
as

LDﬂf(t)— ﬂ)dt”_/( IS ds, t>0,n—1<p<n.

t — S)ﬂ—H n

Definition 2.3. The Caputo derivative of order g for a function f : [0, c0) — R can be written as

‘Dff(t) = DP (f(t) - Z f<k>(0)) t>0,n—1<pB<n.

Remark 2.4. (a) Iff(t) € C"[0, 00), then

1 Ce
Fn—p) Jo (t—s)pti-n
(b) The Caputo derivative of a constant is equal to zero.

(c) Iff is an abstract function with values in E, then integrals which appear in Definitions 2.1 and 2.2 are taken in Bochner’s
sense.

‘Df(t) = ds=1""Pf"(Gs), t>0,0<n—1<pB <n.

The following results will be used throughout this paper.

Lemma 2.5 ([7]).Let G: [0, b] x 2 — Lg be a strongly measurable mapping such that fob E||G(t)||’L’gdt < 00. Then

t p t
| [ oo <t [ Elooids
0 0 2

forall0 <t < bandp > 2, where L; is the constant involving p and b.
Now, we present the mild solution of the problem (1)-(2).

Definition 2.6 ([30]). A stochastic process x € H,([0, b], X) is a mild solution of (1)-(2) if for each u € L% ([0, b], U), it
satisfies the following integral equation,

x(t) = 7(t)xo + f (t — )7L (t — s)[Bu(s) + f(s, x(s))]ds + / t — )T Lot —s)o (s, x(s))dw(s),
0 0

where 7 (t) = fooo £,(0)S(t19)do; 7 (t) = qfooo 0&4(6)S(t90)d6; S(t) is a Co-semigroup generated by a linear operator A
on X; & is a probability density function defined on (0, 00), thatis £;(9) > 0, 6 € (0, co) and fO°° £,(6)do = 1.
Lemma 2.7 ([31]). The operators {7 (t)}>0 and {.#(t)}¢>o are strongly continuous, i.e, forx € X and0 < t; < t; < b, we
have |7 (t;)x — 7 (t1)x|| — 0and ||.7(t)x — Z(t1)x|| — 0ast; — to.
We impose the following conditions on data of the problem:

(i) For any fixed t > 0, 7 (t) and .#(t) are bounded linear operators, i.e., for any x € X,

Mq
.7 Ox] < Mlix|l, |7 (O]l = R )II X|[.

(ii) The functionf : ] x X — Xando : ] x X — Lg satisfy linear growth and Lipschitz conditions. Moreover, there exist
positive constants N > 0, N > 0,L>0 and I > 0 such that
F (6,0 = FE&»IP < Nix=yI%, IF €017 < NA+ Ix]1%)
lo(t.0 —o el < Lix=yI*  llo @0l < LA+ IxI°).

(iii) The linear stochastic system is approximately controllable on [0, b].

For each 0 < t < b, the operator a(al + lI/Ob)‘l — 0 in the strong operator topology as @ — 0%, where
v = fob (b —5)2@=Y (b — s)BB*.7*(b — s)ds is the controllability Gramian, here B* denotes the adjoint of B and .#*(t) is
the adjoint of .7 (t). Observe that linear fractional deterministic control system

Dix(t) = Ax(t) + (Bu)(¢t), t € [0, b], (3)
x(0) = xq
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corresponding to (1)-(2) is approximately controllable on [0, b] iff the operator o (I + lpé’)*l — Ostrongly asa — 0. The
approximate controllability for linear fractional deterministic control system (3) is a natural generalization of approximate
controllability of linear first order control system [12, Theorem 2].

Definition 2.8. System (1)-(2) is approximately controllable on [0, b] if %(b) = L?($2, 'y, X), where
N(b) = {x(b) = x(b,u) : u € L}([0, b], U)},
here L%([O, b], U), is the closed subspace of L% ([0, b] x £2; U), consisting of all I'; adapted, U-valued stochastic processes.

The following lemma is required to define the control function. The reader can refer to [32] for the proof.
Lemma 2.9. For any %, € L*(T'y, X), there exists ¢ € L%(2; 1*(0, b; L3)) such that X, = EXj, + fob H(s)dw(s).

Now for any o > 0 and x, € [2(I', X), we define the control function in the following form

t
u*(t,x) = B*(b— )1 "*(b — t) [(az + W)U (EXy — T (b)xo) + / (ol + wg’)—%}(s)dw(s)]
0
t
—B'(b—t)" o (b —1t) f (al + )71 (b — )17 7 (b — $)f (s, X(s))ds
0

t
—B*(b—t)" (b —1t) / (@l + )N (b — )17 7 (b — $)o (s, X(s))dw(s).
0

Lemma 2.10. There exists a positive real constant M such that forallx,y € Hy, we have

t

M
Bl (60 —w @I < o f Ellx(s) — y(5)|°ds, (@)
0

M t
Ellu®(t, %)) < el (1 +[ E||x(s)||2ds>. (5)
0

Proof. First, we will provide the proof of inequality (4), since (5) can be established in a similar way. Let x, y € H,. From the
Holders inequality, Lemma 2.5 and the assumption on the data, we obtain

Ellu® (¢, x) — u*(t, )|I?
2
<2EF

t
B*(b— )1 (b —1t) f (al + w7 (b — )17 (b — 9)[f (s, X(5)) — f (5, ¥(5))1ds
0

2
+2E

t
B*(b— )" o (b—t) / (al +¥) "' (b —95)T"7(b — 9)[o (s, x(5)) — o (s, ¥(5)) Jdw(s)
0

i ) g2 Mq 4 bzq—l /t B ,
< ZIBIb) <r<q+1>> SN 11 [ Bl —yo s
t
< it [ i) - yolds
o 0

b2q—1
(2g—1)

N 4
where M = 2||B||2(b)2‘7‘2< Mg )

T(g+1) [N + L]. The proof of the inequality (5) is similar to that of (4) and hence it is
omitted. O

3. Controllability results

Now, let us present the main result of this paper. In this section, we formulate and prove conditions for approximate
controllability of the fractional stochastic dynamical control system (1)-(2) using the contraction mapping principle. In
particular, we establish approximate controllability of nonlinear fractional stochastic control system (1)-(2) under the

assumptions that the corresponding linear system is approximately controllable. For any « > 0, define the operator
F, : H, — H, by

t t
Fox(t) = 7 (t)xo + f (t— s)q_l,sﬂ(t —9)[f (s, x(s)) + Bu®(s, x)1ds + / (t — s)q_1=5ﬂ(t —5)o (s, x(s))dw(s). (6)
0 0

Now, we state and prove the following lemma, which will be used in the proof of main result.
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Lemma 3.1. For any x € H,, F, (x)(t) is continuous on [0, b] in L2-sense.

Proof. Let 0 < t; < t; < b. Then for any fixed x € H,, from Eq. (6), we have

3
E[|(Fax)(£2) — (FeX) () 1> < A[EI(T (82) — 7 (t)%0l1* + ZEIIU,-X(tz) — I ()17

i=1

The strong continuity of .7 (t), the first term on the R.H.S goes to zero as t;, — t; — 0. Next, it follows from Holder’s inequality
and assumptions on the theorem that

t1 2 t1
E| T} () — ITy(t)|* < 3E ‘f (tr — )T (F (6 —5) — Lt — 9)f (5, x(s))ds|| + 3E / (& — )"
0 0
ty 2
—(t1 — )T N.A(ty — 5)f (s, x(s))ds|| + 3E ‘ / (& — )T L7 (ty — 9)f (s, x(s))ds
f
23 / BNl — ) — 7t — ) x(6))dsIP + 3 (Mq)z
T o29q—-1J ra+q

x ( / (69" — (6 — s)“)zds) ( / " EIrG, x(s))||2ds)
0 0

(t — t)*! Mg \° [? ,
LR (F(1+q)> /ﬁ E|lf (s. x(s))[I"ds.

Further, we obtain

2
+ 3E

E|T5(t;) — T3 (t)))* < 35‘

/ (=5
0

5]
/ (t; — $)97 Lo (t, — S)Bu“ (s, x)ds
5]

5]
/ (t; — )T U (A (ty —s) — .7(t; — 5))Bu®(s, X)ds
0

2

—(t; — )T ).7(t; — 5)Bu®(s, x)ds|| + 3E ’

(21 t Mg 2
<3 f Ell(#(t; —s) — #(t; — 5))Bu*(s, %) |*ds + 3 [ =——— ) IIBII?
o 29q—1 ), raa+gq

t f
x (/ ((rz—s)"-l—(tl—s>q—1)2ds) (/ E||u‘*(s,x)||2ds)
0 0

t, — t;)%1 M 2 2
43—t ( 1 ) ||B||2/ Ellu® (s, x)|%ds.

Similarly, using Lemma 2.5 and assumptions on the theorem we get

E | m5() — m@|’

2 t
<3E + 3E f (=91 —(tr—9Th
0

t
f 1(t1 — )TNty — 5) — Z(t1 — 5)o (s, X(5))dw(s)
0

2
X .7 (ty — S)o (s, x(s))dw(s)

=

t;
/ 2(tz — )L (t, — 5)o (s, X(5))dw(s)
f

2q—1

t t1 5]
< 3L, : / Ell(#(ty —s) — L (t1 — $))o (s, x(s)) | *ds + 3L, ( / (k=99 = (t1 — s)q*1)2ds>
- 0 0

2q
(ty — t)*a~! Mgq
1-2q (F(l +q)
Hence using the strong continuity of #(t) and Lebesgue’s dominated convergence theorem, we conclude that the right-hand

side of the above inequalities tends to zero as t, — t; — 0. Thus we conclude F, (x)(t) is continuous from the right in [0, b).
A similar argument shows that it is also continuous from the left in (0, b]. This completes the proof of this lemma. O

tq 2 )
% (/ ||y(rz—s)o<s,x(s>)||2ds)+3La ) / ENl# (6 — )0 (s, x(5))|ds.
0 t

Theorem 3.2. Assume hypotheses (i) and (ii) are satisfied. Then the system (1)-(2) has a mild solution on [0, b].
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Proof. We prove the existence of a fixed point of the operator F,, by using the contraction mapping principle. First, we show
that F,(H,) C H,. Let x € H,. From (6), we obtain

3
EllFax|If, <4 { sup E[|.7(0)xl* + sup ZE||n;<t>||2]. (7)
0<t<b 0<t<b i
Using assumptions (i)-(ii) and Lemma 2.10, and standard computations yield
sup E[|.7(6)xo]1> < M?||x]? (8)
0<t<b
and
3 21 129-1 2q—1
Mq bsa=t bsa=t . )
sup » E|IT0)|* < 3( ) [ N + LLU] (T +Ixll7,)
OSbe,-:Z] 1 Fg+1/ [29-1 2q—1 2
3 Mg _\*_b¥ IIBI* M (1+ bIxII7,) (9)
— x|5.).
iq+1/) 2q—1 o? H,

Hence (8) and (9) together imply that E||Fax||,242 < 00. By Lemma 3.1, F,x € H,. Thus for each « > 0, the operator F, maps
H, into itself. Next, we use the Banach fixed point theorem to prove that F, has a unique fixed point in H,. We claim that
there exists a natural n such that F} is a contraction on H,. To see this, letx, y € H, and we have

A

3
E[[(Fa)(0) — (Fay)®* < 3E Y |ITX(0) — IT (0)|?

i=1

Mq 2 qufl M”BHZ b2q71 5 b2q71 /t 5
3 N+ b* + LL Ellx(s) — y(s)||“ds
<F(q—|—1)) [ | x(s) =y )l

2qg—1 a2 2g—1 2qg—1
( Mq )2 |: qu—l M”BHZ b2q+1 b2q71

t
LL, E||lx(s) — y(s)|*ds.
g+ 1) 2qg—1 a2 2g—1 2g-—1 :|_/0 Ix(s) =yl

Hence, we obtain a positive real constant y () such that

El[(Fax)(t) — Fay) O < J/(Ol)/ Ellx(s) — y(s)|*ds (10)
0

forallt € J and for any x, y € H,. For any natural number n, it follows from successive iteration of above inequality that, by
taking the supremum over [0, b],

(by ()"
n!

IO — EO©IE, = I — Y113, an

For any fixed o > 0, for sufficiently large n, (byr(li‘f))n < 1.1t follows from (11) that F} is a contraction mapping, so that the
contraction principle ensures that the operator F, has a unique fixed point x,, in H,, which is a mild solution of (1)-(2). O

Theorem 3.3. Assume that the assumptions (i)-(iii) hold. Further, if the functions f and o are uniformly bounded and {7 (t) :
t > 0} is compact, then the system (1)-(2) is approximately controllable on [0, b].

Proof. Let x, be a fixed point of F,. By using the stochastic Fubini theorem, it can be easily seen that

b
X (b) = Xy — a(al + W) 7' (EX, — 7 (b)xo) + a/ (@ + )1 (b — )77 (b — 9)f (5, Xo (5))ds
0

b
+a / (@l + )7 [(b = )T 7 (b — )0 (5, Xa(5)) — P(s)]dw(s).
0
It follows from the assumption on f and o that there exists D > 0 such that

If (5, o SV + llo (s, Xa ()| < D (12)

for all (s, w) € [0, b] x £2. Then there is a subsequence still denoted by {f (s, X, (5)), o (s, X, (s))} which converges to weakly
to, say, {f(s), o (s)} in X x LY.
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From the above equation, we have

b
Ellxy (b) — %[> < 6lx(al + ¥g) ' (EXy — 7 (b)xo)||* + 6E ( / (b — )" Hla(el + wsbrl&s(s)nfgds)
0

b 2
+6E (/ (b — )" a(al + ) 17 (b — $)(f (5, X4 (5)) —f(S))lldS)
0
2

b
+6E (/ (b—9)"a(al +¥)7b - s)f(s)llds)
0
b
+6E ( / (b= )T (@l + ) .7 (b = 5)(0 (5, X4 (5)) — o(s))nfgds)
0

b
+6E (/ (b—9)"a(l +¥)7b - s)a(s)||§0ds) .
0 2

On the other hand, by assumption (iii), forall 0 < s < b the operator o (I + lI/Sb)” — Ostrongly as o — 0™ and moreover
|t (ol + lI/Sb)’] || < 1. Thus, by the Lebesgue dominated convergence theorem and the compactness of . (t) implies that
E||xq(b) — X,||*> — 0as o — O7. This gives the approximate controllability of (1)-(2). O

Example 3.4. To illustrate the theoretical result established in the preceding Theorem, we consider the following fractional
stochastic control system of the form

32x(t, z)

2
“Dix(t, z) = );zz +u(t. 2) + F (6, x(, 2)) + 6.(E, x(t, 2))
x(t,0) =x(t,1) =0, te][0,b],

x(0,2) = x9(z), ze€][0,1],

di(t)
dt ’

(13)

whereb > 0, 0 < q < 1; w(t) is a two sided and standard one dimensional Brownian motion defined on the filtered
probability space (£2, ", P). To write the above system into the abstract form of (1), let X = E = U = [?[0, 1]. Define the
operator A : [2[0, 1] — [*[0, 1] by Aw = w” with domain

D(A) = {w € X; w, w’ are absolutely continuous, w” € X and w(0) = w(1) = 0}.

o0
Aw = an(w, wp)wy,, w € D(A),

n=1

where wy,(s) = +/2sin(ns), n = 1,2, ... is the orthogonal set of eigenvectors in A. It is well known that A generates a
compact, analytic semigroup {S(t), t > 0} in X and

o0
SOw=Y e (w, wwn, [SE)] <e " forallt > 0.

n=1

Especially, the operator A'/? is given by
o0

A%y = Zn(w, Wy) Wy

n=1

with the domain D(A"/?) = {w € X : Y} o2, n(w, wp)wy}.

Define x(t)(z) = x(t,z),f(t,x(t))(z) = f(t,x(t,z)) and o (t, x(t))(z) = &(t, x(t, z)). Define the bounded linear
operator B : U — X by Bu(t)(z) = u(t,z), 0 < z < 1, u € U. On the other hand, it can be easily seen that the
deterministic linear fractional control system corresponding to (13) is approximately controllable on [0, 1] [33]. Therefore,
with the above choices, the system (13) can be written to the abstract form (1)-(2) and all the conditions of Theorem 3.3
are satisfied. Thus by Theorem 3.3, fractional stochastic control system (13) is approximately controllable on [0, 1].

Remark 3.5. Theory and applications of delay differential equations form an important part of modern nonlinear dynamics.
In recent years functional differential equations have been used to model processes in diverse areas such as population
dynamics and ecology, physiology and medicine, economics and other natural sciences. However, in applied areas,
deterministic systems fail to capture the essence of the fluctuations in the real situation, and one must instead consider
models with stochastic processes. In many of the models the initial data and parameters are subject to random perturbations,
or the dynamical systems themselves represent stochastic processes. This leads to consideration of stochastic delay
differential equations. Thus, in real world problems, stochastic models with delays are important. However, to the best
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of our knowledge, no results yet exist on approximate controllability for fractional stochastic delay differential equations.
Upon making some appropriate assumptions, by employing the ideas and techniques as in this paper, one can establish the
controllability results for a class of fractional stochastic delay differential equations.

Remark 3.6. System (1)—(2) is exactly controllable on [0, b] if %t (b) = L?(§2, ', X). The linear fractional stochastic control
system

cnd dw(t)
Dix(t) = Ax(t) + (Bu)(t) + o(t)T, t € [0, b], (14)

x(0) = xq
corresponding to (1)-(2) is exactly controllable on [0, b]. Note that, in this case the operator associated to linear stochastic
system is defined by Hé’(-) = fob (b —t)BB*.*(b—t)E{-|T";}dt, is bounded invertible; that is there exists ¥ > 0 such that

E|| (1'1(’)’)‘1 I < y2.1t should be mention that in order to prove the exact controllability result, the compactness assumption
on semigroup .#(t) is not necessary.

Corollary 3.7. Assume assumptions (i) and (ii) hold and the linear stochastic system is exactly controllable on all [0, t], t > O.If
2 _ . _
3 ( Mg ) b [bzq N + M|yt + B 1LLU] < 1, then the nonlinear fractional stochastic control system (1)-(2) is exactly

I'(g+1) 2q—1 y2 2q-1 2q—1
controllable on [0, b].

Proof. By employing the steps in Theorem 3.2 with some changes and using Banach fixed point theorem one can easily
show that the system (1)-(2) is exactly controllable. In order to prove the exact controllability result, the invertibility of the
controllability operator will be considered. Now, we define the control function by

t
u(t,x) = B*(b — )" '.7*(b — O)E {(173)“(& — 7 (b)xo — / (b — )T~ (b — 5)f (s, X(s))ds
0

t
- / (b—9)"T"'7(b —s)o(s, x(s))dw(s))|l“[}
0
and define the operator F : H, — H, by
t t
(F)(t) = T(t)xg + / (t — )L (t — s)[f (s, x(s)) + Bu(s, x)1ds + / (t — )" Lot —s)o (s, x(s))dw(s).
0 0

By considering the similar steps as in the proof of Theorem 3.2, we obtain

3
E|l(F) (1) — Fy) (O < 3E Y 1T} (6) — IT (0)|?

i=1

M 2 p2a-1 1\7[ Bl|2 p2a-1 p2a-1 t
3( d ) [ N B b* + 1LLU}/ Elx(s) — y(s)|1°ds
- 0

- @+ 1 2q —1 y2 2q—1 2q
Mq 2 qu—] M”BHZ b2q+1 b2q71 )
j + 1L, | Ix = yII%.
'(g+1) 2q—1 y2 2q—1 2q-—1

Thus, assumption of this theorem allows us to conclude in view of the contraction mapping principle, that F has a unique
fixed point x € H,. Further x(b) = X;. Thus, the system (1)-(2) is exactly controllable on [0, b]. O
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