Available online at www.sciencedirect.com

. : DISCRETE
ScienceDirect MATHEMATICS

ELSEVIER Discrete Mathematics 308 (2008) 6254-6261
www.elsevier.com/locate/disc

The strong chromatic index of a class of graphs*

Jianzhuan Wu, Wensong Lin*

Department of Mathematics, Southeast University, Nanjing 210096, PR China

Received 16 July 2007; received in revised form 27 November 2007; accepted 29 November 2007
Available online 3 January 2008

Abstract

The strong chromatic index of a graph G is the minimum integer £ such that the edge set of G can be partitioned into k induced
matchings. Faudree et al. [R.J. Faudree, R.H. Schelp, A. Gyérfas, Zs. Tuza, The strong chromatic index of graphs, Ars Combin. 29B
(1990) 205-211] proposed an open problem: If G is bipartite and if for each edge xy € E(G), d(x) +d(y) < 5, thensx’(G) < 6.
Let Hy be the graph obtained from a 5-cycle by adding a new vertex and joining it to two nonadjacent vertices of the 5-cycle. In
this paper, we show that if G (not necessarily bipartite) is not isomorphic to Hy and d(x) + d(y) < 5 for any edge xy of G then
sx'(G) < 6. The proof of the result implies a linear time algorithm to produce a strong edge coloring using at most 6 colors for
such graphs.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Graphs in this paper are finite, undirected, without loops, but parallel edges are allowed.

Let G = (V(G), E(G)) be a graph. Denote by L(G) the line graph of G. We use n to denote the vertex number of
G and m the edge number of G. Let A(G) denote the maximum degree of G and Ay (G) the maximum edge degree
of G (or equivalently the maximum degree of L(G)).

For two integers a and b with a < b, by [a, b] we denote the set of integers a,a + 1, ..., b.

Definition 1.1. Let e¢; and e, be any two edges of G. The distance between e and e>, d(ey, e2), is defined as the
distance between the corresponding two vertices in the line graph of G.

It is clear that if e; and e, are at distance 1 then they share at least one end-vertex, and if e and e; are at distance 2
then they share no end-vertex and there exists another edge ¢’ such that ¢’ is at distance 1 from e; and ey, respectively.

Definition 1.2. Given a positive integer k, a k-strong edge coloring of G is a mapping f from E(G) to [1, k] such
that, for any two edges e and ¢’ of G, d(e, ¢’) < 2 implies f(e) # f(€').
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It follows from the definition that each color class of a strong edge coloring of G is an induced matching in G.

Definition 1.3. The strong chromatic index, denoted by s x’(G), is the minimum integer k such that G has a k-strong
edge coloring.

The strong chromatic index of a graph was studied by Faudree et al. in [5]. It was conjectured (1985) by Erd6s and
Nesetfil that s x'(G) < 5A%/4if Aiseven and < 5A%/4 — A/2 4+ 1/4if A is odd, where A is the maximum degree
of G, see [10]. The conjecture is clearly true for A < 2. The case A = 3 was settled independently by Andersen [1]
and by Horék, Qing, and Trotter [8]. They showed that s x'(G) < 10 for graphs with maximum degree 3. Horédk [9]
showed that s x'(G) < 23 for graphs with maximum degree 4. And recently, Cranston [4] showed that s x'(G) < 22
for graphs with maximum degree 4. The conjecture is unsolved for A > 4.

In [7], Griggs and Yeh introduced the distance two labeling of a graph. Afterwards, this concept was studied
extensively in the literature. The edge version of distance two labeling was first investigated by Georges and Mauro
in [6]. We would like to indicate that the strong edge coloring is related to the edge version of distance two labeling.
We first give the following definition.

Definition 1.4. Let j and k be two positive integers. An L(j, k)-edge-labeling of a graph G is an assignment of
nonnegative integers to the edges of G such that the difference between labels of any two edges at distance 1 is at least
Jj, and the difference between labels of any two edges that are at distance two apart is at least k. The minimum range
of labels over all L(j, k)-edge-labelings of a graph G is called the )Jj’ r-nhumber of G, denoted by )Jj’ «(G).

From the above definitions, we know that, for any graph G, sx'(G) = )”/1,1 (G) + 1. The following theorem is
proved in [3].

Theorem 1.1 (/3]). Let G be a simple or multiple graph and let Ay, be the maximum degree of its line graph. Suppose
Ap > 2. Except the case that G is a 5-cycle and j = k, we have )»’/.’k(G) < kLA%/ZJ +jAr — 1

The following corollary is an immediate consequence of Theorem 1.1.

Corollary 1.1 (/3]). Let G be a graph with maximum degree A > 2. Let A be the maximum degree of the line graph
L(G). If G is not isomorphic to a 5-cycle, then s x'(G) < LA%/ZJ + Ap <2A% —2A.

This corollary provides an upper bound for s x'(G) in terms of Ay .

When A is small the upper bound in Corollary 1.1 is close to the known bounds for sx’(G). For example, the
corollary gives the upper bounds 12 for A = 3 and 24 for A = 4. In particular, when A; = 3 the upper bound for
sx’(G) given by Corollary 1.1 is 7. This upper bound is the best possible. One can see this from the following defined
graph Hy. Let Hy denote the graph obtained from a 5-cycle by adding a new vertex and joining it to two nonadjacent
vertices of the 5-cycle. It is easy to see that any two edges in Hy are at distance at most 2 and Hp has 7 edges. It
follows that sy’ (Hp) = 7.

In [5], Faudree et al. proposed an open problem: If G is bipartite and if for every edge xy € E(G),d(x)+d(y) <5,
then s x'(G) < 6. (If true, this is the best possible. If the bipartite condition is dropped, then s x’(G) < 7 follows and
this is the best possible.)

Corollary 1.1 shows that s x’(G) < 7 for all graphs G with d(x) + d(y) < 5 for each edge xy € E(G). In this
paper, we shall prove a result which is stronger than that in the open problem proposed by Faudree et al. Actually we
shall show that Hy is the only graph with its strong chromatic index equal to 7 and with its maximum edge degree less
than or equal to 3. Our main result is the following theorem.

Theorem 1.2. Let G be a connected graph. If G is not isomorphic to Hy and d(x) + d(y) < 5 for any edge xy of G,
then s x'(G) < 6.

We would like to indicate that the upper bound given by Theorem 1.2 is the best possible. Let H; denote the graph
obtained from a 8-cycle C = vjv; ... vg by adding two vertices v} and v and joining v} to vg, v2 and v} to vy, vs.
We show that s x'(H1) > 6. If this is not true, suppose c is a 5-strong edge coloring of Hj. Then it is easy to see that
c(v7vg) = c(vav3) and c(vev7) = c(v3vg). It follows that there are at most three colors for the 4-cycle vlvzvg vg, a
contradiction. Thus sx'(H;) > 6. By Theorem 1.2, s x'(H}) = 6. Also it is easy to see that s x' (K2 3) = 6. It seems
difficult to find a non-bipartite graph G with s x’(G) = 6 and Ay (G) = 3.
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2. Preliminaries

In order to use greedy algorithm to construct a partial strong edge coloring of a cubic graph, Andersen in [1]
introduced a method of ordering the edges of a graph. In this section we first modify this method of ordering the edges
of a graph and then show that a greedy algorithm, in an ordering of edges given by this method, will produce a partial
strong edge coloring using at most 6 colors of a graph G with Ay (G) < 3, where only a few particular edges may be
left uncolored.

Definition 2.1. Suppose S is a subset of V (G). For a vertex v € V (G), the distance from v to S, denoted by ds(v), is
defined as miny,cs{d (v, w)}.

Definition 2.2. Suppose S is a subset of V(G) and suppose that the maximum distance from a vertex of V(G) to
Sisl.Fori =0,1,...,1,let D; = {v € V(G)|d(v,S) = i}. We define a mapping ds from E(G) to [0, I] as:
ds(e) =minf{ile N D; # @, 0 <i < I} for any edge e € E(G).

Note that if dg(e) > 0 then there exists an edge ¢’ sharing one end-vertex with e such that dg(e’) < ds(e).

Definition 2.3. Let S be a subset of V(G) and let R = (e, , ek,, - . ., €k, ) be an ordering of the edges of G. For any
two integers i and j in [1,m], if k; < k; implies dgs(ey;) > ds(ekj), then we say that the edge ordering R of G is
compatible with the mapping ds.

For any edge e in E(G), let N(e) denote the set of edges in E(G) that are at distance at most 2 from e. In our
coloring process, we shall frequently use F'(e) to denote the set of colors we have already assigned to the edges in
N(e), and by A(e) the set of colors available for e at that moment.

Lemma 2.1. Let S be any subset of V(G). A greedy algorithm coloring the edges of G in an ordering R compatible
with the mapping ds, will produce a partial strong edge coloring using at most 6 colors of G, where only edges e with
ds(e) = 0 may be left uncolored.

Proof. If ¢ is an edge with ds(e) > O then there exists an edge e’ sharing one end-vertex with e such that
ds(e') < ds(e). Let x be the common end-vertex of e and ¢’ and y the another end-vertex of ¢’. Then, at the stage
of the greedy algorithm when e is to be colored, no edges incident with y has yet been colored. It follows from the
structure of G that | F(e)| < 6. Thus e can be colored properly. W

The following lemma was proved by Brualdi and Massey in [2]. It will be useful in the proof of our main result.

Lemma 2.2. Let H be a bipartite graph with bipartition X, Y with no cycles of length 4. Let the maximum degree of
a vertex of X be 2 and the maximum degree of a vertex of Y be I'. Then s x'(H) < 2T.

3. The proof of Theorem 1.2

Let C,, be a cycle of length n and P, the path on n vertices. It is easy to see that sx’(P2) = 1, sx’(P3) = 2 and
sx'(Py,) =3 if n > 4. Also it is not difficult to prove that s x'(Cs) = 5, sx'(C,) = 3 if n = 3k, and sx'(C,,) = 4 if
n=3k+1lor3k+2{n#)5).

Note that we assume that G is connected. If A(G) < 2 then sx’(G) < 5 and the equality holds only when G is
a 5-cycle. If A(G) = 4 then G is isomorphic to K 4 and clearly s x'(K.4) = 4. Thus we only need to consider the
graphs with A(G) = 3. Since d(x) + d(y) < 5 for any edge xy of G, any two vertices of degree 3 are nonadjacent.
The proof of Theorem 1.2 consists of a series of lemmas.

Lemma 3.1. If G has a vertex of degree 1 then s x'(G) < 6.

Proof. Let vy be a vertex of degree 1 and let eg be the edge incident with vg. Put S = {vg}. Then, by Lemma 2.1, all
edges except eg can be colored properly. Since | N (ep)| < 4, eg can also be colored properly. H

From now on, we may assume that G has no vertex of degree 1.
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Lemma 3.2. If G has a cut-vertex then s x'(G) < 6.

Proof. Due to the construction of the graph G and since we assume that G has not vertex of degree 1, if G has a cut-
vertex then it has a cut-vertex of degree 2. Let vy be a cut-vertex of degree 2 and let N (vo) = {v1, v2}. Let e; = vovy
and e; = vgvz. Then G — vy has exactly two components, say G| and G. Let G’1 =G| + e and G’2 = Gy +e. By
Lemma 3.1, sx"(G}) < 6 and sx'(G}) < 6. Let ¢; (i = 1,2) be a strong edge coloring of G; using at most 6 colors.
Since we can permute the colors among the edges, we may, without loss of generality, assume that the set of colors
that ¢ assigns to edges incident with v is disjoint from the set of colors ¢, that assigns to the edges incident with v.
Finally, by combining ¢; and ¢», we obtain a strong edge coloring of G using at most 6 colors. W

The girth of a graph G, g(G), is the length of a shortest cycle in G.

Lemma 3.3. If g(G) =2 or3thensy'(G) <6.

Proof. Let S be the set of vertices of a shortest cycle in G. As in the proof of Lemma 3.1, we can show that 6 colors
are enough for the edgesof G. W

Lemma 3.4. If g(G) = 4 thensy'(G) < 6.

Proof. Let C = vjvv3vav; be a 4-cycle in G. Let S = V(C). If there is at most one vertex on C having degree
3, then G has a cut-vertex and the lemma follows from Lemma 3.2. Thus there are exactly two nonadjacent vertices
on C having degree 3. Without loss of generality, assume that d(v{) = d(v3) = 3. Let u; and u3 be the vertices
adjacent to vy and vz not in C, respectively. Let e; = vivy, ex = 12V3, €3 = V3V4, €4 = V4V, f1 = viu; and
f3 = v3us. If u; = us then G is isomorphic to K3 3 and it is clear that s x'(K7,3) = 6. Thus we assume that u| # u3.
If uyuz € E(G) then G is isomorphic to Hy. Therefore we assume that uju3 ¢ E(G). Let another neighbor of u be
w1 and another neighbor of u3 be ws.

We first use the greedy algorithm to color all edges e of G with dg(e) > 0. Denote this partial strong edge coloring
of G by ¢. Now there are six edges left uncolored. We shall show that ¢ can be extended to the whole graph. Note
that fi and f3 are at distance 3. If A(f1) N A(f3) # @ thenlet ¢(f1) = ¢ (f3) € A(f1) N A(f3). It is now easy to see
that [A(e;)| = 4 fori = 1, 2, 3, 4. And we can choose one color from A(e;) for each edge e; and so get a strong edge
coloring of G using at most 6 colors.

We now assume that A(f1) N A(f3) = 0. If w; = w3 then A(f;) = A(f3), a contradiction. Thus w; # ws. Let
f1 = wyw; and 13 = uzws. Since A(f1) N A(f3) = 0, ¢(11) € A(f3) and ¢(13) € A(f1). Let ¢(f1) = ¢(#3) and
¢ (f3) = ¢(t1). Then |A(e;)| > 4 foreachi = 1, 2, 3,4 and we can easily get a strong edge coloring of G using at
most 6 colors. W

Lemma 3.5. If g(G) = 5thensy'(G) < 6.

Proof. Let C = vjvav3vavs5v1 be a S-cycle in G. Let S = V(C). If there is at most one vertex on C having degree 3,
then G has a cut-vertex and the lemma follows from Lemma 3.2. Thus there are exactly two nonadjacent vertices on
C having degree 3. Without loss of generality, assume that d(v;) = d(v3) = 3. Let u; and u3 be the vertices adjacent
to vy and v3 not in C, respectively. Let e; = vivy, €2 = vV3, €3 = V3V4, €4 = V4V5, €5 = VsV, f1 = viug and
f3 = v3u3. Since G has no 4-cycle, we have u1 # u3z. If ujuz € E(G) then G has no other vertices and it is easy to
see that s x'(G) < 6. Therefore we assume that uju3 ¢ E(G). Let another neighbor of u be w; and another neighbor
of uz be ws. Let t; = ujwq and 13 = uzws.

We first use the greedy algorithm to color all edges e of G with dg(e) > 0. Denote this partial strong edge coloring
of G by ¢. Now there are seven edges left uncolored. We shall show that ¢ can be extended to the whole graph. Note
that fi and f3 are at distance 3. If A(f1) N A(f3) # @ thenlet ¢(f1) = ¢ (f3) € A(f1) N A(f3). It is now easy to see
that |A(e;)| = 4fori = 1,2,3,5 and |A(eq)| = 5. Then we can greedily choose one color from A(e;) for each edge
e; in the order eq, e, €3, es, e4 and so extend ¢ to the whole graph.

We now assume that A(f1) N A(f3) = @. If w; = w3 then A(f1) = A(f3), a contradiction. Thus w; # w3. Let
a = ¢(t1). Since A(f1) NA(f3) =, a € A(f3). Note that when the edge #; is to be colored we actually have at least
two choices of the colors. Thus we can change the color for #;. Then the color a is available for both f; and f3. We
are back to the case A(f1) N A(f3) # ¥ and the lemma follows. W
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Lemma 3.6. If G has three vertices vy, vy and v3 of degree 2 such that vivavs is a path in G, then s x'(G) < 6.

Proof. Let S = {vy}. The greedy algorithm will produce a strong edge coloring of G using at most 6 colors. W

Lemma 3.7. If G has two adjacent vertices of degree 2 then s x'(G) < 6.

Proof. By Lemmas 3.3-3.5, we may assume that the girth of G is at least 6. Let v; and v, be the two adjacent
vertices of degree 2. Let 1 and u; be the two vertices adjacent to vy and v,, respectively. Let e; = viva, f1 = viuy,
f> = vouy. If uy or uy is of degree 2 then, by Lemma 3.6, s x'(G) < 6. Thus we assume that d(u1) = d(uz) = 3.
Let N(u1) = {v1, wy, wo} and N(u2) = {va, w3, wa}. Since G has no cycle of length less than 6 and has no vertex
of degree 1, wi, wa, w3, wya are four different vertices of degree 2. Let g1 = ujwi, g2 = ujwsz, g3 = upws and
84 = UW4.

Let G’ be the graph obtained from G by deleting the vertices vy, v, u; and adding the edge woup. Then w is
a vertex of degree 1 in G’. Let s; be the vertex adjacent to w in G’. Clearly s; is a cut-vertex of G’. If G’ is not
connected then u is a cut-vertex of G. By Lemma 3.2, s x'(G) < 6. Thus we assume that G’ is connected. Clearly G’
satisfies the conditions of Theorem 1.2. Since wy is a vertex of degree 1 in G, by Lemma 3.1, G’ has a strong edge
coloring using at most 6 colors. Since there are at most 4 edges at distance 1 or 2 from wysy, it is not difficult to see
that G’ has a strong edge coloring ¢ using at most 6 colors with ¢ (w1s1) # ¢ (wauz).

Now we extend ¢ to the graph G. Color the two edges g» and f> with the same color ¢ (wau2). And then color the
remaining three edges in the order g1, f1, e1 in a greedy way. It is not difficult to see that this will produce a strong
edge coloring of G using at most 6 colors. W

Let X be the set of vertices of degree 2 and Y the set of vertices of degree 3 in G. By Lemma 3.7, we may assume
that any two vertices of degree 2 are nonadjacent. This implies that G is bipartite with bipartition X, Y. By Lemma 3.4,
we may assume that G has no cycles of length 4. Theorem 1.2 now follows from Lemma 2.2.

Remark. Except the three graphs Hy, Hj, and K> 3, we do not find other graphs G with Az (G) = 3 and s x'(G) > 6.
It seems difficult to find such graphs.

In the proof of Theorem 1.2, the argument for the case that G has no adjacent degree 2 vertices employs a result
from [2] which does not reflect a linear time algorithm to produce the desired strong edge coloring of G. In the next
section, we shall first deal with this case in an algorithmic way and then describe a linear time algorithm that can
produce a strong edge coloring using at most 6 colors of graphs G satisfying the conditions of Theorem 1.2.

4. The 6-strong edge coloring algorithm

The purpose of this section is to give a linear time algorithm that can produce a strong edge coloring using at most
6 colors of graphs G with d(x) + d(y) < 5 for any edge xy of G or report that G is isomorphic to Hy or Az (G) > 4.

Let G be a graph with n vertices. We represent the graph G by listing all its vertices and, for each vertex, we attach
with it the information about the edges incident to it together with the other end-vertices of the edges. It is easy to see
that one can find the connected components of G in O(n) time. And it spends at most O (n) time to check whether
G has some edge xy such that d(x) + d(y) > 6 (i.e. AL(G) > 4). If G satisfies the conditions in Theorem 1.2 then
we can find a vertex of degree less than 3 in a constant time. If G satisfies the conditions in Theorem 1.2 then the
number of edges is O (n). Suppose S is a subset of V (G). Then clearly we can get an edge ordering R of G which is
compatible with dg in O (n) time and the greedy algorithm will produce a partial strong edge coloring of G in O (n)
time using at most 6 colors leaving only the edges with ds(e) = 0 uncolored. Thus the proofs in the previous section
actually imply a linear time algorithm to produce a strong edge coloring of G using at most 6 colors provided that we
have found a vertex of degree 1, or a cycle of length [ € {2, 3, 4, 5}, or two adjacent vertices both of degree 2.

We first prove in an algorithmic way that sx’(G) < 6 if G has no adjacent degree 2 vertices and satisfies the
conditions in Theorem 1.2.

Lemma 4.1. Let G be a graph on n vertices which satisfies the conditions in Theorem 1.2. If g(G) = 6 and a 6-cycle
C = v1v2v3V4V5V¢ is given then we can obtain a strong edge coloring of G using at most 6 colors in O(n) time.
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Proof. We assume that G is connected. If there are at most two degree 3 vertices on C then G has two adjacent degree
2 vertices. Using the method from Lemma 3.7, we can obtain a strong edge coloring of G using at most 6 colors in
O (n) time. Thus we assume that d(v1) = d(v3) = d(vs) = 3 and let u1, u3, us be the three vertices not on C adjacent
to v1, v3, Vs, respectively. Since G has no cycles of length less than 6, u1, u3, us are distinct and nonadjacent vertices.
Let G’ be the graph obtained from G by deleting V (C) and adding an edge uu3. Then G’ has at most two connected
components and each component has a vertex of degree 1 or two adjacent vertices of degree 2. By Lemmas 3.1 and
3.7, we can get a strong edge coloring ¢ of G’ using at most 6 colors in O (n) time. Next we shall extend ¢ to G.

Suppose ¢ (uju3z) = a. Now let ¢ (viu1) = ¢(v3u3) = a. And color the edge vsus with a color from A(vsus)
(note that A(vsus) > 3). Then it is easy to see that |A(vav3)| > 4 and |A(vsve)| > 3. Thus A(vav3) N A(vs5ve) is
nonempty. Let b € A(vv3) N A(vsve). Since a € A(vav3), b # a. Now assign the color b to both vov3 and vsve.
At this moment, we have |A(vive)| > 2, |[A(vavs)| > 2, |[A(v3va)| > 2, |[A(viva)| > 3. By greedily coloring the
remaining four edges in the order vjve, v4vs, V34, V1 V2, We get the strong edge coloring of G using at most 6 colors.
The extension of ¢ to G takes a constant time. W

Lemma 4.2. Let G be a graph on n vertices which satisfies the conditions in Theorem 1.2. If g(G) > 8 and G has
no adjacent vertices both of degree 2 then we can obtain a strong edge coloring using at most 6 colors of G in O(n)
time.

Proof. We may assume that G is connected and has no vertex of degree 1. Let vy be a vertex of degree 2 and let
N (vg) = {uy,uz}. Then d(u1) = d(up) = 3. Let N(uy) = {vo, wi, wa} and N (u2) = {vo, w3, wa}. Then d(w;) = 2
fori =1,2,3,4. Lets; (i €{1,2,3,4}) be the vertex adjacent to w; other than u; and uj. Since g(G) > 8, all the
vertices specified above are distinct. Then d(s;) = 3 fori = 1,2, 3,4. Let N(s1) = {wy1, 11, 1}, N(s2) = {wa, 13, 14},
N(s3) = {w3, 15, 16}, and N (s4) = {wy, t7, t3}. Since g(G) > 8§, 11, 1, 13, t4 are four distinct vertices, and ts, t¢, 17, 13
are also four distinct vertices. But it is possible that some vertex from {71, 1, 3, #4} is identified with some vertex from
{ts, 16, 17, 13}.

Observation 1. Let f be a partial strong edge coloring of G using at most 6 colors with only vou| and vou, uncolored.
(By letting S = {vo}, such partial strong edge coloring can be constructed in linear time according to Lemma 2.1). We
observe that if f satisfies one of the following three conditions then it can be extended to all edges of G.

Condition A: | f {uywy, uywa, upws, upwa})| = 2. Then |A(vouy)|, |A(vouz)| > 2.

Condition B: | f ({uywy, uywa, upws, uawa})l < 3 and f({wisy, wasz}) N f{uaws, uswa}) # 9 (or f({wsss,
wasa}) N f({urwy, ugwz}) # @). Then |A(vou;)| > 2 and |A(vouz)| > 1.

Condition C: | f ({urw1, uywy, upws, upwa})| < 3 and f{wisi, wasa}) N A(vouz) # 9 (or f({wsss, wasa}) N
A(vouy) # ). Then assign vous a color from f({wysy, was2}) N A(vouz) and vou can be colored properly.

Observation 2. Let f be a partial strong edge coloring of G using at most 6 colors with exactly all edges incident to
Vo, U1, up uncolored. If for some color a, f(w;s;) = a foralli € {1,2, 3, 4} then f can be extended to all the edges
of G.

Proof. Note that both |A(ujw;)| and |A(uow3)| are equal to 3. Since a ¢ A(uiwy) U A(uaws), |A(ujwy) U
A(upws)| < 5. It follows that A(ujwi) N A(uows) # . Let b be a color in A(ujwi) N A(urw3). After assigning the
color b to both ujwi and upws, we have |A(vou1)| = |A(vouz)| = 4 and |A(uqwa)|, |A(uaws)| > 2. Now it is easy
to see that we can properly color the remaining four edges. W

Let G’ be the graph obtained from G by deleting the three vertices vy, u1, up and adding the two edges wjwy,
wyws3. By Lemma 3.7, we can get a strong edge coloring using at most 6 colors f’ of G’ in linear time. If
[ (wiwg) # f'(wraws) then, by letting f(e) = f'(e) fore € E(G) N E(G'), f(uiwy) = flupwy) = f'(wiwy),
and f(uiwy) = f(uows) = f/(wows3), we get a partial strong edge coloring f of G satisfying Condition A in
Observation 1, and we are done. Thus we now assume that f'(wjws) = f'(waw3) = a.

If | f/({wysy, 5181, S1t2, W44, Sat7, Satg))| <5 (or | f/ ({wasy, s213, S2t4, W3S3, 8315, s316})|<5) then we can redefine
f/(wiwy) (or f'(wows)) such that f/(wiwyg) # f'(wows) and we are back to the above case. Therefore we assume
that | f'({wys1, Sit1, S1t2, waS4, Sat7, satg})| = 5 and | f'({wasa, s2t3, s2t4, W3s3, $315, s366})| = 5. This implies that
| f Qwysy, sit1, s1t2}) O f ({wasy, sat7, satg})| = 1. Note that f'(wyis1) # f'(wasq). Without loss of generality, we
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may assume that f/(wys1) = f'(s4t7) or f'(s1t1) = f'(s4t7). Suppose the six colors used by f’ are a, b, ¢, x, y, z.
We distinguish two cases.

Case 1: f'(sit1) = f/(s417).

Without loss of generality, suppose f/'(sit1) = f/(sat7) = y, fl(wis)) = x, f/(sitz) = z, f'(was4) = b,
f/(S4t8) =C.

If f'(wasy) # b then let f(e) = f'(e) fore € E(G) N E(G'), f(uywy) = b, f(uiwr) = f(urws) = a,
fuawg) € {x,z} \ {f'(wss3)}. Clearly f is a partial strong edge coloring using at most 6 colors of G satisfying
Condition B in Observation 1, we are done. Similarly if f’(w3s3) # x then we can get a strong edge coloring of G
using at most 6 colors. Thus we assume that f/(w1s1) = f'(w3s3) = x and f/(w2s2) = f/(w4s4) = b.

Foredges e € (E(G)NE(G)\{w;s;|i =1,2,3,4},1et f(e) = f'(e). Then |A(w;s;)| > 2foreachi € {1, 2, 3, 4}.
If a ¢ A(wysy) then assign the color other than x in A(wjsy) to the edge wys; and let f(was2) = f(w4s4) = b,
flwss3) = fuiwy) = x, fuiwr) = f(uawsz) = a, f(uaws) = z. Then f becomes a partial strong edge coloring
of G using at most 6 colors satisfying Condition B in Observation 1 and we are done. Similarly, if a & A(wjs;)
for some i € {1, 2, 3, 4}, then we can extend f to the whole graph G. Thus we assume that a € A(w;s;) for each
i €{1,2,3,4}. Let f(w;s;) = a foreachi = 1, 2, 3, 4. By Observation 2, we can extend f to the whole graph G.

Case 2: f'(wys1) = f/(sat7).

Without loss of generality, suppose f/(wis1) = f'(sat7) = x, f'(s1r1) = y, f'(s1h) = z, f/(was4) = b,
f/(satg) = c.

If f'(wysy) # bthenlet f(e) = f/(e) fore € E(G) N E(G), f(uiwy) = b, f(uywy) = f(upw3) = a. Since
|A(upws)| > 1, by assigning a color from A(uyw4) to uows, f becomes a partial strong edge coloring of G using at
most 6 colors satisfying Condition B in Observation 1, and we are done. Thus we assume that f/(wos3) = b.

If f'(w3s3) # x then since f'(wysy) = b and f/(wows) = a we have f'(w3s3) € {c, y, z}. If f/(w3s3) = y (or
f'(w3s3) = z) thenlet f(e) = f'(e) fore € E(G) N E(G'), f(uiwr) = f(urws) = a, f(ujwy) =c, f(urwg) = z.
f satisfies Condition C in Observation 1. We are done. Now suppose f/(w3s3) = c. If ¢ € f'({s2t3, s214}) then let
f(e) = f'(e) fore € E(G) N E(G), furw1) = fuaw3) = a, fuywz) = ¢, fuaws) = z, f(vour) =y,
f(vouz) = x. Clearly f is a strong edge coloring using at most 6 colors of G. If ¢ € f/({s213, s214}) then let
fle) = f'(e) for e € E(G) N E(G'), fuywy) = f(uoawz) = a. As A(uywz) € {y,z} = A(uaws), we can
assign ujwy and upwy the same color. Then f is a partial strong edge coloring of G using at most 6 colors satisfying
Condition A in Observation 1 and we are done. Therefore we now assume f’(w3s3) = x.

At this moment we have f'(wis1) = f/(w3s3) = x and f/(w2s2) = f'(w4s4) = b. As in the proof of Case 1, we
can extend f to the whole graph G. W

Combining Lemmas from this and the previous sections, we have the following theorem.

Theorem 4.1. There is a linear time algorithm that finds a strong edge coloring using at most 6 colors for graphs
satisfying the conditions in Theorem 1.2.

Proof. We shall give a sketch of the desired algorithm. Suppose G is a graph as an input to the algorithm. The
algorithm first checks if G satisfies the conditions in Theorem 1.2. If G satisfies the conditions in Theorem 1.2 then it
goes on to identify all its connected components. For each connected component of G, the algorithm runs as follows.

(s1): Choose any vertex, say x, of G. If d(x) = 3 then find a neighbor, say vg, of x (clearly 1 < d(vg) < 2);
otherwise set vg = x (we also have 1 < d(vg) < 2).

(s2): If d(vg) = 1 then let S = {vp}, as in the proof of Lemma 3.1, the algorithm will produce a strong edge
coloring of G using at most 6 colors. Else d(vg) = 2. Let u; and u» be the two neighbors of vg. Go to (s3).

(83): Ifu; = upz,orujuy € E(G),ord(uy) = d(uz) =2, thenlet S = {vg, uy, ur}, construct the edge ordering of
G compatible with the mapping ds and greedily color all edges of G in the edge ordering constructed just now. Else
if d(u1) = d(vp) = 2 or d(uz) = d(vo) = 2, then as in the proof of Lemma 3.7, the algorithm will produce a strong
edge coloring of G using at most 6 colors. Else d(u1) = d(uz) = 3, go to (s4).

(s4): Let S = {vp}. Find D; fori = 0, 1, 2, 3, 4. If G has two adjacent vertices of degree less than or equal to 2
among U?:O D; then as in the proof of Lemma 3.7, the coloring can be constructed in linear time. Else if G has a cycle
of length less than 8 among U?:o D;, then let S be the set of vertices on that cycle, as in the proof of Lemma 3.3, or
3.4, or 4.1, the coloring can be constructed in linear time. (Note that if any two vertices of degree less than or equal to
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2in U?:o D; are nonadjacent then U?:o D; contains no odd cycle.) Else, as in the proof of Lemma 4.2, the coloring
can be constructed in linear time.
Thus in total, one can get the required coloring in linear time. W
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