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Abstract

Within the abstract interpretation framework, abstract domains are used to represent interesting
properties of the concrete domain. For instance, properties that enhance the optimization of the
analyzed programs. An abstract domain D expresses, in general, several properties of the concrete
domain.

We describe a method for identifying, for any abstract domain D and for each property P
expressed by D, the subset of D that is useful for computing P-information. We call it the
quotient of D with respect to P. We also give a necessary and sufficient condition for having
that the quotient is an abstraction of D. This property seems essential for applications such as
that described below.

As an illustration of the usefulness of the notion of quotient, we show that rather sophisti-
cated comparisons between domains, can be carried out using it. Assume to have two abstract
domains that both compute some property P, but that also express distinct properties and thus
are incomparable as a whole. Such domains can be compared with respect to the precision with
which they compute P-information, by comparing their quotients with respect to P.

Using this method, two well-known abstract domains for Prolog programs, Prop and Sharing,
are compared with respect to the precision with which they compute groundness information.
© 1998 —Elsevier Science B.V. All rights reserved

1. Introduction

Abstract Interpretation is a general method for defining data-flow analyses. “Ad ho¢”
analyses, that can be viewed as instances of the abstract interpretation approach, were
already used in the 1960s [22], for the optimization of imperative languages. How-
ever, the formal foundations of the approach have been given only in 1977 by the
Cousots in [5]. In this framework, a data-flow analysis is specified by describing a
domain of data-descriptions and operations on these data-descriptions that mimic the
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concrete operations of the language. A tuple D= (D, u,,..., i), where D is the set of

data-descriptions (called abstract domain) and the p; are the operations on D (called

abstract operations), is called an abstract interpretation. The correctness of the data-
flow analysis induced by D is guaranteed when some safety condition holds between

D and the concrete interpretation C ={C,0y,...,0;). In this paper we will take as

safety condition that:

(i) D and C are complete lattices,

(ii) there is a Galois insertion between D and C (with y and « concretization and
abstraction functions, respectively), and

(iii) for any ¢ € C and for any d € D, ¢ C¢ y(d) = 0;(¢c) T y(w;(d)).

When conditions (i) and (it) are satisfied, we will say that D abstracts C, when
also condition (iii) holds then we say that D abstracts C. Weaker safety conditions
are also sufficient for guaranteeing correctness [18, 12]. However, we need (i)—(iii) for
the purposes of the present paper.

In an abstract interpretation that expresses and thus computes several properties, we
want to identify which part is useful for computing each property. Let us be more
precise. Consider an abstract interpretation D that expresses a property P. We want to
identify the subset 2p(D) of D that expresses exactly the part of D that is useful for
computing P. We call it the guotient of D with respect to P.

The notion of quotient is a tool for obtaining more insight in the functionalities of
complex abstract interpretations. Such insight can be useful in several ways. In the
present paper we show that quotients are useful for comparing abstract interpretations.
Assume we want to compare the relative precision of two abstract interpretations D
and L in the computation of a given property P. This comparison may be impossible
relying on the classical notion of Galois insertion (or connection). In fact, D and L
may express information that is irrelevant for computing P and makes them incompa-
rable using the classical formal tools. We show that the comparison can be done by
considering the quotients 2p(D) and 2p(L). Being able to perform such sophisticated
comparisons is obviously useful for choosing the best available abstract interpretation
for a particular purpose. Such comparisons are also useful when combining different
abstract interpretations in order to obtain a more powerful one, as is suggested in
[12, 4]. By appropriate comparisons one may check whether such combinations of D
and L are worthwhile at all and also one can “tune” the combination by allowing it
only for those properties P for which it may turn out to be profitable: those for which
2p(D) and 2p(L) are incomparable.

The main achievements of the paper are described below.

(a) For any abstract interpretation D and any property P expressed by D, we define
the quotient 2p(D) of D w.r.t. P and give a condition that guarantees that 2,(D)
is a complete lattice that abstracts D.

(b) We show that if D and L are optimal for the computation of a property P and
if 2p(D) abstracts 2p(L), then L is at least as precise as D for computing P.
Moreover, if 2p(D) abstracts 2p(L) strictly (i.e., 2p(L) does not abstract 2p(D)),
then L is strictly more precise than D for computing P.
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(c) As an application of this theory, we compare two abstract interpretations that
are well-known for the analysis of Prolog programs: Prop, [19, 9], and Sharing,
[16]. We stress the fact that we consider here complete descriptions of Prop and
Sharing, i.e., with all the abstract operations needed for their use in static analysis.
Although both these interpretations compute the property of variable groundness,
they are not directly comparable (i.e. neither one abstracts the other) because Prop
computes also possible equivalence through disjunctions and Sharing computes
also variable sharing. We compare the (relative) precision of these two analyses
in the computation of variable groundness (GR) and we show that 2gg(Prop) is
Prop itself, whereas 2¢r(Sharing) is the set of formulas which are conjunctions
of formulas of the form: AW —x, where W is a set of variables and x is a
variable. Such formulas are called definite and form a proper subset, called Def
[13,2], of the formulas in Prop. Hence, 2¢;x(Sharing) strictly abstracts Prop and
thus, from (b) above, it follows that Prop is strictly more precise than Sharing
for the computation of variable groundness.

The notions and results of points (a) and (b) above are new. The construction of
the quotients of Prop and Sharing with respect to GR of point(c) is also new. That
2cr(Sharing) coincides with Def is an interesting result on its own right. In fact,
both Sharing and Def are well-known domains that have been defined independently
and that are both useful for the analysis of logic programs.

The present paper is an extended and improved version of [10]. The main improve-
ment is the introduction of the notion of quotient. In fact in [10], we observed that,
in order to compare D and L, it was necessary to define a reference domain R and
then compare the workings of D and L projected on R. Clearly, R plays the same
role as 2p(D) and 2p(L) in the present approach, but in [10] we did not have any
systematic way to obtain it. Its definition was only based on the insight one had over D
and L.

Another improvement of the present paper concerns the criteria adopted for com-
paring the precision of interpretations. The criteria used now is strictly stronger (and
more natural) than that of [10]. Thus, the relation between Prop and Sharing shown
in the present paper is actually stronger than that contained in [10].

The idea of identifying relevant parts of an abstract domain, that has given rise to
the notion of quotient, has also inspired the recent work [8] in which the notion of
complement between domains is defined. The reader may be interested to know that
in that paper, among several examples of application of the complement, the authors
consider Sharing and Def (= 2¢r(Sharing), cf. point(c) above) and characterize the
complement of Def w.r.t. Sharing, i.e., the domain that represents what is left of
Sharing when Def is taken away from it.

Finally, it is important to remark that, even though we have applied it to the compar-
ison of two abstract interpretations for the data-flow analysis of Prolog programs, the
notion of quotient, presented in this paper, is in no way bound to logic programming
applications only. On the contrary, it can be useful for studying abstract interpretations
for all programming paradigms.
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The paper is organized as follows. Section 2 contains the preliminary definitions.
The definition of quotient is given in Section 3 together with the general result men-
tioned in (b) above. The application of the theory to the comparison of Prop and
Sharing, mentioned in (c) above, is described in Section 4. The appendix contains
some definitions and technical lemmas that are needed for the application part.

2. Preliminaries

This section consists of three parts. The first introduces some classical notions of
abstract interpretation theory and some known results (see [5, 6, 1]). The second part
contains the definitions of two types of optimality. The final part introduces the criterion
for comparing abstract interpretations that will be used in the rest of the paper.

2.1. Galois insertions and their composition

In what follows a function’s domain and range are indicated by subscripts: exy is a
function from X to Y. The ordering and the least upper bound operator defined in X
are denoted by Cy and Ly, respectively.

Definition 2.1 (Galois connection and insertion). Let C and D be posets and con-
sider two functions of the following types: ypc:D — C and acp:C — D The 4-tuple
Gep=(pe,C,D,apc) is a Galois connection if

VeeC and Vd € D:acp(c)Cpd < cCey,(d).

Gcp is a Galois insertion when ypc is injective or, equivalently, when acp is onto.
When G¢p is a Galois insertion then we say that D abstracts C.

In a Galois connection or insertion Gep,ypc and acp are called the concretization
and the abstraction function, respectively. The following are well-known properties of
these functions, see [6].

Proposition 2.2. Let Gcp be a Galois connection/insertion,

1. ypc o ocp is extensive, i.e., Ve € C, ;ypc oacp(c)dcc;

2. acp © Ypc is reductive, i.e., Yd € D,ocp o ypc(d)Cp d;

3. Gep is an insertion if and only if acp o ypc is the identity.

4. if acp and ypc form a Galois connection, then one of the two functions determines
the other one. More precisely, for deD, ypc(d)= Uc {c€C|acp(c)Cpd}, and
similarly, for ¢ € C, acp(c)=MNp{d € D|cCcypc(d)}. Each function is called the
adjoint of the other one.

5. ocp o ypc © ocp =oacp and similarly, ypc o dcpYpc = Ypc-

A function o: C — D, where C and D are po-sets, is additive when VX C C such
that LicX exists, oLicX )= Up {o(x)|x€X}.
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Proposition 2.3. Let acp:C — D, where C and D are complete lattices. The func-
tion acp is additive iff acp, together with its adjoint concretization, forms a Galois
connection between C and D.

Proof. The (=) direction is shown in [6, Proposition 7]. For the other direction,
assume that acp and its adjoint ype form a Galois connection. We must show that

VXCC, a2ep(UeX)= Up {d(g(x)lx EX}.

Clearly, a¢cp(ldcX) is an upper bound of {acp(x)|x € X} because Vx € X, LicX Jc x.
We show now that it is the least upper bound. Let d be an upper bound of {xcp(x)|
x€X}, ie., Vx€X, acp(x)Cpd. Thus, by definition of Galois connection, Vx € X,
xC¢ vpe(d). This implies that ypc(d) e UcX. It suffices now to apply ocp to both
members of the inequality, to obtain: 2¢cpoypc(d) 3p 2cp(Uc X), and thus, by Propo-
sition 2.2(2), we have that, d Jp acp(UcX). O

It is well-known, see [6], that in place of considering two domains C and D, where
D abstracts C, one can view D as a particular subset of C: the subset of C containing
the fixpoints of an upper closure operator on C.

Definition 2.4 (Upper closure operator). Given a poset C, an upper closure operator
(uco) on C, is a function p:C — C, that is monotonic, idempotent and extensive (i.e.
Ye € C, p(c) De ¢). The set of fixpoints of p is {c € C|p(c)=c}. This set is indicated
by p(C).

The following result shows that Galois insertions and uco’s are two equivalent ways
of representing abstractions. The proof can be found in [6]. In what follows, if G¢cp
is a Galois connection/insertion, then ypc(D)={ypc(d)|d € D}.

Proposition 2.5. Let Gep =(ypc, C,D,apc) be a Galois insertion. Then ypc o %cp is
an uco on C whose set of fixpoints is ypc(D). Vice Versa, if p is an uco on C, then
p(C) can be viewed as a new domain that abstracts C via a Galois insertion that
has p as abstraction and the identity as concretization.

The following result, shown in [6], will be useful in the sequel.

Proposition 2.6. If C is a complete lattice and D is a poset and there exists a Galois
insertion between them, then also D is a complete lattice.

The idea of the previous result is that joins and meets on D “can be computed on
C and then abstracted on D”. More precisely, if Gep =(ype, G, D,apc) is a Galois
insertion, then VX CD, Lip X =apc(Uc{ypc(d)|d €X}). A similar relation holds for
the meet.

In this paper we will always consider domains that are complete lattices and will
assume the existence of Galois insertions between them.
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Definition 2.7 (Jnterpretation). An interpretation is a tuple D= (D, up) where D is a
complete lattice and pp is a continuous function of type D — D.

In general, an interpretation contains more than one operation, and the operations
may have arity greater than one and may take some other arguments besides elements
of D. For the sake of clarity, we consider the simplest setting, as the generalization of
definitions and results is immediate.

Definition 2.8 (Abstraction). An interpretation D = (D, up) abstracts an interpretation
C= <C, /lc> if

1. there is a Galois insertion (ypc, C,D,acp) and

2. Yee C:Vde D:cCeype(d) = uc(c) Ec ype(pp(d)).
We say that D properly abstracts C if D abstracts C but C does not abstract D.

An abstract interpretation is intended to report information about a program’s exe-
cution behavior. When L abstracts D we know that the analysis induced by D is at
least as informative as the analysis induced by L. In the rest of the paper we denote
domains by capital letters C,D, L, R possibly subscripted, and we denote interpretations
by boldface capital letters C,D, L, R.

It is well known that if R abstracts D and D abstracts C, then R abstracts C. The
proofs of the propositions listed below are straightforward.

Proposition 2.9 (Same-order composition). Let Gpr and Gcp be Galois insertions.
Their composition, denoted Gep o Gpg is the Galois insertion Geg = (yre, C, R, %cRr),
where yrc =Yypc © Yrp and 0cg = dpg © Acp.

The following two propositions are shown in [10].

Proposition 2.10 (Opposite-order composition). Assume that G and Gep are
Galois insertions. Let epp = ¢y © ype and ep=ocpoyrc. The following holds:

(1) ep; and &1 p are monotone;

(i) vde D,V e L & p(ep(d)) 3p d and epr(erp(£)) AL 7.

Proposition 2.11. Assume that G¢y and Gep are Galois insertions. The following
conditions are equivalent:
(i) Gpr=(ocpoyic,D,L,acrovpc) is a Galois insertion;
(1) yre(L) S ypc(D);
(iii) Vei,c2 € C. acp(er) = acplc2) = acrlc1) = acr(ca).

Definition 2.12. If G¢; Gep and Gpp = (2cpoyic, D, L, aciovpe ) are Galois insertions,
we say that Gp; is coherent with respect to C.

Coherency and same-order composition are strongly related.
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Proposition 2.13. Let Gep Gy and Gpy be Galois insertions. Then Gpy is coherent
with respect to C if and only if Gep =Gep o Gpy.

Proof. (=) We want to show that y,¢ =ypc oy.p, which, since Gp;, is coherent w.r.t.
C and thus y.p =a%cp © yL¢, can be rewritten in
TLC=YpCcOoUcpOYLC

This equality is verified because, by Proposition 2.11(ii), ¥/ €L, y.c(I) € ypc(D) and
thus, by Proposition 2.2(5), VI €L, ypcoacp(vrc(D))=yrc(l).

That ¢, =appoocp is shown as follows. By coherency, 2p; cocp=acL 0 7pco
acp. Since Ve € C, acp(c)=acp(ypc o acp(c)), cf. Proposition 2.2(5), using Proposi-
tion 2.11(iii), one obtains that Ve € C, aci(c)=10cr(ypc o acp(c)).

(<) By hypothesis, ypc o y.p=7yrc. It suffices to apply acp to both members of
this equation and use Proposition 2.2(3), to obtain the desired relation

YLp=0%cpOYLC.

That also ap; = 2cp ©ypc can be shown similarly. [

2.2. Optimalities

As usual, an abstract interpretation is optimal if it mimics the concrete one in the
best possible way. We also introduce a weaker notion in which we project the result
of the operation on a more abstract domain.

Definition 2.14 (Optimalities). Consider the interpretations D= (D, up) and C ={(C,
Uc). Assume that D abstracts C. D is optimal if Yd € D: up(d) = acp(uc(ype(d))).
Let now R be a domain which abstracts D, and let ocg = opg o acp. We say that D is
R-optimal if Vd € D : apr(up(d)) = ocr(pc(ypc(d))).

Lemma 2.15. Let C, D, and R as in the previous definition. If D is optimal then D
is also R-optimal.

Proof. Let d € D:

up(d) = acp(pc(vpc(d))) as D is optimal
= apr(up(d)) = apr(acp(pc(ypc(d))))  applying opr to both sides
= apr(p(d)) = acr(pc(ypc(d))) by definition of acg. [

Observe that the notion of R-optimality is a generalization of the notion of optimality.
In fact, D is optimal iff D is D-optimal.
2.3. General comparison criterion

Let P be an abstract domain that represents a property we are interested in. Assume
that the two interpretations L and D also represent this property. This fact is modeled
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by the assumption that P abstracts both L and D. We want to compare the precision of
L and D with respect to the way they compute P, according to the following intuitive
idea. L is at least as precise as D with respect to P if every sequence of concrete
operations is better or equally approximated by L than by D when considering only
the information representable in P.

Definition 2.16 (Comparison criterion). Let D= (D, up) and L= (L, u;) be interpreta-
tions abstracting C = {(C, ic). Let P be a domain abstracting both D and L. Let also
p denote the ith fold composition of uc and g, and y! the corresponding sequences
of operators of D and L.

e L is at least as precise as D with respect to P if

Vee CViz0:a.p(p) (acr(c))) Cp app(ph(acp(c))).

o L is strictly more precise than D with respect to P if L is at least as precise as D
but the converse does not hold.

3. The quotient of an interpretation

This section consists of two parts. In the first one, two domains D and P are consid-
ered, where P represents a particular property expressed by D. An equivalence relation
1, on D is defined that identifies the classes of elements of D that are equivalent w.r.t.
the computation of P-information. It is shown that, when 7, is additive, it is possible
to define an abstraction of D, called the quotient of D w.r.t. P, that represents exactly
the information of D that is used to compute P-information. In the second part of the
section we show the relevance of quotients for comparing the precision with which
different interpretations compute a given property.

Throughout this section, we always assume that Gcp, Gep, Gpp are Galois insertions
with Gpp coherent with respect to C (i.e., Gep = GepoGpp), and that the interpretation
D ={D, up) abstracts the interpretation C = (C, pc) with yp optimal.

3.1. Definition and properties of the quotient

First, we characterize elements of D that are equivalent, with respect to P, in any
computation sequence.

Definition 3.1 (Associated relation). The equivalence relation r, on D associated to P
is defined by

(di,dr)Er, & Viz0:app(uh(dr)) = app(pp(d2)).

Observe in particular that (d),d;)€r, implies app(d;)=opp(dz). In the sequel, [d],
denotes the set {d'eD | (d,d")en}.



A. Cortesi et al. | Theoretical Computer Science 202 (1998) 163-192 171

Clearly, the intuition suggests that the quotient of D w.r.t. P should be a set Q that
has one element corresponding to each equivalence class of D w.r.t. r,. Unfortunately,
this is not always the case. In fact, it is casy to find equivalence relations on D for
which such a O is not an abstraction of D (whereas we want the quotient of D to
abstract it). Below we will show that if 7, is additive, then such a Q is an abstraction
of D and it will, in fact, be the quotient we are looking for. After having proven
this fact, we will show in Theorem 3.7 that the additivity of 7, is equivalent to the
additivity of the abstraction function that connects D to Q. This relationship should
not be surprising in view of Proposition 2.3 that, in the present context, shows that
the additivity of the abstraction function implies the existence of a Galois insertion
between D and Q.

Definition 3.2 (Additivity). The relation 7, is additive when VSCr,, if S ={a|
(a.b)eS} and S, ={b|(a,b)€S}, it is true that (UpSy, Up Sy)€r,.

In what follows some important consequences of the additivity of 7, are shown.

Lemma 3.3. If the relation r, on D associated to P is additive, then
vdeD:(Upld]p,d)er, ie Upld],eld],.

Proof. It is sufficient to observe that, by additivity of r,, if [d],={d;:ic€l} then
(Up{d;:iel}, Up {d})=(Up{d::iel}.d)er, O
Lemma 3.4. If the relation r, on D associated to P is additive, then

Vd\,dyeD:d\ Cpdy= Upldi], EpUpld:],.

Proof. Let dl Up [di], and d> =Up [dz]p By Lemma 3.3, (d,,d 1)€rp and (dz,dg)e
Fp. Thus by additivity of 7, (d] Lp dz,dl Lp dz)er,, By hypothesis, d; ED d>, so we get
(ch,d lL.IDdz)Erp, ie. d] UDd2 €[d,],. Therefore, by the definition of d>, d1UDd2 Cpds,
and thus (2] EDtiz. (Il

Let us give now the definition of quotient. After that we will show that the additivity
of r, implies that the quotient enjoys all the properties we wanted and in particular
that it abstracts D.

Definition 3.5 (Quotient). The quotient of D with respect to P is the set 2p(D) de-
fined by

2p(D)={Upld],|d D}

2p(D) is a subset of D and thus it is partially ordered.
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Theorem 3.6. If the associated relation r, is additive, the following facts hold,
(1) 2p(D) is a complete lattice that abstracts D;
(ii) P abstracts 9p(D) coherently w.r.t. C;

Proof. (i) We will show that 25(D) is the set of fixpoints of the following uco py
on D:

VdeD. py(d)= Up[d],.

Thus we must show that py is extensive, idempotent and monotone:
— it is extensive: by definition;
— it is idempotent: using Lemma 3.3 it is simple to see that Vd €D,Up[Up[d],] =

Lip [d ]p;

— it is monotone; immediate from Lemma 3.4.

Obviously 2p(D)= pa(D) and thus, from Proposition 2.5, it follows that there is a
Galois insertion between D and 2p(D) with abstraction p; and the identity as con-
cretization. Moreover, from Proposition 2.6, we have that 2p(D) is a complete lattice.

(ii) In order to show that P abstracts 2p(D), by Proposition 2.11(ii), it suffices to
show that ypp(P) C pa(D). Precisely, we want to show that

VbeP. ypp(b)= Up [yrp(b)],

Let a=Up[yrp(b)],. Obviously, the following point (1) holds: @ Apypp (D).
Observe now that, by Lemma 3.3, app(a)=appoypp(b)=>b (aoy is the identity)
from which, applying y»p on both sides, one obtains:

aCpvyppoapp(a)=1ypp(b) (you is extensive).

This together with (1) shows what we wanted. Thus, by Proposition 2.11(i), there is a
Galois insertion Ggp = (apg © ypp, 2,(D), P,0pp 0 yop) that is coherent w.r.t. D. Thus,
by Proposition 2.13, Gpp = Gpg o Gop. Since, by hypothesis, Gpp is coherent w.r.t.
C, it is the case that, Gcp = Gep o Gpp, and thus, Gep = Gep 0 Gpg © Gop = Gep © Gop
which, by Proposition 2.13, proves that Gpp is coherent w.r.t. C. [J

It is easy to see that the join on 2p(D), denoted Lip, is as follows: u; Ug uz = Lp
[u1Upuy],. The meet is defined similarly. As already announced, the additivity of rg is
equivalent to that of the abstraction function p, (defined in the proof of Theorem 3.6).
Recall that py: D — 2p(D) is additive if VX CD, py(LpX)= Up {pa(x)|xeX}.

Theorem 3.7. r, is additive iff py is additive.

Proof. By the additivity of r,, it is true that
VX CD, X rpU{Uplal, |acX}.
D D

Using the definition of 7,, this is equivalent to

LID[I_IDX]p = Up [UD{UD[a]p | an}]p.
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It suffices now to observe that

Up[LUpX], = pa(LIpX) by definition of p,,

and that

Up[Up{tiplal,laeX}], =Ug{ps(a)|acX} by definition of p, and of Liy
given before this theorem. O

3.2. Comparison of quotients

The results of this subsection show the important role that the notion of quotient
plays in the comparison of two abstract interpretations. For the sake of clarity, in ASS
below we summarize the notation and the hypotheses that we will use in the following
theorems.

ASS (a) D and L are abstract interpretations, C is the concrete interpretation and P
is the abstract domain that represents the property that is being studied.
(b) Gep, Ger, Gep, Gpp and Gy p are Galois insertions. The last two are coherent
with respect to C.
(c) Ry =32p(D) and R, = 2p(L). By Theorem 3.6, there are Galois insertions Gg,p
and Gg,p that are coherent with respect to C.
(d) D and L are, respectively, R,- and R;-optimal.
(e) R; abstracts R, coherently with respect to C.
The following fact is a simple consequence of the assumptions ASS above.

Lemma 3.8. Gg,p = Gg,r, © Gg,p and thus, in particular, og,p = dg,p © dg,g,.

Fig. 1 summarizes the relations existing among all domains considered. The arrows
correspond to y-functions.

P

N

Ri=Q,(D) Ry = Q,(L)

Fig. 1. Domain abstractions in Theorems 3.10 and 3.11.
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Theorem 3.9. Assume ASS above. Then L is at least as precise as D for compui-
ing P.

Proof. Consider any sequence np of operations of D. From the fact that D is
R;-optimal and from the construction of the quotient R, it is true that for any d €D,
the computation np(d) can be “read” over R|, as far as the P-information is concerned.
More precisely, assume that d; is the result after the first i >0 steps of the computation
np(d), and let # =apg, (d;), then, for each i, opp(d;) =ag,p(f). A similar fact holds
for any computation ©; on L. For such a n;, let [y, [;,...,/; be the intermediate results
and ko,...,k be the corresponding values in R;.

We will use the above fact and the notation introduced in the sequel of the proof.
Let for any concrete value c€C, dy=acp(c) and Iy =aci(c). Let also np and 7, be
sequences of corresponding operations of D and L. In what follows, the d,t;, /;, and
k; are in the relation explained above. In order to prove the result, it suffices to show
the following fact:

(%) Viz0, ygc(t) Jc yr.clki).
In fact, from (%) it follows that ag,z (k) Cg, ¢;. By Lemma 3.8 above and the mono-
tonicity of ag,p, ag,p(ki)=og p(oryr (ki) Cp ag,p(f;). We proceed by induction on i.
Basis. Let us first consider i =0. We want to show that
(1) vrc(to) dc vrclko)

By Proposition 2.9, t,=ocg,(c) and ko =ocg,(c). Since R; abstracts R, coherently
w.r.t. C, the following two points hold:
(a) acr, =agr,r, ©dcr,. Hence, to = g, g, (ko).

(b) YR, C =VR,COVRR,-
From point (a) and (b), using the extensivity of yg g, 0 %z,z, (cf. Section 2.1), we
get immediately that

YR, () =YR,C O VR, R, © AR, R, (K0) = VR, (k).

Thus (1) holds.
Step. Let us now prove (%) for i>0. We want to show that

(2) yrRic(ti-1) e vrRyckizr) = (3) yrc(&:)3c yroclki).
By the assumption of R;- and R-optimality of D and L, we know that

t; = acp, (pe(yric(ti=1)))

where ¢ is the concrete operation corresponding to the ith operation of np and 7;.
A similar relation holds for &;.
By assumption (2) and the monotonicity of u¢ it follows that

se(r c(ti=1)) Be pe(yroclhizi))

and thus, by the same reasoning used for the case i =0, we have that (3) holds. O
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Theorem 3.10. Assume, in addition to ASS, that R, properly abstracts R,. Then L
is strictly more precise than D for computing P.

Proof. By assumption it is true that

(1) R c(R1)C YR, c(R2) and  yr,c(R2) & Y&, c(R1).

Hence, there is rp € R, such that yg,(ro)}€vr, c(R1). Let co =7g,c(#0), and [y = yg,.(ro).
Note that, since yz,C =7y1c ©Yr,1, Yrc(lo) =co.

Let now ¢ =yg, ¢ oacg,(co). Clearly, by their definitions, ¢ J¢ ¢y and, ocg,(co) =
acg,(€), from which the following fact (2) holds:

Fact (2). acp(co) and acp(¢) are elements of D that are equivalent w.r.t. the compu-
tation of P, i.e., they are in the same equivalence class of the relation on D associated
to P.

Note also that, by (1), €y, c(R2). Let us now abstract ¢ into L and R,. We call
= O(CL(é) and by = CXLRZ(I).

By assumption, we know that for all corresponding sequences sp and s, of operations
of D and L, respectively, it is true that

app(spaep(€))) Zp arp(si(aci(6))).
From this, using Fact (2), we obtain
(3) app(splacp(co))) =app(sp(acp(€))) Ap arp(sc(acL(€))).

Observe now that, since ¢ J¢ ¢g, and both are in yz,c(Ry), it is true that, r, g, 7o.
Thus, there exists a computation sequence n; of operations of L such that

app(nL(l)) # opp(ni(lo)).
Since n; is composed of continuous (and thus monotone) operations, we have
(4) app(nr(1)) 3papp(n(lp)).
It suffices now to put together (3) and (4) to show the thesis:
app(mp(acp(co))) Ip app(nraci(€))) = app(m (1)) Ip opp(nr(lo))

= oapp(mraci(cp))). O

4. Applications

We apply the theory developed in the previous section for comparing two well-
known abstract interpretations for logic programming: Prop [2,9,11,19] and Shar-
ing [16]. This section is organized as follows. After some preliminary definitions
concerning substitutions, in Section 4.2, we recall from [11] the concrete interpre-
tation Rsub and the two abstract interpretations we wish to compare. The domain
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GR representing groundness and the characterizations of the quotients 2¢g(Sharing)
and Zr(Prop) are described in Section 4.3. The main result of the application part
is in Section 4, where we apply Theorems 3.9 and 3.10 for proving that Prop is
strictly more precise than Sharing with respect to the precision in computing
groundness.

We point out that the interpretations Prop and Sharing that we compare are complete
interpretations, in the sense that they include all the operations needed for the static
analysis, viz. forward/backward unification, least upper bound, and projection. In order
to describe in a simple way all the operations (and, in particular, projection), we adopt
the approach introduced in [11]. In this approach, the (non trivial) values of a domain
are pairs in which the first component is “the usual value”, and the second component
explicitly specifies the variables about which the first component provides information.
These variables are often called the variables of interest.

4.1. Preliminaries

Let V be a countable set of variables. FP(V) denotes the set of finite subsets of
variables of V. A substitution ¢ is a function in that maps variables in V to terms
over ¥ and an alphabet of function symbols, and such that ox #x only for a finite
number of variables x. The ser of support of ¢ is given by supp(c)={x|ox#x}.
The variable range of o is given by var-range(c) = |J{Var(ox)|x € supp(c)}, where
Var(t) denotes the set of variables occurring in £. The set of variables occurring in ¢
is given by Var(o)=supp(c) U var-range(c). A substitution is typically specified by
listing its non-trivial bindings. So o= {x/ox | x € supp(a)}.

Consider two substitutions ¢, and o,. If there exists ¥ such that g, =9 o ¢, then
o1 is more general than a,, which we write g, J g,. In this case, we say that g, an
instance of o;.

We write Subst for the set of idempotent substitutions. Although Subst is not closed
under composition, in a step of the execution of a logic program in which ¥ o ¢ is
constructed, it is always the case that, var-range($)Nsupp(o) =@, which, provided that
¥ and ¢ are idempotent, ensures that ¥ o ¢ is also idempotent.

As we will consider sequences of concrete/abstract operations of “real” domains,
i.e. containing not only unary operations, as it was assumed in Definition 2.7 for the
sake of simplicity, it is necessary to make precise this notion for any set of operations.
Assume to have an interpretation D= (D, uy,..., ). A derived operator over D is
a term ¢ constructed using the symbols in gy, ..., i, the values in D, values of any other
domain that may be required by the operations (for instance, substitutions are needed in
the unification operations), and exactly one variable. The following example illustrates
this notion for Z = (Z, +, *), where Z represents the set of all integers completed with
top and bottom elements.

Example 4.1. A derived operator for Z is t = +(*(x,3), +(2,1)).
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Clearly, a derived operator 7 is a function ¢: D — D. Intuitively, the result of the
function ¢ for a given value d €D is obtained by evaluating #(d) interpreting the
function symbols in ¢ according to D. In the above example, #(0)=3 and #(2)=9.

4.2. The interpretations Rsub, Prop, and Sharing

The interpretations Rsub, Prop, and Sharing consist each of a domain and three
operations: unification, projection, and least upper bound. Since some of the operations
are quite technical, we have chosen to recall them in the appendix, and to describe
here only the domains, their partial orders, and the concretization/abstraction functions
relating them.

4.2.1. The “concrete” domain Rsub
The “concrete” domain Rsub [11] is the complete lattice

Rsub = [ @(Subst) x FP(V)]U { Tas, Las}.

Rsub stands for restricted substitutions. The partial order of Rsub is defined, on non-
trivial elements, by [Z, U] Cgs [22, Us] iff Uy =U, and & C X,. The operations od
Rsub are described in the appendix.

4.2.2. The domain Prop

For any set of variables U € FP(V'), by AU we denote the formula consisting of the
conjunction of the variables in U. For any U € FP(V), a positive formula {2,20] on U
is any propositional formula containing only variables in U and that is satisfied by the
truth-assignment that assigns true to all variables in U. The set of positive formulas on
U is denoted Posy. From now on, in order to avoid burdensome notation, we simply
write f for the class of formulas equivalent to f and assume that Posy consists of
classes of equivalent formulas. We also adopt the usual convention of representing
a truth-assignment a on U as the set {x € U |a(x) = true}.

Notice that for any U € FP(V), Posy U {F} is a complete lattice with least upper
bound and greatest lower bound, respectively, V (logical disjunction) and A (logical
conjunction), appropriately extended to classes of equivalent formulas.

The domain Prop is as follows:

Prop={[f.U]:U€FP(V), f€Posy U{F}}U{Tp, Lp}.

Prop is partially ordered: Tp, is the largest element and Lp, is the smallest; for the
other elements, [ fy, U1]1<p [ f>, U2] if and only if Uy =U, and f; = f>.

Fig. 2 depicts the domain Prop for ¥ ={x,y}. The lines represent the ordering
relation among the (equivalence classes of) formulas.

That positive formulas are useful for computing variable groundness in logic pro-
grams is well-known, see [2,9,11,19,12]. The intuition behind the relation between
positive formulas and substitutions, is as follows. Each substitution defines a truth-
assignment, and, since groundness is a property closed under instantiation, we say
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TH‘
[true, 0] [true, {z}] [true, {y}] [true, {z,y}]
lv—z{z,9})] [zvy {s.y}] [z=~y,{z,9}]
[z, {=z}] [y, {y}] [z, {z, vy} [z =y, {z,y}] [y, {=, ¥}]
[z Ay {z,4}]
[false, @] [false, {z}] [false, {y}] [false,{z,y}]
LPI‘

Fig. 2. The domain Prop for V = {x, y}.

that a formula approximates a substitution when it is true w.r.t. the truth-assignments
defined by all instances of that substitution.

The truth-assignment of substitution ¢ is assign o :assign o x = true iff ¢ grounds x.
The concretization expressing the relation between Prop and Rsub, is

Yerrs - Prop — Rsub,
Trs if d="Tp,;
VPrrs(d) = Lrs ifd=1p;
[{o € Subst |Vo' Jo-assigna’ = f},U] ifd=[f,Ul
The function ¢gep, : Rsub — Prop is the usual adjoint [6] of yp,zs, i€., arsp(c)= Mp;
{d € Prop | yp,rs(d) dgsc}. The tuple (yp.rs, RSub, Prop, agsp,) is a Galois Insertion

[11]. In [11] it is also shown that the operations of Prop (see the appendix) are
optimal.
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Lemma 4.2 (Cortesi et al. [11]). Prop is optimal.

The definite formulas in U, denoted Defy [2, 13], consist of the formulas f € Posy
that satisfy the following model intersection property: consider any two models M)
and M, of f, if M =M, NM,, then M |= f. The name “definite” for such formulas
comes from the following well-known syntactical characterization: for each f € Def;,
there is a formula on U equivalent to f and consisting of a conjunction of definite
implications of the form AW —x.

Observe that the set Def is properly included in Posy. For instance, the formula
xVy of Posy,, does not belong to Defy, ;. In fact, let M} = {x}, and M, ={y}, it is
immediate to see that both M| and M, are models of xV y, whereas M =M NM, =)
is not a model of this formula.

In the same way as positive formulas were used for defining Prop, it is possible to
define a domain using the definite formulas:

Def = {[f, U] | U EFP(V), fE Der U {F}} U {TDf, J_D_/'}.

Obviously, Def abstracts Prop with the identity as concretization and its adjoint as
abstraction. From this it also follows that Def also abstracts Rsub with the same
concretization as Prop.

4.2.3. The domain Sharing
The abstract domain Sharing proposed by Jacobs and Langen in [16] in order to
represent variable aliasing, covering, and groundness is defined by

Sharing={[4,U]|4 C @(U), A#0 = 0cd, UcFP(V)}U{Ts Lo}

Sharing is partially ordered: Tg, is the largest element and Lg; is the smallest one; for
the other elements, [4, Ui], Cs [42, U} ff Uy =U; and 4; C 4,. The domain Sharing
for V = {x, y} is depicted in Fig. 3. Even though the lattice structure is similar to that
of Prop, the two domains represent different informations of the concrete domain Rsub.

Jacobs and Langen [16] proved that Sharing enjoys a Galois insertion into g(Subst).
This can be immediately extended to our concrete domain Rsub. We recall briefly the
construction of the abstraction of this insertion. For x€ V, U C ¥V, and o € Subst, let
share(o,x, U) be the set of variables in U whose images under ¢ contain the variable
x, l.e. share(o,x,U)={ye U |x € Var(oy)}. For [Z,U] € Rsub,

arssi([Z, U]) = [{share(a,x,U)|c € X, xe V},U].

The concretization 7ysugs is the usual adjoint of the abstraction. Let [4,U]=
arsse([{c}, U]). Each S €4 is a set of variables that under o share a variable. Ev-
ery variable x € U such that Var(ox)=0 will not appear in 4. In [7] it is shown that
the operations of Sharing are optimal.

Lemma 4.3 (Cortesi and Filé [7]). Sharing is optimal.
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Ta
{{e}, 9] ({0, {z}}, {z}1 ({0, {¥}}, {¥}] {0, {=}, {3}, {=, ¥}}, {=, ¥}]

{0, {v}. {=, y}}, {=, y}I{®, {z}, {y}}. {z, v}{®, {=}, {z, y}}. {=z, y}]

X K

({2}, {=}) [{e} {v}}]  [{0, {¥}}. {z, y}{®, {z, y}}, {z, y}I{O, {z}}, {z, ¥}]
({0}, {=, y}]
{0,0] [0, {=}] [@,{v}} [0, {=¥}]
J_Sl

Fig. 3. The domain Sharing for ¥ = {x, y}.

4.3. Quotients with respect to groundness

The interpretations Sharing and Prop are incomparable with respect to the notion
of abstraction [10]. The intuition behind this result is the following. On the one hand,
by means of disjunctions, Prop represents also possible equivalence (and thus also
groundness), whereas Sharing does not. On the other hand, Sharing represents vari-
able independence that is not expressible in Prop. However, as both interpretations
compute groundness information, we are interested in comparing their precision in the
computation of groundness.

4.3.1. The domain GR
The simplest domain that represents variable groundness is GR as follows. Given
an element [X, U] € Rsub, its groundness information can be represented by the set of
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T

Gr
[0, 0] [9, {z}] (e, {v}] [0, {=, ¥}
[{=}, {=,¥}] Hy} {=, 4}
[{z}, {=}] Hy} (v}
{z, v}, {=, ¥}
[L,9 {L,{=z}] {1, {y}] {L,{=, 4}
Lo

Fig. 4. The domain GR for V = {x, y}.

variables grounded by every substitution in 2
GR={[4,U):4€ p(U)U{L}, UeFP(V)} U{Te.La}.

The set GR is partially ordered as follows. Tg, is the top element, and 1, the bottom
one. [B1, U] Eg, [B,, Us] if Uy = U, and By 2 B,. Obviously, GR is a complete lattice.
The least upper bound of two elements [B(,U;] and [B,, U,] is defined as

[Bl mBZaU]] lf Ul:Uza
[Bi,Ui]Ugr [B2, Us] = .
Gr otherwise.

It is easy to see that there are Galois insertion between GR on the one side and
Rsub,Prop,Def and Sharing on the other. We only specify the concretization and
abstraction functions, as proving that each pair of functions forms a Galois insertion,
is an easy exercise:

{ychs([B, U])={Z,U], where X ={o € Subst|Vx € B, Var(cx)=0},
ogsGr([Z, U =[Nyex {x € U | Var(ox)=0}, U],
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{?Grpr([B, UD =vy6-p7([B,U]=[AB, U],
aprGr([ £, UD) =apre([ f,UD=[{x| f =x}, U],

{ versi([B, U)) = [9(U\B), U],
asnGr([4, UD) = [U\(L4), U].

These Galois insertions together with those that connect Prop,Def, and Sharing to
Rsub, defined above, are coherent with respect to Rsub.

4.3.2. The quotient of Prop with respect to GR

In Section 3 we have proved that the quotient of an interpretation with respect to
a given domain is a domain abstracting the starting domain, provided the associated
relation is additive.

The quotient of Prop with respect to GR is Prop itself. This is due to the fact that
none of the formulas of Prop is irrelevant for the computation of groundness [11].

Lemma 4.4. Let [ f1,U)[ f2, Ul €Prop. If fi # fo, there exists a derived operator t
using the operations of Prop, such that op,G,(t([ f1,U])) # aprcr(t([ f2, U1)).

Corollary 4.5. rp, is the identity on Prop, and thus it is obviously additive.
Theorem 4.6. 2;r(Prop)="Prop.

Proof. Follows immediately from Corollary 4.5 and Theorem 3.6. O

4.3.3. The quotient of Sharing with respect to GR

Let rg, be the relation on Sharing associated to GR. It will be shown that, differently
from what we just saw for Prop, the equivalence classes of rg, are not singletons.
However, rg, is additive and thus 2¢r(Sharing) exists. Moreover, we will show that
2cr(Sharing) is isomorphic to Def. Because of this fact, the comparison between
2cr(Sharing) and Z2gr(Prop) will be extremely simple. Some results of this section
need rather technical proofs. For the readability sake these proofs are given in the
appendix.

That Sharing expresses information about groundness is well-known, cf. [16].
A formalization of this intuition was first attempted in [10] where it is shown that
between Def and Sharing there is a Galois connection. The following even stronger
result has been shown recently in [8].

Theorem 4.7. The domain Def abstracts Sharing with the following abstraction and
concretization functions:
For [4,U] € Sharing, let

C([4, UD=A{AW1—x|W,CU, xeU, and VWNe€Ad:xeN = (W, NN)#B},
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[F.U] if 4=10,

ashor(i4, VD)= { [6([A.UY) U] otherwise,
yorsu([ U =H{U\M [M = f},U]

This Galois insertion is coherent w.r.t. Rsub.

According to Definition 3.1, the relation on Sharing associated to GR is defined as
follows. Let Sy,S; € Sharing, and let ¢t be any derived operator on the operations of
Sharing:

(S1,82) €rsn & asui(1(S1)) = asner (1(S52)).

The following theorem characterizes rg; using the abstractions of the elements of
Sharing into Def. Its proof is in the appendix.

Theorem 4.8. Let S, S, € Sharing, where §1,S; € Sharing;
S1.S2)Ersy & asnpr(S1) = asupr(S2)-
The existence of the quotient Z;r(Sharing) is guaranteed by the following resuit.
Theorem 4.9. rg, is additive.

Proof. Consider X Crg,. Let for i € [1,2], X;={5;](51,5:)€X}. We want to show
that

(Usp X1, UspXa) € 7.
By Theorem 4.8,
(Usn Xy, UsrXo)€rsy & asupr(UsX1) = asnpr(Usn X2 ).

Since, by Theorem 4.7, ag,ps together with its adjoint, forms a Galois insertion, by
Proposition 2.3, it is additive and therefore, the following holds:

ashpr(UsaX1) = Upr{asupr(x) |x € X1} by the additivity
= Upr{aspr(x)|x €X,} by definition of X; and X;
= agppr(UspX2) again by the additivity. O
The following theorem characterizes the quotient of Sharing w.r.t. GR.

Theorem 4.10. 25z(Sharing) = Def.

Proof. It is easy to show that the sets Def and {Ug[S];,, | S € Sharing} are isomor-
phic: the abstraction ag,ps is a bijection that preserves the orders of the two sets. In fact,
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Th
[true, @] [true, {z}] [true, {y}] [true, {z,y}]
[y — =z {z,y} [z =y, {z,v}]
[z, {=}] [y, {y}] [z, {z,y}] [z =y {z,¥}] [y, {z, ¥}
[# Ay {z,¥}]
{false, @] [false, {z}] [Fatse, {y}] [false, {z,y}]
'LPT

Fig. 5. The quotient 2Gg(Sharing) for ¥ = {x, y}.

on the one hand, if [4;, U] Cg, [42, U] then 4; C 4, and thus €([4,, U]) E 4([42, U]
(see Theorem 4.7 for the definition of €). On the other hand, if f; = f3, with [ 11, U]
and [ f>, U] in Def, then f) has less models than f, and thus,

{U\M M E fiN{(U\M | M |= f>}.
Hence, yprsu(l f1, UD) Esn vorsu([ f2,UD. O

Fig. 5 depicts, for the case that ¥ = {x, y}, the quotient of Sharing with respect to
GR, which is the domain Def. Observe that the elements [{{x}, {y}, {x, v}}. {x, ¥}] and
[{{x},{¥}}, {x, »}] belong to the same equivalence class [true, {x, y}] via rs;. The only
difference between these two elements is that the first one represents also substitutions
o such that ox and oy share a common variable. However, this distinction is irrelevant
when considering only groundness computation. In fact, both elements simply say that
x and y are completely unrelated with respect to groundness.
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GR
Q. n(Sharing) Q. (Prop) = Prop

| |

Sharing Prop

NS

Rsub

Fig. 6. Domain abstractions.

4.4. Comparison of Prop and Sharing w.r.t. GR

We can finally compare the two interpretations Prop and Sharing using the new
theory developed in Section 3.

Theorem 4.11. Prop is strictly more precise than Sharing with respect to the domain
GR representing groundness.

Proof. It suffices to show that Theorems 3.9 and 3.10 are applicable, that is, we have
to show that all the assumptions ASS (a)—(e) of Section 3.2 are satisfied:

— Point (a) and (b): have been stated in Sections 4.2.2, 4.2.3 and 4.3.1.

— Point (¢): is shown in Theorems 4.6 and 4.10.

Point (d): is stated in Lemmas 4.2 and 4.3.

Point (e): is stated in Section 4.2.2. [

9]

. Conclusions

In this paper we addressed the problem of exactly characterizing the part of an
abstract domain which is useful for the computation of a given property. To this end,
we introduced the notion of quotient of an abstract interpretation. We showed that the
comparison of abstract interpretations w.r.t. a common property can be performed by
comparing their quotients w.r.t. that property. As an example, we applied this technique
to the comparison of two well-known abstract interpretations for logic programs: Prop
and Sharing.

Other algebraic operators on abstract domains and abstract interpretations have been
proposed in the literature, namely the reduced product [6], the open product [12], the
powerset [15], and the complement [7]. An interesting subject for future work is the
study of the interaction between the quotient and these operators. For instance, one
may wonder whether the quotient of a reduced product is the reduced product of the
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quotients and also whether the quotient of the powerset of a domain D is the powerset
of the quotient of D.

Another question that deserves further study is what one can do for comparing
two domains when the present framework cannot be applied, for instance, when one
of the associated relations is not additive. In this case it may still be possible to
perform a comparison by lifting the domains to their powersets and comparing their
quotients. In fact, quotients always exist for domains obtained through the powerset
operation.

Appendix

The appendix consists of four parts. In the first three, we formally define the oper-
ations in Rsub, Prop, and Sharing. Then, we show some technical lemmas that lead
to the proof of Theorem 4.8.

A.1. Operations in Rsub

Let £ be a set of term equations. If a substitution ¢ makes o(#) syntactically
identical to o(#;) for each (t) =%)€FE, o is called a unifier of E. A most general
unifier of E is a unifier ¢ of E that is more general than any other unifier of £. We
denote by mgu(E) any idempotent most general unifier of E. It is not necessary to
specify which most general unifier is considered, because, from the relationship existing
among the idempotent most general unifiers of a given set of equations [17], it is
immediate to see that each of them carries the same information about the properties
we are interested in, namely, variable groundness and sharing.

A set of equations E is in solved form if it has the form {x;=#,...,x, =t,},
where each x; is a distinct variable occurring in none of the terms ¢;. Given a set of
equations £ = {x; =1,,...,x, =1,} in solved form, the substitution ¢ = {x)/f1,...,%,/t,}

is an idempotent most general unifier of £; we denote £ by Eq(c).

Least upper bound. The operation Llg;, which produces the least upper bound of
two elements of Rsub, is as follows: for any & € Rsub, Tgy Ugs k= Tgs, Lrs Urs k=K,
for the other elements,

Projection: The concrete projection 7gs :Rsub x FP(V)— Rsub maps ([2, U], Uy)
to [2, Uh NUL).

Thus, projection only changes the second component leaving the first one unchanged.
One may think that the fact that the projection does not eliminate from the sustitutions
the variables that are projected out, may cause problems of variable capture. As usual,
variable captures can be avoided using appropriate renamings.
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Unification: In order to define the concrete unification Upg,, it is convenient to in-
troduce first the following function ug,:

Ugy . Subst x Subst x Subst — Subst
(01,02,0) — mgu(Eq(a1) U Eq(a2) U Eq(9)).

Uk, is strict: if either of the first two arguments is L, the result is 1 g,. Otherwise,
if one of these is Tg,, the result is Tg,. The other cases are as follows:

Ugs : Rsub X Rsub x Subst — Rsub
([2), U1], [22,02),0) = [{urs(01,02,0)|01 € 21 & 0, € 2>},
Uyutu Var(é)].
A.2. Operations in Prop

Least upper bound. For all d € Prop, Tp, Up, d=Tp, and Lp, Lp, d =d; for the
other elements,

[f1V U] ifUy=U;,
Tpr otherwise.

[, Uil Upre [f2, V2] = {

Projection: The abstract projection mp, amounts to existentially quantifying a formula
[8,20]. The existential quantification of a propositional formula obeys 3Ix. f = f(x/T)

VS (x/F).
me(Lf, UL V) =[UNY). £,U O],

Unification: The abstract unification is obtained by means of logical conjunctions.
For 6 = {x;/t; | 1 <i<n} € Subst, let o5= N{x; — (AVar(t)))|1<i<n}.

Up, : Prop x Prop x Subst — Prop
LU L2 Ua],0) =1 A fanes, UyUUU Var(6)].

A.3. Operations in sharing

Least upper bound: The least upper bound of any two nontrivial elements [41, U]
and [A4,, U] is defined by

[4, U4, U} if Uy=Us,

U= )
(41, Ur] Usy [42, Un] {TSh otherwise.

Projection: The projection on Share is the identity on the bottom and top elements.
In the other cases it is defined by means of set intersection:

ms, - Sharing X FP(V')— Sharing
(IS, U}, ) — [{A N, IA GS]}, U N,
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Unification: In order to define the abstract unification function Ugy for the Sharing
domain, we need the following auxiliary functions [16]:
o The closure under union of A€ p(p(¥)), denoted 4*, is the smallest superset of
A satisfying X €A* AY € 4* - (X UY) e 4*.
o The part of 4 € p(p(V)) that is relevant to a term ¢, denoted rel(4,1), is the set
{Sed|Var(t)nS # 3}
o If A, A" € p(p(V)) then A® A’ ={(SUS')|S€Ad and S' € 4'}.
e The basic unification step is performed by
usn = (9(V)) x Subst — p(p(V)),
VAo € p(p(V)), Vo€ Subst,d={x1/t1,....%n/tn}
ugn( Ao, 0) = amgu.args([x1,...,xu1, [t1,. - -, tm], Ao),
amgu.args([],[],B)=B
amgu.args([x1|X], [ |7], B) = amgu.args(X, t, amgu(x, t|, B))
amgu(x,t, B) = (B\(rel(x, B) Urel(t, B))) U (rel(x, B) ® rel(t, B))*.

e The backward/forward unification Us; : Sharing x Sharing x Subst — Sharing is
defined as follows. Let [4, U),[4’, U’] € Sharing, with UNU’ =0, and let § € Subst
such that Var(6)CUUU'.

Usu([4, U),[4,U"),8) = [usi(AUA",8), UL U]

A.4. Technical results
The goal of this section is to show Theorem 4.8. Some preliminary results are

necessary.

Lemma A.l. Let S),S, € Sharing:
asapf(81) = osnpr(S2) = suGr(S1) = dsnG(S2).

Proof. It suffices to observe that ag,6, = apsGr 0 dsapys, cf. Section 4.3.1 for the defi-
nition of the abstraction functions. [

In what follows we will use the notion of € introduced in Section 4.3.3. For the
sake of clarity, we recall its definition below: for [4, U] € Sharing,

(A4, UD=A{AW) —>x|Wi CUx€U, and VYNeAd:xeN=(W,NN)#0}.

Recall also that ag,pr([4, U])=[%4([4, U]), U].

The following lemma plays a central role in this section: it expresses the ¥ meaning
of the result of the Us;, operation in terms of the conjunction of the ¥ meaning of its
arguments.
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Lemma A.2. Let S| =[A4;, U], $2 =[A42, U;] € Sharing, with Uy N U, =0, and let 6 =
{xi/t1,....xp/ta} be any substitution in Subst with Var(6)CUUU,. Let 5=
A{xi = (AVar()) | 1<i<n}.

E(Us(51,52,0)) =6 (S1) NE(S2) A @s.

Proof. We show that the relation holds for the case that 6 = {x/t}. The general result
easily follows by applying the basis case » times.

Let in what follows, Ug(S),S:,8)=S8"=[4",U], where U=U,UU,. Let also
A=A4,UA4; and §=[4,U].

(=) First, we show that €(S")EG(S;)AB(S2) A(x— A Var(s)). The fact that
€(S")=x o A Var(t) follows easily from the definition of Ug,. Consider re/(4,x) and
rel(A,t). If one of them is empty, then 4’ contains no variable in {x} U Var(¢). Thus,
%(S")Ex A (A Var(t)) and, therefore, €(S') Ex « A\ Var(t).

On the other hand, if both rel/(4,x) and rel(A4,t) are nonempty, then, by definition
of us,, A’ satisfies the following condition: VN € 4, x€ N & Var(t)NN #§. Thus,
€S Ex o A\ Var(t).

Let us now prove that 4(S’') = %(S1). The proof for €(S,) is analogous. Consider
any definite formula f = A W — y such that

(1) YNe€4,. yeN=>WNN£{.

It is easy to see that this condition is satisfied also if we replace 4; with A"; each
element N € 4’ is either an element of 4, (that satisfies (1) by assumption), or it is
an element of 4, (that satisfies (1) trivially because Uy NU, =0 and {y}UW CUy),
or it is the union of some elements of A, and of A, ((1) is satisfied by the above
arguments).

(<) We will show that €(§) A @s =%(S’). This proves the thesis. In fact, 4(S)=
%(S))NE(S,), because in A the elements of 4; and A, do not interact since they are
pairwise disjoint.

We proceed by contradiction. Assume that there is /= A W — y such that €(S') = f,
but €(S)A @s = f. Then it must be the case that €(S)} f and thus, there must be
B € A such that y € B, but W NB=0. Surely, BN Var(x =t) # 0, otherwise B € 4’, that
contradicts the hypothesis. Thus, B € rel(4,x)Urel(4,t). From this, it follows that

(2) G(S) EUNWINXA(A Var(t)))— y
because for each Be 4, if y€ B, but WNB=0, then ({x}U Var()) NB#0.
Assume that B crel(A,t), the case that B € rel(4,x) is analogous. By definition of

usp, A’ contains B® rel(4,x). By the initial assumption, VR € re/(4,x) it must be that
RN W # (. From this it follows that

() GS)EAW —x
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Thus, from (2) and (3) we have
ES)N (x = N(Var(1))) E [(x = A(Var(1)))]
NIAW =xIANLAW) Ax A (A Var(t)) — ],
from which one easily obtains

CSONxo ANVar(O)NEAW —y. O

In the following three lemmas, we will show, for each one of the three operations of
Sharing, that the ¥ meaning of its result is completely determined by the ¥ meaning
of its arguments.

Lemma A.3 (Unification). Let S| =[4,,U}, S, =[42, U] and S’ ={A’,U’] be elements
of Sharing such that UNU’'=0. Let also é € Subst such that Var(6)CUUU".

C(S1)=%(S2) = C(Usu(S',51,0)) = €(Usi(S', 52, 6)).

Proof. By Lemma A.2, we know that

C(Us(S',51,0)) = B(S'YANE(S1) A @5
by assumption = E(S') AG(S2) A @s
=G (Usi(S',82,0)). O

Lemma A.4 (Projection). Letr S) =[4,,U],S; =[42, U] € Sharing, and U’ be a finite
set of variables.

C(51)=%($) = € (nsu(S$1,U")) = (rsn(S2, U")).

Proof. Straightforward. [
Lemma A.5 (Lub). Let S| =[A4,,U},S; =[A42, U] be elements of Sharing with A1,A;
#0, and let §'=[A',U’] € Sharing:

E(S))=%(82)=F(S Ui ) =%6(S2 U §').

Proof. Recall that, for any S =[4, U] € Sharing, asips(S)=[%(S), U]. Thus, we can
use the additivity of ag,pr, obtaining the following:

osip (S Usp 8" = asupr(S1) Ups osunr(S") = asnpr(S2) Ups dsans(S”)
= aghpr(S2 Usy S”)

which shows the thesis. [

Finally, we show Theorem 4.8.
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Theorem 4.8. Let S|,S, € Sharing, where S| =[A1,U],8 = [42, Uz] and A, 4> # 0.
S erg o Asupr(S1) = osppr(S2).

Proof.
(=) From the definition of rg; it follows immediately that Uy = U,: it is sufficient
to consider the empty sequence of operations to obtain

(4, U, [ 42, UaD) €rsy = asuer (41, Ul = agn6r([42, U2]) = Ui = U,

It remains to show that 4(S;)=%(S,). Assume the converse. This means that there
exists a definite formula = A W — x such that €(S;) =y and %(S,) %y (or vice
versa). Notice that this means that there exists N € 4; such that xe N but W NN =0.

Consider Sy =[{0}, Up] with UyNU; =0 (and thus Uy N U, =0). Call U = U, U U,.
Consider also the substitution 6 = {x/a|x € W}. Let

Usu(S0,51,0)=[R),U] and  Us(So,S»,0) =[R2, U]

By the definition of Us,, R =A4,\{H €4, |HNW #{}. Thus, by the hypothesis,
xZUR; and thus, by definition of ag,g,. (cf. Section 4.3.1), x is in the first com-
ponent of xg,6-([R, U]).

On the other hand, R, =A,\{H €4, |HNW #0} and thus N €R; from which,
Xx€UR;. From this it follows that x does not belong to the first component of
asncr([R2, U]). Thus we arrived to a contradiction of our initial hypothesis.

(<) Since, by definition, cf. Theorem 4.7,

Ashpr(S1)=aspr($2) & Uy =U; and 4(S)) =4(S,)
it suffices to show that for any derived operator ¢+ on {U, sy, Usy },
C(S1)=F(SDNUI =Uy = ag6:(1(51)) = asnir(1(S2))

By structural induction on the derived operator ¢, using Lemmas A.3-A.5, one can
show that €(¢(S))) =%(¢(S;)). From this it follows that

(1) asupr(6(S1)) = asnpr(H(S2))

because U = U, by hypothesis, and the same derived operator ¢ is applied to S; and
S; and thus the two results will have equal second components. By Lemma A.1, (1)
implies the thesis. [
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