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ABSTRACT

Following Brualdi and Hwang, given a generalized transitive tournament (GTT)
matrix T of order n, we consider the *-graph of T, that is, the undirected graph with
vertices 1,2, ..., n in which there is an edge {i, j} between vertices i and j if and only
if 0 <t,; < 1. We characterize the *-graphs of the extreme GTT (0, 3, 1) matrices of
order n. Using this characterization, we obtain for n = 6, 7 the complete list of
extreme GTT (0, 5, 1) matrices of order n.

1. INTRODUCTION

Let T = [t,;] be a (0, 1) matrix (that is, each entry of T is 0 or 1) of order
n which satisfies t,; =0 for i=1,...,n and tytt;=1 for every i # j;
then T is said to be a tournament matrix. If T also satisfies 1 <t;; + t; +
ty; < 2 for every i, j, k distinct, then T is said to be a transitive tournament
matrix, abbreviated TT matrix.

A nonnegative matrix T = [t;;] of order n which satisfies ¢, =0 for
i=1,...,n and tytty=1 for every i #j is said to be a generalized
tournament matrix, abbreviated GT matrix. If T also satisfies 1 <t;, + ¢; +
ty; < 2 for every i, j, k distinct, then T is said to be a generalized transitive
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tournament matrix, abbreviated GTT matrix. The convex polytope composed
of all GT matrices of order n will be denoted by &,, and the convex polytope
composed of all GTT matrices of order n by 7.

The tournament matrices of order n are the extreme points of &,. In the
same way, the TT matrices of order n are extreme points of .7, but when
n > 6 the polytope J, has more extreme points (for n < 5 the TT matrices
of order n are the only extreme points of 7,—see Dridi [3]). We say that a
GTT matrix is extreme provided it is an extreme point of 7.

We will characterize for any n € N the extreme GTT (0, 3, 1) matrices of
order n (that is, the extreme GTT matrices of order n with all entries equal
to 0, 3, or 1). In particular, for n = 6, 7 we will obtain the complete list of
the extreme GTT (0, 3, 1) matrices. The method we have employed follows
the ideas introduced into the subject by Brualdi and Hwang in [1].

NoTE: During the Workshop on Nonnegative Matrices held in Haifa in
1993, I was informed (private communication) that Z. Nutov and M. Penn
had found one extreme point of 7; with some of its entries different from 0, 4,
and 1.

2. GRAPHS

We will work only with graphs having neither loops nor multiple edges.
Let I, denote the set composed of the undirected graphs with vertices
1,...,n. Given y €T, the edge set of y will be denoted by E(y). Two
vertices a and b of y are said to be adjacent if E(y) contains the edge
{a, b}. The complement  of v is the graph of T, in which two vertices @ and
b are adjacent if and only if they are not adjacent in vy.

Any finite sequence of edges of y € T,

{al’az}’{a2’a3}’""{as—l’as}’{as’as+l}

is said to be a path of y of length s; we will use the notation [a,, ..., a,,]
for this path. Note that it is possible that some vertex appears more than
once. If a_,, = a,, then it is said to be a cycle of vy of length s; we will use
the notation (a,,...,a,) for this cycle. A triangular chord of a path
la),....,a.] of y with a, # a, is one of the edges {a;, a;,,} with i €
{1,....r — 2}. A triangular chord of a cycle (ay, ..., a,) of y is one of the
edges {a;, a,, ,} with i € {1,...,s — 2}, or {a,_,, q;}, or {a,, a,}.
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ExaMPLE. Let v € Iy with edge set

E(y) = {{1.2}.{(2,3}.(3.4}.{4,5}.{5.6}. (2,6}, {3,6}}.

Consider the cycles ¢ = (4,3,2,6,5) and ¢’ = (4,3,2,1,2,6,5): {3,6} is a
triangular chord of ¢, but ¢’ has no triangular chord.

Given y € T, there exists a partition of E(y)

E(y) = E\(y) VEy(y) V- UE(7y)

such that two edges {a, b} and {c, d} of y are in the same element of the
partition if and only if there exists a path [a, =a, a,=b,...,a,_, = ¢,
aldd]ofywuh{a J+2}$E(y)for]—1 ,t— 2. Forl—l ..... s,
y' will denote a spanning subgraph of y (that is, a graph with the same
vertex set as y and some of its edges) with edge set E(y). We will call each
E(y) a color class of y and each y' a color component of .

Let y € T, and let {a, b}, {c, d} € E(y) be two edges of the same color
class. We will say that the orientation @ — b of {a, b} forces the orientation
¢ — d (respectively, d = ¢) of {c, d} if and only if there exists a path
la, =a, ay=b,..., a,_,=c, a,=d] of y of odd (respectively, even)
length with {a;, a;,,} & E(y) for j = 1,..., t — 2. For short we write that
a = b forcesc — dora—b=c—d Note that it is possible for ¢ = b to
force both ¢ » d and d — c.

We say that y € I, is a comparability graph (or that vy is transitively
orientable) provided it is possible to orient each edge of y so that the
resulting digraph satisfies the transitive law

a—>b, b-c¢ implies a —c.

Such an orientation is called a transitive orientation of .

In the next theorem, condition (i) is the usual characterization of compa-
rability graphs due to Gilmore and Hoffman [4]. Conditions (iii) and (iv),
although stated in a different way, are due to Golumbic [5].

THEOREM 1.  Given v € I',, the following statements are equivalent:

() vy is a comparability graph;

(ii) any cycle of v of odd length has a triangular chord;

(iii) any color component of v is a comparability graph;

(iv) there does not exist any {a, b} € E(y) such that a — b forces b — a.

It follows from Theorem 1 that given a comparability graph y € T, if we
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assign an orientation @ = b to {a, b} € E(y), then a — b forces a unique
orientation in each edge of E(y) that belongs to the color class E,(y)
containing {a, b}. Orienting each edge of E,(y) with the orientation induced
by @ — b, we get a transitive orientation of y'. Moreover, it is possible to
assign an orientation to one edge of each color class of y in such a way that,
orienting all edges of y with the induced orientations, we get a transitive
orientation of 7.

We can construct an algorithm that divides the edge set of a graph into its
color classes, and another algorithm that decides for each color component of
a graph whether it is a comparability graph (see [5)).

In fact, if y € T, with n not too large, then it is possible to check by hand
whether vy is a comparability graph. We give an example: Let y € Iy be again
the graph with edge set

E(y) = {{1.2}.{2,3},{3.4}.{4,5},{5,6},{2,6}.{3.6}}.

Clearly y has only one color class. Assign an arbitrary orientation to one edge
of vy, for example, the orientation 1 — 2 to the edge {1,2}. If y were a
comparability graph, then 1 — 2 would force a unique orientation for each
edge of y. But

1-2 = 622 = 6—-25 = 4-55 = 4-53

= 253 = 2-1.

and therefore we conclude that y is not a comparability graph.

3. CHARACTERIZATION OF *-GRAPHS OF EXTREME GTT
(0, 1, 1) MATRICES

Let G, denote the set composed of the undirected graphs with n
nonnumbered vertices. All definitions given in Section 2 for graphs y € I,
are easily adapted for graphs g € G,. Two graphs y € I}, and g € G, are
said to be isomorphic if there exists a bijection between the vertices of y and
g that preserves adjacency.

Following Brualdi and Hwang [1], given a GTT matrix T = [¢, ]] of order
n, we consider the *-graph of T, that is, the graph y, € I, in which
{i, j} € E(y;) if and only if 0 < t; <1.1In considering *-graphs it suffices to
consider only GTT 0, %1 matnces since the matrlx obtained from a GTT
matrix by replacing each nonintegral entry with 3 is also a GTT matrix.
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A graph g € G, is called GTT-realizable provided that there exists a
GTT matrix T whose *-graph y; is isomorphic to g.

THEOREM 2 (Brualdi and Hwang [1]). A graph g € G, is GTT-realiz-
able if and only if its complement g is a comparability graph.

Brualdi and Hwang [1] show that if g € G, is a comparability graph with
at least one edge, then g is not isomorphic to the *-graph of any extreme
GTT (0, 1, 1) matrix. We present the following stronger result,

THEOREM 3. Let g € G, be a GTT-realizable graph with at least one
edge. If some color component of g is a compambzlzty graph, then g is not
isomorphic to the *-graph of any extreme GTT (0, 3, 1) matrix.

Proof. Let T = [t;]be a GTT (0, g, 1) matrix whose *-graph y = 7y is
isomorphic to g. By hypothesxs there exists a color component y" of 7y
which is a comparability graph. Consider the graph y" provided with a

transitive orientation. Then for £ € R define the matrix T, = [¢/}] as follows:

t; if {i, j} is not an edge of y",

t,=(tyte if {i,j} is an edge of y" with orientation i — j,

t, — e if {i, j} isanedge of y" with orientationj — i.

For any two distinct i, j €{l,..., n} we have t/, + ¢, =1¢, +1t 1.
Given three distinct i, j, k € {1,. n} we have the followmg p0551b1ﬂt1es

(1) 7y contains none of the edges {i, j}, {j, k), (i, k). In this case,

th =ty th =tx, and [ =t

(2) ¥ contains two of the edges {i, j}, {j. k}, {i, k). Then both edges are
in the same color component of 7. If this color component is different from

", then t; = =ty and t{; = t;;. Suppose this color component is
7 Wlthout loss of] generahty we can suppose that y" contains the edges
{i, j} and {i, k}. As y" is provided with a transitive orientation, then if i — j
it follows that i — k, and if j — i it follows that k — i; in both cases

thHtp =t g+, =1or2.
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(3) y contains one or three of the edges {i, j}, {j, k}, {i, k}. Then

th g+ H € [E, byt — 3e,t, + by + by, + B8]

= [%—38,%4‘36].

Therefore, for any & € [— ¢, g}, T is a GTT matrix and T = 5 (T +

£

T ,), which implies that T is not extreme [ |

THEOREM 4. Let g € G, be a GTT-realizable graph such that no color
component of g is a comparability graph, and let T be a GTT (0, 3, 1) matrix
whose *-graph 7y is isomorphic to g. Then T is an extreme GTT matrix.

Proof. Let T = [t;;] be equal to 1 (R+S), where R =[] and
S = [s,.j] are GTT matrices. We will show that R = S = T, which implies
that T is extreme.

(1) If y; does not possess the edge {i, j}, then ;=0 or 1 and
r; = $;; = t;;; otherwise r;; or s;; would be less than O or greater than 1.

(2) On tile other hand, as no color component of y; is a comparability
graph, Theorem 1 implies that every color component of y; has one edge
{a,, a,} such that a, = a, forces a, — a,. It is not difficult to extend the
same result to every edge of y;.

Let {i,, i,} be any edge of y;. As i, — i, forces i, — iy, then {i}, i,} is
contained in some cycle of y; of odd length without triangular chords. Let
¢ = (i, ig,...,45,,,) be such a cycle. As

b ;. t+t, , +t , =1lor2
1:%2 2-'3 3-%1

then it follows that

Tiig T Tigiy T Tigiy = Sipiy T Sigiy T Sigws, = iy, tt,, T
otherwise
T + Tigis + Tig O S, + Siy iy + 8,
would be less than 1 or greater than 2. As
Tigdy = Siga, = biyq, = Oorl,
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it follows that

1-r

iydq T iy,

r

Repeating this argument, we conclude

ri3~i4 =1- rievia = rilv"z - = ri2n+1~i1 = ril-iz
= N, = Tiiyo
which implies
Tiiy = % =1y,

From (1) and (2) we conclude that R = T, and therefore S = T too. H

We recall that each GTT-realizable graph is GTT-realizable by at least
one GTT (0, 1, 1) matrix. Therefore Theorems 2, 3, and 4 imply the following
characterization of the *-graphs of extreme GTT (0, §, 1) matrices of order n
and of the extreme GTT (0, 3, 1) matrices of order n:

THEOREM 5. A graph g € G, is isomorphic to the *-graph of some
extreme GTT (0, 3, 1) matrix if and only if

() no color component of g is a comparability graph, and
(i) its complement g is a comparability graph.

A GTT (0, 1, 1) matrix is extreme if and only if its *-graph satisfies (i)
and (ii). [ |

As we pointed out in the introduction, it is known that for n < 5 a GTT
matrix T of order n is extreme if and only if T is a TT matrix of order n;
therefore the *-graph of any extreme GTT matrix of order n < 5 is the graph
ye T, with edge set E(y) =J. For n =6, 7 we will calculate using
Theorem 5 the complete list of graphs of G, which are isomorphic to the
*.graph of some extreme GTT (0, 3, 1) matrix. We need the help of a
computer. The scheme that we have followed is:

(1) We construct an algorithm for obtaining a subset I', of T, such that
for each g € G, there exists one and only one y €I, such that y is
isomorphic to g. We identify I, with G,.

(2) As we pointed out at the end of Section 2, we can construct an
algorithm that divides the edge set of a graph into its color classes and
another algorithm that decides for each color component of a graph whether
it is a comparability graph. Using them, we can obtain the subset T, of T,
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composed of those graphs y € T, such that: (i) no color component of y is a
comparability graph, and (ii) each color component of its complement ¥ is a
comparability graph.

Now we give the results we have obtained.

THEOREM 6.

() The graphs of G which are isomorphic to the *-graph of some extreme
GTT (0, 3, 1) matrix of G are given in Figure 1.

(i) The graphs of G, which are isomorphic to the *-graph of some
extreme GTT (0, 3, 1) matrix of F; are given in Figure 2.

Nortke. All graphs in Flgure 1 are known to be isomorphic to the *-graph
of some extreme GTT (0, 3, 1) matrix of order 6 (see [1]).

4. EXTREME GTT (0, 1, 1) MATRICES OF J; AND ;

Let 9, denote the subset of composed of those matrices T = [¢;;] € 7,
such that if t;; = ltheni <}j, and %' (0, 1, 1) the subset of £, composed of
those (0, 1, 5 matrices T = [, ] € &, such thatif ¢;; = 1 then i <j. Extend
the definition of *-graph from 9 to ? We will identify the sets &, (0, 3, 1)
and T,. Namely, each matrix T € &, (O, 5, 1) is identified with its *-graph
Yr- Equlvalently, each graph y € F is identified with the unique matrix
T(y) € g, (0, 3, 1) whose *-graph is .

Two matrices R and S are said to be cogredient if there exists a
permutation matrix P such that S = PRP'. Given vy, vy, € I, we will write
¥, = v, to mean that T(y,) and T(y,) are cogredient (we will write y, # v,
otherwise), and y, = y{ to mean that T(y,) and [T(y,)]' are cogredient.
Note that if ¥, and 7y, are not isomorphic graphs, then 7y, £y, and

Ye F V1.

Given a GTT matrix of order n T = [t ;). define i £ j to mean i # j and
= 1; then £ is a partial order on (1,..., n}. It is well known that every

8, 4 £

~

Fic. 1.
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Fic. 2.
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partial order can be extended to a linear order (Szpilrajn [9]), that every linear
order on {1,..., n} arises from some TT matrix, and that every TT matrix is
cogredient to the matrix with 1’s above the main diagonal and 0’s elsewhere.
It follows that

LEMMA 7. Every matrix of 9, is cogredient to some matrix of 7).

The scheme we have followed (with the help of a computer) for obtaining
the complete list of extreme GTT (0, §, 1) matrices of J; and 7, is:

(1) For each graph g in Figure 1 for n = 6, and in Figure 2 for n = 7,
we have obtained the subset T'(g) of T, composed of those y € T, such that
v is isomorphic to g and T(y) is a GTT matrix. Therefore

T(T.(g)) = {T(y) | y € I(g)} € £(0,5.1)

is the set composed of all extreme GTT (0, 3, 1) matrices of 7, included in
2 (0, 3, 1) whose *-graph is isomorphic to g.

(2) Lemma 7 implies that each extreme GTT (0, 3, 1) matrix of order n
whose *-graph is isomorphic to g is cogredient to some matrix of T(T,(g)).
Therefore, it only remains to check for any two graphs v,, vy, € I (g) if
T(7,) and T(y,) are cogredient (we also will check if T(y,) and [T(y))} are
cogredient).

We have obtained the following results,
THEOREM 8. A GTT (0, 3, 1) matrix of order 6 is extreme if and only if
it is cogredient to some T(y, ;) € Z(0, 3. 1) where Y, € [ is one of the

graphs in Figure 3. Moreover, 7y, | = ¥{,, Y3, = Y51, Yos # Yo, and
—~ t
Y22 = Yo

NotE. T(y,,) is cogredient to the extreme GTT (0, 3, 1) matrix

Yl.l yl.l 2 Y2,2 6 YJ.I
2
10 02 1 3 l
3 5 4 5 4
6. .3 p b
6 5
5° 4 6 4 2 !

Fic. 3.
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given by Crige [2} nel (

&t LIUST , allli &

6 (11!
matrix of order 6 given by Grotschel, Jiinger, and Reinelt [6].

~ T
€ uUll

Jans By
CALIct

—
=
(¢}

¥3.1) is cogredient to th

[

For the result in the case n = 7 we will employ the following notation:
Yij ™ (k) ky kg ky, ks, kg, K7}

means the graph of T, obtained from the graph g, € G, in Figure 2 by
numbering the vertices of g, as follows: a =k, b =k,, c =k,, d =k,,
e = ks, f = k¢, and g = k; (in Figure 2, when the positions of all vertices of
the graph g, | coincide with the positions of all vertices of the graph g;, we
have omitted the lettering of the vertices of g, ,; in that case we understand
that the lettering of a vertex of g, | is the same as the lettering of the vertex
of g; situated in the same position).

THEOREM 9. A GTT (0, 3, 1) matrix of order 7 is extreme if and only if
it is cogredient to some T(y, ;) € £7(0, 3, 1) where v, ; € T; is one of the
following graphs:

{‘yM —-{1,2,3,4,5,6, 7}
¥e3—17.4,6,2,3,5,1},
Y32 {2,1,3,6,4,5,7):
¥s1 = {3,2,6,5,7, 4,1},
Yoo = {7,4,5,3,1,6,2}
ys1—12,1,3,7,5,6,4},
yes —{7,4,6,1,2,5, 3);

Yis —{7.3,5,1,2,4,6};

Y131 {2,1,3,6,4,5,7),

Y142 ™ {7.4,6,1,2,5,3};

Yie1 = {7,4,2,3,1,6,5),
Yiza = {7,5,3,4,2,6, 1);
Yios = {7,5,2,4,1,6,3);
Vo1 {2,1,4,7,5,6,3),
Yass = {7,5,6,1,3,2, 4},
Yae1 — {7.4,6,2,5,3, 1},
Yas2 = {6,5,3,1,2,4,7);
Yor1 = {7,6,3,1,2,5,4),
Yoo1 = {6,3,7,2,4,1,5),
Va1 = (7,4,1,2,6,5, 3);

91— 1{3,2,4,7,5,6, 1},
Vo0 12,1,3,6,4,5,7);
o1~ {1,4,3,7,5,6,2},
¥so = 15,6,2,3,1,4,7);
y:,1-12,1,6,5,7,3,4),
5o = {7,4,6,1,2,5,3);
Y10, {5,6,2,3,1,4,7);
Y12, —{1,4,3,7,5,6,2},
Yize = {7,5,6,1,4,3,2);
Yisa = {5,7,4,1,3,2,6),

Yies = 2,4,6,5,7,3, 1};
Vi1 = 5,7,4,1,3,2,6);
Yoox = {1,3,2,7,5,6,4),
o1 = {7,4,6,1,3, 2,5
Ya31 — {1,3,2,7,5,6,4},
Yass — (6,3,5.1,4,2, T
o1 = {6,3,5,1,4,2,7),
Yo72 {3,5,1,6,4,7,2}
Y0 = 13,5,2,6,4,7, 1);
Yo = (1,4,1,2,5,6,3},

50— {6,3,5,1,2,4,7),
Y31 (7,4,6,1,3,5,2),
Yoo = 6,4,5,1,3,2,7);
Yo ={2.1,3,7,4,6,5),
¥72—17.4,2,3,1,5,6};
Yo, —{2,1,3,6,4,5,7),
Y1 —21,3,7,5,6,4),
Yins = (7,5,3,4,1,6,2);
Vi1 {2,1,3,7,5, 6,4},
Yis2 —13.2,4,7,5,6,1}%;

Y1 = (2,1,5,4,7,3,6),
Y191 = 2,4,3,7,5,6, 1),
Yang = {7,4,6,2,3,5, 1},
Yoo, —{3,2,4,7,5,6,1},
Yozo — 5,7,4,1,3,2,6);
Va5 = {1,2.5,7,6,4,3),
Y262~ {1,5,2,7,4,6,3}
Yas1 — (1,5,2,7,4,6,3);
Yaon = {7,6,4,2,5,3,1);
Yi20 = 3,1,4,7,2,5,6)
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Va1 — {1,5,4,7,3,2, 6}

Y361 {5,3,4,2,7,6, 1},
V30 2 1{2,4,1,3,7,6,5}
'Y;g,"’{l 5,4,6,2,3,7},

Y341 {4,1,3,7,2,6,5};
Yaso — {1,5,4,6,2,3, T}
Yag1 {2,1,6,5,3,4,7},
Ya92 {5,3,4,1,7,6,2};
,4,1, 3,2},

109

v, —{7,5,6,1,2,3, 4}
Y57, > {6,1,7,5,2,4,3},
Y52 — {3,5,1,4,7,6, 2%
Yion — 5.3,7,4,2,1,6},

74()2_){3624 .5, 1%
Yooy —15,4,6,2,1,3.7},

Yaa {6,5,7
Yio2 = {1,4,3,6,7

Ya12 {2,3,1,4,6,5,7):
7.5, 2}.

Moreover,

@ Yoo E ’Yzb You4 = 'Yzza and Y2, # Yok for j # k;
Gi) if i € ] = {1,10,18,28,30,31, 33 34.35) then Yi1 = Vi

Gii) ifi € {1,..., 42\ (J U {2), then v, £ v, and v, = ¥/,.

5. HISTORICAL REMARK

A nonnegative matrix of order n such that all row and column sums are
equal to 1 is said to be a doubly stochastic matrix. By Birkhoff’s theorem, the
extreme points of the polytope 1, of doubly stochastic matrices are the n!
permutation matrices of order n. Let (19 be the polytope composed of those
doubly stochastic matrices that can be obtained as convex combinations of
permutation matrices other than the identity. Mirsky [7] proposed the prob-
lem of characterizing Q° by a set of linear constrains. Cruse [2] proved that
D= [dij] € QY if and only if

(T,D) = th =1 foreach T eJg,.

Therefore, if the extreme points of J, were known, then Q° would be
characterized by a finite set of linear constraints.

I would like to thank the referee for his suggestions.
REFERENCES

1 R. Brualdi and G.-S. Hwang, Generalized transitive tournaments and doubly
stochastic matrices, Linear Algebra Appl. 172:151-168 (1992).

2 A. B. Cruse, On removing a vertex from the assignment polytope, Linear Algebra
Appl. 26:45-57 (1979).

3 T. Dridi, Sur les distributions binaires associés a des distributions ordinals, Math.
Sci. Humaines 69:15—31 (1980).



110 ALBERTO BOROBIA

4 P. C. Gilmore and A. J. Hoffman, A characterization of comparability graphs and
interval graphs, Canad. J. Math. 16:539-548 (1964).

5 M. C. Golumbic, Algorithmic Graph Theory and Perfect Graphs, Academic, New
York, 1980.

6 M. Grotschel, M. Jiinger, and G. Reinelt, Acyclic subdigraphs and linear orderings:
Polytopes, facets and a cutting plane algorithm, in Graphs and Orders (1. Rival,
Ed.), Reidel, Dordrecht, 1985, pp. 217-264.

7 L. Mirsky, Results and problems in the theory of doubly-stochastic matrices, Z.
Wahrscheinlichkeitstheorie 1:319-334 (1963).

8 G. Reinelt, The Linear Ordering Problem: Algorithms and Applications, Helder-
mann, New York, 1985.

9 E. Szpilrajn, Sur I'extension de l'ordre partiel, Fund. Math. 16:386-389 (1930).

Received 12 July 1993; final manuscript accepted 30 October 1993



